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Abstract Assume G is a group. A classical open challenge for many groups specifically is
the characterization of units in the integral group ring ZG. For many kinds of G, the formulation
of U(ZG) as a set of generators with finite index has long since evolved into a classical hard
problem. We will examine the group of units of the integral group ring ZSy in this paper.

1 Introduction

For more details on the unit problem in integral group rings, see [6] and [7]. For a finite group G
and a prime p, Low derived an implicit characterization of U (Z(G x C3))[10]. Recently, Kiismiig
and Low introduced a subgroup of unit groups in the integral group ring of C,, x Cs [8]. In [13],
the authors found presentations of general linear groups over Z,, for even n. For the study of
derivation of rings, one can refer [1] and [12]. In 2024, Kiismiis et al. [9] described the unit
group of the integral group rings Z(S3 x C3) in terms of complex representation of degree two
and Sharma et al. [14] characterized the unit group ¢(F,G) of the group algebra IF,,G of a non-
abelian group G of order 27. In [3, 4], it was proven that for a finite abelian group G, every unit
of finite order in ZG is trivial. Also, from a consequence of Berman’s result [2], we can find
a non-trivial unit of ZSys. Taussky [15] listed some non-trivial units of order 2 and gave some
information about 2/(ZS3). In [5], the authors studied the group of units of the integral group
ring Z.53. Motivated by this, we try to find the group of units of the integral group ring of the
symmetric group Ss;. We establish a relationship between the matrix ring and units of integral
group rings.

2 Preliminaries

Let R be aring and G be a group. The group ring RG is the free R-module with basis G. That
is, RG consists of all sums geG 99 with only a finite number of coefficients r, € R different
from 0. The addition and multiplication in RG is defined as follows.

Z reg + Z r'gg = Z(Tg + T;)g

geG geG geG

(Z ng)(z sph) = Z Z (rgsn)x

geG heG z€G g,h€G,gh=x

and

We denote by ZS,, the integral group ring of the group S4. Our goal is to focus on the unit
group of the group ring ZS,. Denote U(7ZS,) as the group of all units of the integral group ring
Z54. It is easy to verify that every element in S4 is a unit in the ring Z.Ss which are referred to
as trivial unit of Z.54. If R is a ring, we denote R, as the total matrix ring of order 2 over the

a b

ring R, that is, R, = { <c d> la,b,c,d € R} and U(R) as the group of all units in the ring
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R. Denote M,,(Z) and GL,,(Z) as the set of all n x n matrices over Z and the set of all n x n
invertible matrices of size n over Z, respectively.

Group of units

Our aim is to prove the following theorem which delineates the structure of the group of all units
of the integral group ring of the symmetric group Ss.

T3 X4

Trs T¢

Theorem 2.1. U(ZS,) = { ( ) € GLy(Z)|z3 + x5 = x4 + 16 (Mod 3)} &)
X7 xIg L9
{ zio xn w2 | € GL3(Z)|x7 + a8 + x9 + x10 + 211 + 212 = 0(mod2), 27 + x5 + 29 +

13 T4 13
T3+ T4 +2x15 = 0(m0d2),x10 +x T2+ 213 T4+ 215 = O(modZ)}EB

Tie T17 T18
{ 19 20 w21 | GL3(Z)|x16 + 219 + 22 + 217 + @20 + 223 = 0 (Mmod 2), 216 + 19 + 222 +

Z22 X23  T24

T8 + X231 + 224 =0 (mod2),x17 + x20 + 223 + X185 + 221 + 224 =0 (modZ)}.

Lemma 2.2. If R and S are any two rings, then U(R x S) = U(R) x U(S).

Proof. If (z,y) € U(R x S), then there exists (a,b) € R x S such that (z,y)(a,b) = (1,1)
where (1, 1) is the identity element of the ring R x S. This implies that (xza, yb) = (1, 1) and so
x €U(R),y € U(S). Tt follows that U (R x S) CU(R) x U(S). To prove the reverse inclusion,
let (u,v) € U(R) x U(S). Then there exists c € R and d € S such that uc = 1 and vd = 1.
Thus, (u,v)(c,d) = (1,1) and hence (u,v) € U(R x S). o

Lemma 2.3. [f A € M,,(Z), then A € GL,(Z) if and only if the determinant of A is either 1 or
—1.

Proof. If |det(A)| = 1, then A~! = + adj(A). As A € M, (Z), adj(A) € M, (Z) and hence
A~ € GL,(Z). Conversely, if A € GL,,(Z), then there exists B € GL,,(Z) such that AB = I,.
This implies that det(AB) = det(A)det(B) = 1. Since A, B € M,,(Z), both det(A) and det(B)
are integers. This implies that det(A) is a unit in the ring Z and so det(A) is either 1 or —1. O

Proof of Theorem 2.1. Let S := QP QP Q. P Q3 P Q3 be the Wedderburn decomposition
of QS [11]. We now define a map 6 from Q5S4 to S by means of constructing Clifton matrices.
The Clifton matrix is defined by the following algorithm for computing each entry of the matrix.
Apply the permutation 7 to the standard tableau 7; with the conditions if there exist two numbers
that appear together both in a column of 7; and in a row of 7(7T}), then the corresponding entry
will be zero. Otherwise, there exists a vertical permutation p € S4 which leaves the columns of
T; fixed as sets and takes the numbers of 7; into the rows they occupy in 7(7;). In this case, the
entry in the Clifton matrix will be the sign of the existing permutation p [11]. Now, 6 : QSs — S
is defined as follows:

N 10 —1
0(12) = (1,1, (o 1), 0o -1 o].{o1 -1])
o 0o -1/ \o o -1

Lo\ (10 0N (1 -1 0
9(13):(1,1,(1 1), -1 1 1] fo -1 0f)
o 0o -1/ \o -1 1
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0 1 0 0\ /-1 00
9(14):(1, 1, 1o —10,—110)
PO/ g 10 1
ooy (010 10 0
9(23):(1, 1, 1 0 o ,001)
PO/ o0 21) Vo1 o

Loy [0
9(34):(1,—1, 1o o 1],
0 -1

o 1 0/ \o

Then the map # defined above is an isomorphism from QS; into S. Let o € QS;. Then o =
a1l + az(12) + a3(13) + ag(14) + 5(23) + 6(24) + a7(34) + ag(12)(34) + a9(13)(24) +
&]0(14)(23) +aqq (123) +Oé]2(124) +0513(132) -|—Oz14(134) +O¢15(142) —|—a16(143) +Oé]7(234) +
a18(243) + a19(1234) + OQ()(1243) + 0421(1324) + a22(1342) + CE23(1423) + a24(1432). We
denote « as

(CY], a2, a3, 4, s, Og, 7, A8, (9, (X10, (11, 12, (13, (14, (15, (16, V17, (X18, (X]9, (20, (¥2], (X2, (X23, 0124)
and denote the element
T = ($1,$2,x3, T4,T5,T6,L7,X8, L9, T10,L11,L12,L13,L14,L15,L16,L17, xlg,$19,x20,$21,x22,$23,$24)

as the element

(w1, 22, My, My, M3) € QB QD Q2 P Q3 P Q3, where
xr7 Xy X9 Tie T17 18
xr3 X4
M, = ( ) My=|zi0 @y x| and Mz = [z19 x20 2
T3 Tia Ti5 Ty T3 X

We consider « and x as row vectors, and z = 6(«a) = Ma where M is the matrix given
below.
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We can easily see that

0(25:) c LD ZEP Z. P 7 P 7 (%)

Now, from the relation §~'(z) = M~!(z), we observe that §~!(x) € ZS, if and only if it
satisfies the following congruence relations.

x1 + 22 + 233 + 236 + 377 + 3111 + 3715 + 3716 + 3720 + 3724 = 0 (M0Od 24) 2.1

1 —22+273—225—236+327—3210—3211+3213— 3715+ 3716+ 3220 — 37220 — 37233724 = 0 (mod 24)

2.2)
T1—Tr—2x3—2x4+2x6—3x7—3x8+3x11—3x14—3215+3T16—3219—3220—3221+3224 =0 (mod 24)

2.3)
r1—Tp+2x4+2x5—3x7+3x9—3x11 —3x12+3215—3x16—3x17—3x18+ 3220+ 3224 = 0 (mod24)

2.4

x1 — @3 + 224 + 225 + 328 + 3710 — 3715 + 3716 + 3721 + 3223 = 0 (Mo0d 24) 2.5

T — 1y — 223 — 234 + 216 — 319 — 3711 — 3713 + 3718 + 3720 + 3722 = 0 (M0d24) (2.6)
x1 — 22 + 233 — 225 — 26 — 327 + 3712 + 3214 + 3717 + 3219 + 3224 = 0 (M0d 24)  (2.7)
1+ 2242234206 — 327+ 3x10— 32 12— 32133214+ 3217+ 32 19— 3720 — 37233224 = 0 (mod 24)

r1+xr+2x34+2x6+3x8+309—3x 1 +3x13+3x14+32x18—3x19—3220—372 + 3220 =0 (moc(iziji
1+ 2y +2034+2x6—303—3x9—3210+3212—3215— 3016 — 3217 —3T18+ 3221+ 3223 =0 (moc(lzizi
T1+x2—203—224+205—3x7—3x8+3x10—3713+3215+3216—3219—3%20—3T21 +3T23 = 0((27;”}(?3{ 24)
T1+x2+2x4—205—206—3x7+309+3210+3211—3213—3T16—3217—3%18+3T20+3T20 = 0((27}1;;24)
T1+22+2x4—225—206+323—3x10—3211+3T14+3215+3T16+3721 — 3220 —3x23—3%24 = (()2(.717120)d24)
r1+xp—2w3—-2x44+2x5+307+305—3x 11 —3x12+3x14—3216—3x17-3x13+3x19+3124 = (§2(771130)ch4)
T+ —213—2x4+225—3x9+3211 +3x12+3213 =32 15+ 3218 +3020—3222—3223— 3204 = (()2(';140)d24)
T+ +2x4—225—226+327—3x9+3T12—3T14—3215+3217—3219—3T20—3T21+3T24 = O((27.1”1224)
(2.16)

r1 + 2y + 224 — 225 — 226 — 328 — 312 + 3213 + 32018 + 3219 + 3223 =0 (mod 24) .17
r; + 2y — 223 — 2x4 + 225 + 329 — 3210 — 3214 + 3217 + 3221 + 3220 =0 (mod24) (2.18)
1 —22—2w3— 2244236+ 327+318—3x10+3212+3713—3216—3217— 3718+ 3219+ 3223 = 0 (mod 24)

) —To 422442254317 3093210+ 3213+3214+3217-3219—3220— 3221 +3222 =0 (mgizlzi
x1—22+223 205206 — 318 —3w9+3710+ 3711 —3714— 3716 — 37173718 +3721 + 3222 = 0((27;3(()2 ”
T — 2Ty +2x4+2x5—328+3x11+3212— 32133214+ 3218+ 3219— 3220 —3223—3124 =0 (méflgi;

1 —22+2x3—225—2x6+323+3T9—3x 12— 3213+ 3% 15+ 32 18— 3T 19— 3T20—3T21 +3223 = 0((27-302; 2
T1— 12— 2232244226 +329+3210—32 124314+ 3215+ 3217+ 3221 =302 —3223— 3724 = (()2(.727130)d24)
Simplifying the above congruences, we get the following relations. (2.24)
1227 — 1225 — 1229 — 12210 + 12211 + 12212 = 0 (mod 24) (2.25)

12210 + 12211 — 12212 — 12213 — 12214 + 12215 = 0 (mod 24) (2.26)
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127 — 1225 — 1229 — 12213 — 12204 — 12205 = 0 (mod 24) 2.27)
12216 + 12217 4+ 12219 + 12200 — 12295 — 12293 = 0 (m0d 24) (2.28)
—12z17 — 12218 + 12290 + 12221 — 12223 — 12224 = 0 (mod 24) (2.29)
12216 + 12315 + 12219 + 12351 — 1230 — 12294 = 0 (mod 24) (2.30)
1221 4 122, = 0 (mod 24) (2.31)

x1 + 1623 — 8x5 = 0 (mod 24) (2.32)

811 — 874 + 1626 = 0 (mod24) (2.33)

8wy + 8xs + 16216 = 0 (mod 24) (2.34)

We can easily see that the 24 congruences are satisfied if and only if each x; € Z and

x1 = 13 (mod?2) (2.35)

x1 = x3 + x5 (mod 3) (2.36)

x| = x4 + 26 (Mod 3) (2.37)

x| =23 + 25 = 24 + 76 (MOd 3) (2.38)

Ty = x6 — 5 (Mod 3) (2.39)

x7 + x3 + w9 + 10 + 211 + 212 = 0 (M0d 2) (2.40)
zio+ a1 +xi2+ 213 + 214 + 215 = 0(Mmod2) (241)
7 + 28 + w9 + 713 + 714 + 215 = 0 (mod 2) (2.42)
T16 + T17 + 19 + T20 + T2 + 23 = 0(mod 2) (2.43)
17 + T18 + 220 + T21 + 723 + 24 = 0(mMod 2) (2.44)
T16 + 218 + T19 + 21 + 222 + 224 = 0(Mmod?2) (2.45)

Define ¢ : S — Q, @ Q3 @ Qs be the projection map. Then ¢ o 6 is a ring homomorphism
from QSy to Q, P Q3 P Q3. From the equation (x), we have ¢ o6 is a ring homomorphism from
7Sy into Zy @ Z3 P Z. From the congruence relations, we have ¢ o 6 ia a ring homomorphism
from ZS4 to Y where

Y = {<x3 x4> |3 + 25 = 24 + 26 (m0d3)}@

s T¢
7 Ty X9
{ 1o T 22 | Jertastaotzio+zii+xia =0 (mod?2), v7+as+xoFrizFriatas =

xr13 T4 T13
0 (mod2),z10+ 11 + x12 + 213 + 214 + 215 =0 (modZ)} P

ZTie T17 T18
{ Tio T2 21 | |Tie + x17 + 219 + 220 + 22 + 223 = 0(mod2), x16 + 18 + 219 + 221 +

Ty T23 T4
T2 + ag = 0(mod?2), z17 + z18 + T20 + T21 + 723 + 224 = 0 (mod 2)} This implies that ¢ o 6

induces a group homomorphism from /(ZS,) into U(Y"). We now prove that the induced map
is a bijection. Let z € U(Y). Then by Lemma 2.2 and Lemma 2.3,

o 7 X8 X9 Zie L17 T18

3 4 . . .

z= Dlzio z11 zi2 | B | 219 720 721 | With the following properties.
T5s  Te

T3 T4 T13 Ty T3 T4
T3 +T5 = Ta+ T (m0d3),x7 +xg+x9+T10+ X1 +T12 = 0(m0d2),l’7+l’g +xo+xT13+T14+
z15 = 0(mod2), zio+x11+zi2+zi3+21s+z15 = 0(mod?2), x16+x17+T19+220+ 20 +223 =
0 (mod2),x16 + 18 + T19 + T21 + T20 + 24 = 0 (Mmod 2), x17 + T18 + T20 + T21 + T3 + T4 =
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0 (mod2) and the determinant of each of the above matrices is either 1 or —1.

As z € Y, inverse image of z under the map ¢ o 9 lies in ZSy. Also, ¢~ '(2) = 2 € 0(Z S ). It
follows from the congruences and z € U(Y), z~! exists and is in ZS,. Hence (¢ 0 0)~!(z) =
0~'(z) = a € U(ZSy). Moreover, « is the unique element in ZS; such that (¢ o 0)(a) = 2. It

T5s e

follows that U(ZSs) 2 U(Y) = { (“ m“) € GLy(Z)|w3 + x5 = 24 + 26 (Mod 3)} o)

X7 €Ty T9
{ o x11 a2 | € GL3(Z)|x7 + 3 + w9 + x10 + 211 + 212 = 0(mod?2), x7 + x5 + 29 +

13 T4 T13

13+ 214 + 215 = 0 (Mod 2), x10 + x11 + T12 + 713 + 14 + 715 = O(modZ)} &)

T19 w20 21 | GL3(Z)|x16 + 217 + 19 + 220 + 222 + 223 = 0 (M0d 2), 216 + 218 + T19 +

T2 T23 T24

{ Tie T17 T18

o1 + T + Ty = 0(m0d2),$17 + 218 + To0 + X21 + T3 + T4 = O(modZ)}
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