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Abstract In this manuscript, in view of the introduced definition of weighted sharing of sets
in wider sense, we nurture the relation between two meromorphic functions having multiple
poles, sharing the zeros of two sets of polynomials, each characterized by distinct zeros. In the
applications part of our paper we have further refined our results for a specific class of functions
and supported by examples to enhance the coherence of the paper.

1 Introduction and Background

Let S be a set of distinct elements of C U {0} and

Es(s) = \J{z: £(z) —a =0},

a€sS

where each zero is counted according to its multiplicity. If we do not count the multiplicity the

set U {z: f(2) —a = 0} is denoted by E¢(S). If Ef(S) = E4(S) (Ef(S) = E4(S)) we say
acsS

that f and g share the set S CM (IM).

We assume that readers are familiar with the standard notations of value distribution theory
as available in [9] and consequently we are not going to explain this part again. Further for
the standard notations of set sharing, we refer to the second paragraph of [3], which in turn
automatically includes the definition of value sharing. Inspired from the famous question of
Gross [8], Lin-Yi (see Question B, p. 74, [14]) posed a question concerning the relation between
two meromorphic sharing two sets.

It is to be observed that question by Lin [14] was somehow answered by Yi in 1994 [17]
before its appearance. Later, in 1996, Li-Yang [13] provided a different answer of the same
question. Numerous researches were being investigated to explore the potential solutions to the
questions. In fact, the origin of the idea of Bi-unique range set (see [1], [15]) is due to the search
for a potential solution of question of Lin [14]. It should be noted that, in the Bi-unique range
sets problems, one set, which we will refer as the ground set, is chosen from C and the second
set, which we will refer as the derived set, consists of the zeros of the derivative of the generating
polynomial of the ground set.

Next we recall the following definition, which appeared in the earlier of 2001 [10] to further
expedite the research.

Definition 1.1. [10] Let k be a non negative integer or infinity. For a € C U {oo} we denote by
Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted m times if
m < k and k + 1 times if m > k. Let S be a set of distinct elements of C U {oo}. We denote by
E¢(S, k) the set U Ey(a; f). If E¢(S,k) = Ey4(S, k), then we say that f and g share the set S

a€s
with weight & and denote it by (S, k).

Clearly E¢(S) = E¢(S,00) and Ef(S) = E¢(5,0). If S is a singleton, then we get the
definition of weighted sharing of values.
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In 2021, Banerjee-Mallick [15] proved the following theorem for Bi-unique range sets for a
polynomial of degree 5.

Theorem A. [15] Let S; = {0,¢1,¢0...,¢m}, So = {z: 2" +az" "™ +bz""2" 4 ¢ = 0}, where

n (> 2m+3), ged (myn) = 1, & = n(gj_i;@ and a,b,c € C* be such that ¢ # f;, %

where 8; = —(cf + ac?™™ + bc'~*™). Then S; and S, are bi-unique range sets of weights 1
and 3 respectively.

However, the existence of bi-unique range sets corresponding to the zeros of lower degree
polynomials are still unaddressed. The purpose of this paper is to investigate the potential exis-
tence of bi-unique range sets of smaller cardinality and to explore their applications, particularly
in the context of a function and its derivative, as discussed in the final section. It is worth noting
that while the study in [5] focused on lower-degree polynomials in a non-Archimedean field, our
investigation takes a distinctly different approach. To facilitate our discussion, we now present
the following definition.

Definition 1.2. Let f and g be two non-constant meromorphic functions and P(z) and Q(z) be
two polynomials of degree n without any multiple zero. Let

Sp={z:P(2) =0} and Sp ={z:Q(z) =0}.
We say that f and g share the sets Sp and Sg with weight [ in the wider sense if Ef(SP, ) =

E,(Sq,1) and we denote it by f, g share (Sp, Sg;1).

2 Main results

For two non zero complex number a and k, consider the following two polynomials P4 (z) and
Py(z) given by

Z4 GZ3
Py(z) = Z—T—Q (2.1)
Cl4
= Q4(z) —ca, 4 #0, D
and
R 4 3
A = k(%) -a
o~ ka*
= kQ4(z) — G4, G #0, TR

With respect to the above introduced polynomials, let us state the following two theorems.

Theorem 2.1. Let S5 = {z | Py(z) = 0} and S; = {z | P4(z) = 0} , where Py(z) and Py(z) is
given by (2.7). Let f and g be two non constant meromorphic functions having multiple poles,
satisfying Et(Ss,3) = E4(S4,3) and E¢({0,a},1) = E,;({0,a}, 1), then f = g.

Question 2.1. Does Theorem 2.1 hold good if the second set i.e. the derived set contain only the
element 0?

The following two theorems provide the answer of Question 2.1.
Theorem 2.2. Let S, and §4 be as in Theorem 2.1. Let f and g be two non constant meromorphic

functions having multiple poles, satisfying E;(Ss,3) = Eg(§4,3), E¢({0},0) = E,({0},0),
then we get f = g.
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Note 2.1. Fora = 1 and ¢4 = 1—12, the set Sy defined in Theorem 2.1 becomes:

Sy = {z]| Ps(z) =0}

1 2-3+43t) 1 (8 2 2 8v/2
3 93 3T )
9,/(2— 32 +3t)

where t = (ﬁ—l)%. Similarly, choosinga = 1,k = 2,¢4 = % and replacing ¢ by t= (\fS—Z)%,
we get S; = {z | Py(z) = 0}. Now, from Theorem 2.1, 2.2 and in view of the sets S and S,, we
know that there does not exist two distinct meromorphic functions f, g such that E;(Ss, m) =
E,(54,m) along with E;({0,a}, k1) = E,({0,a}, ki) or E;({0}, k) = E,({0}, k) hold.

To further reduce the weights of the sets as given in Theorem 2.1 and Theorem 2.2, we
introduce another couple polynomial of degree 5, Ps(z) and Ps(z) given as follows:

2 az
PS(Z) = ? — T — Cs (22)
oS
= Qs(z) —cs, ¢ #0, 20
and
. 2 azt .
PS(Z) = k(5_4)—05
o ka®
= kQs(z) —Cs, ¢5#0, 50"

With respect to the polynomials (2.2) we have the following theorem.

Theorem 2.3. 55 = {z | P5(z) = 0} and S5 = {z | P5(z) = 0}, where P5(z) and P5(z) is given
by (2.2). Let f and g be two non constant meromorphic functions with multiple poles satisfying
Ef(S5, 2) = Eg(Sj, 2) and Ef({()}, 0) = Eg({()}, 0), then f =g.

The following example shows that for 4 < n < 5, under specific situation, the condition of
having no simple poles for f and g can not be removed in Theorem 2.2 and Theorem 2.3.

Example 2.1. In (2.7) and (2.2), if we put k = 1 and ¢; = ¢;, i = 4,5, then S; = §Z in Theorem
2.2 and Theorem 2.3. Under this specific situation, let

(2) = na [l+e*+e* 4 .. +en2e foe
=TI \Tresre 1. fem Dz |0 -

and S, be as in Theorem 2.2 and Theorem 2.3 for i = 4,5. As ! (f — (n”fl))

9" (9— G245 ) Br(Siy00) = B,(Si,00) for i = 4,5 and also E;({0},00) = F, ({0}, ).
Here both f and g have simple poles but f # g.
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For the standard definitions and notations of the value distribution theory we refer to [9] and
for the definitions of N(r,a; f |> k), N(r,a; f |= k) for k > 1, Np(r,1; f), Np(r,1;9) and
N.(r,a; f, g) we refer to [2], [11], [12], [16].

Recall that, N (r,a; f,g) = N.(r,a;g,f) and N.(r,a; f,g) = Np(r,a; f) + Np(r,a;9),
when f, g share (a,0).

3 Lemmas

In this section we present some lemmas which will be needed in the sequel. Let F; and G; are
pairs of non constant meromorphic functions defined in C as follows:

FiEQiC(lf), GizikQé(g) Vi=4,5. 3.1)

Henceforth we shall denote by H; and ®; the following two functions

E'  2F e 2@,
e (£ 2) - (- 2%) a2

(3 7

and

F; G; _
q>i:<Fi_l—Gi_1> Vi=4,5. (3.3)

Lemma 3.1. [16] If F', G be two non constant meromorphic functions such that they share (1, 1)
and H # 0 then

Nr;F|=1)=N(r1;G|=1)< N(r,H)+ S(r,F)+ S(r,G).

Lemma 3.2. [4] Let f and g be two non constant meromorphic functions sharing (1, m), where
1 < m < oo. Then

N(r,1;f)+ N(r,159) = N(r, 1, f |= 1) + (m— ;) N.(r,1;f,9)

< %[N(r,l;f)JrN(r,l;g)}-

Lemma 3.3. [4] Let f be a non constant meromorphic function and P(f) = ap+ai f+. . .+a, f™,
where ag, a1, az,. . ., a, are constants and a,, # 0. Then T'(r, P(f)) = nT(r, f) + O(1).

Lemma 3.4. Let f and g be two non constant meromorphic functions and Fy and G4 be defined
by (3.1) such that E;(S4,0) = E4(S4,0), E¢({0,a},p) = E4({0,a},p), 0 < p < oo and
H4 #£0. Then

N(r,o0;Hy) < N(r0;f|>p+1)+N(rya; f|>p+ 1)+ Nu(r, 1; Fy, Gy) + N(r, 005 f)
+N(r,00;9) + No(r,0; f') + No(r,0; ¢'),

where No(r,0; f’) is the reduced counting function of those zeros of f” which are not zeros of
F(f —a)(Fy — 1) and No(r,0; ¢’) is similarly defined.

Proof. This lemma can be proved in the line of proof of Lemma 2.2 in [4]. O

Lemma 3.5. Let f and g be two non constant meromorphic functions. F; and G; be defined by
(3.1) such that Ef(S;,0) = E4(S;,0) fori =4,5 and E¢({0},p) = E,({0},p), 0 < p < co and
H; #0. Then

N(r,o0; H;) < N(r0;f[>p+1)+ N.(r,1;F;,G;) + N(r,00; f) + N(r,00; g)
+No(r,0; f') + No(r,0; '),

where No(r,0; f) is the reduced counting function of those zeros of f” which are not zeros of
f(F; — 1) and No(r,0; ¢") is similarly defined.
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Proof. We omit the proof since the proof can be carried out in the line of the proof of Lemma
2.2 of [4]. O

Lemma 3.6. [3] Let F; and G4 be given by (3.1). If Fy, G4 share (1,m), where 0 < m < oo.
Then

(i) No(n1:F) € —— (N(.0: ) + N(r,00: f) = Noo(r,0: ) ) + S(r. f)

1
m—+1

(i) Np(r,1;G4) <

e (N(T,OLQ)JFN(%OO;Q)*N®(T,0;g )) +5(r,9),

where Ng (r,0; f') = N(r,0; f' | f # 0,w;,wa, w3, ws) and wy, wa, w3, wy be the roots of the
equation Ps(z) = 0, Ng(r,0;¢") is defined similarly to Ng(r,0; f’). Similar results hold for
F5, GS.

Lemma 3.7. Let f and g be two non constant meromorphic functions. Let F; and G4 be given by
(3.1) such that E(Ss,m) = E4(Ss,m), E¢({0,a},p) = E4({0,a},p),0 < p < oo and @4 # 0.
Then

Cp+ 1) {N(,0;f[=p+ 1)+ N(r,a; f[>p+1)}
SN*(’I‘, 1;F4,G4) —I—N(r,oo;f) +N(Ta OO;g) +S(T7 f) —|—S(r,g).

Proof. By the given condition clearly Fy and G4 share (1,m). Also we see that,

o, = =0 kg*lg—a)g
4 C4(F4—1) /6\4(G4—1) ’

Let, zo be an a-point or 0-point of f with multiplicity . Since E¢ ({0, a},p) = E,({0,a},p),
2o is a zero of @4 of multiplicity r + 7 — 1 = 2r — 1 if r < p and a zero of ®4 of multiplicity at
least 2(p + 1) — 1=2p + 1 if r > p. Hence, by the definition of ®, and by simple calculation we
can write that,

2p+1){N(r0;f |=p+ 1)+ N(ra; f |=p+1)}
(r,0;,@4) < T(r,®4) < N(r,00;P4) + S(r, F) + S(r,G)
(1, 1; Fy, Gq) + N(r,00; f) + N(r,00; 9) + S(r, f) + S(r, ).

ARVAN

N
< N

O

Lemma 3.8. Let f and g be two non constant meromorphic functions. Fy and G4 be given by
(3.1) satisfying E¢(Ss,m) = E4(Ss,m), E¢({0},p) = E4({0},p) for 0 < p < co and ®4 # 0;
Then

Bp+2)N(r,0;f [>p+1)
< Nu(r,1; Fy, Gg) + N(r,00; f) + N(r,00;9) + S(r, f) + S(r, g).

Proof. We omit the proof since the proof can be carried out in the line of the proof of Lemma
3.7. O

Lemma 3.9. Let f and g be two non constant meromorphic functions and Fs and Gs be given
by (3.1) satisfying E¢(Ss,m) = E4(Ss,m), E;({0},p) = E,({0},p) 0 < p < oo and &5 # 0.
Then

(4p +3)N(r, 0 f |2 p+1)

< Ni(r,1;F5,Gs) + N(r,00: f) + N(r,00: ) + S(r, f) + S(r, 9).

Proof. We omit the proof since the proof can be carried out in the line of the proof of Lemma
3.7. O
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4 Proofs of the theorems

Proof of Theorem 2.1. Let F, and G4 be given by (3.1). Since E(S4,3) = Eg(§4, 3), from (3.1)
it follows that Fy and G4 share (1,3). Suppose Hy % 0.
If possible @, = 0. Then from (3.3) we have,

(Fy—1)=c(Gy — 1). (4.1)

Next, using (4.1) in the definition of H4 we get, Hy = 0, which is a contradiction. Using
Lemma 3.2 for m = 3, Lemma 3.3, Lemma 3.1, Lemma 3.4 for p = 1, Lemma 3.7 for p = 0 and
p = 1, Lemma 3.6 for m = 3 and the Second Fundamental theorem we get

5{T(r,f) +T(r,9)}

N(r,0; f) + N(r,a; f) + N(r,00; f) + N(r, 1; Fy) + N(r,0;9) + N(r, a5 )
+N(r,00;9) + N(r, 1;Ga) — No(r,0; f') = No(r,0;.¢') + S(r, f) + 5(r, 9)
N(r,a; f|>2) 4+ N(r,0; f [>2) + 2{N(r,0; f) + N(r,a; f) } + 2N (r, 005 f)

IN

IN

_ 1 —
+2N(r,0059) + E[N(T’ 1; Fy) + N(r,1;Gy)] — (3 - ;) N.(r,1; Fy,Gy)

+S(r, f)+ S(r,9)

IN

% {N.(r,1;F4,G4) + N(r,00; f) + N(r,00;9) } + 2{N.(r,1; F4,G4)
+N(r,00; f) + N(r,00:9)} + 2{N(r,00: f) + N(r,00: 9)}

F2UT(r, )+ T(r.9)} = 3 Nalr, 13y, G) + S(r, ) + 5(r,9)

IN

%N*(’/’, 1; Fy, G4) + ?{N(T, Q3 f) + N('ﬁ OO;Q)} + 2{T<T7 f) + T(Tv g)}
+S(r, f) +S(r,9)

< 2{T0. 1) +Tr0)) + 50, ) + S0r9),

which is a contradiction.
Therefore, Hy = 0. For two constants A (# 0), B, from (3.2) we get

1 A
= B.
Fy—1 G471+

Using Lemma 3.3, from the above equation we can say that T'(r,g) = T'(r, f) + O(1) and
S(r, f) = S(r,g). Let us assume that B # 0. Then we obtain,

Gy —1

R (e h

4.2)

Case 1: Assume that A # B. Let us take the polynomial

As A # Band ¢y # 0, 0 is not a zero of ¢(z). If possible, let a be a zero of ¢(z) of multiplicity
2 and other zeros are simple say, o, az. Then in view of (4.2) and Lemma 3.3, using the Second
Fundamental theorem, we get

27(r, g)

IN

N(r,a;9) + N(r,a1;9) + N(r,az;9) + N(r,00;g) + S(r, g)
N( , 003 )+N(T,OO;Q)+S(T,Q)
T(r,g)+ S(r,g),

A
g

IN
<«
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a contradiction. Hence all the zeros of ¢(z) are simple say 3; for i = 1,2,3,4. By the Second
Fundamental theorem we have

3T(r,g) N(r,Birg) + N(r,00:9) + S(r, 9)

NE

1=1
N(r,00; f) + N(r,00:9) + S(r, g)
< T(r,g)+S(r,9),

IN

which is a contradiction.
Case 2: Let us consider A = B. Let us take (1 + A) # 0. Then we get

~ (1+4) (Ga— 15)
Py = yTen : 4.3)

Let us assume the polynomial

As ¢4 # 0, 0 cannot be a zero of ¥(z). If possible, let a be a zero of ¥ (z) of multiplicity 2.
Clearly, other zeros of 1)(z) are simple namely, 3;, ¢ = 1,2. Then by (4.3), Lemma 3.3 and the
Second Fundamental theorem we get

- — - - [ 4
AT(r,g) < N(r,a;g)+N(T,ﬁ1;g)+N(r,ﬁz;g)+N(T70;g)+N(r,;;g>

+N(r,00;9) + S(r,9)
< N(r,0;Fy) + N(r,00; f) + N(r,00; g) + S(r, )
< N(r0;f)+N (7‘,4;;][> + N(r,00; f) + N(r,00;g) + S(r,g)
< 3T(r,g) + S(r,9),
which is a contradiction. Therefore, all the zeros of v (z) are simple. Next, by the similar

arguments as used in Case [ to handle this situation, we can again get at a contradiction.
Let (1 + A) = 0. Then we get

Ef? (f — 43“) g (g — 4;) = 16¢4¢4. (4.4)

It is clear from (4.4), O is an e.v.P. (exceptional value of Picard) of both f and g. Again, if zj is
a pole of g of order ¢ then 2y has to be a %“ point of f and let z; is a zero of ( f- 47“) of order

k1. Hence by (4.4), we have 4q = k;. It is evident that z is a zero of ( - %“) of multiplicity at
least 4. Further, by the Second Fundamental theorem and the above facts we get

T(r,f) < N(T,O;f)+N(r,43a;f>+N(r,oo;f)+5’(r,f)

< G700 + 370 1)+ S(r, ),

which gives a contradiction. Hence combining all the cases we can conclude that, B = 0.
We can write

(Gs—1) = A(F—-1)
= Pilg) = ——P(f) (4.5)

Thus,

5 Qul9) = AQu) + a1 - A)
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Now, we intend to prove A = 1. On the contrary, suppose A # 1. Let us take the polynomial
x(2) = AQ4(z) + ca(1 — A). Suppose 0 is a zero of x(z). Then we get A = 1, which is not
possible. If a is a zero of x(z), then we can say that x(z) = (z — a)*W;(z), Wi(a) # 0. Itis
obvious that, W;(z) has all simple zeros namely, i, 7,. By simple calculation we get

S = afan+ =AY

kC4

ie.,
4 A(f - a)?
ke (g— a) = M(3f2+2fa+a2), (4.6)
Cyq 3 3
where C“(IA_M = —Q4(a) = ‘f—; Apparently, from (4.6) a-points of f are O-points of g. Let

zp be a a-point of f of multiplicity k; and O-points of g of multiplicity k,. Then (4.6) gives us
2k = 3k,, which implies that least value of k; is 3. The zeros of the polynomial (322 +2za+ az)
are simple and let us denote them by f; for i = 1,2. Using the Second Fundamental theorem
and (4.6) we can write

2T(r, f) < N(r.a; f)+ N(r,Bis f) + N(r, Bos f) + N(r, 00 f) + S(r, f)

_ _ 4 _
< N(r,a;f)+ N (r,;;g> + N(r,00;9) + S(r, )

IN

(; 14 ;) T(r, f)+S(r, f),

a contradiction.
Hence a is not a zero of x(z) and all the zeros of x(z) are simple, let them be &;,7 = 1,2,3, 4.
Again by the Second Fundamental theorem we can deduce a contradiction. So, A = 1 and we

get Fy = Gy. i.e.,
k 4
P (f - ) == (g - 3“) . @)

Clearly, from (4.7) f, g share (0, c0), (%, 00) and (o0, 00).
We now proceed to prove f = g. On the contrary, suppose that f # ¢g. Let us consider h = 5
be constant. Then from (4.7) we can write

o(m-E) -t (B o
C4 3 C4
(%)
It follows that, h # 1, h> # %“, h* £ %‘ and g = 43“<I:> a constant, which is impossible.
h4 4
<y
Next, let h be non-constant. Then
3 ke 3 kc.
(h c44) and 4@ (h - 6744) )
G B
Cy

In view of the hypothesis of the theorem, we know f and g share ({0, a}, 1) and from (4.7)
we have just deduced f, g share (0, c0) and (oo, 00). Therefore, i does not have zeros and poles.

w"’k

Poles of f are at the zeros of the polynomial <z4 — ’%“) say, B;,i = 1,2,3,4. Then by the
Second Fundamental theorem we can say that,

4T(r,h) < N(r,0;h) N(r,Bi;h) + N(r,00;h) + S(r, h)

HM»

IN

N(r,00; f) + S(r,h)
2T(r,h) + S(r, h),

A

which is contradiction. Hence f = g. O
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Proof of the Theorem 2.2. Let Fy and G4 be given by (3.1). Since Ef(S4,3) = Eg(§4, 3), from
(3.1) it follows that F; and G4 share (1,3). Suppose Hy # 0. Clearly by the same arguments as
used in the proof of Theorem 2.1, ®4 # 0. By Lemma 3.2 for m = 3, Lemma 3.3, Lemma 3.1,
Lemma 3.5 for p = 0, Lemma 3.8 for p = 0 and the Second Fundamental Theorem we get

HT(r, f) +T(r,9)}

< N(r,1;F) + N(r,0; f) + N(r,00; f) + N(r, 1;G4) + N(r,0; 9) + N(r,00; g)
—No(r,0; ) = No(r,05.9) + S(r, f) + S(r, g)

< N(r,1;Fy|=1)+2N(r,0; f) + g(T(T, HN+T(rg)— %W*(T, 1; Fy, Gy)
+No(r,0; ') + No(r,0:9') + S(r, f) + S(r, g)

< 3N(r,0;f) +3(T(r, f) + T(r,9)) — %W*(n 1, Fy, Gy) + S(r, f) + S(r, 9)

< SN0 1 F3Ga) + N (005 £) 4 N(r,0039)} + 310, §) + T(r,)
—%NAnhFLG@+S&J)+S&g)

< D1 1)+ T(r,0) + 50, 1) + (1, 9),

4

which is a contradiction.

Hence Hy = 0. By the similar arguments used in Theorem 2.1, we will have B = 0.

Next if 0 is not an e.v.P. of both f and g, there exists a complex number z; such that f(z;) =
g(z1) =0, implies A = 1.

IfO0is an e.v.P of both f and g, then adopting the same methods that are used in Theorem 2.1
we will get (4.6). By the Second Fundamental theorem we possess

27(r, f) < N(roaif)+ N(r, B f) + N(r, B f) + N(r, 001 f) + S(r, f)

N (n%i0) + Nrocif) + 5611)

IN

< (1 + ;) T(r, f)+ S(r, f),

which is a contradiction. The proof for the rest of this theorem can be completed in a manner
consistent with the proof strategy employed for Theorem 2.1. O

Proof of Theorem 2.3. Let Fs and Gs be given by (3.1). Since E(Ss,2) = E9(§5, 2), from (3.1)
it follows that F5 and G5 share (1,2). Suppose Hs # 0. By the arguments of Theorem 2.1 we
have &5 # 0. Using Lemma 3.2 for m = 2, Lemma 3.3 Lemma 3.1, Lemma 3.5 for p = 0,
Lemma 3.9 for p = 0, Lemma 3.6 for m = 2 from the Second Fundamental Theorem we get,

S{T(r,f) +T(r,9)}

< N(r,1;F5) + N(r,0; f) + N(r,00; f) + N(r, 1;Gs) + N(r,0; g) + N(r, 003 g)
—No(r,05 ') = No(r,0:9') + S(r, f) + S(r, 9)

< N(r,1;F5|=1)+2N(r,0; f) + 3(T(r, f) + T(r,9)) — %N*(r, 1; F5,Gs)
—No(r,0; f') = No(r,0:9") + S(r, f) + S(r, g)

< 3N(r,0;f) + %(T(r, f)+T(rg)— %N*(T, 1, F5;Gs) + S(r, f) + S(r, g)

< AT f)+T(r,g)) + %W*(T, L, F5;Gs) + S(r, f) + S(r, g)

< ST S) +T(rg)) + S(r. ) + S(r9),
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which is a contradiction.
Hence Hs = 0. By the similar arguments of Theorem 2.2 we can say that f = g. O

5 Some relevant observations

Let us recall the definition of SUPM [7]. Next we generalize the same in the following way.

Definition 5.1. Let P(z) and Q(z) be two polynomials in C. For any non-constant meromorphic
(entire) functions f and g, P(f) = cQ(g) implies f = g, where c is any arbitrary nonzero
constant, then P(z) and Q(z) are called strong uniqueness polynomial for meromorphic (entire)
functions in the wider sense, SUPMWS (SUPEWS) in brief.

We now point out an important observation vis-a-vis Definition 5.1 in the proof of Theorems
2.1 to 2.3. Actually, in the shared set problems, the range sets are always the zero sets of some
suitable polynomials. As the proofs of Theorems 2.1 to 2.3 have been performed on the basis of
weighted sharing of sets in the wider sense, it is inevitable that in the proofs of Theorems 2.1 -
2.3, the SUPMWS will exits automatically.

Note 5.1. From (4.5) in Theorem 2.1, we can see that the polynomials (2./) and (2.2) are SUPMWS.

6 Application

First we note that, for ¥ = 1 and ¢; = ¢;, we have S; = §i7 i = 4,5. Now, we will demon-
strate two examples, where we shall consider the sharing of two arbitrary sets with two distinct
functions f and f’.

Example 6.1. Consider S} = {2,2i,1 +4,—1 + 3i}. Let f(2) = ¢ * + 1 + 34. Then f and f’
share (S, 00), but f # f.

Example 6.2. Take S, = {1,i,1 + 4,2 — 4,1 —i}. Let f(2) = e=* + 2. Then, f and f’ share
(S2,00), but f £ f'.

So, even for the suitable choice of the function g = f’, the presence of Sy, Ss and {0} in
Theorems 2.2-2.3 are needed. Therefore, in view of Theorems 2.1-2.3 further investigations are
required in the direction of unicity of a meromorphic function and its derivatives.

To this end, we define

L(f) = aif™,

i=1

where f(?) is the nth derivative of a meromorphic function f. First we observe that, if f has
multiple poles then practically f and L(f) share (oo, 1). Under this circumstances, statements
of Theorems 2.1-2.2 changes to the following forms.

Theorem 6.1. Under the same conditions of Theorem 2.1, for a meromorphic function f, satis-
fying E¢(Ss,2) = Er5)(Ss,2) and Ef({0,a},0) = Er(;({0,a},0), f = L(f).

Theorem 6.2. In analogous conditions of Theorem 2.2, for a meromorphic function f, satisfying
Ey(S4,2) = Ep(5)(S4,2) and B¢ ({0},0) = Er5)({0},0), f = L(f).

Theorem 6.3. In the similar context of Theorem 2.3, for a meromorphic function f, satisfying
Ef(S5,1) = E(5)(S5, 1) and Ef({0},0) = Ey()({0},0), f = L(f).

Further, we can show that Theorems 6.2, 6.3 are not true for any arbitrary set consisting of 4
or 5 elements with respect to the traditional weighted sharing of a sets.

i 2mi Imi Smi s Smi 9mi 137d
3. =€’ e e e ,Uyp=<e’ ,e e e .
Example 6.3. Suppose U Ce’e’ e’ U fetle’ e’ Take

(i) f(z) = e 2 L(f) =2/ + [P or

(i) f(2) = €, L(f) =if®) + [?) + ["or

(iii) f(2) = e7, L(f) = if W =20,

it is easy to verify that, for ¢ = 1,2, f and L(f) share (U;, oc) and ({0}, o), but f # L(f).
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Example 6.4. Suppose

27i 8mi 1474 47i 267 i i Imi 137i 1774
T — 15 15 15 3 15 T — 10 ) 10 10 10
1 - € ) € b € ) € ) € ) 2 - € ) € 9 € ) € ) €

2mi

and f(z) =e¢" " * Then fand L(f) = f’ share (T}, 00) ,i = 1,2 and ({0}, 00), but f # L(f).

Further, taking f and g as entire functions in the statements of the Theorems 2.1 to 2.3 reduce
to the followings.

Theorem 6.4. Consider Sy, §4 as in Theorem 2.1. Let f and g be two non constant entire func-
tions, satisfying E;(Ss, 1) = E4(Ss, 1) and E¢ ({0, a},0) = E4({0,a},0), then f = g.

Theorem 6.5. Under the identical conditions of Theorem 6.4, if E;(S4,1) = E4(S4,1) and
E;({0},0) = E,({0},0), then f = g.

Theorem 6.6. Take Ss, §5 as in Theorem 2.3. Let f and g be two non constant entire functions,
satisfying E;(Ss,0) = Ey4(Ss,0) and E¢({0},0) = E,({0},0), then f = g.

The following examples shows that Theorems 6.5 and 6.6 is not true for any arbitrary sets
consisting 4 or 5 elements.

Example 6.5. Suppose V,, = {1,\,\2,..., A""'}, where \" = 1,4 < n < 5. Choose f(z) =
e’ and g(z) = \"e™%%, r =0,1,2,...,(n — 1), 6 being a non zero complex number. Clearly f
and g share (V,,, 00), ({0}, 00) but f # g.
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