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Abstract An edge coloring of a graph is said to be proper edge coloring if no two adjacent
edges receive the same color. A graph G is said to be properly connected if there exists a properly
edge colored path between every pair of vertices. For a properly connected graph G with a k-
edge coloring c, the proper diameter of a graph, pdiamy(G) is the maximum proper distance
between any distinct pair of vertices in G. We investigate the proper diameter of various classes
of graphs that are 2-colored and provide bounds on the values of pdiam;(G) for these graphs.

1 Introduction

The connectivity between vertices in terms of colored paths was conceptualized by Chartrand et
al.[1]. They introduced the parameter called Rainbow Connection Number. A path in a graph is
called a rainbow path if no two edges in the path have the same color. The rainbow connection
number rc(QG) is the minimum number of colors required to color the edges of the graph such
that each pair of vertices have a rainbow path between them. Generalising the definition of
rainbow connection number, Borozan et al. [2] introduced the definition of proper connection
number. The proper connection number pc(G) of a graph G is the minimum number of colors
required to color the edges of G such that each pair of vertices have a properly edge colored
path between them. This is a widely studied parameter with several characterizations surveyed
in [3]. V.Coll et al.[4] related the concept of properly edge colored paths to distances in graphs
by defining proper distance and proper diameter. They investigated the proper diameter values
for several graphs.

Properly connected graphs have applications in communication networks. In a wireless commu-
nication network, interference at a signal tower between the incoming and outgoing signals is
avoided by ensuring that they do not have the same frequency. Suppose two towers do not have a
direct path, and the signals must pass through other towers. In order to avoid interference in this
path, the incoming and outgoing signals at each tower should be different. Let each tower be a
node in a graph. Then, every pair of vertices has to have a properly edge colored path between
them to avoid interference. For the whole network to be connected, the graph must be properly
connected.

2 Notation and terminology

Definition 2.1. A path in a graph is said to be properly edge colored if the edges of the path
admit proper coloring.

Definition 2.2. Any edge colored graph G is said to be properly connected if there exists a
properly edge colored path between every pair of vertices in G.

Definition 2.3. The proper connection number of a graph G, denoted by pc(G) is the minimum
number of colors required to color the edges of G such that it is properly connected.
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Definition 2.4. The distance between two vertices u and v denoted by d(u, v) is the length of the
shortest path between u and v.

Definition 2.5. The proper distance between two vertices w and v denoted by pd(u,v) is the
minimum length of a properly edge colored path between u and v.

Definition 2.6. For a properly connected graph G with a k-coloring ¢, the proper diameter of
a graph denoted by pdiamy(G) is the maximum proper distance between any pair of distinct
vertices in G.

It is necessary to observe from the definition of properly connected graphs that all properly
colored graphs are also properly connected. However, not all properly connected graphs need
to be properly colored.

Example 2.7. Consider the graph G shown in Fig. 1. The maximum distance between any pair
of vertices in G is 3 and is that of between vertices d and e. Hence, diam(G) = 3. However,
considering the 2-coloring assigned to the edges of the graph, we see that pd(de) = 4, hence
pdiam,(G) = 4.

It can be observed from the example in Figure 1 that even though the edge chromatic number of
G is 3, an edge coloring using two colors makes G properly connected.

For any graph G, if pdiamy(G) = p, then there exists at least one pair of vertices in G whose
proper distance is p. Also, the proper distance between every other pair of vertices does not
exceed p. In this paper, we establish bounds on the values of the proper diameter of the wheel
graph, gear graph, helm graph, Cartesian product of a cycle with a path and the join of two
paths. Throughout the paper, we only consider properly connected graphs whose proper con-
nection number is 2. Solid edges in any properly connected graph represent color 1, and dashed
edges represent color 2. For terminology not defined here, we refer to [5].

d a b e

Figure 1. Graph G with pdiam,(G) = 4

3 Results

Theorem 3.1. For a wheel graph W, 3 < pdiama(W,,) < n — 2 forn > .

Proof. Consider a wheel graph W,, = C),0 K. Let w be the vertex of degree n and vy, vz, v3, ..., Uy,
be the vertices of degree 3 on the wheel graph W,,. For 1 < i < n, let e; be the edge v;w. Let
¢ be a 2-coloring of the edges of W,, such that pdiam,(W,,c) = 2. Starting with c¢(v1v;) = 1,
assign a proper edge coloring to the cycle C,, using colors 1 and 2. The only path of length 2
connecting vertices v; and v, |¢ — j| > 2 passes through w. Without loss of generality, assign
c(viw) = 1. Since pdiam,(W,, c) = 2, the only properly connected path of length 2 from v; to
vj for 4 < j < n — 2 is through the vertex w. Therefore, c(e;) = 2 forall4 < j <n —2. To
achieve pd(v3v,;) < 2for4 < j < n — 2, assign c(e3) = 1. For v3 to be connected to the vertex
v, through a proper path of length 2, assign c(e,,) = 2. Since c(vsw) = c(wvy,), pd(vavy,) > 3.
Therefore, pdiam,(W,,,c) > 3. This is a contradiction to our assumption that c is a 2-coloring
of W,, with pdiam,(W,, ¢) = 2. Hence, pdiam,(W,,) > 3.

Consider the following 2-coloring ¢ of W,,. Starting with c(viv;) = 1, assign a proper edge
coloring to the cycle vvy, ..., v,v; . Assign c¢(e;) = 1 when ¢ is odd and c(e;) = 2 when ¢ is
even, for all ¢ < n. This gives a properly connected graph with pdiam,(W,,, ¢) = 3. Therefore,
the bound pdiam,(W,,) > 3 is tight.
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Since the order of W, is n 4 1, the maximum length of a path between any pair of non-adjacent
vertices is 7, and the said path would be Hamiltonian. Let P be such a path between v; and v;,
such that d(v;v;) > 2 and let ¢ be a 2-coloring of the edges of W), such that pdiam,(W,,) = n
and pd(v;v;) = n. Without loss of generality, let v; = v; and v; = vg, 2 < k < n. Then,
P = vy, ... vkp1wvpvs, . .., vp—10. The path vgjww; is properly edge colored since the edges
on this path appear on P. Since viuvy, ... v+ is properly edge colored, ¢(vi+1vg) 7# c(vipiw).
Else, vjvy, ... vk11v 1S a shorter properly edge colored path between v; and vg. Similarly
c(vivy) # c(vaw). Else, vivy, ... vg_1vg is a shorter properly edge colored path between v, and
vg. This leads to vjv,wvk4 vy, being a properly edge colored path and hence pd(v;v;) < n. This
contradicts our assumption that pd(v;v;) = n. Therefore, pdiam,(W,,) # n.

Now, consider a path of length n — 1 in W,,. Let Q = vy, ... vpwvgs, .. . V1,2 <k <n—2
and ¢ be 2-coloring of W, such that pdiam,(W,,,c) = n — 1 and pd(viv,—1) = n — 1. To
avoid a shorter, properly edge colored path between v, and v, assign c(ex) = c(e,—1) and
c(er) = c(eg+1). Now, we see that c(ey) # c(e,—1). Hence, we get vywv,_ as a shorter prop-
erly colored path, which implies pd(viv,—1) < n — 1. This is a contradiction to our assumption
that pd(viv,_1) = n — 1. Therefore, pdiamy(W,,) #n — 1.

Consider the following 2-coloring ¢ of W,, such that S = wvjvv3vy,...,v,_1 is a properly
connected path with pd(viv,_1) = n — 2. Assign a proper edge coloring to S starting with
c(vivy) = 1. To prevent a shorter properly connected path between vy and v,,_1, let c(vjv,) =
v(vpvn_1) = c(en) = 2, and for all 1 < k < n — 1, ¢(e,) = 1. This is a properly connected
2-coloring of W, such that S is the shortest properly edge colored path between v; and v,,—; and
no other proper path with length greater than n — 2. Therefore, a properly connected 2-coloring
of W, exists such that pdiam,(W,,c) =n — 2.

Hence, pdiam,(W,,) < n — 2 and the bound is tight. O

Figure 2. Properly connected graphs of W; and Wg with a 2-coloring c¢ satisfying
pdiamy (W, c) = 3.

V4 Vs

Figure 3. Properly connected graphs of W7 and W3 with a 2-coloring c¢ satisfying
pdiamy(Wy,c) =n — 2.
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Example 3.2. For the 2-coloring of W5 and W3 shown in Fig.2, the minimum proper distance
between any pair of vertices here is 3. Hence we have pdiam, (W7, ¢) = pdiam,(Ws, c) = 3.

Example 3.3. For the 2-coloring of W7 and Wy shown in Fig.3, we have pdiam,(W7,¢) = 5
with pd(vivs) = 5. For Wy, we have pdiam,(Ws, ¢) = 6 with pd(viv7) = 6.

Theorem 3.4. For a gear graph G, n < pdiamy(Gy) < 2n —2 forn > 1.

Proof. Consider the gear graph G,, on 2n + 1 vertices. Let w be the vertex of degree n and
vy, V2, ..., U, be the vertices of degree 3 and wuy, uy, ..., u, be the vertices of degree 2 in G,,.
Let ¢; € E(G,) be the edge v;w , 1 < i < n. Consider a 2-coloring ¢ of G, such that
pdiamy(Gp,c) = n — 1. Let P be the shortest properly edge colored path of length n — 1
between some pair of vertices in GG,,. Then, we have the following cases.

Case 1: Consider n to be odd.

Sub case 1: Let v; and v; be the end vertices of P.

Suppose v; = v; and v; = vyz1. Then, P = vjujvy,...,vrz). Starting with c(vjuy) = 1,
properly edge color the cycle vjujvy, ..., v,u,v;. Now, each vertex v; has to be connected
to a vertex u;y[zy_1, such that pd(viuiyay41) < n— 1 forall i < [3]. Therefore, either
ViW; [ 2 Ui [2]—1 OF VWV [n]_1U; 211 is @ properly edge colored path. To achieve this,
assign c(e;) = 1 fori < [4] and ¢(e;) = 2 otherwise. Then, there exists at least one u; for which
c(viug) = c(e;) and c(uivir1) = c(e;y1) for all ¢ < [Z]. This results in either pd(u;w) > n — 1
or pd(viyzqui) > n. This is a contradiction to our assumption that pdiama(Gy,c) = n — 1
since there exists a pair of vertices for which the proper distance is greater than n — 1.

Similarly, if u; and u; are the end vertices of P, it results in the same contradiction as above with
either pd(u;w) > n — 1 or pd(viyayu;) > n using the 2-edge coloring mentioned in Sub case 1.

Sub case 2: Let u; and w be the end vertices of P.

Suppose u; = u; and P = ujvauy, ..., vrajw. Starting with c(viuy) = 1, assign a proper edge
coloring to the cycle viuy, . .., v,u,v; and assign c(v[%]w) = ¢(e1) = 1. In order to prevent a
shorter properly edge colored path between u; and w, assign c(e;) = 2 fori < [%] and c(e;) = 1
fori > [5] + 1. Any assignment of colors to the remaining edge efxq gives pd(viufz1) = n,
which is a contradiction to our assumption that pdiam,, (G, c) =n — 1.

Hence, pdiam;(G,) # n — 1 when n is odd.

Case 2: Consider n to be even.

A path of odd length in G, exists only between v; and u;, i # j. Letv; = v; and u; = uz. Then
P =wvjuy,...,vavnuz is a path of length n — 1. Starting with ¢(viu;) = 1, assign a proper edge
coloring to the cycle vjujvy,. .., vu,v;. Now, each vertex v; has to be connected to a vertex
vi+z, so that pd(va%) <n—1foralli < 7. Therefore, v;wv; = has to be a properly edge
colored path for each i < %. To achieve this, assign c(e;) = 1 when i < % and ¢(e;) = 2
otherwise. Then, c(unvz 1) = c(ez 1) and c(vzun) = c(es ). This implies pd(uzu,) = n,
which is a contradiction to our assumption that pdiam;(G,,c) =n — 1.

Therefore, there exists no 2-coloring ¢ of G,,, for which pdiam,,(G,) = n — 1.

Consider the following 2-coloring c of G,,. Starting with c(vju;) = 1, assign a proper edge color-
ing to the cycle vjujvuy, . . ., v,uyv . Any assignment of colors 1 and 2 to each e;, i < n gives
a properly connected graph with pdiam, (G, ¢) = n. Hence, the bound pdiam,(Gy,c) > n is
tight.

To prove the upper bound, consider the path of maximum length in G,,. The order of the Hamil-
tonian path in G,, is 2n + 1. Let Q be such a path. Assume that c is a 2-coloring of G,, such that

pdiam., (G, ¢) = 2n. Then, we have the following cases.

Case 1: Let u; and u;, i # j be the end vertices of Q.
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Suppose u; = uj and u; = u,. Then, Q = ujvy, ..., vy, w,v1,u, such that all vertices of G,
are on Q. Let @ be a properly edge colored path such that pd(uju,) = 2 with c(ujvz) = 1.
If c(vjuy) = 1, then wjvyu, is a shorter properly edge colored path between u; and w,. If
c(vpuy) = 2, then ujuy, . .., vyuy, is a shorter properly edge colored path between w; and w,,. If
c(viwy) = 2 and c(vyuy) = 1, ujviwu,uy, is a shorter properly edge colored path.

Similarly, if v; and v;, i # j are the end vertices of (), then only one of u; € N(v;) can be
included on @, else it results in a shorter properly colored path. Therefore, there exists no prop-
erly edge colored Hamiltonian path between u; and u; or v; and v; such that pdiam(G,,, ¢) = 2n.

Case 2: Let v; and u; be the end vertices of Q).

If w is not a vertex on (), then @ is not Hamiltonian. Hence, consider a path @ with w on it.
Suppose QQ = vjuy, vy, WURU,_1, - - -, U3Uz. Then, u, is not a vertex on ). Therefore, there exists
no Hamiltonian path between v; and u;.

Case 3: Let u; and w be the end vertices of Q).

Suppose u; = u;. Then, @ = wjvy,...,v,u,v;,w is a Hamiltonian path between two non-
adjacent vertices. Consider the following 2-coloring of G,, such that pd(ujw) = 2n. Starting
with c¢(ujv;) = 1, assign a proper edge coloring to the path @. Since ) has an even number
of edges, we get c(vjw) = 2. To prevent a shorter properly edge colored path between u; and
w, assign c(eg) = 1, for all k& # 1. If c(vjuy) = 1, then wyviw is a shorter properly edge
colored path between w; and w. If c(vjuy) = 2, then wjviu,v,w is properly edge colored
path of length 4. Since there exists a shorter properly edge colored path between the terminal
vertices of a properly edge colored Hamiltonian path, we get a contradiction to our assumption
that pdiam, (G, ¢) = 2n.

Therefore, there exists no proper coloring ¢ of G, such that pdiam,(G,,) = 2n.

From Case 2, a path of length 2n — 1 can be achieved between vertices v; and u; when d(viuj) >
3.

Suppose u; = w1 and v; = v3. Let §' = u v WV UR VU —1Vp—1, - - ., U4V3 be the shortest prop-
erly edge colored path of length 2n — 1 between u; and v3 with ¢(ujv,) = 1 with a 2-coloring
¢ such that pdiam,(G,,,c) = 2n — 1. To prevent a shorter properly edge colored path between

uy and v3, assign c(ey) = 2 for 4 < k < n. Else, ujvawuvy, . .., uqv3 will be a shorter properly
connected path between u; and v3. If ¢(e3) = 1, then ujvwvs is a properly connected path of
length 3. Therefore, assign c(e3) = 2. If c(ujvy) = 1, then wjv1upvUpUp—1Vn—1,. .., usv3 is a

properly connected path of length 2n — 3. Therefore, assign c¢(ujv;) = 2. Then, wjviwvs is
a properly connected path of length 4. Since any assignment of colors to the edge u;v; give a
shorter properly edge colored path, pd(u;v3) < 2n — 1, which is a contradiction to our assump-
tion that pd(ujv3) = 2n — 1. Hence, pdiam,(Gy,) # 2n — 1.

Now, consider the following 2-coloring of G,,. Starting with c(vju;) = 1, assign a proper
edge coloring to the path Q@ = vjujvuy . .. up—1v, and let c(vyuy,) = c(u,v) = 2. Also, for
all 1 < i < n, assign c(e;) = 1. The path @ is of length 2n — 2 with no shorter properly
connected path between v; and v,,. w is connected to u; by the path wv;u;. Each vertex on
is properly connected to all other vertices on () by paths of length no greater than 2n — 2. u,, is
properly connected to all vertices through the proper path w,,viuq, ..., v,_1u,_1, Whose length
is 2n — 2. Hence, pdiam,(Gp, ¢) = 2n — 2. Therefore, for any properly connected 2-coloring c,
pdiamy(Gy) < 2n —2.

O

Example 3.5. Fig.4 shows a 2-coloring of Gg for which pdiam,(Gs,c) = 8 such that the max-
imum proper distance between any pair of vertices is 8. Fig.5 shows a 2-coloring of G with
pdiam;(Gs, ¢) = 14 such that pd(vivs) = 14.

Theorem 3.6. For a helm graph H,,, n < pdiamy(H,,,c) < n+ 2 forn > 4.

Proof. Consider a helm graph H,, on 2n 4 1 vertices. Let w be the vertex of degree n and
vy, V2, .. ., Uy, be the vertices of degree 4 in H,,. Let u; be the pendant vertex attached to each v;,
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Figure 4. pdiam;(Gg,c) = 8 Figure 5. pdiam,(Gsg,c) = 10

1 <i<mn.Lete; € E(H,) be the edge v;w and p; € F(H,) be the edge v;u; forall 1 <i < mn.
To prove the lower bound, consider a 2-coloring ¢ of H,,, such that pdiam,(H,,c) = n — 1. Let
S be the shortest properly edge colored path of length n — 1 between some pair of vertices in
H,,. We have the following cases.

Case 1: Consider n to be even.

Sub case I: Let u; and v; be the end vertices of S.

Suppose u; = uy, then S = wjvjvy,...,v,—1 and S is the shortest properly colored path be-
tween uy and v,,_; such that pd(ujv,—;) = n — 1. This implies there are no shorter properly
connected paths between w; and v,,—1. Since u,_; can only be reached through v;, we now get
pd(uiu,—1) = n. This is a contradiction to our assumption that pdiam,(H,,c) =n —1.

Sub case 2: Let u; and w be the end vertices of S.

Suppose u; = u;. Then, S = wjvivy,...,v,—pw. Let S be a properly edge colored path
starting with c(ujvy) = 1. Then, c¢(wv,_2) = 1. To avoid a shorter properly edge colored
path between u; and w, assign c(e;) = 1 when i is odd and c(e;) = 2 when i is even for
i < n—2. Ifu; and u,_; are to be properly connected by a proper path of length not greater
than n — 1, ujvjv,v,—1u,—1 has to be properly edge colored. Since this is a path of even
length and c(ujv;) = 1, we get c(up—1v,—1) = 2. This forces c(vy,w) = 2, c(vp_jw) = 1
and c¢(v,_1v,_2) = 1. In order to achieve pd(uju;) < n — 1 for all 2 < ¢ < n — 2, the path
u v1vy, - - . , v;u; has to be properly colored. Hence, assign c(p;) = c(viviy1),2 < i < n—2.
Such a coloring of H,, would not have a properly connected path between w,,_3 and u,,_,. This
is a contradiction to our assumption that ¢ is a 2-coloring of H,, such that H,, is properly con-
nected. Therefore, pdiam,(H,) # n — 1 when n is even.

Case 2: Consider n to be odd.

Sub case I: Let v; and v; be the end vertices of S.

If v; and v; are the end vertices of S, v; ¢ N(v;). Therefore, S must contain the vertex w for
it to be a path on n vertices. Each vertex u; has a path to every other vertex in H,, through v;.
Since pdiam,(H,,c) = n — 1, u; is connected to the vertex u; through the path w;v,, ..., vju;.
If pd(v;v;) = n — 1, then pd(v;v;) > n — 1, which is a contradiction to our assumption that
pdiamy(Hy,,c) =n — 1.

Sub case 2: Let u; and v; be the end vertices of S.

If pd(u;v;) = n — 1, then pd(u;u;) > n — 1, since u; can only be reached through v;. If
pd(u;uj) < n — 1, then there is shorter properly connected path between u; and v;.

Therefore, there exists no 2-coloring of H,, such that pdiam,(H,,c) = n—1. Hence, pdiam,(H,) >
n.

Consider the following 2-coloring ¢ of H,. Starting with c(vju;) = 1, assign a proper edge
coloring to the path wjviva, ..., vp—jun—1 . When n is odd, assign c(viv,) = c(vavn—1) =
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clen) = 2,¢(pp) = 1 and ¢(en—1) = c(pn—1). When n is even, assign c(vivy,) = c(vyvp—1) =
clen) = 1,¢(pp) =2 and c(en—1) = c(pn_1). Forall 1 <i < n — 2, assign c(e;) = c(vivir)
and c¢(p;) = c(vivi—y) for 2 < ¢ < n — 2. This gives a properly connected graph with
pdiam,(H,, c¢) = n. Hence, the bound pdiam,(H,,) > n is tight.

Let P be the path of maximum length between different pairs of non-adjacent vertices in H,,.
Consider the following possibilities for a path P .

Case 1: Let v; and v; be the end vertices of P.
Since u; has degree 1, any path between v; and v;, when d(v;v;) > 1, will not have any u; on it.
Then, the maximum length of a P is n — 1, provided that the path has the vertex w on it.

Case 2: Let u; and u; be the end vertices of P .

Any path P between vertices u; and u; can include each v;, 1 <4 < n on it along with the vertex
w. Then, the number of vertices on such a path would be 2 + n + 1 = n + 3. Therefore, the
length of Pis n 4 2.

Case 3: Let u; and w be the end vertices of P.
Start with u; and traverse through each v; for all 1 < ¢ < n, and terminate the path at w. The
number of vertices on such a path would be 1+n+1=n+2. Therefore, the length of P is n + 1.

Hence, the maximum length of a path between any pair of vertices in H,, is n + 2 when u; and
u; are the end vertices for some 1 < 4,5 < n.

Suppose u; = u;. Consider the following 2-coloring c of H,,.

Let P = ujvjwwvy, vs, ..., v,u, be a path of length n + 2 between u; and u,,. Let proper edge
coloring of P begin with ¢(p;) = 1. In order to prevent a shorter properly edge colored path
between w1 and u,,, assign c(viv,) = 1, c(ey) = c(viva) =2, ¢(p) = 2. Forany 3 <i <n—1,
let c(e;) = c(viviy1) and ¢(p;) = (vyv;—1). This is a properly connected 2-coloring of H,, with
at least one proper path of length n + 2.

Therefore, there exists a 2-coloring of H,, such that H,, is properly connected with the maximum
proper distance between any pair of vertices being n + 2. Hence, pdiam,,(H,) < n + 2. O

Example 3.7. Fig.6 shows a 2-coloring of H7 that satisfies pdiam,(H7) = 7 with pd(ujue) = 7.
For Hg, we have pdiam,(Hg) = 7 with pd(uju;) = 8.

Example 3.8. Fig.7 shows a 2-coloring of H7 that satisfies pdiam,(Hz7, c) = 9 with pd(uju;) =
9. For Hg, we have pdiam;(Hg, c) = 10 with pd(ujug) = 10 .

Figure 6. Properly connected graphs of H; and Hg with a 2-coloring c¢ satisfying
pdiamy(Hy, c) = n.

Theorem 3.9. For any C,,, and P, pdiam,(C,,0OP,) < nm—4, when m is even and pdiam,(C,, OP,) <
nm — 3, when m is odd.
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Figure 7. Properly connected graphs of H; and Hg with a 2-coloring c¢ satisfying
pdiamy(Hy,, ¢) =n + 2.

Proof. Let P be a Hamiltonian path between some pair of non-adjacent vertices. Consider a
2-coloring ¢ of C,,[0P,, such that P is the shortest properly edge colored path between corre-
sponding vertices.

Let P = viejves, ..., Unm—1, €nm—1, Vnm be the representation of the path with the correspond-
ing edges. Assign a proper edge coloring to P starting with c(e;) = 1, ¢(ez) = 2. To rule out a
shorter properly connected path between v; and v,,,,,, the following assignment of colors to the
remaining edges can be made.

« Forevery edge © = vv; ¢ E(P), 1 <i < j < nm,assign c(z) = c(e;).

+ Ify ¢ E(P) is an edge incident on vy, and some v;, 1 < j < nm — 3, we can have either
e(y) = cle;) or cly) = clej1).

If ¢(y) = c(e;), then there exists a properly colored path of length 2 from v;_; to v,,,, through
vj. Since pd(viv;) < nm — 4, we now have pd(vivp,m,) < nm — 2. Then, there exists a shorter
properly edge colored path vivy, ... v;—1V;Vnm.

If ¢(y) = c(ej_1), then ¢(y) # c(e;) and hence v;4 10V, is properly connected. Since
pd(viv;) < nm — 4, we now have pd(vivp,) < nm — 2. Then, there exists a shorter prop-
erly edge colored path v1,...v;41vUnm. This is a contradiction to our assumption that c is a
2-coloring of C,,, 1P, such that P is the shortest properly edge colored path between v; and
Unm. Therefore, there exists no 2-coloring of C,,[JP, such that pdiam,(C,,,00P,) = nm — 1.

Let Q = viejvey, ..., ex—1v; be the shortest properly edge colored path of length £ — 1 be-
tween some pair of vertices v; and v,. Then, for every edge © = v;v; ¢ E(Q), 1 <i < j <k,
assign c(z) = c(ej). However, if vy is adjacent to a vertex v, # vy_; € @, then there is
always a shorter properly edge colored path due to v, as observed in the case of a Hamilto-
nian path. Therefore, only one vertex v; € N(v;) can be on the shortest properly connected
path for which vy, is a terminal vertex. Hence, pdiam,(C,,P,,c) = nm — 2 is not achiev-
able since at least two vertices v, € N(vnm—1) are on the shortest properly connected path
between vy and vy, 1. Since §(C,,[OP,) = 3, if v is a vertex of degree 3 and if two vertices
a,b € N(vpm—2) are not on the shortest properly connected path between v; and v, —2, then
we may have pdiam,(C,,, P, ¢) = nm — 3.

Case 1: Let m be odd and ¢ be a 2-coloring of C,,,[JP,, such that @ is the shortest properly edge
colored path of length nm — 3 between some pair of vertices and pdiam,(C,,0P,) = nm — 3.
Let a,b € N(v,m—2) be two vertices that are not on this path.

Let Q = viejv€, ..., Unm—3, €nm—3, Unm—2 be the representation of the path with the corre-
sponding edges. Assign a proper edge coloring to @ starting with c(e;) = 1,¢(ez) = 2. To rule
out a shorter properly connected path between v; and vy,,,,—2, the following assignment of colors
to the remaining edges can be made.

« For every edge © = v;v; ¢ E(Q), 1 <i < j <nm — 2, assign ¢(x) = c(e;), provided that
x does not share an endpoint with either a or b.
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« For very edge y incident on a and b, assign c(y) = 1 if c(epm—3) = 2 and ¢(y) = 2
otherwise.

For the coloring ¢ defined above, we get pdiam;(C,,0P,,,c) = nm — 3. Therefore, when m is
odd pdiam,(C,,,0P,) < nm — 3.

Case 2: Let m be even. Each vertex in C,,,L]P,, belongs to two C4’s and a C,,. Let v be the
terminal vertex of a path @ such that deg(v) = 3. Suppose two vertices a,b € N(v) are excluded
from the path Q). If @ and b are the two vertices that belong to the same Cj as v, then the fourth
vertex of this C4 cannot be on the path (). If a and b are not vertices in the same cycle Cy, then
a vertex from C},, cannot be on the path Q. Therefore, the length of the path @ with a degree 3
terminal vertex cannot exceed nm — 4 in C,,,.JP,, .

Let ¢ be a 2-coloring of C,,,[ 1P, such that C,,L1P, is properly connected and S is the shortest

properly edge colored path of length nm — 4 between two vertices of degree 3. Let a, b €
N (vnm—3) and c be the vertices not on this path such that c is a vertex adjacent to a or b.

V17

c V22 V23 b

Figure 9. A 2-coloring ¢ of CsLPs satisfying pdiam, (C,,ddP,,c) = nm — 4

Let S = viejvzen, . . ., Unm—4a€nm—avnm—3 be the representation of the path with the correspond-
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ing edges. Assign a proper edge coloring to S starting with c¢(e;) = 1,¢(ez) = 2. To rule out
a shorter properly connected path between v, and v,,,,,—3, the following assignment of colors to
the remaining edges can be made.

« For every edge z = v;v; ¢ E(S), 1 <i < j < nm — 3, assign ¢(x) = ¢(e;), provided that
x does not share an end point with either a, b or c.

« For very edge y incident on a, b and ¢, assign ¢(y) = 1 if ¢(epm—4a) = 2 and ¢(y) = 2
otherwise.

This is a 2-coloring of C,,,[1P,, such that pdiam,(C,,,0P,,c) = nm — 4.
Therefore, pdiam,(C,,0P,) < nm — 4, when m is even.
O

Example 3.10. The 2-coloring ¢ of C50JPs in Fig.8 has pdiam,(CsPs, ¢) = 22 with pd(vivy3) =
22.

Example 3.11. Fig.9 shows a 2-coloring ¢ of C¢t1Ps which has pdiam,(CsdPs, ¢) = 26 with
pd(vivy7) = 26.

To prove the next theorem, we use the bound pdiam;(G) < n—k(G)+1 for a properly connected
2-colored graph of order n > 2, proved in [4].

Theorem 3.12. For any P,, and P,,, 2 < pdiamy(Py, + P,) < n—1, whenn > 3,m > 2,
n > m.

Proof. Letuy,uy, ..., u, and vy, vy, ..., v, be the vertices on the paths P, and P, respectively.
Then, P, + P, is a graph of order m + n. Since diam(P,, + P,) = 2, pdiam(Py, + Py,) > 2
for any 2-coloring c.

Since k(P + P,) = m + 1, we have pdiamy (P, + Pn,c) <m+n—(m+1)+ 1 =n. Let
¢ be a 2-coloring of P, + P,, such that pdiam, (P, + P,,c) = n. Then, there exists a shortest
properly connected path of length n between at least one pair of vertices in P,,, + P,. Let () be
such a path. The path of length greater than 1 can occur either between some v; and v; or u; and
uj, |i —j| # 1. Suppose the initial and terminal vertices of () are v; and v,,. Any path of length n
between two vertices of P,, will have at least one vertex from P,,. Suppose QQ = vju;vy, ..., vp,
1 < i < mis a properly edge colored path starting with ¢(v;u;) = 1. To avoid a shorter properly
edge colored path assign c(vjvy) = 1. Further, if ¢(u;v,) = 1, then vjvu v, is a shorter prop-
erly edge colored path between v and v,,. If ¢c(u;v,,) = 2, then vyuj v, is a shorter properly edge
colored path between v and v,,. Since pd(viv,,) < 3 in each case, we get a contradiction to our
assumption that pdiamy (P, + Py, c) =n..

Consider a 2-coloring of P,,+ P, such that the path P, is properly edge colored with c¢(vu;) = 1
and every other edge in the graph is assigned the color 1. Two vertices u; and u; in the path P,
are connected by proper paths u;e,u; of length 3, where ey, is any edge on path P, such that
c(ey) = 2. This is a properly connected 2-coloring of P, + P,, in which v; and v,, are connected
by the proper path of length n — 1, which is also the shortest properly edge colored path between
v; and v,,.
Hence, pdiam, (P, + P,) < n — 1 and the bound is tight.

O

Example 3.13. Fig.10 shows a properly connected 2-coloring ¢ of Ps—+ Ps for which pdiam, (Ps+
P, ¢) = 2 such that the proper distance between any two non-adjacent vertices is 2.

Example 3.14. Fig.11 shows a properly connected 2-coloring ¢ of Ps—+ P for which pdiam, (Ps+
Py, c) = 5 with pd(vjve) = 5.
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Figure 10. Properly connected graph Ps + Py with a 2-coloring c¢ satisfying pdiamy (P, +
P,,c)=2

Figure 11. Properly connected graph Ps + Py with a 2-coloring ¢ satisfying pdiama (P, +
P,c)=n-1

4 Conclusion

The bounds on the proper diameter of the wheel graph, gear graph, helm graph, cartesian prod-
uct of a cycle with a path and the join of two paths are established. These bounds hold true for
the above class of graphs for any 2-edge coloring assigned to the graph, provided the graph is
also properly connected.
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