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Abstract In this paper we introduce a new class of submodules which is called (k, n)-semisecond submodules as a
generalization of semisecond submodules. We give many characterizations and properties of this kind of submodules and
investigate their relationships with (k, n)-closed ideals and (k, n)-semiprime submodules. We also characterize modules M
in which every non-zero submodule of M is (k, n)-semisecond.

1 Introduction

Throughout this paper, R will denote a commutative ring with identity. Z and Z* will denote the ring of integers and the ring
of positive integers respectively. For a submodule N of an R-module M, (N :g M) will denote the ideal {r € R : rM C
N}. The annihilator of N which is denoted by anng(N)is (0 :g N).

The concept of semiprime ideal is a well-known generalization of prime ideal. Recall that a proper ideal I of R is called
semiprime if a € Rand a> € I implies a € I. In [1], this concept was generalized as follows. A proper ideal P of R is said
to be an (m, n)-closed ideal if ™ € P implies that ™ € P for each z € R.

In [6], Sarag introduced module theoretic version of semiprime ideals as follows: a proper submodule P of an R-module
M is said to be a semiprime submodule if a?z € P implies that ax € P for each a € R and m € M. In [5], the authors
introduced (m, n)-semiprime submodules as a generalization of semiprime submodules. Let P be a proper submodule of an
R-module M and m, n € Z*. P is said to be an (m, n)-semiprime submodule if a™z € P implies that a”x € P for each
a€ Randz € M.

Let N be a nonzero submodule of an R-module M. Then N is called a semisecond submodule of M if rN = 72N for
each r € R [2]. In this paper, we introduce and study the concept of (k, n)-semisecond submodules which is a generalization
of semisecond submodules. We give some properties and characterizations of (k, n)-semisecond submodules and investigate
their relationships with (k, n)-closed ideals (see Propositions 2.3, 2.8, 2.9, Theorem 2.15). We investigate the behaviour of
(k, n)-semisecond submodules under homomorphisms, Cartesian product of modules and trivial extensions (see Proposition
2.10, Theorems 2.12, 2.16, Proposition 2.17). We characterize modules M in which every non-zero submodule of M is
(k, n)-semisecond (see Theorems 2.13, 2.14).

2 Main Results

In this section, we introduce and investigate (k, n)-semisecond submodules.

Let M be an R-module. A proper submodule N of M is said to be completely irreducible if N = N;c;N; where
{N;}ier is a family of submodules of M, then N = N; for some ¢ € I. Every submodule of M is an intersection of
completely irreducible submodules of M. Thus, the intersection of all completely irreducible submodules of M is zero [4].

Definition 2.1. Let N be a non-zero submodule of an R-module M and k, n be positive integers. N is said to be a (k,n)-
semisecond submodule of M if r* N C L implies that 7* N C L for eachr € R and each completely irreducible submodule
Lof M.

If M is a (k, n)-semisecond submodule of itself, M is said to be a (k, n)-semisecond module.

Clearly, if £ < n, then every non-zero submodule of an R-module M is a (k, n)-semisecond submodule. So we always
assume that k > n if we mention (k, n)-semisecond submodule of a given module.

Proposition 2.2. Let N be a non-zero submodule of an R-module M. Then the following statements are equivalent.
(2) N is a (k, n)-semisecond submodule of M.
(ii) If r € R and K is a submodule of M with r* N C K, then "N C K.

Proof. (i) = (1) Let 7" N C K where » € R and K is a submodule of M. Assume on the contrary that "N ¢ K.
Then there exists a completely irreducible submodule L of M such that K C L and v N ¢ L. But this contradicts with ()
asT®*N C L. Thus r"N C K.

(#1) = (4) Clear from definition. O

Proposition 2.3. Let N be a non-zero submodule of an R-module M. Then the following statements are equivalent.
(2) N is a (k,n)-semisecond submodule of M.
(#) (K :gr N)is a (k,n)-closed ideal of R for each submodule K of M with N € K.
(#23) (L :g N) is a (k,n)-closed ideal of R for each completely irreducible submodule L of M with N € L.
(i) r* N = ™ N for eachr € R.
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Proof. (i) <= (4i) This follows from Proposition 2.2.

(¢) <= (41) Clear from definitions.

(i) = (iv) Since k > n, we always have r7* N C r"N. As v* N C r* N and N is a (k, n)-semisecond submodule
of M, wehave 7N C 7*N. Thus r* N = r"N.

(tv) = (2) Clear. O

Example 2.4. Every semisecond submodule of an R-module M is a (k, n)-semisecond submodule. To see this, take a
semisecond submodule N of M, and let » € R. Then we see that 7* N = r*=2(r2N) = r*=2(rN) = r*=IN = ... =
r™N. Thus N is a (k, n)-semisecond submodule of M by Proposition 2.3.

Example 2.5. (A (k, n)-semisecond module that is not semisecond) Consider the Z-module Zg. Then 2274 # 2Zg and
so Zg is not a semisecond Z-module. On the other hand, it can be seen that (0 :z Zg) = 8Z, (2Zs :z Zs) = 2Z,
(4Zg 7z Zg) = 4Z. These ideals are (k,3)-closed ideals of Z by [1, Theorem 3.8]. By Proposition 2.3, Zg is a (k, 3)-
semisecond Z-module where k > 3.

The following result is an immediate consequence of Proposition 2.3.
Corollary 2.6. If N is a (k, n)-semisecond submodule of an R-module M, anng(N) is a (k,n)-closed ideal of R.
The following example shows that the converse of the above corollary is not true in general.

Example 2.7. Consider the Z-module M = Z and the submodule N = aZ where a € Z*. Then, clearly, annyz(aZ) = (0)
is a (2, 1)-closed ideal of Z. We have 32(aZ) C 9aZ but 3(aZ) Z 9(aZ). So aZ is not (2, 1)-semisecond submodule of the
Z-module Z.

Proposition 2.8. Let N be a non-zero submodule of an R-module M. Then the following statements are true.
(3) If N is a (k, n)-semisecond submodule of M, then N is a (m,n)-semisecond submodule of M for each m > k.
(3t) If N is a (k, n)-semisecond submodule of M, then N is a (k, m)-semisecond submodule of M for each m > n.
(232) If N is a (k,n)-semisecond submodule of M, then N is a (m, m')-semisecond submodule of M for eachm > k
andm’ > n.

Proof. (i) Suppose that N is a (k,n)-semisecond submodule of M and m > k. Let N C K where r € R and
K is a submodule of M. Since N is a (k,n)-semisecond submodule and 7* N C (K :p; r™ %) we conclude that
N C (K rm*k), ie,r™tm—kN C K. Note that m +n — k < m — 1. Assume that m +n — k < k. Then we
have r* N C K which yields that 7 N C K. Therefore, assume that m +n — k > k. Since r* N C (K iy r"“r”*%)
and is a (k, n)-semisecond submodule of M, we have r* N C (K :p; r™+tn=2k) je, rm*2n=2k N C K. By continuing
in this manner, we can obtain r! N C K for some ¢ < k and thus we get that ¥* N C K. Since N is a (k, n)-semisecond
submodule, we obtain that ¥ N C K. Thus N is a (m, n)-semisecond submodule of M.

(43) Suppose that N is a (k, n)-semisecond submodule of M and m > n. Let 7 N C K where 7 € R and K is a
submodule of M. Then we have 7" N C K. Since m > n, we have r™ N C K. Therefore, N is a (k, m)-semisecond
submodule of M.

(4i%) Follows from () and (4). O

Proposition 2.9. Let M be an R-module and {N;};ca be a family of submodules of M.

(i) Let N; be a (k,n)-semisecond submodule of M for each i € A. Then ;5 N is a (k, n)-semisecond submodule
of M.
! (44) Let N; be a (ki, n;)-semisecond submodule of M for each i € A, where k; > n;. Suppose that sup{k; : i € A} <
00. Then 3; o Ni is a (k,n)-semisecond submodule of M where k = sup{k; : i € A} and n = sup{n; : i € A}.

(i) Let N; be a (ki,n;)-semisecond submodule of M for each i € {1,...,t}, where k; > n;. Then 23:1 N;isa
(k, n)-semisecond submodule of M where k = k1 + ... + ky andn = ny + ... + ny.

Proof. (4) This is straightforward.
(44) First note that n < k. Without loss of generality, we may assume that k& # n. Since Nj is a (k;, n;)-semisecond

submodule of M, by Proposition 2.8, N; is a (k, n)-semisecond submodule of M for each € A. Then, by part (i), 3_;cp Ni
is a (k, n)-semisecond submodule of M.
(42%) This is an analogue of (#7). O

Proposition 2.10. Let M and L be R-modules and f : M — L be an R-module homomorphism. The following statements
are true.

(i) If f is injective, N C Imf and N is a (k,n)-semisecond submodule of L, then f~'(N) is a (k,n)-semisecond
submodule of M.

(32) If K is a (k, n)-semisecond submodule of M such that f(K) # (0), then f(K) is a (k, n)-semisecond submodule
of L.

Proof. (i) Letr* f=!(N) C Q where r € R and Q is a submodule of M. Since N C Imf, we have f(f~!(N)) = N. It
follows that 7* f(f~1(N)) = r* N C f(Q). Since N is a (k, n)-semisecond submodule of L, we have r* N C f(Q). As
f is injective, we get that r™ f~1(N) C Q. Thus f~'(N) is a (k, n)-semisecond submodule of M.

(i) Let r € R. By Proposition 2.3, we have r* K = r™ K. It follows that f(r* K) = r* f(K) = f(r"K) = r" f(K).
Thus, f(K) is a (k, n)-semisecond submodule of L by Proposition 2.3. [}

Corollary 2.11. Let M be an R-module and N, K be two submodules of M. Then the following statements are true.

(3) Suppose that N C K. Then, N is a (k,n)-semisecond submodule of K if and only if N is a (k,n)-semisecond
submodule of M.

(43) If N is a (k, n)-semisecond submodule of M and N € K, then (N + K)/K is a (k, n)-semisecond submodule of
M/K.
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Proof. (4) This follows from Proposition 2.10-(i), by using the natural monomorphism i : K — M.
(4¢) This follows from Proposition 2.10-(ii), by using canonical homomorphism p : M — M/K. O

Theorem 2.12. Let M be an R-module. If E is an injective R-module and N is a (k, n)-semiprime submodule of M such
that Homg(M/N, E) # (0), then Homg(M/N, E) is a (k, n)-semisecond R-module.

Proof. Letr € R. Since N is a (k,n)-semiprime submodule of M, (N :p; r*) = (N :3r r™) by [5, Theorem 1].
Since E is an injective R-module, by replacing M with M /N in [2, Theorem 3.13-(a)], we have Hompg(M /(N :ps
a), E) = aHompg(M/N, E) for each a € R. Therefore, r* Homp(M/N, E) = Homgr(M/(N 3 %), E) =
Hompr(M/(N :pp r™), E) = r"Homp(M/N, E). Thus, Hompr(M/N, E) is a (k,n)-semisecond R-module by
Proposition 2.3. O

Theorem 2.13. Let M be a non-torsion R-module. Every non-zero submodule of M is (k,n)-semisecond if and only if every
proper ideal of R is (k,n)-closed ideal.

Proof. The necessity follows from Proposition 2.3. For the sufficiency, suppose that every non-zero submodule of M is
(k, n)-semisecond. Let I be a proper ideal of R. Since T'(M) # M, there exists m € M such that anng(Rm) = (0).
Rm is a faithful finitely generated multiplication R-module. According to [3, Theorem 3.1], I = (Im :g Rm). Assume
that r* € I for 7 € R. Then r*(Rm) C Im. By assumption, Rm is a (k,n)-semisecond submodule of M. Thus
r"(Rm) C Imand so r™ € (Im :g Rm) = I. This shows that I is a (k, n)-closed ideal of R. O

Theorem 2.14. Let M be an R-module. Then, the following statements are equivalent.
(2) Every non-zero submodule of M is (k,n)-semisecond.
(i1) For each element a, of R and a submodule N of M, we have (N :p; a®) = (N :ps a™).
(#42) Every proper submodule of M is (k,n)-semiprime.

Proof. (i) = (ii) Let a € R and N be a submdoule of M. Clearly, (N :p; a™) C (N :ps a®). Now, suppose that
0 #m € (N :pr ). Then a®(Rm) C N. By assumption, Rm is a (k, n)-semisecond submodule of M. So we have
a™(Rm) C N. This yields that m € (L :ps a™). Thus (N :ps a®) = (N :p7 a™).

(49) == (444) Follows from [5, Theorem 1].

(i) = (i) Let N be a non-zero submodule of M. We always have a* N C a™N. If a*N = M, then M =
a® N = a™N. We may assume that a* N # M. By assumption, a® N is a (k, n)-semiprime submodule of M. Therefore,
aPN C aF N implies a® N C a* N by [5, Theorem 1]. Thus a™ N = a* N and N is a (k, n)-semisecond submodule of M
by Proposition 2.3. O

Theorem 2.15. Let N be a submodule of an R-module M. Then, N is a (k,n)-semisecond submodule of M if and only if
N is an (n + 1, n)-semisecond submodule of M.

Proof. Let N be a (k,n)-semisecond submodule of M and 7"*!N C K for » € R and a submodule K of M. Since
k > n, we have r* N C K and this implies that ¥® N C K. Thus N is an (n + 1,n)-semisecond submodule of M.
Conversely, suppose that N is an (n + 1,n)-semisecond submodule of M. Let * N C K where r € R and K is a
submodule of M. Then, 7' N C (K :p; rF~(™+1)) Since N is an (n + 1, n)-semisecond submodule of M, we get
N C (K :pr 75=(+1)), This implies that 7*—! N C K. By continuing this argument k — (n + 1) times, we obtain that
r™»N C K. Thus, N is a (k, n)-semisecond submodule of M. O

Let M be an R-module. The trivial extension or idealization R x M of M is a commutative ring with the componentwise
addition and the multiplication defined by (a, z)(b,y) = (ab, ay + bzx) foreach a,b € R, x,y € M. If I is an ideal of R
and N is a submodule of M, then I x N is an ideal of R x M if and only if /M C N. In this case, I X N is said to be a
homogeneous ideal of R x M.

Theorem 2.16. Let I be an ideal of R and N be a submodule of an R-module M. The following statements are true.

(2) Suppose that IM C N. If I x N is a (k,n) -semisecond ideal of R x M, then I is a (k, n)-semisecond ideal of R
and N is a (k,n)-semisecond submodule of M.

(43) Suppose that I C anng(M). If I is a (k,n)-semisecond ideal of R and N is a (k,n)-semisecond submodule of
M, then I x N is a (k,n)-semisecond ideal of R x M.

Proof. (i) It is easy to see that (r,0)'(I x N) = 7' x r*N foranyr € Randt € Z*. Letr € R. Since I x N is a
(k, n)-semisecond ideal of R x M, we have

(r,0)*(I x N) = r™I x 7N = (r,0)*(I x N) = r*I x v* N. This yields that rI = 7*I and ¥» N = r*N. By
Proposition 2.3, I is a (k, n)-semisecond ideal of R and N is a (k, n)-semisecond submodule of M.

(ii) Let (r,m) € R x M and (a,z) € I x N. Since I C anng(M), we have (r,m)%(a,z) = (rta,rtz) for any
t € Z*. This implies that (r,m)™*(I x N) = r"I x 7" N = r*I x r* N = (r,m)¥(I x N). By Proposition 2.3, I x N
is a (k, n)-semisecond ideal of R x M. O

Let M = M) X ... X My and R = Ry X ... X Rt where R; is a commutative ring with identity and M; is an R;-module
foreach 7 = 1, ...,t. Then M is an R-module and each submodule N of M has the form N = N; X ... X N; where N; isa
submodule of M.

Proposition 2.17. Let M = M X ... X My and R = Ry X ... X Ry where R; is a commutative ring with identity and M;
is an R;-module for each i = 1, ...,t. Suppose that N; is a non-zero submodule of M; and N = Ny X ... X Ng. Then the
following statements are equivalent.

(2) N is a (k, n)-semisecond submodule of M.

(23) Ny is a (k, n)-semisecond submodule of M; for eachi = 1, ..., t.
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Proof. (i) = (4i) Suppose that N is a (k, n)-semisecond submodule of M. Fix j € {1,...,t}. Letr; € R;. By
Proposition 2.3, we have

0,..,75,0,.,0)" (N1 X ... X N¢) = (0,...,77,0,...,0) (N1 X ... x N¢) = (0) x ... x r?N; x (0) x ... x (0) =
(0, 04,75,0, ., 0)F (N1 X oo X Ng) = (0,00, 7K, 0,.., 0) (N} X o X Np).

This yields that r;.le = r;? Nj. Proposition 2.3, Nj is a (k, n)-semisecond submodule of M.

(t4) = (@) Let (ay, ..., at) € R. By Proposition 2.3, we have

aty ey at)"(Ny X oo X Nt) = a?Nj X ... X aN; X ... Xx a? Ny = a®*Nj x ... x a¥N; x ... x a¥! N, =
1 @ t 1 i t

(a1, ...,a)* (N X ... x Nt). Thus N is a (k,n)-semisecond submodule of M. O
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