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Abstract In this literature survey, we deal with the uniqueness problems of meromorphic
and entire functions that concerning differential polynomials sharing a finite set and obtain a
theorems it generalizes the recent results due to V. Husna .

1 Introduction, Definitions

Let f(z) and g(z) be two meromorphic and entire functions in the open complex plane C. For
a ∈ C = C ∪ {∞}, if f(z) − a and g(z) − a have the same zeros with the same multiplicities
then we say that f(z) and g(z) share a CM, if we do not consider the multiplicities then we
say that f(z) and g(z) share a IM. It is assumed that readers are known about the notations of
Nevanlinna’s value distribution theory such as T (r, f), m(r, f), N(r, f) and so on (see [21],
[7], [22]).
Let f(z) be a non-constant meromorphic function and α ∈ S̃(f) = S(f) ∪ {∞} and S be a
subset of S̃(f). We define

E(S, f) =
⋃
α∈S

{z : f(z)− α = 0, counting multiplicity},

E(S, f) =
⋃
α∈S

{z : f(z)− α = 0, ignoring multiplicity}.

If E(S, f) = E(S, g), then we say that f(z) and g(z) share the set S CM; if E(S, f) = E(S, g),
then we say that f(z) and g(z) share the set S IM. Especially, if S = {α} and E(S, f) = E(S, g),
then we say that f(z) and g(z) share α CM; and we say that f(z) and g(z) share α IM if
E(S, f) = E(S, g).

Set “E(a, f) = {z : f(z) − a = 0}", where a zero point with multiplicity k is counted k
times in the set. If the zero points are only counted once ,then we denote the set by E(a, f). Let
f and g be two non constant meromorphic and entire functions. If E(a, f) = E(a, g), then we
say that f and g share the value a CM . If E(a, f) = E(a, g), then we say that f and g share the
value a IM . We denote by Ek)(a, f) the set of all a points of f with multiplicities not exceeding
“k", where an a point is counted according to its multiplicity, Ek)(a, f) is the set of distinct a
points of f with multiplicities not greater than k. Here, we will define the counting function as
N(k

(
r, 1

f(z)−a

)
is the counting function of zeros of f(z) − a with multiplicity greater than or

equal to k. Nk)

(
r, 1

f(z)−a

)
is the counting function of zeros of f(z) − a with multiplicity less
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than or equal to k.
Here, again we define the reduced counting function as N (k

(
r, 1

f(z)−a

)
is the reduced counting

function of zeros of f(z)− a in which multiplicity is not counted. Nk)

(
r, 1

f(z)−a

)
is the reduced

counting function of zeros of f(z)− a in which multiplicity is not counted.
In 2001, Indrajit Lahiri [11] introduced the notion of weighted sharing, which measures how
close a shared value is to being shared CM or to being shared IM.

Definition 1.1. [11] For a complex number a ∈ C = C ∪ {∞}, we denote by Ek(a, f) the set of
all a points of “f(z)", where an a- point with multiplicity m is counted m times if m ≤ k and
k+ 1 times if m > k. For a complex number a ∈ C, such that Ek(a, f) = Ek(a, g), then we say
that f(z) and g(z) share the value a with weight k.

The definition implies that if f(z), g(z) share a value a with weight k, then z0 is a zero of f(z)−a
with multiplicity m(≤ k) if and only if it is a zero of g(z)− a with multiplicity m(≤ k) and z0 is
a zero of f(z)− a with multiplicity m(> k) if and only if it is a zero of g(z)− a with multiplicity
“n(> k)", where m is not necessarily equal to n. We write f(z), g(z) share (a, k) to mean that
f(z), g(z) share the value a with weight k. Clearly, if f(z), g(z) share (a, k) then f(z), g(z)
share (a, p) for all integers p, 0 ≤ p < k. Also we note that f(z), g(z) share a value a IM or
CM if and only if f(z), g(z) share (a, 0) or (a,∞) respectively.

Definition 1.2. [11] Let S be a set of distinct elements of C and k be a non-negative integer or
∞. We denote by Ef (S, k) the set

⋃
a∈S

Ek(a, f). Clearly, Ef (S) = Ef (S,∞) and Ef (S) =

Ef (S, 0).

W. K Hayman [7] proposed the following well-known conjecture.
Hayman’s Conjecture [7]
If an entire function satisfies fnf ′ ̸= 1 for all positive integers n ∈ N, then f is a constant.
In 1997, corresponding to the above famous conjecture of Hayman, Yang and Hua studied the
unicity of differential monomials and obtained the following theorem.

Theorem 1.3. [23] Let f(z) and g(z) be two non-constant entire functions, n ≥ 6 a positive
integer. If fnf ′ and gng′ share 1 CM, then either “f(z) = c1e

cz , g(z) = c2e
−cz", where c1, c2,

c are three constants satisfying (c1c2)n+1c2 = −1, or f(z) = tg(z) for a constant t such that
tn+1 = 1.

In 2018, V. H. An and H. H. Khoai [2] considered the set of roots of unity of degree d and studied
the relations of f(z) and g(z) when E(fn)(k)(S) = E(gn)(k)(S). Infact, they proved the following
result.

Theorem 1.4. [2] Let f(z) and g(z) be two non-constant meromorphic functions, and let n, d, k
be positive integers with n > 2k + 2k+8

d , d ≥ 2, and S = {a ∈ C : ad = 1}. If E(fn)(k)(S) =

E(gn)(k)(S), then one of the following two cases holds: (i) f(z) = c1e
cz and g(z) = c2e

−cz for
three non-zero constants c1, c2 and c such that (−1)kd(c1c2)nd(nc)2kd = 1; (ii) f(z) = tg(z)
with tnd = 1, t ∈ C.

In 2020, Chao Meng and Xu Li [12] proved the following results.

Theorem 1.5. [12] Let f(z) and g(z) be two non-constant meromorphic functions, and let
n, d, k be positive integers with n > 2k + 3k+9

d , d ≥ 2 and S = {a ∈ C : ad = 1}. If
E(fn)(k)(S, 1) = E(gn)(k)(S, 1) then one of the following two cases holds: (i) f(z) = c1e

cz and
g(z) = c2e

−cz for three non-zero constants c1, c2 and c such that (−1)kd(c1c2)nd(nc)2kd = 1;
(ii) f(z) = tg(z) with tnd = 1, t ∈ C.

Theorem 1.6. [12] Let f(z) and g(z) be two non-constant meromorphic functions, and let
n, d, k be positive integers with n > 2k + 8k+14

d , d ≥ 2 and S = {a ∈ C : ad = 1}. If
E(fn)(k)(S, 0) = E(gn)(k)(S, 0) then one of following the two cases holds: (i) f(z) = c1e

cz and
g(z) = c2e

−cz for three non-zero constants c1, c2 and c such that (−1)kd(c1c2)nd(nc)2kd = 1;
(ii) f(z) = tg(z) with tnd = 1, t ∈ C.
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In 2021,V. Husna [8] proved some theorems by the relationship between two meromorphic and
entire functions f(z) and g(z) by considering (fn(f − 1)s)(k) by taking n(≥ 1), s(≥ 1) are
integers.

Theorem 1.7. [8] Let f(z) and g(z) be two non-constant meromorphic functions, and let n, d, k, s,
be a positive integers with n > 2k − s + 3k+9

d , d ≥ 2 and S = {a ∈ C : ad = 1}. If
E(

fn(f−1)s
)(k)(S, 1) = E(

gn(g−1)s
)(k)(S, 1) then one of the following two cases holds: (i) f(z) =

c1e
cz and g(z) = c2e

−cz for three non-zero constants c1, c2 and c such that (−1)2kd(c1c2)(n+s)d((n+
s)c)2kd = 1; (ii) f = tg with t(n+s)d = 1, t ∈ C.

Theorem 1.8. [8] Let f(z) and g(z) be two non-constant meromorphic functions, and let n, d, k, s,
be a positive integers with n > 2k − s + 8k+14

d , d ≥ 2 and S = {a ∈ C : ad = 1}. If
E(

fn(f−1)s
)(k)(S, 0) = E(

gn(g−1)s
)(k)(S, 0) then one of the following two cases holds: (i) f =

c1e
cz and g = c2e

−cz for three non-zero constants c1, c2 and c such that (−1)kd(c1c2)(n+s)d((n+
s)c)2kd = 1; (ii) f = tg with tnd = 1, t ∈ C.

Theorem 1.9. [8] Let f(z) and g(z) be two non-constant entire functions, and let n, d, k, s,
be a positive integers with n > 2k − s + k+6

2d , d ≥ 2 and S = {a ∈ C : ad = 1}. If
E(

fn(f−1)s
)(k)(S, 1) = E(

gn(g−1)s
)(k)(S, 1) then one of the following two cases holds: (i) f(z) =

c1e
cz and g(z) = c2e

−cz for three non-zero constants c1, c2 and c such that (−1)2kd(c1c2)(n+s)d((n+
s)c)2kd = 1; (ii) f = tg with t(n+s)d = 1, t ∈ C.

Theorem 1.10. [8] Let f(z) and g(z) be two non-constant entire functions, and let n, d, k, s,
be a positive integers with n > 2k − s + k+11

2d , d ≥ 2 and S = {a ∈ C : ad = 1}. If
E(

fn(f−1)s
)(k)(S, 0) = E(

gn(g−1)s
)(k)(S, 0) then one of the following two cases holds: (i) f =

c1e
cz and g = c2e

−cz for three non-zero constants c1, c2 and c such that (−1)kd(c1c2)(n+s)d((n+
s)c)2kd = 1; (ii) f = tg with tnd = 1, t ∈ C.

2 Main Results

Theorem 2.1. Let f(z) and g(z) be two non-constant meromorphic functions, and let us define
a equation P (ω) = amωm + am−1ω

m−1 + · · · + a1ω + a0 is a polynomial where a0 ̸= 0 and
a1, · · · , am = 0 are complex constants, where n, d, k, s, m be a positive integers with n >
2k−ms+ 3k+9

d , d ≥ 2 and S = {a ∈ C : ad = 1} . If E(
fnP (f)s

)(k)(S, 1) = E(
gnP (g)s

)(k)(S, 1)
then one of the following two cases holds: (i) f(z) = c1e

cz and g(z) = c2e
−cz for three non-zero

constants c1, c2 and c such that (−1)2kd(c1c2)(n+ms)d((n + ms)c)2kd = 1; (ii) f = tg with
t(n+ms)d = 1, t ∈ C.

Theorem 2.2. Let f(z) and g(z) be two non-constant meromorphic functions, and let us define
a equation P (ω) = amωm + am−1ω

m−1 + · · · + a1ω + a0 is a polynomial where a0 ̸= 0 and
a1, · · · , am = 0 are complex constants, where n, d, k, s, m be a positive integers with n >
2k−ms+ 8k+14

d , d ≥ 2 and S = {a ∈ C : ad = 1}. If E(
fnP (f)s

)(k)(S, 0) = E(
gnP (g)s

)(k)(S, 0)
then one of the following two cases holds: (i) f(z) = c1e

cz and g(z) = c2e
−cz for three non-zero

constants c1, c2 and c such that (−1)2kd(c1c2)(n+ms)d((n + ms)c)2kd = 1; (ii) f = tg with
tnd = 1, t ∈ C.

Theorem 2.3. Let f(z) and g(z) be two non-constant entire functions, and let us define a equa-
tion P (ω) = amωm+am−1ω

m−1+· · ·+a1ω+a0 is a polynomial where a0 ̸= 0 and a1, · · · , am =
0 are complex constants, n, d, k, s, m be a positive integers with n > 2k−ms+ k+6

2d , d ≥ 2 and
S = {a ∈ C : ad = 1}. If E(

fnP (f)s
)(k)(S, 1) = E(

gnP (g)s
)(k)(S, 1) then one of the following

two cases holds: (i) f(z) = c1e
cz and g(z) = c2e

−cz for three non-zero constants c1, c2 and c
such that (−1)2kd(c1c2)(n+ms)d((n+ms)c)2kd = 1; (ii) f = tg with t(n+ms)d = 1, t ∈ C.
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Theorem 2.4. Let f(z) and g(z) be two non-constant entire functions, and let us define a equa-
tion P (ω) = amωm+am−1ω

m−1+· · ·+a1ω+a0 is a polynomial where a0 ̸= 0 and a1, · · · , am =
0 are complex constants, n, d, k, s, m be a positive integers with n > 2k −ms+ k+11

2d , d ≥ 2
and S = {a ∈ C : ad = 1}. If E(

fnP (f)s
)(k)(S, 0) = E(

gnP (g)s
)(k)(S, 0) then one of the follow-

ing two cases holds: (i) f = c1e
cz and g = c2e

−cz for three non-zero constants c1, c2 and c such
that (−1)kd(c1c2)(n+ms)d((n+ms)c)2kd = 1; (ii) f = tg with tnd = 1, t ∈ C.

3 Some Lemmas

Let F and G be two non-constant meromorphic functions defined in C. We will denote by H the
following function:

H =

(
F ′′

F ′ − 2F ′

F − 1

)(
G′′

G′ − 2G′

G− 1

)
, (3.1)

Lemma 3.1. [21] Let f be a non-constant meromorphic function, and p,k be positive integers.
Then

Np

(
r,

1
f (k)

)
≤ T

(
r, f (k)

)
− T (r, f) +Np+k(r,

1
f
) + S(r, f),

Np

(
r,

1
f (k)

)
≤ kN(r, f) +Np+k(r,

1
f
) + S(r, f).

Lemma 3.2. [4] Let F and G be two non-constant meromorphic functions sharing (1, 1) and
H ̸≡ 0. Then

T (r, F ) ≤N2(r,
1
F
) +N2(r,

1
G
) +N2(r, F ) +N2(r,G) +

1
2
N(r,

1
F
)

+
1
2
N(r, F ) + S(r, F ) + S(r,G).

Lemma 3.3. [4] Let F and G be two non-constant meromorphic functions sharing (1, 0) and
H ̸≡ 0. Then

T (r, F ) ≤N2(r,
1
F
) +N2(r,

1
G
) +N2(r, F ) +N2(r,G) + 2N(r,

1
F
)

+N(r,
1
G
) + 2N(r, F ) +N(r,G) + S(r, F ) + S(r,G).

Lemma 3.4. [25] Let f(z) and g(z) be two non-constant entire functions and n, k be positive
integers, n > k. If (fn)(k)(gn)(k) = h, h ∈ C, h ̸= 0, then f(z) = l1e

lz and g(z) = l2e
−lz for

three non-zero constants l1, l2 and l such that (−1)k(l1l2)n(nl)2k = h.

Lemma 3.5. Let f(z) be a non-constant meromorphic function on complex plane C and n, k, s ∈
Z+, n+ s > 2k. Then

(n+ms− 2k)T (r, f) + kN(r, f) +N

(
r,

fn+ms−k(
fnP (f)s

)(k)
)

≤ T
(
r,
(
fnP (f)s

)(k))
+ S(r, f).

Proof. Using the same as in Lemma 2.6 [2], we can easily obtain Lemma 3.5.

4 Proof of Main Results

Proof of Theorem 2.1.
Let

F =

((
fnP (f)s

)(k))d

, G =

((
gnP (g)s

)(k))d

. (4.1)
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F1 =

((
fnP (f)s

)(k))
, G1 =

((
gnP (g)s

)(k))
. (4.2)

Since E(fnP (f)s)(k)(S, 1) = E(gnP (g)s)(k)(S, 1) and we see that F and G share (1, 1) .
If H ̸≡ 0 then by Lemma 3.2

T (r, F ) ≤ N2(r,
1
F
) +N2(r,

1
G
) +N2(r, F ) +N2(r,G) +

1
2
N(r,

1
F
)

+
1
2
N2(r,

1
F
) +

1
2
N(r,

1
F
) + S(r, F ) + S(r,G).

(4.3)

By Lemma 3.5, we obtain

(n+ms−2k)T (r, f) ≤ T
(
r, (fnP (f)s)(k)

)
+S(r, f) ≤ (k+1)(n+ms)T (r, f)+S(r, f). (4.4)

Similarly,

(n+ms−2k)T (r, g) ≤ T
(
r, (gnP (g)s)(k)

)
+S(r, g) ≤ (k+1)(n+ms)T (r, g)+S(r, g). (4.5)

Since,

T

(
r,
((

fnP (f)s
)(k))d)

= dT

(
r,
(
fnP (f)s

)(k))
+ S

(
r,
(
fnP (f)s

)(k))
, (4.6)

T

(
r,
((

gnP (g)s
)(k))d)

= dT

(
r,
(
gnP (g)s

)(k))
+ S

(
r,
(
gnP (g)s

)(k))
. (4.7)

It is easy to see that,

S

(
r,
((

fnP (f)s
)(k))d)

= S

(
r,
(
fnP (f)s

)(k))
= S(r, f), (4.8)

S

(
r,
((

gnP (g)s
)(k))d)

= S

(
r,
(
gnP (g)s

)(k))
= S(r, g). (4.9)

Again we know,

N2(r, F ) = N2(r,
((

fnP (f)s
)(k))d

) = 2N(r, f), (4.10)

N2(r,G) = N2(r,
((

gnP (g)s
)(k))d

) = 2N(r, g). (4.11)

By Lemma 3.1 we have,

N2

(
r,

1
F

)
= N2

(
r,

1((
fnP (f)s

)(k))d
)
,

= 2N

(
r,

1(
fnP (f)s

)(k)
)
,

≤ 2Nk+1

(
r,

1
fnP (f)s

)
+ 2kN

(
r, fnP (f)s

)
+ S(r, fn),

≤ 2(k + 1)N
(
r,

1
f

)
+ 2kN(r, f) + S(r, f). (4.12)
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1
2
N
(
r,

1
F

)
=

1
2
N

(
r,

1((
fnP (f)s

)(k))d
)
,

=
1
2
N

(
r,

1(
fnP (f)s

)(k)
)
,

≤ 1
2
Nk+1

(
r,

1
fnP (f)s

)
+

k

2
N
(
r, fnP (f)s

)
+ S(r, fnP (f)s),

≤ k + 1
2

N
(
r,

1
f

)
+

k

2
N(r, f) + S(r, f). (4.13)

On the other hand,

N2

(
r,

1
G

)
= 2N

(
r,

1(
fnP (g)s

)(k)
)
,

≤ 2

(
N

(
r,

1
gn+ms−k

)
+N

(
r,

gn+ms−k(
gnP (g)s

)(k)
))

,

≤ 2

(
N

(
r,

1
g

)
+N

(
r,

gn+ms−k(
gnP (g)s

)(k)
))

.

(4.14)

Similarly

N2

(
r,

1
F

)
≤ 2

(
N

(
r,

1
f

)
+N

(
r,

fn+ms−k(
fnP (f)s

)(k)
))

. (4.15)

Also,
N(r, F ) +N(r,G) = 2N(r, f). (4.16)

On combining all the above equations from (4.1), (4.8) - (4.12) we get,

T

(
r,
((

fnP (f)s
)(k))d) ≤ 2(k + 1)N

(
r,

1
f

)
+ (2k + 2)N(r, f)

+ 2

(
N

(
r,

1
f

)
+N

(
r,

fn+ms−k(
fnP (f)s

)(k)
))

+ S(r, f).

(4.17)

On combining all the above equations from (4.1), ( 4.8) - (4.11), (4.13) we get,

T

(
r,
((

gnP (g)s
)(k))d) ≤ 2(k + 1)N

(
r,

1
g

)
+ (2k + 2)N(r, g)

+ 2

(
N

(
r,

1
g

)
+N

(
r,

gn+ms−k(
gnP (g)s

)(k)
))

+ S(r, g).

(4.18)

Adding the inequalities (4.17) and (4.18) we obtain,

T

(
r,
((

fnP (f)s
)(k))d) ≤ 2(k + 1)N

(
r,

1
f

)
+ (2k + 2)N(r, f) + 2N(r,

1
g
)

+ 2N

(
r,

gn+ms−k(
gnP (g)s

)(k)
)
+ 2N(r, g) +N(r, f) + S(r, f) + S(r, g),

≤ (3k + 5)T (r, f) + 2kN(r, f) + 4T (r, g) + 2N

(
r,

gn+ms−k(
gnP (g)s

)(k)
)

+ S(r, f) + S(r, g).
(4.19)
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Similarly for G

T

(
r,
((

gnP (g)s
)(k))d) ≤ (3k + 5)T (r, g) + 2kN(r, g) + 4T (r, g) + 2N

(
r,

fn+ms−k(
fnP (f)s

)(k)
)

+ S(r, f) + S(r, g).
(4.20)

By Lemma 3.1 we have,

(n+ms−2k)dT (r, f)+kdN(r, f)+dN

(
r,

fn+ms−k(
fnP (f)s

)(k)
)

≤ dT (r, (fnP (f)s)(k))+S(r, f).

(4.21)

(n+ms− 2k)dT (r, g) + kdN(r, g) + dN

(
r,

gn+ms−k(
gnP (g)s

)(k)
)

≤ dT (r, (gnP (g)s)(k)) + S(r, g).

(4.22)
From (4.19), (4.20), (4.21), (4.22) we have,

(n+ms− 2k)dT (r, f) + kdN(r, f) + dN

(
r,

fn+ms−k(
fnP (f)s

)(k)
)

+ (n+ms− 2k)dT (r, g) + kdN(r, g) + dN

(
r,

gn+ms−k(
gnP (g)s

)(k)
)

≤ (3k + 9){T (r, f) + T (r, g)}+ 2N

(
r,

fn+ms−k(
fnP (f)s

)(k)
)

+ 2N

(
r,

gn+ms−k(
gnP (g)s

)(k)
)
+ S(r, f) + S(r, g).

(4.23)

Since d ≥ 2,

dN

(
r,

fn+ms−k(
fnP (f)s

)(k)
)

≥ 2N

(
r,

fn+ms−k(
fnP (f)s

)(k)
)
, (4.24)

dN

(
r,

gn+ms−k(
gnP (g)s

)(k)
)

≥ 2N

(
r,

gn+ms−k(
gnP (g)s

)(k)
)
, (4.25)

kdN(r, f) ≥ 2kN(r, f), (4.26)

kdN(r, g) ≥ 2kN(r, g). (4.27)

Therefore,

(nd+msd− 2kd− 3k − 9){T (r, f) + T (r, g)} ≤ S(r, f) + S(r, g),

which is absurd with

n > 2k −ms+
3k + 9

d
, (4.28)

hence H ≡ 0.
By integration we get

1
G− 1

=
A

F − 1
+B, (4.29)

where A ̸= 0 and B are constants. Thus

G =
(B + 1)F + (A−B − 1)

BF + (A−B)
, (4.30)
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and

F =
(B −A)G+ (A−B − 1)

BG− (B + 1)
. (4.31)

Case 1. B ̸= 0,−1 ,then from (4.31)

N

(
r,

1
G− B+1

B

)
= N(r, F ). (4.32)

By using Nevanlinna Second fundamental theorem and (4.14)

T (r,G) ≤N(r,G) +N

(
r,

1
G

)
+N

(
r,

1
G− B+1

B

)
+ S(r,G),

≤N(r,G) +N2

(
r,

1
G

)
+N(r, F ) + S(r,G),

≤N(r, g) + 2

(
N

(
r,

1
g

)
+N

(
r,

gn+ms−k

(gnP (g)s)
(k)

))
+N(r, f) + S(r, g).

(4.33)

If A−B − 1 ̸= 0, then it follows (4.30) from that

N

(
r,

1
F − B+1−A

B

)
= N

(
r,

1
G

)
. (4.34)

Again by Nevanlinna second fundamental theorem and (4.15)

T (r, F ) ≤N(r, F ) +N

(
r,

1
F

)
+N

(
r,

1
F − B+1−A

B+1

)
+ S(r, F ),

≤ N(r, F ) +N2

(
r,

1
F

)
+N

(
r,

1
G

)
+ S(r, f),

≤ N(r, f) + 2

(
N

(
r,

1
F

)
+N

(
r,

fn+ms−k

(fnP (f)s)
(k)

))

+Nk+1

(
r,

1
gnP (g)s

)
+ kN(r, g) + S(r, f),

≤ N(r, f) + 2

(
N

(
r,

1
F

)
+N

(
r,

fn+ms−k

(fnP (f)s)
(k)

))

+ (k + 1)N
(
r,

1
g

)
+ kN(r, g) + S(r, f).

(4.35)

From (4.21)-(4.22), (4.33) and (4.35), we get

(n− 2k)dT (r, f) + kdN(r, f) + dN

(
r,

fn+ms−k

(fnP (f)s)
(k)

)

+ (n+ms− 2k)dT (r, g) + kdN(r, g) + dN

(
r,

gn+ms−k

(gnP (g)s)
(k)

)

≤N(r, f) + 2

(
N

(
r,

1
f

)
+N

(
r,
fn+ms−k

(fn)
(k)

))
+ (k + 1)N

(
r,

1
g

)

+ kN(r, g) +N(r, g) + 2

(
N

(
r,

1
g

)
+N

(
r,

gn+ms−k

(gnP (g)s)
(k)

))
+N(r, f) + S(r, f) + S(r, g).

(4.36)
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Since d ≥ 2

dN

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
≥ 2N

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
, (4.37)

dN

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
≥ 2N

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
, (4.38)

kdN(r, f) ≥ 2N(r, f), (4.39)

kdN(r, g) ≥ (k + 1)N(r, g). (4.40)

Using (4.37), (4.38), (4.39) and (4.40)

(nd+msd− 2kd− 2)T (r, f) + (nd+msd− 2kd− k− 3)T (r, g) ≤ S(r, f) + S(r, g), (4.41)

which contradicts with n > 2k −ms+ 3k+9
d . Hence A−B − 1 = 0. Then by (4.30)

N

(
r,

1
F + 1

B

)
= N(r,G). (4.42)

Again by Nevanlinna Second Fundamental theorem

T (r, F ) ≤N(r, F ) +N

(
r,

1
F

)
+N

(
r,

1
F + 1

B

)
+ S(r, f),

≤ N(r, F ) +N2

(
r,

1
F

)
+N(r,G) + S(r, f),

≤ N(r, f) + 2

(
N

(
r,

1
f

)
+N

(
r,

fn+ms−k

(fnP (f)s)
(k)

))
+N(r, g) + S(r, f).

(4.43)

Combine (4.21), (4.22), (4.33) and (4.43), we have,

(n+ms− 2k)dT (r, f) + kdN(r, f) + dN

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
+ (n+ms− 2k)dT (r, g)

+ kdN(r, g) + dN

(
r,

gn+ms−k

(gnP (g)s)
(k)

)

≤2N(r, f) + 2

(
N

(
r,

1
f

)
+N

(
r,

fn+ms−k

(fnP (f)s)
(k)

))

+ 2N(r, g) + 2

(
N

(
r,

1
g

)
+N

(
r,

gn+ms−k

(gnP (g)s)
(k)

))
+ S(r, f) + S(r, g).

(4.44)
Since d ≥ 2

dN

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
≥ 2N

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
, (4.45)

dN

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
≥ 2N

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
, (4.46)

kdN(r, f) ≥ 2N(r, f), (4.47)

kdN(r, g) ≥ 2N(r, g). (4.48)
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Using (4.45), (4.46), (4.47) and (4.48),

(nd+msd− 2kd− 2){T (r, f) + T (r, g)} ≤ S(r, f) + S(r, g), (4.49)

which violates our given assumption.
Case 2. B = −1. Then

G =
A

A+ 1 − F
,

and

F =
(1 +A)G−A

G
.

If A+ 1 ̸= 0. We obtain

N

(
r,

1
F −A− 1

)
= N(r,G),

N

(
r,

1
G− A

A+1

)
= N

(
r,

1
F

)
.

By similar arguments we can obtain a contradiction. Therefore A+ 1 = 0, then FG ≡ 1, that is(
(fnP (f)s)

(k)
)d (

(gnP (g)s)
(k)
)d

= 1,

we have (fnP (f)s)
(k)

(gnP (g)s)
(k)

= h, where hd = 1.
Suppose z0 is a zero of f with multiplicity p, then z0 is a pole of g with multiplicity q such
that np − k = nq + k. So n(p − q) − 2k = 0. Since n > 2k − ms + 3k+9

d , we can deduce
a contradiction. So f(z) ̸= 0. Similarly, we can prove f(z) ̸= ∞, g(z) ̸= 0 and g(z) ̸=
∞. So f(z) and g(z) are two non constant entire functions. According to Lemma 3.4, we
obtain f(z) = c1e

cz and g(z) = c2e
−cz for three non zero constants c1, c2 and c such that

(−1)kd (c1c2)
(n+ms)d

((n+ms)c)2kd = 1.
Case 3. B = 0. Then (4.30) and (4.31) gives G = F+A−1

A and F = AG+ 1 − A. If A− 1 ̸= 0,
then

N

(
r,

1
F +A− 1

)
= N

(
r,

1
G

)
,

and

N

(
r,

1
G+ 1−A

A

)
= N

(
r,

1
F

)
.

Proceeding similarly as in case 1 , we get a contradiction. Therefore A − 1 = 0, then F ≡ G,

that is,
(
(fnP (f)s)

(k)
)d

=
(
(gnP (g)s)

(k)
)d

. We have (fn(P (f))s)
(k)

= h (gnP (g)s)
(k) with

hd = 1. This completes the proof of Theorem 2.1.

Proof of Theorem 2.2.
By using F and G as defined in Theorem 2.1. Since E(fnP (f)s)(k)(S, 0) = E(gnP (g)s)(k)(S, 0) , we
see that F and G share (1, 0),if H ̸≡ 0, then by Lemma 3.3

T (r, f) ≤N2

(
r,

1
F

)
+N2(r, F ) +N2

(
r,

1
G

)
+ 2N

(
r,

1
F

)
+ 2N(r, F )

+N

(
r,

1
G

)
+N(r,G) + S(r, F ) + S(r,G).

(4.50)

By Lemma 3.5 we obtain

(n+ms− 2k)T (r, f) ≤ T
(
r, (fn)

(k)
)
+ S(r, f) ≤ (k+ 1)(n+ms)T (r, f) + S(r, f), (4.51)

(n+ms− 2k)T (r, g) ≤ T
(
r, (gn)

(k)
)
+ S(r, f) ≤ (k + 1)(n+ms)T (r, g) + S(r, g), (4.52)
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2N(r, F ) = 2N(r, f), (4.53)

2N(r,G) = 2N(r, g). (4.54)

2N
(
r,

1
F

)
= 2N

r,
1(

(fnP (f)s)
(k)
)d
 = 2N

r,
1(

(fnP (f)s)
(k)
)
 ,

≤ 2Nk+1

(
r,

1
fnP (f)s

)
+ 2kN (r, fn) + S (r, fnP (f)s) ,

= 2(k + 1)N
(
r,

1
f

)
+ 2kN(r, f) + S(r, f).

(4.55)

2N
(
r,

1
G

)
= 2N

r,
1(

(gnP (g)s)
(k)
)d
 = 2N

r,
1(

(gnP (g)s)
(k)
)
 ,

= 2(k + 1)N
(
r,

1
g

)
+ 2kN(r, g) + S(r, g).

(4.56)

Combining (4.50), (4.6), (4.9)-(4.10), (4.53)-(4.56) and (4.14) we have

T

(
r,
(
(fnP (f)s)

(k)
)d)

≤(6k + 8)T (r, f) + (2k + 6)T (r, g) + 2kN(r, f)

+ 2N

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
+ S(r, f) + S(r, g).

(4.57)

Similarly for G

T

(
r,
(
(gnP (g)s)

(k)
)d)

≤(6k + 8)T (r, g) + (2k + 6)T (r, f) + 2kN(r, g)

+ 2N

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
+ S(r, f) + S(r, g).

(4.58)

By Lemma 3.5 we have,

(n+ms− 2k)dT (r, f) + kdN(r, f) + dN

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
≤ dT

(
r, (fn)

(k)
)
. (4.59)

(n+ms− 2k)dT (r, g) + kdN(r, g) + dN

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
≤ dT

(
r, (gn)

(k)
)
. (4.60)

From (4.57)-(4.60), we have

(n+ms− 2k)dT (r, f) + kdN(r, f) + dN

(
r,

fn+ms−k

(fnP (f)s)
(k)

)

+ (n+ms− 2k)dT (r, g) + kdN(r, g) + dN

(
r,

gn+ms−k

(gnP (g)s)
(k)

)

≤(6k + 8)T (r, f) + (2k + 6)T (r, g) + 2kN(r, f) + 2N

(
r,

gn+ms−k

(gnP (g)s)
(k)

)

+ (6k + 8)T (r, g) + (2k + 6)T (r, f) + 2kN(r, g) + 2N

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
+ S(r, f) + S(r, g).

(4.61)
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Since d ≥ 2

dN

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
≥ 2N

(
r,

fn+ms−k

(fnP (f)s)
(k)

)
, (4.62)

dN

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
≥ 2N

(
r,

gn+ms−k

(gnP (g)s)
(k)

)
, (4.63)

kdN(r, f) ≥ 2kN(r, f), (4.64)

kdN(r, g) ≥ 2kN(r, g). (4.65)

Therefore, on combining above all (4.62)-(4.65) equations

(nd+msd− 2kd− 8k − 14){T (r, f) + T (r, g)} ≤ S(r, f) + S(r, g), (4.66)

which contradicts with n > 2k − ms + 8k+14
d . Hence H ≡ 0. Similar to the arguments in

Theorem 2.1., we see that Theorem 2.2. holds.
Proof of Theorem 2.3.
Since F and G are entire functions, we have N(r, f) = N(r, g) = 0. Proceeding as in the proof
of Theorem 2.1. and applying Lemma 3.5 we shall obtain that Theorem 2.3. holds.
Proof of Theorem 2.4.
Since F and G are entire functions, we have N(r, f) = N(r, g) = 0. Proceeding as in the proof
of Theorem 2.2. and applying Lemma 3.5 we shall obtain that Theorem 2.4. holds.
Funding Agency. There is no funding agency.
Conflict of Interest. There is no conflict of interest. This article doesn’t contain any studies with
human participants and animals performed by any of the author.

References
[1] M. B. Ahamed, and G. Haldar, Uniqueness of difference- differential polynomials of meromorphic func-

tions sharing a small function IM. J. Anal., 30(1), 147-174, (2022).

[2] V. H. An and H. H. Khoai, On uniqueness for meromorphic functions and their nth derivatives, Ann. Univ.
Sci. Budapest. Sect. Comput., 47, 117-126, (2018).

[3] R. Brück, On entire functions which share one value CM with their first derivative, Results Math., 30(1-2)
, 21-24, (1996).

[4] A. Banerjee., Meromorphic functions sharing one value, Inter. J. of Mathematics and Mathematical Sci.,
22, 3587-3598, (2005).

[5] J. Clunie, On a result of Hayman, J. London Math. Soc., 42, 389-392, (1967).

[6] M. L. Fang and W. Hong, A unicity theorem for entire functions concerning differential polynomials,
Indian J. Pure Appl. Math., 32(9), 1343-1348, (2001).

[7] W. K. Hayman., Meromorphic functions, Oxford Mathematical Monographs, Clarendon Press, Oxford,
(1964).

[8] V. Husna, Some results on uniqueness of meromorphic functions concerning differential polynomials, The
Journal of Analysis., 29(4) , 1191-1206, (2021).

[9] G. Haldar., Uniqueness of meromorphic functions sharing sets with its linear difference polynomials, The
Journal of Analysis., 31(2), 1011-1027, (2023).

[10] G. Haldar, Uniqueness of Meromorphic functions concern- ing kth derivatives and difference operators.
Palestine Journal of Mathematics, 11(3), 20-35, (2022).

[11] I. Lahiri, Weighted sharing and uniqueness of meromorphic functions, Nagoya Math. Jou., 193-206,
(2001).

[12] C. Meng and X. Li., On unicity of meromorphic functions and their derivatives, Jou. Anal. 28, 1-6, (2019).

[13] V Priyanka, S Rajeshwari, and V Husna., Uniqueness problems for difference polynomials sharing a
non-zero polynomial of certain degree with finite weight. Australian J. Math. Anal. Appl, 19(2), (2022).

[14] V Priyanka, S Rajeshwari, and V Husna. Generalization on value distribution of L-functions, Nonlinear
Studies, 30(1), (2023).

[15] V Priyanka, S Rajeshwari, and V Husna. Uniqueness of differential-difference polynomials of meromor-
phic functions sharing shift polynomial and small function IM, Mathematics in Engineering, Science and
Aerospace MESA, 14(4):1125-1138, (2023).



216 V. Husna and V. Priyanka

[16] V. Priyanka, S. Rajeshwari and V. Husna, Results on certain differential polynomials of L-functions shar-
ing a finite value, Electronic Journal of Mathematical Analysis and Applications, Vol. 11, No. 2, 1-12,
(2023).

[17] V. Priyanka, S. Rajeshwari and V. Husna, Results on transcendental meromorphic functions concering
c-shift difference operator with kth derivative, Advances in MathematicalSciences and Applications, Vol.
33, No. 1 , 169–188, (2024).

[18] V. Priyanka, S. Rajeshwari and V. Husna, Uniqueness of meromorphic function sharing CM with its
reduced linear c-shift operator Lr

cf , Advanced Studies Euro-Tbilisi Mathematical Journal, Vol. 17, No. 1
, 1-10, (2024).

[19] S. Rajeshwari, V. Husna and V. Nagarjun , Uniqueness theorem for meromorphic functions and differential
polynomials share one value with finite weight, Palestine Journal of Mathematics, Vol. 11, No. 1, 280-284,
(2022).

[20] H. P. Waghamore and R. Maligi, uniqueness of a polynomial and differential difference polynomial, Pales-
tine Journal of Mathematics, Vol. 11, No. 2, 69-80, (2022).

[21] C. C. Yang and H. X. Yi., Uniqueness Theory of Meromorphic Functions, Kluwer, Dordrecht, (2003).

[22] L. Yang., Value distribution theory, translated and revised from the 1982 Chinese original, Springer-
Verlag, Berlin, (1993).

[23] C. C. Yang and X. Hua, Uniqueness and value-sharing of meromorphic functions, Ann. Acad. Sci. Fenn.
Math., 22(2), 395-406, (1997).

[24] Q. Zhang, Meromorphic function that shares one small function with its derivative, JIPAM. J. Inequal.
Pure Appl. Math., 6(4), (2005)

[25] X. Y. Zhang, J. F. Chen and W. C. Lin, Entire or meromorphic functions sharing one value, Comput. Math.
Appl., 56(7), 1876-1883, (2008).

Author information
V. Husna, Department of Mathematics, School of Engineering, Presidency University, Bengaluru-560 064,
India.
E-mail: husnav43@gmail.com

V. Priyanka, Department of Mathematics, School of Engineering, Presidency University, Bengaluru-560 064,
India.
E-mail: priyapriyankaram1994@gmail.com

Received: 2024-05-14

Accepted: 2024-10-16


	1 Introduction, Definitions
	2 Main Results
	3 Some Lemmas
	4 Proof of Main Results

