Palestine Journal of Mathematics

Vol 14(2)(2025) , 430445 © Palestine Polytechnic University-PPU 2025

QUANTITATIVE ESTIMATORS OF EXTENDED BETA TYPE
SZASZ-SCHURER OPERATORS

Nadeem Rao, Prashant Kumar, Nand Kishor Jha and Md. Heshamuddin
Communicated by S. A. Mohiuddine

MSC 2010 Classifications: 41A10, 41A25, 41A28, 41A35, 41A36

Keywords and phrases: Beta Szasz-Schurer operators, Rate of convergence, Modulus of continuity.

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that
improved the quality of our paper.

Corresponding Author: Nadeem Rao

Abstract In this article, we introduce generalized beta extension of Szasz-Schurer Integral
type operators and study their approximation properties. First, we calculate the some estimates
for these operators. Further, we study the uniform convergence and order of approximation in
terms of Korovkin type theorem and modulus of continuity for the space of univariate continuous
functions and bivariate continuous functions in their sections. In continuation, local and global
approximation properties are studied in terms of first and second order modulus of smoothness,
Peetre’s K-functional and weight functions in various functional spaces.

1 Introduction

Sz4sz in 1950 [1], introduced a sequence of operators over the infinite length of interval, i.e.,
[0, c0) as:

(5 10) ih()pm (u), (1.1)

2=

where u € [0,00), h € C[0, 00) and pyy, ; (1) = e~ 20

2!

In 1962, Schurer [2] constructed a new sequence of Bernstein operators [3] which is denoted
as By,4p 1 C[0,1 4 p] — C[0, 1 + p] and defined by:

m+p .
m—+ j m+p—j
Brip(g:p) = g (é) ( ; P )uJ(l — @)™ e [0,1 +p), (1.2)
=0

where p € NU {0} and g € C[0,1 + p]. But these sequences of operations given in (1.2) are
restricted to C[0, 1 + p|. The classical Szdsz-Schurer operators are linear positive operators and
approximate the continuous functions over the positive semi axises. Several mathematicians
have constructed various generalizations of Szdsz Schurer operators given by (1.1), e.g., Mur-
saleen et al. [4, 5, 6], Alotaibi et al. [7], Wafi et al. [8], Raiz et al. [9], Acu et al. [10], Mursaleen
et al. ([11]-[12]), Aslan ([13]-[16]), Rao et al. ([17]-[19]), Khan et al. ([20]-[21]), Mohiuddine
et al. [22], Nasiruzzaman et al. ([23, 24, 25, 26]), and Kajla et al. [28], etc. We also refer to
reader for a deep historical background ([29]-[30]).

Motivated with the above development, we define Szdsz Schurer Durryemer type operators
S .+ Lp[0,00) — Lp[0,00), with generalized beta function as (Lg[0, co) denotes the space

m+p
of bounded and Lebesgue measurable functions):

nL+p zpm+p7 m+p,1’,<t)h(t)a (13)
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where C¥

i j;) mipi(t)dt and Dy .(t) is given by the formula

D ( ) piv—1 (1 _ t)(m+p—i)1/—l
e Biv, (m 4 p —i))

Now, we calculate some estimates for operators defined in equation (1.3).
Let e (t) = t*, k = 0,1,2,3, 4. Then, in the following Lemmas we give the some moments and
estimates for the operators given by (1.3).

2 Basic estimates

Lemma 2.1. For the operators S, +p( .) given by (1.3), the following identities are obtained

S;/ner( > ) = 1,
Svl;z-&-p(. ) = U
Sl/ ( U) _ (m+p)7/ u2_|_ V+1 U
mApl e - (m+pr+1 (m+pv+1
(m + p)*? 3
v t3' —
SmtplF51) <m+p )22+ 3(m+p)v +2 "
N < 3(m+p)r(v+1) >u2
(m+p)22+3(m+pv+2
n < VP30 +2 >
(m+p) V2+3(m+p)y+2
(m+p)Pv 4
v t4' —
Smp(E'50) <m+p 33+ 6(m+ p)? V2+11m+pu—|—6 "
N 6(m +p)* (v +1)
(m+p)33 +6(m+p)? 1/2+11m+p +6
. 7(m + p)v® + 18(m + p)v? + 11(m + p)v .2
(m+pP3+6(m+p22+11(m+pr+6
n 4602+ 11v +6
(m+p)P3+6(m+p22+11(m+pr+6 v

Proof. If k = 0, then

O 10 = Dl / Dyt
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If £k =1, then

> 1
/i Pm i w m+p—i)v—
@) Spnftin) = 3 prtems gy [0 gt

-2 B(mei;uz iy X Bt L (mtp—ip)
i=0

- i i )pm+p,i(u)

m—+p

If £ = 2, then

(ill) S’I’"/I’L-!—p( ) — Z B( p(m-‘rp,i(u) )V) A tilﬂr](l _ t)(m+p—i)u—ldt

- 3 Prnspi(1) x B (iv m — i)y
- ;B(W,(m+p—i)u) B(iv+2,(m+p—iy)

T ((mip)z) Prntp,i (W)
1

(
+ (WW) (m:_p> Prtp,i(W)
(

W) u? + <(m+ml’) .

(m +p)v )

(m+p)v+1

It

(2

L[]

(m+pv+1 v+ 1
If k = 3, then

(w) Sm+p (t3; u) =

1
p’m-H?;i(u) / w42 (m+ —i)l/—l
t 1—1¢ p dt
B(iv,(m+p—1i)v) Jo ( )

pm+p,i(u)
B(iv,(m+p—1i)v)

(m+ p)*v? =/ & o
(m 4 p)?v? +3(m + p)v + 2) ZZZ(:) ((m +p)3) Pmtp.i(W)

X B (iv +3,(m+p—1i)v)

1Mz LMz

v
m+p)iv? (m +p)*v* + 3(m + p)r + 2)

(R P

—~

S(m +p)2? +3(m + p)v + 2)

2
p)*v

(

(

(

(s

(3 () i)
(

(

(

(m + p)*v? )u3
(m+p)2? +3(m + p)v +2
3(m + p)2v? 4 3(m + p)2? )u2
(m +p)((m +p)*v? + 3(m + p)v +2)
3(m+p)*v? +3(m + p)*? >u
(m+p)>((m +p)>v? +3(m +p)v +2)
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If £ = 4, then
= Pm+ 7.(u) ! iv+3 —Dy—
v t4' _ P, 301 — ¢ (m+p—i)v Lt
(U) Sm+;!>( ’u) ;B(iu (m+p—i)u)/0 ( )
= i Prmp.i(t) B(iv+4,(m+p—1i)v)
— B(iv,(m+p—i)v)
_ (m +p)*v? )
(m+p)3 +6( +p)22+11(m+pv+6

m+p4 perpz )

6(m +p)*v? )

(m+p) u3+6(m—|—p)2 2+ 11(m+pr+6

(
Bl
(
Bl

=

Z m+p >pm+p,i(u)>

L1(m +p)v
(m+pP3+6(m+p2v2+11(m+pr+6

i( m—.i-p >pm+pz( )

0 (m_.i_p>pm+p, (u)

P33 +6(m +p)*2 + 11(m+p)v +6

=l

m—+
(m + p)*v’
(m+pP3+6(m+p22+11(m+pr+6

& )
¢ )%
( )
Y (TS0 S T,
(@ )
( )

U4

<,

(m+pP3+6(m+p2v2+11(m+pr+6
(m +p)v® +18(m + p)v? + 11(m + p)v
(m+p)P3+6(m+p2v2+11(m+pr+6
462+ 11v+6
(m+p)P3+6(m+p2v?2+11(m+pr+6

2

IS

u.

Lemma 2.2. The central moments of beta Szdsz-Schurer operators using Lemma 2.1 are easily
calculated as follows:



434 rao, Humar, Jha and Heshamuddin

v )2 _ m+p _ 2 v+1 gV
Smap((f —w)u) = ( (m +p)v l)u " ((m+p)v+1>UAm“”
v _ 4, _ (m+p>3 3
Smap((t —w)50) - = ( (m+p) V3+6(m—|—p) 2+ 11(m+pv+6 @D
B 4(m + p)*v 6(m +p)v —3>u4
(m+p)? 1/2—0—3(m+p)u+2 (m+pr+1

6(m+p)*3(v+1)
(m+p)3v3+6(m+p)2v2+11(m+pr+6
B 12(m+p)v(v+1) 6(r+1) >u3
(m+p)v2+3m+prv+2  (m+pr+1
7(m + p)v® + 18(m + p)v> + 11(m + p)v
(m+p)3+6(m+p22+11(m+prv+6
47 + 120+ 8 ) 2
(m+p)2v2+3(m+pv+2
( B+ +11v+6 )
(m+p)33+6(m+p)>2v2+11(m+prv+6

_ v
- Bm+p

2.2)

(2.3)

(2.4)

3 Rate of convergence

Definition 3.1. The modulus smoothness for a uniformly continuous function 7 is presented as:

W(TH?) = Sup {|T(t) - T(u)|7t7u € [0,00)},

[t—ul<n
for 7 € C[0, 0).

For a uniformly continuous function 7 in C[0, oo) and n > 0, one has

[m(t) = 7(u)| < (1 ;4 ;zt)z) w(Tin). 3.1)

Theorem 3.2. For Sy, ,(.;.) the operators introduced by (1.3) and for each T € C|0, oo) NE,

Sy, p(Tiu) — 7(u) on each compact subset of [0,00), where E = {7 : u > O,

convergent asu — OO}

Proof. In view of Korovkin-type property (iv) of Theorem 4.1.4 in [31], it is sufficient to show
that S}, ., (ex;u) — ey, for k = 0, 1,2. Using Lemma 2.1, it is obvious Sy, | (eo; u) — eo(u)
asn — oo and for k =1

. (m+ p)v B v+ 1
] N —_= —m — = .
77:rg;) Spplersu) = limmyp oo (<(m | u” + YIRS u e1(u)

Similarly, we can prove for k = 2, S}/, (e2;u) — ea(u), which completes the proof of Theo-
rem 3.2. O

Theorem 3.3. (See[32]) Let L : Clc,d] — Blc, d] be the positive linear operator and let ~,, be
the function defined by

Bu(U) =y —ul, (uvy) € [Cv d] X [Cv d]
If T € Cg([e,d]), for any u € [c,d] and & > O, the operator L verifies:

|(L7)(w) = 7(u)| < |7(w)[[(Leo)(u) — L|(Leo)(u) + A~" \/(Leo)(U)(L’V%(U))wTO)
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Theorem 3.4. Let 7 € Cg[0,00). Then, for the operator Sy, (.;.) presented by (1.3) one has
1S ip(T5u) = 7(u)| < 2w(T3 N), where X = /Sy, (AV, s u).

Proof. In terms of Lemma 2.1, 2.2 and Theorem 3.2, one has
Strin) = (0] < {14 A5 (i) (i),

which prove the Theorem 3.4 choosing A = /Sy, ., (Al s u). i

4 Local approximations

The local approximation results in C'5[0, 00), which is the space of real valued continuous and
bounded functions equipped with norm, ||h|| = supo<u<oco|h(u)|. For any h € Cg[0,o0) and
6 > 0, Peetre’s K-functional is defined as:

Kats) = ing{ 10~ 711+ 311 1] £ € C3l0.00)}.

where C%[0, 00) = { feCp[0;00): f,f € Cpl0, oo)}. By DeVore and Lorentz ([33] p.177,
Theorem 2.4), there is fixed real constant C' > 0. As a result, it exists

Kag(h, f) < Cp(h,V3). (4.1)
The modulus of smoothness of second order is denoted by ws(.;.) and is defined as:

wa(h; V8) = supy_p, < /55UPueo,00) (1 + 21) — 2h(u + h) + h(u)].

Now, for h € Cp[0,00),u > 0, the auxiliary operator is taken into consideration Sm 4p(s) as
follows:

Qv v . (m —|—p)y 2 v+ 1
Lemma 4.1. Let h € C%[0,00). Then, for all u > 0, one has
154 o (hiw) — h(u)] < Emap(u)||R] ],
where
_ (m+p)*? 3 3(m+p)r(v+1) >
nin®) = (G taim o 72) " (s i 5o s s2)

( V43042 )
(m+p)>? +3(m+p)v+2

Proof. For the auxiliary operators are defined in the Definition (4.2), we have
Sep(lu) =1, 8t (i w) = 0and S, ., (h )| < 3]|R|l. 4.3)
By Taylor’s expansion and h € C%][0, 00), we have

"

h(t) = h(v) + (t — o)k (v) + / (= 0)g (0)do. 4.4)

Operating (4.2) both the side in above equation, we have

8, (hiu) — h(u) = f (W8 (¢ —wu) + 5%, ( / (t—v)g”(v)dv>.
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From (4.2) and (4.3), we have

Sy (i) = h(w) = St ( | = <v>dv;u>

1
S;;th (/ (t - U)g” (U)dv; u)
(m+p)v

/(<m+p)u+1)“ +H(mtm)u < (m + p)vu? n v+ 1u
u (m+pv+1 (m+pr+1

- v> g (v)dv. (4.5)

Since,

< (t—uw)?|lg" |- (4.6)

1
[ =0 wyae
Then, we get

((T(n"i;izil)u%r((m:;)lwrl) (m —|—p)1/ v+1
N\ p)e 2 L _ 1"
/ (Gss) e+ () vv) o

(m + p)v 5 v+1 o,
< ((m+p)y+1)“ +<(m+p)u+1 ‘“) g1 “.7)

Applying (4.6) and (4.7) in (4.5), we obtain

v TS (mtpv \ > v+1 %
< st + () + () o 10
= &mep(w)lI1" I,
which completes the proof of Lemma 4.1. O

Theorem 4.2. Let h € C%[0,00). Then, there exist a constant C' > 0 such that

|Sryn+p( u) — h(u)] < Cwa(hs \/Emip) +w(h; m+p(§m+p;u))7
where &, 4, (u) is defined by the Lemma 4.1.

Proof. For g € C}[0,00), h € Cp[0,00) and in view of the definition of
Sy +p(:3.), one has

1 050) D] < 85450 = 3501 4 10— ) )]+ 185, 050) — 90
(@)« (@me)) |

With the aid of Lemma 4.1 and relation in (4.3), we get

|Sip(hiu) = h(u)| < 4|k = gl[ + ]S, (hiw) — h(u)|

(s ) ()

4|7 — gl| + Emrp)llg” || + w(hs S4 4 (Eus ).

+

IN
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From definition of Peetre’s K-functional

8 (hs MWSGWO;&w@0+Mh%W@,»

which completes the proof of Theorem 4.2.
Let p; > 0 and p; > 0, are two fixed real values. Then, we recall Lipschitz-type space here [34]

as:
t—ul”
£192(y) 1= {h € Cp[0,00) : [h(t) — h(u)] < M(t+p!u+;2u2)v/2 D u,t € (07oo)},

M > 0isaconstantand 0 < v < 1. O

Lip

Theorem 4.3. Let h € Liph;™* () and u € (0,00). Then, for the operators defined by (1.3), one
has

g
m 2
[Shaep (B w) = h(u)] < M (m) : (48)

where y € (0,1) and 15 (u) = Sy, (a1 u).

Proof. For~y = 1and u € [0,00), one has

S50 00) = 0] < S (000 — 052 < 2083, ().

It is obvious that

1 1
< )
t+pru+ppu?  (pru+ pru?)

for all u € [0; 0), we have

M v
(vt pma 72 (S

1/2
" ( s () > !
5 :
p1U + pou
Using Holder’s inequality, the Theorem 4.3 now holds for v = 1 and y € (0, 00). with ¢ = 2/v
and ¢ = 2/2 — ~, we have

ISz (hyu) — h(u)] t—u)u)'?

IN

Sty (i) = ()| < (S0, (000) — B2 0)) "

t— ul? v/2
<M%w('“42 ).
t+ pru—+ pou
1

. 1
Since 5 < 5 for all u € (0, 00), we have
t+piu+pus  pru+ pou

v . v/2
1 (B) ~ )| < M (Sm+p<'t _u|z,u>> SUE=TRY

pru+ pru? pru+ pau?

This completes the proof of Theorem 4.3.
Now, we recall r* term order Lipschitz-type maximal function suggested by Lenze [35] as:

~ h(v) — f(u
W(h, 'I_l,) = Supth(O,oc) Ma u < [0’ OO)) (49)
t#£u |U - u‘

and r € (0, 1]. i
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Theorem 4.4. Let h € C[0,00) and r € (0, 1]. Then, for all u € [0, c0), one has

~ 2
152 (Bs 1) — h(u)| < @ (hsu) (sp (w)7
Proof. We know that

| m+p — h(u )| < STl;’L+p ([h(v) = h(u)];u).
From equation (4.9), one has
’ m+p h(u)| S CJT/ ((h’u)( m+p|v |T;u)) .
By Holder’s inequality with ¢; = 2/r and g» = 2/2 — r, we have
__ y L \T/2
‘ m+p h(u)’ Swr(h’u) (Sm-&-p‘v_u'Z’u’) )
we arrive at our the desired result. O

5 Weighted approximation

To establish the next result, we recall some notation from [36]. Assume that B;,,[0,00) =
{ h(u u)] < My (1 +u?) } is weighted functional space, M}, is a constant that is determined
by h and 1n Bi12[0,00), u € [0,00),C}1,2[0,00) is the space continuous functions with the
norm

h w2 = Su —,
|| (u)H]Jruz u€[07p ) 1 u2

and

Cl+u2 0,00) = {h € Ci12[0,00) :  lim M = K} 7

lu|—oo 1 + u?

K is a constant that depends on h.
The modulus of continuity for the function h with @ > 0 and a closed interval [0, a] is as
follows:
we(h;8)= sup  sup |h(v) — h(u)|. (5.1)

[v—u|<8 u,vel0,a]
Here, we observe that for h € C 2|0, o), the modulus of continuity tends to zero.

Theorem 5.1. For h € C,2[0,00) and its modulus of continuity wy+1(h; ) defined on [0,b +
1] € [0, ), we have

[[Smip(hsu) = h(u)[cpo,p) < 6Mp (1 + b)0(m4p) (b) + 2w i1 (h; 5<m+p)(b)) ;
where
Omip() = m+p(¢b7 b).
Proof. From ([37] p.378) for u € [a,b] and v € [0, 00), we have
|h(v) — h(u)] < 6My (1 +b7)(v — u)? + (1 b g “') wpi1 (B3 ).
Applying both side S}, , ,(.;.), one has
S ph(v) = (U)I < 6My(1+6%)|S), (v —u)?

N R

wb+1(h;5).

In view of Lemma (2.2) and v € [a, b], we get

5(m+p)(b)
|Sm+p( ) h(u)| < 6Mh(1 + b)5(7VL+p) (b) + {1+ 5 Wb+1(h;5)-

Choosing § = d,,4,(b), we arrive at our desired result i
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Theorem 5.2. If the operators S}, ,(.;.) given by (1.3) from CT_ ,[0;00) to B2 [0; 00) satis-
fying the conditions
m+1z}£oo HS’rVn+p(ej; ) - €j|‘l+u2 = Oa

for j =0,1,2 Then, for each h € C*_ ,[0,00), one has

1+ 2[

lim ‘|Sm+p( ) hHlJruz =0.

m+p—o0

Proof. To prove this Theorem, it is enough to show that

lim ‘|S7I;L+p(€j;~)*6j||1+u2:O,j:0,172.

m+p—>00
From Lemma 2.2, we have for j =0

5 1Shp(e0s ) — 1]
1S4, (e0;.) —eollisye = sup —HE

=0.
u€[0,00) 1+ u?

For j = 1 itis obvious.
Forj =2

(m+p)v 2 v+l - 2‘
1S7 (e:) — esll1owe = sUD ’((m+p)u+l) u? + <<m+p)u+1> U
m-+p 5. 1+u ue[o;oo) 1 + 'lL2

)

— su u? ( (m +p) )+( v+1 )su u
"ty LH @ \mp)y + 1 (m+pyw + 1) Pesleoo T2
This implies that ||Snyw+p(€2§ ) —e2||liz2 — 0as m 4+ p — co. Hence, we complete the proof

of Theorem 5.2. O

Theorem 5.3. Let h € C*

I w210, 00) and v > 0 Then, we have

|Sm+p(h u) h(u)|

erL}E)oo Supue[o,oo) (1 T UZ)H"Y =0.
Proof. For fixed number vy > 0, one possesses
| m+p( ) - h(u)| < | m+p( ) h(u)|
SUPye(0,00) (1 T u2)1+7 < SUPy <, (1 T u2)1+w
|Sip (B 1) — h(u)]
+ S’U/puZuo (1 n U2)1+’Y

< H m+p( )| _h”COuo

| m+p(1 + Uz;u)|

+ HhleLuzsupuZuo

(1 + u2)+
N )
SUPvu>u (1 + u)1+u
=T +1T,+1Ts. 5.2)
Since
[h(a)] < [[P]] 11 (1 + u?), we have
[7(u)]| [A]]14u2 7[5

T3 = Supuzuom ~ Supu>uo (1 + U2)1+’Y S (1 + uz)V.

Let € > 0 be random real number. Then, from (3.2), there exist m; € N, such that

1 €
T —||h 1 24 -
2> Ty | ||W< tu +3|h|1+uz>’
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for all

o s msp< Ul €
= SUrad)y 3

h
for all m; > m + p. This implies that , 75 + T3 < 2””& + £

1 + 2 3
For a large enough value of ug, we get I 1 L'_H;‘z + &
2¢
h+T; < 3 for all m; > m + p. 5.3)
By Theorem 5.2, there exist m, > m + p such that
€
Tl - ‘|Srr1+p( ) h||C[O,u0] < g for all myp > m. (54)

Let m3 = max{m; + p, my + p}. Then, joining (5.2), (5.3) and (5.4) we get

1S5 4p (15 u) — h(u))|
SUPy€[0,00) ﬂ(}l T u2)7 < €.
The proof of the above theorem (5.2) is complete. O

6 Bivariate case of extended Beta type Szasz-Schurer operator S, +p(h; u)

Take 7% = {(u1,uz) : 0 < uy < 1,0 < wuy < 1} and C(T?) is the class of all continuous function
on T* equipped with norm || f||c(z2) = SUp,, u,)er2 [f (w1, u2)|. Then, for all g € C(T?) and
my + p,my + p € N, we introduce a bivariate sequence as:

oo oo
Snmerp,szrp h ut, uz Z Z C’rynﬁp,'mz+p,j,k(t1 ) tQ)pm1+p7m2+p7j7k(U1 ) uz)h(tl h)  (6.1)

=0 k=0
where
71;1+P7m2+10,j7k(t1’t2) = Om1+PJ(tl)Czlz+Pyk(t2)a
with Cy, 4, 5(t) = /Dm+pj )dt;, fori=1,2
and
pm1+p,mg+p,j,k(ulvu2) = pm1+p,j(ul)pm2+p,k(u2)v
. )
With P, ip;(ui) = e*(mﬁp)uiw’ fori=1,2.

J!

Lemma 6.1. Let ¢ ), = u]l u. Then, for the operator (6.1), we get
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1% . J—
S’m1+p mﬁ,p(e0,0s ’11/17’[1,2) - 17
v . J—
SerP m2+P(€110’u17u2) = un
v . J—
S tpmaipl€013 UL U) =

m1+p >u2+( v+1 >’LL
(mi+pv+1)" (mi+pw+1) "

m2+p >u2+( v+1 )u
(ma+pv+1 (ma+pv+1 2

v . —
Sm1+p m2+p(e2,09ulvu2) -

v . J—
S ipmaipl€02 UL, U2) =

Sv (63 05 U1 UZ) _ m1+p) U3
R T (m1 +p) v2+3(m1+p)v+2
" ( 3(mi+pr(v+1) )u2
(m1+p)22+3(m; +p)v+2
n ( 24342 )
uy,
(m1+p)22+3(m +p)v+2 !
(ma + p)?v 3
s ) =
(€033 U1 1) < (ma + p)202 + 3(ma +p)1/+2) 2
( m2+p) (v+1) ) 2
+ 5 U2
(ma+p)22+3(ma+p)v+2
( V24+3v 42 )
Uy.
(ma+p)22+3(ma+p)v+2 2

Proof. From (2.1) and linearity, property we get

Sontpmatp(€0.05 U1, U2) = Sy (€03 U1, U2) Sy (€05 U1, U2),
ml+pm2+p(€1,o;’u1, uy) mlﬂ)m,ﬂ;(e uy, uy) ml+p7m2+p(6 s UL, U 2)7
S ipmaipleosun,ug) = Sy (€05 U, u2) Sy pmap (€15 UL U2),
Spipimatp(€20sun,u2) = Sy (easun, u2) Sy 4 g p (€05 UL, U2),
m,+me+p(60,2;U1, up) = m,ﬂ,m,ﬂg(@ uy, uy) ml+p7m2+p(6 SUL,U2),
Sroutp.ma-p (€305 41, u2) S pimatp (€33 U1, u2) S, o (€031, u2),
Stpmatp(€ozitn,ua) = Sy (€03, ua) Sy oy p (€33 01, 12).

7 Degree of Convergence

For any g € C(7?) and n > 0, the modulus of continuity of the second order is given by

W (G5 Oy Ny ) = suga {1 g(t,s) — glur,u2) |: (t, ), (u1,u2) € T2},
U, U €12

with | ¢ — uy |[< y,, | 8 — ua |< 1y, defined by the partial modulus of continuity as:

wi(g;n)= sup  sup {]g(w1,u2) — g(z2,u2) |},
0<uy<oo |z —22|<n

wa(gsm)= sup  sup {| g(ur,w) — g(ur,u2) |}.
0<u;<oo |ui—uz|<n

Theorem 7.1. For any g € C(T?), we have

S () — g ) |< 2(wl (956 r) + m(g;am,m)).
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Proof. In order to give the proof of Theorem 7.1, generally, we use the well-known Cauchy-
Schwartz inequality. Thus, we see that

| St epmrsp(@un,u2) = glun,ua) [< 8% i (19t s) — glur, uz) [;ur,u)
< Sputpmato (1 g(t,8) — g(ur,8) [sur, u2)
+ Sryn]+p,mz+p (1 g(u1,s) — glur,uz) |3 U, u)
< Shapimatp (Wi(gs |t —ur [);ur, u2)
+ Shtpmaty (W2(g3] s — w2 )i w1, u2)
< wi(g30n,) (1465 S0 s pmasp (| £ — w501, u2))
+ w(g0m,) (14620 i (| 5 — w2 [u1,u2))
<

1
Wi (g’ 5’”]) (1 + T\/anﬁrp,mfrp((t - U’l)z; uy, U2)>
+  walg;6n ( \/Sm|+p,mz+p (s — u2)2;“1’u2)> .

2 =52 = 2. A
If we choose 6;, = 37 ., = S ipmyip(E—u1)%ur,uz) and 65, = 07, 0 =S¥y myp (5 —
up)?;ur, up), then we can simply achieve our objectives. ]

Here, we analyse convergence in terms of the Lipschitz class for bivariate functions. For
M > 0and 7,7 € [0, 1], maximal Lipschitz function space on E x E C T? given by

L (EXE) = {g ssup(1+6)"(1+9)7 (gr.-(¢, 8) — grr(ur,u2))

1 1
< M ,
- (1+U1)T(1+u2)7}
where g is continuous and bounded on 72, and

lg(t,s) —g(ui,uz) |
[t —up |7 s —ua |

97—77—(1578) 9r, T(ul7u2) (ta 8)7(u17u2) S Tz- (71)

Theorem 7.2. Let g € L, .(E x E). Then, for any 7,7 € [0, 1], there exists M > O such that

| Spamatp(g3ur, u2) = g(ur,ua) | < M{((d(m,E)) (5317&1)5>
< (B + ()7

+ (d((u, B)) (s, B))) }

where 6y, v, and 0y, ., defined by Theorem 7.1.

Proof. Consider | u; — z¢ |= d(u;, E) and | up — yo |= d(ua, E), for any (uy,up) € T2, and
(x(),y()) e ExFE.
Let d(uy, E) = inf{| u; — ua |: up € E'}. Then, we write here

| g(t,s) — g(ur,uz) |[< M | g(t,s) — g(xo,m0) | + | 9(z0,y0) — g(ur,uz) | . (7.2)

Apply S}, 4 pmasp(ss -5 -), We obtain

| Shspmap(Gut,w2)  —  g(ur, u2) |
< Shiepmate (| 9(ur,w2) — g(zo,90) | + | (0, 90) — g(u1, u2) |)
< MSY ey ([T =0 ] 8 —yo |51, u2)
+ Mlw —zo [ |uz—yol
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Forall A, B > 0and 7 € [0, 1], the inequality (A + B)” < A™ 4+ BT, thus
|t—$0 \T§|t—u1 |T+|U1—$0 ‘T,
|s—yo |"<|s—ua|"+ |ua—yo| -
Therefore,
| Srljry,1+p,m2+p(g;u17u2) - g(u17u2) |
< MSy pmap ([E—wn [T s — w2 [T5u1,u2)
+ M [ur =0 " Sy hpmyrp (| 8 — w2 [T5ur,u2)
+ M | U2 — Yo ‘T STl’rL1+p,m2+p (| t— (4 ‘TZUlaUZ)
+ 2M | ur — o [ uz — o |7 Sk hpmatp (H0,05 U1, u2) -
Apply Holders inequality on Sy, ... (5.,.), we get
Sty ([ t=ur [Tl s —w [Tsu,u) = U (1= |73 ur, u)
X V;};l (| s —u2 |5 ur,uz)
< ( m|+p,m2+p(| t—uy ‘ U17U2))7
2777-
X ( m1+pm2+p(:u’00’u17u2 ) z
X (S 1+P7m2+17(| S— U | ul’uz))7
2—7
X ( mi+p, m2+P(p’00’u1’u2)) ’
Thus, we can obtain
‘ Sm1+;l7,m2+p(g’ul’u2) o g(ul’uz) | < M (67211#1)7 ((Siz’uz)7
+ 2M (d(uy, E))" (d(up, E))
+ M (d(ui,E))" (6%,.,)°
+ L (d(uz’ E))T ((S%Llyul)7
Which completes the proof. O

8 Conclusion

In this study, we introduce generalized beta Szasz-Schurer operators and study their approxi-
mation properties. Further, we prove a Korovkin-type convergence theorem, the order of con-
vergence concerning the usual modulus of continuity and as well as Peetre’s K-functional and
Lipschitz-type class of functions. Moreover, we introduced global approximation results and
A-Statistical approximation properties of the constructed operators.
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