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Abstract This research studies a new iterative algorithm for approximating fixed points of generalized β−γ-contractive
mappings of integral type. It investigates the existence of fixed points for these mappings in CAT (0) spaces. We prove a
∆-convergence theorem under appropriate conditions. The obtained result extends some recent results stated by many others.
Also, an example for clarity of obtained results is given.

1 Introduction
In [1], the authors studied generalized β−γ-contractive type mappings of integral type. Also, they investigated the existence
and uniqueness of fixed points for such mappings in complete metric spaces. Also, some authors considered an implicit
relation to generalize iterative fixed point results in the literature in the context of metric spaces (see [17, 15, 16, 12, 13, 14,
18, 19]). In [2], Abkar and coauthors introduced a new iterative algorithm for approximating fixed points of β−γ-contractive
type in CAT (0) spaces.

In this research, by applying β − γ-contractive mappings and entering a new iterative algorithm in CAT (0) spaces,
we obtain some new results in this field. Also, by inserting some conditions, we prove a ∆-convergence theorem for our
algorithm. For this purpose, let (Π, d) be a complete CAT (0) space, C ⊆ Π (bounded and closed convex) and ⊤ : C → C
be a given mapping.
Notation:
1- Denote by NCCS "nonempty closed convex subset".
2- Denote by CCS "closed convex subset".
3- Denote by BS "bounded sequence".
4- Denote by FP "fixed point".
5- Denote by GS "geodesic space".
6- Denote by MS "metric space".

Definition 1.1. The Mann iteration from {ςn} stated as:{
ς1 ∈ C,
ςn+1 = (1 − λn)ςn + λn⊤(ςn), n ≥ 1,

where {λn}∞n=1 ⊆ (0, 1).

Definition 1.2. [5] The Ishikawa iteration process is stated
ς1 ∈ C,
ςn+1 = (1 − λn)ςn + λn⊤(ζn),

ζn = (1 − ϑn)ςn + ϑn⊤(ςn) n ≥ 1,
(1.1)

where {λn}∞n=1, {ϑn}∞n=1 ⊂ (0, 1).

Definition 1.3. [3] Suppose Π be a Banach space and C ⊆ Π, also, N : C → C. N is mean nonexpansive if for each ς, ζ ∈ C,

∥ Nς −Nζ ∥= a ∥ ς − ζ ∥ +b ∥ ς −Nζ ∥

a, b ≥ 0, a + b ≤ 1.

Definition 1.4. [3] The iteration process is defined by:
ς1 ∈ C,
τn = (1 − λn)ςn ⊕ λnN(ςn),

ζn = N((1 − ϑn)τn ⊕ ϑnN(τn)),

ςn+1 = N(ζn),

where N is a mean nonexpansive and {λn}∞n=1, {ϑn}∞n=1 ⊆ (0, 1).

Definition 1.5. For a MS (Π, d), a geodesic joining ς ∈ Π to ζ ∈ Π is a mapping ξ : [0, d(ς, ζ)] → Π with
i0
1. ξ(0) = ς ,
i0
2. ξ(d(ς, ζ)) = ζ,
i0
3. d(ξ(φ1), ξ(φ2)) =| φ1 − φ2 | for φ1, φ2 ∈ [0, d(ς, ζ)] .
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Definition 1.6. A metric space (Π, d) is geodesic if every two points in Π are joined by a geodesic. (Π, d) is said to be
uniquely geodesic, if, for ς, ζ ∈ Π, there is exactly one geodesic joining ς and ζ for ς, ζ ∈ Π, which we denote by [ς, ζ]. The
point ξ(t) in [ς, ζ] is also denoted by (1 − φ)ς ⊕ φζ.

Definition 1.7. Let (Π, d) be a geodesic MS. A geodesic triangle consists of three-point µ1, µ2, µ3 ∈ Π and three geodesics
[µ1, µ2], [µ2, µ3],
[µ3, µ1]. Denote ∆([µ1, µ2], [µ2, µ3], [µ3, µ1]). For such a triangle, there is a comparison triangle ∆(µ1, µ2, µ3) ⊂ R2:
i1
1. d(µ1, µ2) = d(µ1, µ2),
i1
2. d(µ2, µ3) = d(µ2, µ3),
i1
3. d(µ3, µ1) = d(µ3, µ1).

Definition 1.8. A GS (Π, d), is a CAT (0) space if for any geodesic triangle ∆ ⊂ Π and µ, ν ∈ ∆ the equality d(µ, ν) =

d(µ, ν), for µ, ν ∈ ∆ is true and Π is a CATp(0), for p > 2, if for any ∆ in Π, there exists a comparison triangle ∆ in ℓp
such that the comparison axiom hold, i.e., for ς, ζ ∈ ∆ and all comparison points ς̄ , ζ̄ ∈ ∆, the following inequality is true.

d(ς, ζ) ≤ ∥ς̄ − ζ̄∥.

Definition 1.9. A GS (Π, d) is called hyperbolic ([8, 9] if, for ς, ζ, τ ∈ Π,

d(
1
2
τ ⊕

1
2
ς,

1
2
τ ⊕

1
2
ζ) ≤

1
2
d(ς, ζ).

In [10] the authors established (CN) inequality in CAT (0) that is defined by:

d(
ς

2
⊕

ζ

2
, τ)2 ≤

1
2
d(ς, τ)2 +

1
2
d(ζ, τ)2 −

1
4
d(ς, ζ)2.

Definition 1.10. Let (Π, d) be a MS and ⊤ : Π → Π. ⊤ is an β− γ−contractive of integral type if there exist β : Π×Π →
[0,+∞) and γ ∈ Ψ such that for ς, ζ ∈ Π,

β(ς, ζ)

∫ d(⊤ς,⊤ζ)

0
ℏ(φ)dφ ≤ γ(

∫ d(ς,ζ)

0
ℏ(φ)dφ), (1.2)

with ℏ ∈ F where,
F = {ℏ : R+ → R+ : ℏ is Lebesgue integrable, ℏ(cφ) ≤ cℏ(φ)}.

Definition 1.11. A sequence ςn in ς is said to ∆-converge to ς ∈ Π if ς is the unique asymptotic center of un for every
subsequence un of ςn. In this case, we write ∆-limn→∞ ςn = ς and call ς the ∆-limit of ςn.

Lemma 1.12. [6] Assume that (Π, d) is a CAT (0), then we have∫ d((1−ι)ς⊕ιζ,τ)

0
ℏ(φ)dφ ≤ (1 − ι)

∫ d(ς,τ)

0
ℏ(φ)dφ + ι

∫ d(ζ,τ)

0
ℏ(φ)dφ,

for all ι ∈ [0, 1] and ς, ζ, τ ∈ Π.

Lemma 1.13. [11] Let (Π, d), be a uniformly convex hyperbolic space with modulus υ. For r > 0, η ∈ (0, 2], λ ∈ [0, 1] and
a, ς, ζ ∈ Π, 

∫ d(ς,a)
0 ℏ(φ)dφ ≤ r,∫ d(ζ,a)
0 ℏ(φ)dφ ≤ r,∫ d(ς,ζ)
0 ℏ(φ)dφ ≥ ηr,

⇒
∫ d((1−λ)ς⊕λζ,a)

0
ℏ(φ)dφ ≤ (1 − 2λ(1 − λ)υ(r, η))r. (1.3)

Lemma 1.14. Let (Π, d) be a CAT (0) space and {φn} ⊆ [a, b] with 0 < a ≤ b < 1 and 0 < a(1 − b) ≤ 1
2 . If {ςn} and

{ζn} ⊆ Π such that for some r ≥ 0 we have

1. lim supn→∞
∫ d(ςn,ς)

0 ℏ(φ)dφ ≤ R;

2. lim supn→∞
∫ d(ζn,ς)

0 ℏ(φ)dφ ≤ R;

3. lim supn→∞
∫ d((1−φn)ςn⊕φnζn,ς)

0 ℏ(φ)dφ = R.
Then

lim
n→∞

∫ d(ςn,ζn)

0
ℏ(φ)dφ = 0.

Proof. If r = 0 then the proof is clear. For r > 0, if it is not the case that
∫ d(ςn,ζn)

0 ℏ(φ)dφ → 0 as n → ∞, then there are
subsequences {ςn} and {ζn}, with the following

inf
n→∞

∫ d(ςn,ζn)

0
ℏ(φ)dφ > 0. (1.4)

Choose η ∈ (0, 1] with the following ∫ d(ςn,ζn)

0
ℏ(φ)dφ ≥ η(r + 1) > 0, n ∈ N. (1.5)
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Since 0 < a(1 − b) ≤ 1
2 and 0 < υ(r, η) ≤ 1, 0 < 2a(1 − b)υ(r, η) ≤ 1. So, 0 ≤ 1 − 2a(1 − b)υ(r, η) < 1. Choose

R ∈ (r, r + 1) with
(1 − 2a(1 − b)υ(r, η))R < r. (1.6)

Since

lim sup
n→∞

∫ d(ςn,ς)

0
ℏ(φ)dφ ≤ r, lim sup

n→∞

∫ d(ζn,ς)

0
ℏ(φ)dφ ≤ r, r < R. (1.7)

There exist {ςn} and {ζn} such that∫ d(ςn,ς)

0
ℏ(φ)dφ ≤ R,

∫ d(ζn,ς)

0
ℏ(φ)dφ ≤ R, (1.8)

∫ d(ςn,ζn)

0
ℏ(φ)dφ ≥ ηR.

Then by Lemmas 1.13 and 1.6,∫ d((1−φn)ςn⊕φnζn,ς)

0
ℏ(φ)dφ ≤ (1 − 2φn(1 − φn)υ(R, η))R (1.9)

≤ (1 − 2a(1 − b)υ(r, η))R < r,

when n → ∞, we get

lim
n→∞

∫ d((1−φn)ςn⊕φnζn,ς)

0
ℏ(φ)dφ < r, (1.10)

which contradicts the hypothesis.

Proposition 1.15. [6] Let {ςn} be a BS in a CAT (0) space (Π, d) and C ⊂ Π be a CCS which contains {ςn}. Then,
(i) ∆ − limn→∞ ςn = ς ⇒ ςn ⇀ ς ,
(ii) if {ςn} is regular, then ςn ⇀ ς ⇒ ∆ − limn→∞ ςn = ς .

Lemma 1.16. [4] In a CAT (0) space we have:
(i) Every BS in a complete CAT (0) has a ∆−convergent subsequence.
(ii) If {ςn} is a BS in a CCS C of a complete CAT (0) space (Π, d), then the asymptotic center of {ςn} is in C.
(iii) If {ςn} is a BS in a complete CAT (0) space (Π, d) with A({ςn}) = {ρ}, {νn} is a subsequence of {ςn} with
A({νn}) = ν, and

∫ d(ςn,ν)
0 dφ converges, then ρ = ν.

Theorem 1.17. [7] Let (Π, d) be a complete MS and ⊤ : Π → Π be an β − γ-contractive with:
(i) ⊤ is β−admissible;
(ii) ∃ ς0 ∈ Π with β(ς0,⊤ς0) ≥ 1;
(iii) if {ςn} is a sequence in ς with β(ςn,⊤ςn+1) ≥ 1 and ςn → ς ∈ Π, implies β(ςn, ς) ≥ 1, n ∈ N . Then, ⊤ has a fixed

point theory. Further, let us give a fixed point theory result concerning β − γ−contractive in CAT (0) space.

Theorem 1.18. Let (Π, d) be a complete CAT (0) space and C be a NCCS of Π. Let ⊤ : C → C be a β − γ−contractive of
integral type with β(ς, ζ) ≥ 1, and let {ςn} ⊂ Π be an approximate FP sequence (i.e., limn→∞

∫ d(ςn,⊤ςn)
0 ℏ(φ)dφ = 0)

and {ςn} → ω. Then ⊤(ω) = ω.

Proof. Since {ςn} is an approximate FP sequence, we define:

Φ(ς) = lim sup
n→∞

∫ d(⊤mςn,ς)

0
ℏ(φ)d(φ), m ≥ 1. (1.11)

We have Φ(⊤ς) ≤ Φ(ς) for ς ∈ C. Since, if m = 1, considering β(ς, ζ) ≥ 1 and (1.11), we get

Φ(⊤ς) = lim sup
n→∞

∫ d(⊤ςn,⊤ς)

0
ℏ(φ)d(φ)

≤ lim sup
n→∞

β(ςn, ς)

∫ d(⊤ςn,⊤ς)

0
ℏ(φ)d(φ)

≤ lim sup
n→∞

γ(

∫ d(ςn,ς)

0
ℏ(φ)d(φ))

= Φ(ς).

With continuing we have Φ(⊤mς) ≤ Φ(ς) holds for any positive integer m. We get

lim
m→∞

Φ(⊤mω) ≤ Φ(ω). (1.12)

If {⊤mω} contains no norm-convergent subsequence, there exists η0 > 0 with∫ d(⊤nω,⊤mω)

0
ℏ(φ)dφ ≥ η0, n ̸= m, (1.13)

for the above η0, we obtain θ > 0 with;
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(Φ(ω) + θ)2 < Φ(ω)2 +
η2

0

4
. (1.14)

From the property of Φ and (1.12), there exist N,M ∈ N such that for any m ≥ M ;∫ d(⊤mω,ςn)

0
ℏ(φ)dφ < Φ(ω) + θ, n ≥ N. (1.15)

The (CN) inequality, (1.13) and (1.14) give the following:

∫ d
(

⊤m1 ω⊕⊤m2 ω
2 ,ςn

)2

0
ℏ(φ)dφ

≤
1
2

∫ d(⊤m1ω,ςn)2

0
ℏ(φ)dφ +

1
2

∫ d(⊤m2ω,ςn)2

0
ℏ(φ)dφ

−
1
4

∫ d(⊤m1ω⊕⊤m2ω)2

0
ℏ(φ)dφ

≤
1
2
(Φ(ω) + θ)2 +

1
2
(Φ(ω) + θ)2 −

1
4
η2

0

< Φ(ω)2,

holds for any m1,m2 ≥ M . Let τ = ⊤m1ω⊕⊤m2ω
2 , then τ ∈ C and τ ̸= ω, hence Φ(ω) = infς∈C Φ(ς), that is

contradiction. So {⊤mω} contains norm-convergent subsequence, denoted by {⊤miω}. We may assume that ⊤miω → ω′,
then

lim sup
n→∞

∫ d(ω′,ςn)

0
ℏ(φ)dφ = lim sup

n→∞
lim

n→∞

∫ (⊤miω,ςn)

0
ℏ(φ)dφ

= lim
n→∞

Φ(⊤miω) ≤ Φ(ω).

Since Φ(ω) = infx∈C Φ(x), therefore ω = ω′. Thus ⊤miω → ω. Utilizing the definition of β − γ−contractive type
mapping with β(ς, ζ) ≥ 1, we obtain∫ d(⊤miω,⊤ω)

0
ℏ(φ)dφ ≤ β(⊤mi−1ω, ω)

∫ d(⊤miω,⊤ω)

0
ℏ(φ)dφ

≤ γ(

∫ d(⊤mi−1ω,ω)

0
ℏ(φ)dφ)

≤
∫ d(⊤mi−1ω,ω)

0
ℏ(φ)dφ.

Taking the limit of both sides, then
∫ d(ω,⊤ω)

0 ℏ(φ)dφ ≤
∫ d(ω,ω)

0 ℏ(φ)dφ. So we get ω = ⊤ω.

Applying Theorem 1.18 and Proposition 1.15 we obtain:

Theorem 1.19. Let C be a NCCS of a complete CAT (0) space (Π, d) and ⊤ : C → C be a β − γ−contractive type. If
{ςn} ⊆ C with

lim
n→∞

∫ d(ςn,⊤(ςn))

0
ℏ(φ)dφ = 0,

and ∆ − limn→∞ ςn = ρ, then ⊤(ρ) = ρ.

Theorem 1.20. Let (Π, d) be a complete CAT (0) space and C be a NCCS of (Π, d). Let ⊤ : C → C be a β−γ−contractive
of integral type with β(ς, ζ) ≥ 1 for all ς, ζ ∈ Π. Let {λn}∞n=1, {υn}

∞
n=1, {µn}∞n=1, {ϑn}∞n=1, {ϱn}∞n=1 ⊆ (0, 1), also

{λn} ⊆ [c, d] with 0 < c ≤ d < 1 and 0 < c(1 − d) ≤ 1
2 . Then {ςn}∞n=1 given by

ς1 ∈ C,
τn = (1 − λn)ςn ⊕ λn⊤(ςn),

ζn = (1 − υn − µn)ςn ⊕ υn⊤(ςn)⊕ µn⊤(τn),

ςn+1 = (1 − ϑn − ϱn)⊤(ςn)⊕ ϑn⊤(τn)⊕ ϱn⊤(ζn),

(1.16)

is ∆−convergent to ρ ∈ Fix(⊤).

Proof. From Theorem 1.17, we have Fix(⊤) ̸= 0. We consider three steps.
Step1. We show that

∫ d(ςn,ρ)
0 ℏ(φ)dφ exists for ρ ∈ Fix(⊤), where {ςn} is given by (1.16). Let ρ ∈ Fix(⊤). By
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Lemma 1.12 and considering {λn}∞n=1 ⊂ (0, 1) we get∫ d(τn,ρ)

0
ℏ(φ)dφ =

∫ d((1−λn)ςn),ρ)

0
ℏ(φ)dφ⊕

∫ d(λn⊤(ςn),ρ)

0
ℏ(φ)dφ

≤ (1 − λn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + λn

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

≤ (1 − λn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + λnβ(ςn, ρ)

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

≤ (1 − λn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + λnγ(

∫ d(ςn,ρ)

0
ℏ(φ)dφ) ≤

∫ d(ςn,ρ)

0
ℏ(φ)dφ.

(1.17)

From {ϑn}∞n=1 ⊂ (0, 1) we have∫ d(ζn,ρ)

0
ℏ(φ)dφ =

∫ d((1−υn−µn)ςn,ρ)

0
ℏ(φ)dφ⊕

∫ d(υn⊤(ςn),ρ)

0
ℏ(φ)dφ⊕

∫ d(µn⊤(τn),ρ)

0
ℏ(φ)dφ

≤ (1 − υn − µn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + υn

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

+ µn

∫ d(⊤(τn),ρ)

0
ℏ(φ)dφ

≤ (1 − υn − µn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + υnβ(ςn, ρ)

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

+ µnβ(τn, ρ)

∫ d(⊤(τn),ρ)

0
ℏ(φ)dφ

≤ (1 − υn − µn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + υnγ(

∫ d(ςn,ρ)

0
ℏ(φ)dφ) + µnγ(

∫ d(τn,ρ)

0
ℏ(φ)dφ)

≤ (1 − υn − µn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + υn

∫ d(ςn,ρ)

0
ℏ(φ)dφ + µn

∫ d(τn,ρ)

0
ℏ(φ)dφ

≤ (1 − υn − µn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + υn

∫ d(ςn,ρ)

0
ℏ(φ)dφ + µn

∫ d(ςn,ρ)

0
ℏ(φ)dφ

≤
∫ d(ςn,ρ)

0
ℏ(φ)dφ, (1.18)

for n ∈ N. So ∫ d(ςn+1,ρ)

0
ℏ(φ)dφ =

∫ d((1−ϑn−ϱn)⊤(ςn),ρ)

0
ℏ(φ)dφ⊕

∫ d(ϑn⊤(τn),ρ)

0
ℏ(φ)dφ

⊕
∫ d(ϱn⊤(ζn),ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn− ϱn)

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ + ϑn

∫ d(⊤(τn),ρ)

0
ℏ(φ)dφ

+ ϱn

∫ d(⊤(ζn),ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn − ϱn)β(ςn, ρ)

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ + ϑnβ(τn, ρ)

∫ d(⊤(τn),ρ)

0
ℏ(φ)dφ

+ ϱnβ(ζn, ρ)

∫ d(⊤(ζn),ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn − ϱn)γ(

∫ d(ςn,ρ)

0
ℏ(φ)dφ) + ϑnγ(

∫ d(τn,ρ)

0
ℏ(φ)dφ)

+ ϱnγ(

∫ d(ζn,ρ)

0
ℏ(φ)dφ)

≤ (1 − ϑn− ϱn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + ϑn

∫ d(τn,ρ)

0
ℏ(φ)dφ + ϱn

∫ d(ζn,ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn − ϱn)

∫ d(ςn,ρ)

0
ℏ(φ)dφ + ϑn

∫ d(ςn,ρ)

0
ℏ(φ)dφ + ϱn

∫ d(ςn,ρ)

0
ℏ(φ)dφ

≤
∫ d(ςn,ρ)

0
ℏ(φ)dφ.
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Therefore, we get
∫ d(ςn+1,ρ)

0 ℏ(φ)dφ ≤
∫ d(ςn,ρ)

0 ℏ(φ)dφ, n ≥ 1. Hence {d(ςn, ρ)} is a decreasing. The sequence is
bounded below, thus
limn→∞

∫ d(ςn,ρ)
0 ℏ(φ)dφ exists. Hence, {ςn} is bounded.

Step 2. We prove that limn→∞
∫ d(ςn,⊤(ςn))

0 ℏ(φ)dφ = 0. Without loss of generality, we can write:

R := lim
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ. (1.19)

Therefore, lim sup
n→∞

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ ≤ lim sup

n→∞
β(ςn, ρ)

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

≤ lim sup
n→∞

γ(

∫ d(ςn,ρ)

0
ℏ(φ)dφ) ≤

∫ d(ςn,ρ)

0
ℏ(φ)dφ = R.

According to (1.17), we get

lim sup
n→∞

∫ d(τn,ρ)

0
ℏ(φ)dφ = lim sup

n→∞
(

∫ d((1−λn)ςn,ρ)

0
ℏ(φ)dφ⊕

∫ d(λn⊤(ςn),ρ)

0
ℏ(φ)dφ

≤ (1 − λn) lim sup
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ + λn lim sup

n→∞

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

≤ (1 − λn) lim sup
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ + λn lim sup

n→∞
β(ςn, ρ)

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

≤ (1 − λn) lim sup
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ + λn lim sup

n→∞
γ(

∫ d(ςn,ρ)

0
ℏ(φ)dφ)

≤ lim sup
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ = R.

On the other hand, using (1.18) we can write;

R = lim sup
n→∞

∫ d(ςn+1,ρ)

0
ℏ(φ)dφ

= lim sup
n→∞

(

∫ d((1−ϑn−ϱn)⊤(ςn),ρ)

0
ℏ(φ)dφ⊕

∫ d(ϑn⊤(τn),ρ)

0
ℏ(φ)dφ

⊕
∫ d(ϱn⊤(ζn),ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn − ϱn) lim sup
n→∞

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ

+ ϑn lim sup
n→∞

∫ d(⊤(τn),ρ)

0
ℏ(φ)dφ

+ ϱn lim sup
n→∞

∫ d(⊤(ζn),ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn − ϱn)β(ςn, ρ) lim sup
n→∞

∫ d(⊤(ςn),ρ)

0
ℏ(φ)dφ
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+ ϑnβ(τn, ρ) lim sup
n→∞

∫ d(⊤(τn),ρ)

0
ℏ(φ)dφ

+ ϱnβ(ζn, ρ) lim sup
n→∞

∫ d(⊤(ζn),ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn − ϱn)γ(lim sup
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ)

+ ϑnγ(lim sup
n→∞

∫ d(τn,ρ)

0
ℏ(φ)dφ)

+ ϱnγ(lim sup
n→∞

∫ d(ζn,ρ)

0
ℏ(φ)dφ)

≤ (1 − ϑn− ϱn) lim sup
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ

+ ϑn lim sup
n→∞

∫ d(τn,ρ)

0
ℏ(φ)dφ + ϱn lim sup

n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn) lim sup
n→∞

∫ d(ςn,ρ)

0
ℏ(φ)dφ + ϑn lim sup

n→∞

∫ d(τn,ρ)

0
ℏ(φ)dφ

≤ (1 − ϑn)R + ϑn lim sup
n→∞

∫ d(τn,ρ)

0
ℏ(φ)dφ,

which implies that

R = lim sup
n→∞

∫ d(τn,ρ)

0
ℏ(φ)dφ. (1.20)

Therefore,

R = lim sup
n→∞

∫ d(τn,ρ)

0
ℏ(φ)dφ

= lim sup
n→∞

(

∫ d((1−λn)ςn),ρ)

0
ℏ(φ)dφ⊕

∫ d(λn⊤(ςn),ρ)

0
ℏ(φ)dφ. (1.21)

Utilizing the Lemma 1.14 with (1.19), (1.20) and (1.21), we get

lim
n→∞

∫ d(ςn,⊤(ςn))

0
ℏ(φ)dφ = 0. (1.22)

Therefore, we are done.
Step 3. Define

ω∆(ςn) :=
⋃

{νn}⊆{ςn}
A({νn}) ⊆ Fix(⊤). (1.23)

The sequence {ςn} is ∆−convergent to a FP of ⊤ and that ω∆(ςn) consists of exactly one point. If ν ∈ ω∆(ςn), from the
definition of ω∆(ςn) that there exists a subsequence {νn} of {ςn} with A({νn}) = {ν}. By condition (i) in Lemma 1.16,
there exists a subsequence {νn} of {ςn} with

∆ − lim
n→∞

ρn = ρ ∈ C.

From Theorem 1.19 that ρ ∈ Fix(⊤). Considering the sequence {
∫ d(νn,ρ)

0 dφ} is convergent, from (ii) in Lemma 1.16
that ν = ρ. Thus ω∆(ςn) ⊆ Fix(⊤). In the end, we show that ω∆(ςn) consists of exactly one point. Let {νn} be a
subsequence of {ςn} with A({νn}) = {ν} and let A({ςn}) = {ς}. So ν = ρ ∈ Fix(⊤). Since {

∫ d(ςn,ρ)
0 dφ} converges,

from condition (iii) in Lemma 1.16, we get ς = ρ ∈ Fix(⊤), that is, ω∆(ςn) = ς . This completes the proof.

Example 1.21. Let Π = [0, 1] with d(ς, ζ) = |ς − ζ|. Define N : Π → Π by N(ς) = 1 if ς is rational, and N(ς) = 0 if ς is
irrational.

N(ς) =

{
1 ς ∈ [0, 1] is rational;
0 ς ∈ [0, 1] is irrational.

(1.24)

Define β : Π × Π → [0, 1] by

β(ς, ζ) =
| ς − ζ |

2
.

Obviously, N is an β − γ−contractive of integral type with γ(φ) = φ
4 for all φ ≥ 0, but not mean nonexpansive; if N is

mean nonexpansive, then∫ d(Nς,Nζ)

0
N(φ)dφ ≤ a

∫ d(ς,ζ)

0
N(φ)dφ + b

∫ d(ς,Nζ)

0
N(φ)dφ, ∀ς, ζ ∈ C, (1.25)

where a and b are two nonnegative real numbers such that a + b ≤ 1. Now, let ς = 0 and ζ ∈ [0, 1] is irrational, so due
to the above inequality we can write: 1 ≤ aζ, but since a ≤ 1 and 0 < ζ < 1, this is a contradiction.
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