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Abstract In this paper, we introduce alternative generalizations for traditional Fibonacci
and Lucas octonions and provide their generating functions, Binet’s formulae, Catalan and
d’Ocagne’s identities for these types of octonions. We also prove summation formulae and some
other identities.

1 Introduction

Fibonacci and Lucas numbers [7] are examples of integer sequences that have interesting prop-
erties. Studying these sequences helps mathematicians understand patterns and structures in
numbers. The ratio of consecutive Fibonacci or Lucas numbers converges to the golden ratio
[15], which is approximately equal to 1.6180339887. This ratio has fascinated mathematicians,
artists and architects for centuries due to its aesthetic appeal and its occurrence in natural
phenomena. Cayley introduced octonion algebra [4] in 1845, its applications have expanded
rapidly. Octonions are encountered in numerous problem domains, including quantum mechan-
ics, elasticity theory and various other fields of modern science, leading to extensive research
and study. In ([2], [3], [13], [14]), various octonion numbers linked with Fibonacci and Lu-
cas sequences and their extensions have been extensively explored. Some algebraic and analytic
properties of these quaternions and octonions were given in ([5], [10], [17]). In all studies, coef-
ficients of these octonions have been selected from consecutive terms of these numbers. However,
in [6], Dasdemir and Bilgici defined the unrestricted Fibonacci and Lucas quaternion with arbi-
trary terms. Inspired by this, we introduce unrestricted Fibonacci and Lucas octonions and give
Binet formula, generating functions, d’Ocagne’s identity, Catalan identity and Cassini’s identity
for unrestricted Fibonacci and Lucas octonions.

The octonion is an eight dimension normed division algebra with basis {1, e, e, e3, es, es,
eq, €7}, where ey, ey, ...., e7 are anti-commutative and el2 = 1. An octonion x can be written as
an eight tuple of real numbers and is written as

X =Xxp+x1€] +x202 +x3€3 +X4€4 + X565 + Xg€6 + X7€7,
where xg, X1, ..... ,x7 are any real numbers. The conjugate of x is
x* = X0 —X1€1 —X2€) — X363 — X4€4 — X565 — Xg€a — X7€7,
and the norm of x is
N(x) = xx* = x3 +x3 + x5 + 23 + x5+ 22 +x2 +x3.

The complete multiplication table of octonions is given as follows:
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* 1 el (%) e3 é4 (] €e e7
1 1 el e e3 ey es 3 ey
el el -1 e4 e7 | —ex| eg | —es| —es
() () —éy4 -1 es €] —e3 e7 —é€q
e3 es —e7| —eés| — 1 [ (%} —é4 el
é4 €4 (%) —€1| —€p -1 e7 es —€5
(] [ —€q e3 —eér | —ey —1 (4] é4
e6 23 es | —e7| eqs | —e3| —er| —1 e
e7 e7 e3 e | —e1| es | —eq| —ep| —1

Also, every x € O can be simply written as x = Re(x) + Im(x), where Re(x) = xo and Im(x) =
Zzzlxiei are the real and imaginary parts of x, respectively. The inverse of non-zero octonion
xeOQis

Forall x, y € O,
N(x-y)=N(x)-N(y)

(o) =yl
Fibonacci numbers ([8], [12]) are recursively defined as Fy =0, F| = 1 and

Fo=F 1+F .
The Lucas numbers are recursively defined as Lo =2, Ly =1 and
Ly=L, 1+Ly».

Binet’s formulae for the Fibonacci and Lucas numbers are

_ an_ﬁn
B= g (L)
Ly=a"+B", (1.2)

respectively, where o and B are positive and negative roots of x> —x — 1 = 0, respectively. i.e.

1+2ﬁ and [3:1_2\6.

Horadam defined Fibonacci quaternions ([11], [9]) as

On:=Fy+iFy 1+ jF2 +kFy s,

where F, is the n-th term of the Fibonacci sequence. Iyer gave a similar definition for Lucas
quaternions by the relation

Ty :=Ly+ilyy1 + jLyto +kLpy3,

and provided many properties of Lucas quaternions, where Ly, is the nth Lucas number. Halici
gave Binet’s formulae ([1], [16]) for the Fibonacci and Lucas quaternions as follows:

ao—Bp
"TTa—p
T, :Qa+éﬁa

where o = 1 +ia + ja® + ko and B =1+if + jB? +kB3. For n >0, Akkus and Kecilioglu
[3] defined the n'" Fibonacci and Lucas octonions as:
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7

7
On= Z Fiises and T, = Z Ly ses
s=0 s=0

respectively, where F, and L, are n'* Fibonacci and Lucas numbers, respectively, and {eo, e1, €2,
e3, e4, es, eg, e7} is the standard octonion basis.

Let p,r and s be arbitrary integers. Dasdemir and Bilgici [6] defined the n'" unrestricted
Fibonacci and Lucas quaternions by the following relations

yrgpms) =F+ iF,H_p + jFhr+ an+s

and
gn(p,m) =Ly +iLlyyp+ jLpyr + kL,

respectively. Let n be an integer. Then Binet’s formulae of the unrestricted Fibonacci and Lucas
quaternions are

v 14
glpr) _ @& BB

o—pB
i) _ Q"+
n a _ B 9’

Vv v
where a=1+ia,+ jo, +kay and B=1+if, + jB-+ kP
In Section 2, we introduce unrestricted Fibonacci and Lucas octonions and give Binet for-
mula. The generating functions, d’Ocagne’s identity, Catalan identity and Cassini’s identity for
unrestricted Fibonacci and Lucas octonions are given in Section 3. Finally, in Section 4, we give
some properties for unrestricted Fibonacci and Lucas octonions.

2 Unrestricted Fibonacci and Lucas octonions

h

Now we introduce n'"* unrestricted Fibonacci and Lucas octonions.

Definition 2.1. Let 7 = (r{, ry, 13, r4, 5, 16, 17) be a T—tuple of arbitrary integers. Then n'"
unrestricted Fibonacci and Lucas octonions are given by the relations

cgznF = Fn+Fn+rlel +Fn+rze2 +Fn+r3e3 +Fn+r4e4+Fn+r5€5 +Fn+r6e6+F;1+r7e7v 2.1

gni =Ly ‘|’Ln+r1 e+ Ln+r262 + Ln+r3 e3+ Ln+r4e4 + Ln+r5 es+ Ln+r6eé + Ln+r7 €7, (2.2)
respectively.

According to our definition 2.1, we have the following special cases:

clfri=rn=... = r7 = —n, then Fibonacci numbers are obtained as:
F,=F,
cIfri=landrn=r=... = r7 = —n, then complex Fibonacci numbers are obtained as:

1,—n,—n,—n,—n,—n,—n

F ’ )= B4 Fupen.

« Ifri=1,rn=2, r3=3and ry =rs =re = r; = —n, then well-known Fibonacci quaternions
are obtained as:

Z(1.2.3,~n,—n,—n,—n)

Fn =Fy+ Fer + e+ Froses.

« Ifri =p, n=r, ra=sand r3 =rs =re =r; = —n, then unrestricted Fibonacci quaternions
are obtained as:
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(1,2,3,—n,—n,—n,—n)
Fn =Fy+Fyper + Fuyrer + Fyygey.

cIfri=1,mn=2,r,r,=4,r5=>5, r¢ =6, r; =7, then well-known Fibonacci octonions
are obtained as:

1234567
ZFVH-Iel

From equations 2.1, 2.2 and using recurrence relations of Fibonacci and Lucas numbers, we
obtain the following results

FT=FT LF 2.3)

n

LI=L_ +L 5. (2.4)
Next, we present Binet’s formula for unrestricted Fibonacci and Lucas octonions.

Theorem 2.2. Let n > 0 be an integer and r be a 7-tuple of integers. Then the Binet’s formula
for the unrestricted Fibonacci and Lucas octonions are:

ol __ (X an B Bn
R (2.5)
LT —d o+ BB, (2.6)

where
o=1 + e +a%er+aBe;+ 0'tes + A es + a'eg+ o' e,
éz 1+ er+P2er+ Pes+ fes+ fSes + f0ec + B er.
Proof. From equation 1.1 and equation 2.1

ynf =F, +Fn+rlel +Fn+r232+Fn+r363 +Fn+r4e4+Fn+r5eS +Fn+r696 + Fpirpe7

ol 7ﬁn an+r1 7Bn+r1 arH»rz 7ﬁn+r2 an+r3 7ﬁn+r3 an+r4 7Bn+r4
= 1 2 3 €4
a—pf a—pf a—p a—p a—pf
a't’s _ﬁn+r5 a’"t7e _ﬁn+r6 atr7 _ﬁn+r7
5 6 €7
a—p a—p a—p

= %{1 +ole; + o2ey + ey + ey + aSes + albeg 4+ o7 e}
ﬁ—ﬁ{l +B"er + Bex+ B3es + Phes+ BSes + Poes + BTer}
_ BB
=0 p
Similarly from equation 1.2 and equation 2.2

Zf =L,+ LnJrrlel + Ln+r262 + Ln+i’3 €3 +Ln+r4 €4 +Ln+r5 és +L"+rﬁe6 +L"Jrr7 7
— ((Xn +ﬂn) + (an+r1 +Bn+r1 )6’1 + (an+r2 +ﬁn+r2)€2 + (an+r3 +ﬁn+r3)83
+(an+r4 +ﬁn+r4)64 + (an+r5 _|_‘Bn+r5)es + (an+r6 +ﬁ”+r6)€6 + (an+r7 _ Bn+r7)e7

l’lv nv
=o" a+p"p.

24
The multiplication of o and B play pivotal roles in the proof of the subsequent results. First we
4

find the multiplication of o and B.



396 Jitender Bhati and Shiv Datt Kumar

v

a- B=(14+a"te; +02ey+a3e; + a'*eqs + 05 es + a'eg + o' e7)
(1+PB"e1+Ber+ B es+ ey + foes+ Broes+ B7er)

=i+ B 1~ (aB)" — (aB) — (aB) — (aB) —(aB)s —(aB)s —(af)”
_|_e1(af2ﬁr4 +aBBT — ot B+ a5 — a0 f’s — ar7ﬁr3)
+e2((x’3ﬁ’5 — anﬁm + amﬁfl — a’sﬁfa + a’ﬁﬁ” f7‘3f6)
es(@ B — o1 BT — o2 B+ o3BT — s B4 B
+es(a1 B2 — a2 — 3B + o' B3 4 a's BT — o' B5)
+e5(ar2ﬁr3 —a B — BB +a’e N — o™ B + ar7l}r4)
+e6((x’1ﬁ’5 — arzﬁm + 06’7[3’2 — a’sﬁrl + O£r3[3’4 f4ﬁr3)
er (@B + 0B — o BN — oSBT B — a3 ).
Also as o = 1+T\/§ and B = \f which implies that
o' " = (—1)"a" " = (~ 1) B @7

and afy = —1, ¥V n, m € Z. Hence

v

& PG+ B —1— (—1)1 = (=1)72 = (=1) = (= 1) — (1)’ = (= 1)"s — (=1)"
Ve {(= 1) Fryry + (= 1) 7 Fpypy + (—1)6Fry e}
Ve {(—1)5Fyy g+ (= 1) Fry oy + (= 1) By}
+V5es{(—1) 6 Fyy g+ (=1)2Frgry + (= 1)1 By}
+V5ea{(—1)2Fypy + (— )3 Fyg oy + (=1) 75y, }
+VSes{(— 1) Fryry + (=) Fyg oy + (=1)"Fyy .y}
+V/Se6{(—1)3Frypy + (= 1)2Fr o+ (=1)*Fpy .y}
Ve {(—1)3Fyy g+ (=1)6Fpy g + (= 1) Fry s}

=B++/5C, where B and C are given by

B=8 B —1 = (1) = (=1)2 = (=1 = (=1 = (=1)5 = (=10 = (= 1)
C= fel{( 1) r— V4+(71)r7Fr3*V7+(71)r6Fr5*V6}

V5 {(—1)35F s+ (= 1)1 Fpyyy + (= 1) Fy )
+v5e3{(—1)"6Fyy g + (= 1)2Fps_p, + (= 1)1 F . }
Vs (= 1)2Fry g+ (<) Frppy (1))
+VSes{(=1)2Fymry + (= 1) gy + (= 1) Fryr, }
Veo{ (<15 Fry g+ (—1)2E 4 (< 1) Fry )
Ve {(=1)3Fpy oy + (= 1) Fy g+ (= 1) Fry s}
Similarly the complete multiplication table is given by

. & B

a 20 —N() B++/5C

p B—V5C | 25-N(B)

Table 1
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Generating functions are a vital area of research, particularly for solving linear homogeneous
recurrence relations with constant coefficients. In our study, we delve into both ordinary generat-
ing functions and exponential generating functions in connection with our generalized octonions.
To facilitate this exploration, we introduce the following functions:

Goyx= i.i”,fx",
n=0
Gzx= iﬁ;xn,

n=0
Egyx= Z,,i”n

'7
-

Egx=) 2 —
,/'x n;() nn'

Theorem 2.3. The ordinary generating functions for the unrestricted Lucas and Fibonacci octo-
nions are

Li+L7 FE+FT,

Gyx= and Gazx=

1—x—x2 1—x—x2

Proof. The ordinary generating function for unrestricted Lucas octonions is
Gyx=Y L= L]+ Lx+ L+ L+ Lx*+ ...
n=0
o (l—x—xz)(!fg + L3+ L xz-&-.f/; B+ L)
o 1—x—x2
AL+ LT+ LI+ LI+ L+
—.i”orx—.i”r — LI — LI — LI+
X — L+ LI+ LI+
Now using the relation .7 = .E’ |+ .,?nﬂz, we get

lxx

fforffflfx—fofx _ ffg%ﬁle
2 - 2

Gyx=

1—x—x 1—x—x

Similar result holds for unrestricted Fibonacci octonions. O
Theorem 2.4. The exponential generating functions for the unrestricted Lucas and Fibonacci
octonions are

Qe —éeﬁ"‘
a—p
Proof. The exponential generating function for unrestricted Lucas octonions is

v
Egx — e+ BePr  and Ezx=

Egx=Y .z,f% = L5+ Lx+ L2 + L0 (3) + L (4) + ...,
n=0 '

Using Binet formulae, we get

ng:i(&an+ﬁvﬁn)£n:i a (o ) +B(fx> :&eax_'_éeﬁx.

) nt = n!
Similarly
d &a”—v " 1 & o (ox) 3 x)" &eax+veﬁx
E,WZZ( ﬁﬁ)j: y (')_B(ﬁ‘) _ B
= a—p n!  a-pB = n! n! a—p
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3 Some Important Identities:

The d’Ocagne’s identity provides a powerful tool for solving linear homogeneous recurrence
relations with constant coefficients. By expressing the product of consecutive terms of sequences
(such as Fibonacci or Lucas numbers) in terms of the coefficients of the recurrence relation,
it enables efficient computation and understanding of these sequences. Then d’Ocagne’s type
identity for unrestricted Fibonacci and Lucas octonions are given by

Theorem 3.1. Let m and n be any integers. Then we have

‘%;yrﬁl - ‘%fﬁlyrf = (_1)n(BF;n7n+Cmen)

and
grrr; nr+1 _errz+1$nr = _5(_1)n(BFm7n +CLm7n)7

where B and C are given in table 1.

Proof. From the Binet’s formula, we have

9‘;9‘11 _97+1ﬁ; _ <&am_ﬁvﬁm> (&anﬂ_éﬁnﬂ )
n

m ap o« p

_ <&am+]_éﬁm+l ) (&a"—éﬁ”)
a—p oa—pf

Now by using equation (9),
o _ ) v ,
T F i1 = T Fh = (1) (4 o= pé prT).

By Table (1), we have

T T i1 — ,ZH«J@Z:?(—])”{(BJrC\@)am”—(B—Cﬁ)ﬁ'""}

_ \gg(_l)n{B(amn _ﬁmfn) +C\/§(O€m7n +Bm7n)}

= (= 1)"(BFy_y + CLy_).

Similarly the second identity can be obtained. O

The Catalan Identity plays a central role in combinatorics and related areas of mathematics,
providing deep insights into counting problems, algebraic manipulations, and the properties of
combinatorial structures. Its importance extends across various mathematical disciplines and
contributes to a broad spectrum of mathematical knowledge and research. The next theorem
gives Catalan’s type identity for unrestricted Fibonacci and Lucas octonions.

Theorem 3.2. For any integers m and n, we have

F
ym—&-n

Fn— [Ty = (= 1)"" U E (BF, +CLy)

and
%, fon - [gni]z = 5(_1)m+nFn(BFn +CLy),

m+n=~m

where B and C are given in table 1.
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Proof.
v v v 2
; e P & am+n_ ﬁ Bm+n & omn_ B ﬁmfn & a™m— ﬁ ﬁm
rg~m+n‘j4m—n*[‘/m]2_ (X—ﬁ o— - a_ﬁ
— %{_ &é aernﬁmfn_ Bv& ﬁm+nam7n+ &é (ﬁa)m+é& (ﬁa)m}
= {1 (G @ po )+ (1)"28)
= L) (B VO (B VFC)BY) +(~1)"28)
= HEm @ ) s B 4 (o)
= %{(—1)"”"“(BL2,,+5CF2,1) +(—1)"2B}.
Since
o _ﬁn 2
SF7=5 ( o ) =" + B 20" B" =Ly, —2(—1)"
" BN (o B (o~ B)
a?n — g2 ol n (o — "
F2n:( o — >_ (X—,B =F,L,.
Therefore
T Fmen = T = %{(*1)’"*”“ (B(SF; +(=1")) +5CF,L,) + (—1)"2B}
= %{(—1)’”*”“(58&2 +5CF,L,)} = (—1)""*E (BF, +CL,).
Similarly

Lrn L~ LI = (G Q™4 f B (G @ B )~ {& o BB
:&é aeranfn_'_ é& Bernamfn_ &é (ﬁa)m_ l;& (ﬁa)m

(—1)""(&B a¥'+ Bl B*") — (~1)"2B

(—=1)""((B+V/5C)a* + (B—V/5C)B>) — (—1)"2B

<—1>'"+"{B<a2"+ﬁ2">+sc(“Zf§2")}+<—1>'"23

(—1)"""(BLyy +5CF,) + (—1)"2B
(=1)™"(B(5F? + (—=1)") 4+ 5CF,L,) + (—1)"2B
(=1)™"(5BF? +5CF,Ly) = 5(—1)"*"F,(BF, +CL,).

O

The Cassini’s type identities are obtained by putting n = 1 in Theorem 3.2, which are given
as follows:
Corollary 3.3. For any integer m, we have

Fmi1Tm — [F5) = (=1)"(B+C)

m

and i i i
Ly Ln o — L) = =5(=1)"(B+C).
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4 More Features

In this section, we outline numerous properties concerning the unrestricted Fibonacci and Lucas
quaternions, along with several summation formulae. The subsequent theorem summarizes these
identities. Let 7 = (r1, ra, r3, 14, Is, ¥e, 7) be a T-tuple of arbitrary integers and n € N. Then
define ¥ +n as

F+n=(ri+n, nt+n, r3+n, ra+n, rs+n, re+n, r1+n).
Theorem 4.1. For any integer n, the following identities hold
FIt = FI+ FT_ | —F, 1,
L =y N7
Proof. By definition 2.1,

jnprl =F +Fn+r1+lel +Fn+r2+le2 +Fn+r3+le3 +Fn+r4+le4 +Fn+r5+165
+Fprgr1€6 + Fprr1€7
=F+ (FnJrrl + Foutr - 1)er + (Fn+r2 + Futry— 1)ez+ (Fn+r3 + Fotry— 1)6'; + (Fn+r4
+Fn+r4 1)64 + ( n+rs +Fn+r5 1)65 + ( n+re +Fn+r6 l)e() + ( n+ry +Fn+r7 1)37
=F,+ Fn+rlel +Fn+r262 +Fn+r3e3 +Fn+r4e4 +Fn+r565 +Fn+r666 +Fn+r7e7
+Fy+ Fopre1+ Fugrye +Fn+r363 + Fpyrgea +Fn+r565 +Fn+rﬁe6 + Futre7 — Fue1
=TI+ nr 1~ Fn-1-
Similarly second identity can be obtained. ]
Corollary 4.2. For any integer n, we have
ﬂyf == grqu +anl?
D%IF _ gni_‘«kl +Ln—17

Proof. These results are obtained by putting .%,, | = .%) +.%]_ in Theorem 4.1. |

-1
Next Lemma gives a relation between F) and £
Lemma 4.3. For any integer n, we have
Ly =T+ T

Proof. By using Binet formula, we get

& a1 é -1 o ot ,B g+l

v —
—a o'+ BB =2
O

A relation between unrestricted Fibonacci/Lucas octonion and Fibonacci/Lucas octonion is given
in the next theorem.
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Theorem 4.4. Let m and n be any integers. Then the following identities hold

T T _ r
J&m nFn1+n - Jm_nFm—n - yszZn
and
7 7 _ s gr
"Z?H—n m+n f Lipn—n =57, Fn.

Proof. By Binet formula %), Fyyyn — ﬁ,;anm_,,

o amz:é prn <am+;:gm+n> - & am;:é grmn (am;:gmn>

- & a2m+2n+l§ ﬁ2m+2n_ & a2m72n_ l; ﬁ2m72n

(a—p)?

_ & a2m(a2n _ a—2n)+ é ﬁZm(ﬁZn _ﬁ—Zn)
(a—p)?

_ & aZm(aZn _ﬁZn)_ ﬁv ﬁ2m(a2n —132")
(00— pB)?

- & a2m_ [; ﬁ2m aZn_ﬁZn .
(s ) (e ) o

The other identity can be proved similarly.

O

In the following theorem, we present sum formulae for the unrestricted Fibonacci and Lucas
octonions.

Theorem 4.5. The subsequent summation formulae are valid for any integer n.

Y =7, T .1
t=0
Y &r=2,-4 (4.2)

)347 =7 4.3)

) (':) L =B, (4.4

Proof. Let a, = %, ’+ — Z[. Then by the definition of unrestricted Fibonacci octonions, we

obtain
at r_ gr r r r
U=t =F o= F =T =T T+ T =F.

Hence

Zﬁr Za[ G\ =an—a_\=F) ,—F| - F|+F =F, 2
=0

==

To prove 4.3, we use Binet formula
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“as (45 () 50

_ alﬁ <a (a+1)"—é(ﬁ+1)">

Q=
8
¥

I
= <
=
e

=

N

~ib

Equations 4.2 and 4.4 can be proved similarly. O
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