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Abstract In this paper, we consider the hyperbolic Pell-Lucas sine and cosine functions. The
focal point of the paper is to develop some inequalities of particular types for the hyperbolic
Pell-Lucas function, including some elementary properties.

1 Introduction

Recursion integer sequences have been under dense interest in many scientists due to their amaz-
ing application and identities. Of course, the Fibonacci and Pell numbers are the first sequences
coming to mind. There are other integer sequences in mathematics ( for some related study see
[11]-[13]). In this paper, we focus on the Pell and Pell-Lucas sequences.

The Pell and Pell-Lucas numbers are commonly recognized for their recursive definitions,
which are established as follows:

P0 = 0, P1 = 1, and Pn+2 = 2Pn+1 + Pn for n ⩾ 0 (1.1)

and
Q0 = 2, Q1 = 2, and Qn+2 = 2Qn+1 +Qn for n ⩾ 0. (1.2)

There are very close relations between the above sequences. One can find detailed information
on the subject in the paper by Daşdemir [3] and the monograph by Koshy [7].

Currently, the literature contains various generalized forms of integer sequences due to certain
requirements. However, approximately thirty years ago, Stakhov and Tkachenko introduced
a novel approach to the topic by extending Fibonacci numbers into the realm of hyperbolic
functions [16]. Subsequently, Stakhov and Rozin enhanced this innovative approach by refining
it into symmetric forms [15]:

sFs (x) =
αx − α−x

√
5

, cFs (x) =
αx + α−x

√
5

, sLs (x) = αx − α−x, and cLs (x) = αx + α−x,

(1.3)
where α = 1+

√
5

2 and x ∈ R.
Additionally, these functions are referred to as the symmetric hyperbolic Fibonacci sine func-

tion, the symmetric hyperbolic Fibonacci cosine function, the symmetric hyperbolic Lucas sine
function, and the symmetric hyperbolic Lucas cosine function, respectively. For integer values
of x, the familiar Fibonacci and Lucas numbers can be derived.

According to the definitions provided by Stakhov and Rozin [15], Daşdemir et al. initiated
a discussion regarding a generalization process in their work [4]. The report outlines that the
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Horadam hyperbolic sine and cosine functions are defined as follows:

Hs (x) =
Aαx −Bα−x

∆
and Hc (x) =

Aαx +Bα−x

∆
, (1.4)

where, α = f(x)+∆

2 , ∆ =
√
f2 (x) + 4, A = b (x) + a (x)α−1, B = b (x) − a (x)α and, f (x),

a (x), and b (x) are any real-valued functions.

In this paper, we deal particularly with the hyperbolic Pell-Lucas (sine and cosine) functions,
as defined in Table 1 of [4, p. 2049], i.e. a (x) = 2, b (x) = 2, and f (x) = 2. The paper is orga-
nized into relevant sub-sections to accommodate its diverse nature. Section 2 offers preliminary
insights into the topic, Section 3 presents fundamental properties and Section 4 includes some
inequalities of special types.

2 Preliminaries

As stated above, we will study the hyperbolic Pell-Lucas functions. According to Table 1 of the
reference [4, p. 2049], the definitions of the hyperbolic Pell-Lucas sine and cosine functions are
defined as follows:

sQs (x) = θx − θ−x and cQs (x) = θx + θ−x, (2.1)

where, θ = 1 +
√

2. For the sake of simplicity, we disregard the letters that follow the capital
letter, i.e. sQ (x) and cQ (x).

It should be noted that the hyperbolic Pell, Pell-Lucas, and Modified Pell functions were
investigated extensively by Petroudi et al. [10]. We aim to provide a concise summary of their
findings. To begin with, the authors present the following definitions:

Definition 2.1. The hyperbolic Pell tangent function is defined by

TP (x) =
sP (x)

cP (x)
=

θx − θ−x

θx + θ−x
= 1 − 2

1 + θ2x , (2.2)

and the hyperbolic Pell cotangent function is defined by

CP (x) =
cP (x)

sP (x)
=

θx + θ−x

θx − θ−x
= 1 − 2

1 − θ2x . (2.3)

Prior to presenting our main results, we outline specific results in the following lemma, which
will be used in the proof process of some inequalities.

Lemma 2.2. Let x and y be positive real numbers. Then,

i. (Mitrinovic et al. [8]) For µ ∈ [0, 1], µx+ (1 − µ) ⩾ xµy1−µ.

ii. (Issa and Ibrahimov [6]) For x ≥ y and µ ∈
[ 1

2 , 1
]
, µx+(1 − µ) ⩾ x1−µyµ+(2µ− 1) (x− y) ⩾

xµy1−µ.

iii. (Issa and Ibrahimov [6]) For x ≥ y and µ ∈
[ 1

2 ,
3
4

]
, µx + (1 − µ) ⩾ xµ− 1

2 y
3
2 −µ +

(2µ− 1) (x− y) ⩾ xµy1−µ.

Currently, the topic of inequality is a significant area of research in mathematics and other
scientific disciplines. This paper aims to conduct an investigation similar to those referenced in
[1]- [2], specifically focusing on hyperbolic Pell-Lucas functions.

3 Elementary Results

This section is devoted to establishing certain properties of the hyperbolic Pell-Lucas functions.
Below, we present our first result.

Theorem 3.1. The hyperbolic Pell functions can be defined in terms of the classical hyperbolic
functions as follows:

sQ (x) = 2 sinh (x ln θ) and cQ (x) = 2 cosh (x ln θ) .
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Proof. Using the definition of the hyperbolic Pell functions, we can write

sQ (x) = θx − θ−x = eln θx

− eln θ−x

= 2
ex ln θ − e−x ln θ

2
,

which completes the proof.

Theorem 3.2. While the hyperbolic Pell-Lucas sine function is an odd function, the hyperbolic
Pell-Lucas cosine function is an even, i.e.

sQ (−x) = −sQ (x) and cQ (−x) = cQ (x) .

Proof. From Eq. (2.1), we get

sQ (−x) = θ−x − θx = −
(
θx − θ−x

)
= −sQ (x) ,

which is the desired result.

Theorem 3.3. Following identities are valid for any real numbers:

sQ3 (x) = sQ (3x)− 3sQ (x) ,

cQ3 (x) = cQ (3x) + 3cQ (x) ,

cQ2 (x) sQ (x) = sQ (3x) + sQ (x) ,

and
sQ2 (x) cQ (x) = cQ (3x)− cQ (x) .

Proof. By definitions of hyperbolic Pell-Lucas sine and cosine functions, we can write

sQ3 (x) =
(
θx − θ−x

)3
= θ3x − 3θ2xθ−x + 3θxθ−2x − θ−3x = θ3x − θ−3x − 3

(
θx − θ−x

)
,

which is the desired result. Other can be proved similarly.

Now, we give the Gelin-Cesáro identities for the hyperbolic Pell-Lucas functions.

Theorem 3.4. (Gelin-Cesáro identities) For any integers m and n, following identities hold.

sQ (x+ 2) sQ (x+ 1) sQ (x− 1) sQ (x− 2)− [sQ (x)]
4
= 200 − 36cQ (2x) ,

cQ (x+ 2) cQ (x+ 1) cQ (x− 1) cQ (x− 2)− [cQ (x)]
4
= 200 + 36cQ (2x) ,

and

cQ (x+ 2) cQ (x+ 1) sQ (x− 1) sQ (x− 2)− [cQ (x) sQ (x)]
2
= 192 − 28

√
2sQ (2x) .

Proof. We will focus only on the first identity. To prove the theorem, we consider separately the
cases y = 1 and y = 2 in Equation (3.13) of Corollary 3.5 in the reference in [4]. Then, we get

sQ (x+ 1) sQ (x− 1) = [sQ (x)]
2 − 4

and
sQ (x+ 2) sQ (x− 2) = [sQ (x)]

2 − 32.

Hence, from the above equations, we obtain

sQ (x+ 2) sQ (x+ 1) sQ (x− 1) sQ (x− 2) =
(
[sQ (x)]

2 − 4
)(

[sQ (x)]
2 − 32

)
= [sQ (x)]

2
[sQ (x)]

2 − 32[sQ (x)]
2 − 4[sQ (x)]

2
+ 128,

which gives the first result. Using the same procedure, others can be proved easily.
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The next theorem presents some limits for the hyperbolic Pell-Lucas functions.

Theorem 3.5. Let x be any real number and n be any integer. Then,

lim
x→0

sQ (x)

x
= 2 ln θ,

lim
x→0

sQ (x)

cQ (x)
= 0,

lim
x→0

sQ(x)

x
[
cQ(x) + 1

] =
2
3
lnθ,

and

lim
x→0

sQn (x)

xn
= 2nlnnθ.

Proof. The first three equations can be proved by employing L’Hopital’s rule and the last equa-
tion is also validated by using the method of induction on n.

Theorem 3.6. For real numbers x, the derivatives of the hyperbolic Pell-Lucas functions are as
follows:

d

dx
(sQ (x)) = ln θ cQ (x) and

d

dx
(cQ (x)) = ln θ sQ (x) .

Proof. Considering the definition of the hyperbolic Pell-Lucas sine functions, we can write

d

dx
(sQ (x)) =

d

dx

(
θx − θ−x

)
= θx ln θ − (−1) θ−x ln θ =

(
θx + θ−x

)
ln θ,

which is the desired result. Other can be shown similarly.

4 Special Inequalities

This paper presents several inequalities of specific types for the hyperbolic Pell-Lucas functions.
For more information about the subject of inequalities, hyperbolic inequalities, trigonometric
inequalities, some generalization of these inequalities and related study see [5], [9], [14], [17]
and [18]. Throughout this section, we assume that x is a positive real number. We begin with the
following lemma.

Lemma 4.1. The following inequalities hold:

i. x
sQ(x) < cQ (x) ,

ii. sQ (x) ≥ 2x lnθ,

iii. cQ (x) < 1
16(lnθ)5

(
sQ(x)

x

)5
.

Proof. We consider the first inequality to reduce the size of the paper. Let f : R+ −→ R be a
function defined by f (x) = x− sQ (x) cQ (x). Then, the derivative of f is

f ′ (x) = 1 − lnθ cQ2 (x) + lnθsQ2 (x) = 1 −
[
cQ2 (x) + sQ2 (x)

]
lnθ < 0,

and since cQ2 (x) + sQ2 (x) = 2cQ (2x) ≥ 4, the proof is completed.

The following theorem presents three kinds of Huygens-type inequalities for the hyperbolic
Pell-Lucas functions.
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Theorem 4.2. (Huygens-type inequality) We have the following inequalities:

sQ (x)

x
+ 4

TP (x)

x
> 5

[
16

cQ3 (x)

] 1
5

ln θ,

4
sQ (x)

x
+

TP (x)

x
> 5

(
sQ (x)

x

) 1
5
(
TP (x)

x

) 4
5

+ 3
(
sQ (x)− TP (x)

x

)
> 5 5

√
16 ln θ,

and

3
sQ (x)

x
+2

TP (x)

x
> 5

(
sQ (x)

x

) 1
10
(
TP (x)

x

) 9
10

+
5
2
(sQ (x)− TP (x)) > 5 5

√
16 ln θ

1
5
√

cQ (x)
.

Proof. We will provide the proofs for the first two inequalities here. Considering µ = 1
5 in

Lemma 2.2.i with Lemma 4.1.iii, we get

1
5

(
sQ (x)

x

)
+

4
5
TP (x)

x
⩾

[
sQ (x)

x

] 1
5
[
TP (x)

x

] 4
5

= 5

√
sQ5 (x)

x5
1

cQ (x) cQ3 (x)

>
5

√
16ln5θ

cQ3 (x)
= 5

√
16

cQ3 (x)
ln θ,

which is the first result.
Again, applying Lemma 2.2.ii for µ = 4

5 and Lemma 4.1.iii to the left-hand side, we can
write

4
5
sQ (x)

x
+

1
5
TP (x)

x
>

[
sQ (x)

x

] 1
5
[
TP (x)

x

] 4
5

+
3
5
sQ (x)− tQ (x)

x

>

[
sQ (x)

x

] 4
5
[
TP (x)

x

] 1
5

= 5

√
sQ5 (x)

x5
1

cQ (x)
>

5
√

16ln5θ.

This completes the proof.

Now, we give the Cusa-Huygens-type inequality.

Theorem 4.3. (Cusa-Huygens-type inequality) The following inequality is satisfied:

sQ (x)

x
<

2
3

ln θ (cQ (x) + 1) .

Proof. For the proof, let us define the function f : R+ −→ R, f (x) = 2
3 (cQ (x) + 1) ln θ −

sQ(x)
x . Then, the derivative of f (x) is

f ′ (x) =
2x2sQ (x) ln2θ − 3xcQ (x) ln θ + 3sQ (x)

3x2 .

Further, computing the derivative of the function g : R+ −→ R, g (x) = 2x2sQ (x) ln2θ −
3xcQ (x) ln θ + 3sQ (x), yields

g′ (x) = xsQ (x) ln2θ + 2x2cQ (x) ln3θ > 0.

Hence, since g (x) is an increasing function on (0,∞), g (x) > g (0) = 0. As a result, f (x) is
an increasing function on (0,∞) too. By exploiting Lemma 3.5, we conclude that f (x) > 0,
completing the proof.

The next theorem states four different kinds of Wilker-type inequalities for the hyperbolic
Pell-Lucas functions.
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Theorem 4.4. (Wilker-type inequality) The following inequalities are satisfied.

2 sQ (x)

x
+

TP (x)

x
> 5 ln θ,

sQ (x)

x
+

TP (x)

x
> 3 ln θ,

x

sQ (x)
+

x

TP (x)
>

3
2 ln θ

,

and
2x

sQ (x)
+

x

TP (x)
>

2
ln θ

.

Proof. For simplicity, we only prove the first inequality, while disregarding the others. Let us
consider the function g : R+ −→ R, g (x) = 2sQ (x) + TP (x) − 5 ln θ x. Then, the derivative
of g is

g′ (x) =
2cQ3 (x) ln θ + 4 ln θ − 5 ln θcQ2 (x)

cQ2 (x)
.

Again, we consider the function h : R+ −→ R, h (x) = 2cQ3 (x) ln θ + 4 ln θ − 5 ln θcQ2 (x).
The derivative of h is

h′ (x) = 2cQ (x) sQ (x) ln2 θ (3cQ (x)− 5) > 0.

Since cQ (x) ≥ 2, g′ (0) = 0, h′ (0) = 0, h and g are increasing functions. This means that
g (x) > 0. As a result, we obtain

2sQ (x) + TP (x)− 5 ln θx > 0,

which is desired result.

Theorem 4.5. (Wilker-Cusa-Huygens-type inequality) The following inequality is satisfied:

3x
sQ (x)

+ cQ (x) >
3

ln θ
. (4.1)

Proof. We consider the function f : R+ −→ R, f (x) = 3x + sQ (x) cQ (x) − 3
2 ln θ sQ (x). In

this case, the first two derivatives of f are

f ′ (x) = 3 + 2cQ (2x) ln θ − 3
2 ln θ

cQ (x) ,

f ′′ (x) = sQ (x) ln θ
(

4cQ (x)−
3
2

)
> 0.

Since cQ (x) ≥ 2, f ′′ (x) > 0, f ′′ (0) = 0, and f ′ (0) = 0, f ′′, f ′, and f are increasing and
positive functions for all x ≥ 0. Hence, we get

3x+ sQ (x) cQ (x) >
3

2 ln θ
sQ (x)

and by dividing both sides of the above inequality by sQ (x), we find the result.

5 Conclusion remarks

This paper examined the hyperbolic Pell-Lucas sine and cosine functions. We explored vari-
ous properties of these newly modified functions and introduced significant identities related to
them. Subsequently, we established specific types of inequalities for the hyperbolic Pell-Lucas
function, encompassing several fundamental properties.
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