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Abstract By a group-semiring, we mean a semiring (G, +, -) such that (G, +) is a left zero
semigroup and (G, -) is a group. In this paper, we consider certain unions of group-semirings;
specifically collection of group-semirings indexed over a distributive lattice. The concepts of
semilattice of groups and strong semilattice of groups available in semigroups are carried over
to the distributive lattice of semirings and strong distributive lattice (SDL) of semirings. It is
shown that, for SDL of group-semirings, the group-semirings are mutually isomorphic, and
hence a structure of such semirings is identified as the direct product of the distributive lattice
and a group-semiring. Moreover, a characterization for SDL of group-semirings, simplifying the
available characterization of SDL of semirings, was also obtained.

1 Introduction and preliminaries

A semiring (S, +, -) is a non-empty set S together with two binary operations 4 and - such that
(S,+) and (S, -) are semigroups and for any a,b,c € S,

(a+b)c=ac+bc and a(b+c)=ab+ ac.

Let D be a distributive lattice and {S,,a € D} be a collection of disjoint semirings indexed
over D. A semiring S = (J{S,,a € D} is regarded as a distributive lattice of semirings, if
So + Sp C Saip and S, Sz C S,p. If there exists two families of homomorphisms {¢q. s :
Sa — Sgla,8 € Dand 8 < a} and {¢o.5 : Sz — Sale, f € D and § < o € D} such that the
sum and product in S are given as follows. For a € S, and b € Sg,

a+b=aYaatp+0Psats and ab= agaapbPs,ap-

Then we say that S = | J{S., « € D} is a strong distributive lattice of semirings (SDL of semir-
ings). Bendelt and Petrich [1] ensures the existence of such a system, whenever the collection of
homomorphisms satisfies certain additional conditions. Ghosh [4] refined the conditions given
by Bendelt and Petrich and proved that only one collection of homomorphisms is sufficient to
establish such semirings. Instead of assuming conditions on the classes of homomorphisms, in
this work, we put some conditions on sub-semirings.

A group (G, -) becomes a semiring if we define the addition by z+y = x (similarly x+y = )
forall z,y € G, we call it a group-semiring. In the following discussion, we restrict our attention
to SDL of semirings S = |J{Ga.,« € D}, such that each G, is a group-semiring. In this
case we can see that only one set of homomorphisms is required to describe the addition and
multiplication in S and each homomorphism is an isomorphism. Thus {G,} is a collection of
mutually isomorphic groups, and hence S becomes a direct product of the distributive lattice D
and a group G,,.
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1.1 Union of Groups
A semigroup S is referred as a semilattice union of groups if there is a semilattice A and groups
{G. : « € A} such that S = U,ea G, and
GoGs C Gagp

for all o, € A [6]. It is termed as a strong semilattice of groups if there exists a family of
homomorphisms {¢4 5 : # < o € A} such that the following holds.

(1) @a,q 1s the identity map on G,

(i1) ¢a,pP8,y = Pa,y> Whenever v < 5 < «, and
>iil) zy = x¢a7a5y¢57a5 forx € Gy andy € GB'

By [2], a semigroup S is a semilattice of groups if and only if it is a strong semilattice of groups.
Analogous to these constructions in semigroup theory, there are studies in semirings also [1, 4].
In this work, we are interested in the union of group-semirings, rather than the union of groups.

1.2 Distributive lattice of semirings

Analogous to the definition of semilattice of semigroups (or groups), we have the definition of
the distributive lattice of semirings. Unless otherwise stated, D denotes a distributive lattice, a
semiring in which both addition and multiplication are commutative and idempotent.

Definition 1.1. [1] Let S = [J{S., @ € D} be a distributive lattice of semirings indexed over
D. Then S is said to be a SDL of semirings if there are two families of homomorphisms {¢, 3 :
So = Sg: B <a}and {¢p,:Ss — So: B < a} such that

(1) @a,a @ Sa —+ Y4 1s identity map.

(i1) ¢a,8P8,y = Pa,~ Whenever v < 8 < a.
(ii1) Yq,a 1 So — S 1s identity map.

(iV) ¥y, 898,a = ¥y,o Whenever v < 8 < a.
Further, forz € S, and y € Sg
TY = TPa,aBYPB,08 (1.1a)

and
Tty =2Y%aat+p + Y¥p.ats- (1.1b)

For a given collection of semirings { S, « € D} and two families of homomorphisms {¢4 s :
B8 < a}and {¢g, : B < a} satisfying the conditions (i), (ii), (iii) and (iv), Bendelt and Petrich
[1] proved that S = [J{S,,a € D} is an SDL of semirings under the operations defined by
(1.1b) and (1.1a), whenever the following conditions hold.

B1) Sgig.. is anideal of S, for 8 < a and

B2) Ya,y0+,8 = ¢p,08%ap,s Whenever a + 8 < 7.

In [4], Gosh introduced an equivalent similar construction which requires only one family of
homomorphisms {3 o : # < a}, where each g o is @ monomorphism and S, ,Ss1s,, C
Saptas,y Whenever o + 3 < . The addition is defined by (1.1b) and the multiplication is given
by

(zy)waﬁ,oﬁLB = 171Z}a,a+,8 y¢ﬁ,a+ﬂv forz € S, andy € Sﬂ-

We follow the notations and terminologies of [5], [10] and [8, 7, 9] for semirings and [3] and
[6] for semigroups.
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2 Distributive Lattice of group-semirings

The term group-semiring is used to describe a semiring which is multiplicatively a group and
additively a left (right) zero semigroup. Here we consider the left zero semigroup structure for
the addition.

Proposition 2.1. Let (G, -) be a group. For z,y € G define
r+y=ux.

Then (G, +, -) is a semiring. i

2.1 Distributive lattice of group-semirings

Let (D, +, ) be a distributive lattice and {G,,« € D} be a family of group-semirings. Then

S =|H{Ga,a € D}
is called a distributive lattice of group-semirings G|, if, forz € G, and y € G,
x4y € Goygand z -y € Gup.

Also, S = |J{G.,a € D} is said to be a strong distributive lattice of group-semirings G,, if S
is an SDL of semirings {G,, } such that each G, is a group-semiring. Since each group-semiring
is a left zero semigroup under addition, the addition in S is given by

r+y= x'(/)a,a-&-ﬁ + ywﬁ,a-ﬁ-,@ = xwa,a-‘r,@'

Now we look into some properties of the homomorphisms ¢, g and 13 , whenever S is an
SDL of group-semirings.

Theorem 2.2. Let (D, +,-) be a distributive lattice and S = (J{G, : a € D} be an SDL of
group-semirings G, with connecting homomorphisms {¢, 3 : Go — Gg, for 8 < a} and
{50 : Gg = Gq, for B < a}. For each a € D, let e, denote the identity in the group G.,.
Then,

(1) f 8 <ain D, theneyeg =eg and e, + eg = e,.
(ii)) fz € Goand y,y’ € Ggforsome o, € Dthen,z +y =z +y'.
(iii) For x € G4 and y € Gg where 8 < a,

TPa,p = veg and yihg o =y + €q-

(V) ¢a.p : Go — Gp is an isomorphism for any 3 < ain D and 95,4 = (da.5) "'
(v) Ifa+ B < dandy < af, then ¢ 40y 5 = Ya,s055-

Proof. From the description of sum and product in SDL of group-semirings, we have, for § < a,

€a€p = ea¢a,aﬁeﬁ¢ﬁ,aﬁ

= €afa,pes08,3 since af = 3
= egeg since ¢4, g is a homomorphism
= €3.

Similarly, we can show that e, + eg = e,. This proves (i).

Let z € G, and y,y’ € G for some o, 8 € D. Since S is an SDL of group semirings, we
have
T+ Yy = 2qa,a+p = = +y'. Hence (ii).
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Now let 8 < v and x € G, then

reg = a)‘(ba”gelgd)g)g since Oéﬁ = ﬁ
= Tda,pe8 since ¢g s is identity map
= .7,‘&5%5.

Likewise, we can observe that, for y € Gg,
Y+ eq =yPga.
This proves (iii). Now consider § < « and = € G, then
200 V8,0 = Teg + €q.

Now by (ii), we have

reg +eq =reg + 2 since e, x € Gg
= xeg + ze, since x = ze,,
— 2(ep +ca)
= ze, since e, +eg = eq
=Xx.

By a similar manner we have, for y € G,

ywﬁ,a(ba,ﬁ = (y + ea)eﬁ =Y.

Thus ¢, 5 and 95 , are mutually inverse isomorphisms.
Nowleta+ g <dandvy < af. Theny<a<dandvy < B <4.So

G5y = D500,y by (ii) of Definition 1.1
= 05,808,
Hence we have
¢oc,'y = (¢6,a)71¢5,7

= (¢s5a) 05,808,
Va505.8(0y.5) "

Therefore, ¢ Vy,8 = Va,506,3-

O

Corollary 2.3. Let S = | J{G, a € D} be an SDL of group-semirings, then the homomorphisms

¢a,p (similarly 93 ), for 8 < o € D, are uniquely determined.

We now provide a construction of SDL of group-semirings starting with a collection {G,, :
a € D} of group-semirings. We can see that only one family of isomorphisms is sufficient to
describe the structure. Further, the additional conditions on the homomorphisms used in [4], are

not assumed here. Moreover, it turns out that all the groups are isomorphic to each other.

Theorem 2.4. Let {G,, : @ € D} be a family of group-semirings and {¢, g : G, — Gp for 5 <

a’} be a family of isomorphisms satisfying the following.
(SDL1) ¢, is the identity map on G,.
(SDL2) If y < 8 < avin D then ¢ gg,y = o y-
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Then S = |J{Ga, a € D} is a semiring with sum defined by

-1
T +Yy=2(Pa+p,a)

and the product is given by
Ty = x(b(x,aﬁyd)ﬁ,aﬁ
forz € G, and y € Gg.

Let v5 o, denote the inverse of ¢, g, for o < in D. Towards proving the theorem we state
the following lemma.

Lemma 2.5.If o+ 5 < § and v < aff then ¢o Uy, 3 = Va,6Ps,5-

Proof. Since v < o, § < 4, we have
¢5ﬁ = ¢6,o¢¢a,'y = (bé,ﬁqbﬁ,w

Therefore ¢, - (qbﬁ,»y)_l = (¢6,a)_1 b5, -

Proof (of Theorem 2.4). From Definition 1.1, it follows that both (S,-) and (S,+) are semi-
groups. To prove the distributive property, consider x € G,, y € Gg and z € G,. Then
z+y e Gsand (x+y)z € G, where 6 = o+  and v = do.

Now we have

(z+y)z = (2 +y)ds,200,

= (md]aﬁ)(ybé,’yzﬁba,’y
= 2(Pa,aryVary,y ) 2P0y by Lemma 2.5
= TP, a0 Vao,y 2P0,y since oy = ao.

(ay = ado = a(a + B)o implies ao < ay and v < o implies oy < ao.)
Also zz € Goo, yz € Ggo and 2z + yz € G, since ao + fo = (o + )0 = do = ~. Then

rz+ Yz = x(ba,ao'zd)o’}ao’ + y¢ﬁ,ﬁgz¢a,ﬂo

= (xd)a,aazqsa,om)waa,'y
= T¢a,a0Vao,~2Po,a0Vac,~ since 1) is a homomorphism
= 2¢a,a0Vac~2Por since ao = ay < vy < 0.
It follows that (z 4 y)z = xz + yz. Similarly, we can prove that z(z + y) = zz + zy. i

The multiplicative reduct (S, -) of a distributive lattice of group-semirings (.5, +, -) is a semi-
lattice of groups and hence it is a strong semilattice of groups[2]. Thus the homomorphisms
{¢a,s} is naturally determined. If all these homomorphisms are isomorphisms, then the semir-
ing is an SDL of group-semirings. This leads to the following characterization theorem of SDL
of group-semirings. Let e, denote the multiplicative identity of the group-semiring G,.

Theorem 2.6. A distributive lattice of group-semirings S = | J{G4,a € D} is an SDL of group-
semirings if and only if the following holds:

« The map = — zeg : G, — G is a group isomorphism for every 5 < o € D.

Proof. By (iii) and (iv) of Theorem 2.2 the necessary part follows.

Towards proving the sufficient part, assume that S = | J{G4, a € D} is a distributive lattice of
group-semirings such that ¢, g : G, — Gg defined by (z)¢,, 3 = xes is a group isomorphism,
where a, 5 € D and 8 < ain D. Now we have

()pa,0 = TEq =T



506 S. Sheena, A. R. Rajan and C. S. Preenu

for all z € G,,. That is, ¢,  is the identity homomorphism on G,,. Also for v < 5 < a,

(T)ba,80p,4 = Tesds, = TEgE,
= Te, since v < 3

= (2)ba,y

Therefore ¢o g¢s,y = ¢an~ for v < g < a. Thus, the multiplicative reduct of S is a strong
semilattice of groups.
For f < o and y € G, consider
(y + ea)es = yep + eaes
= yeg since (Sg, +) is a left zero semigroup
=Y
It follows that the inverse of ¢ g : Go — G 1S Pg,o 1 Gg — Gq, defined by

YPg.a =Y + eq, fory € Gg.

Now suppose = € G, and y € Gg, for o, 8 € D. Then z + y € G4 5. Consider

(z+Y)Pa+pas = (T + Y)eas
= Teunp + Yeap

= T€np-
Also, we have

(T + eatp)Patpap = (T + €arp)eas
= xeng + €atpeap

= T€qap
Since ¢q+ 8,05 1S an isomrophism, we can say that

THY =T+ earp = taatp = Ta,ats T YVp.ats

Hence we have two collections of homomorphisms {¢ 5,5 < a € D} and {¢5,,08 < o € D}
satisfying the conditions (i) to (iv) of Definition 1.1 such that the addition and multiplications in
S are defined by (1.1b) and (1.1a) respectively. Thus S is an SDL of group-semirings. O

Because of Theorem 2.2, in an SDL of group-semirings, all the groups are isomorphic. More-
over the collection {¢, 3,8 < o € D} induce an isomorphism between any two groups; in
particular ¢a,aﬁ¢/§fa 5 18 an isomorphism from G, to Gg for any o, 8 € D. We can use these
isomorphisms to show that an SDL of group semirings S = | J{G, @ € D} is isomorphic to the
direct product of the distributive lattice D and a group semiring G,,. Thus a structure theorem
for SDL of group-semirings is obtained, which can be phrased as follows.

Theorem 2.7. A semiring S is an SDL of group-semirings if and only if .S is the direct product
of a distributive lattice and a group-semiring.

Proof. Let S = |J{Gq,a € D} be an SDL of group-semirings with connecting homomorphisms
{¢a,8;8 < a}.Define \: S — D x G, as follows. Forz € S,

Mz) = (B.265.0507 5)

where z belongs to Gz for some 3 € D. We can show that A is an isomorphism from S to
D x G4. Note that the following diagram commutes for any a, 5 € D.
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&aﬂ %V

Po,a By PB,aBy
bap,apy

Consider z,y € S, where z € G and y € G,. Then zy = (2dp 5 ) (Yd~.5v) € G-
We have

Azy) = (87, (29) 35,06y P mp-)
and A(2)A(y) = (8,205,050 ) (1 Yb.07Pa )
= (5’%xqﬁﬁ,aﬁqs;’laﬁyqsfy,a’ﬁb;,l(yy)-

Now we show that

(2Y)Dprv.087 Py = (208,050 ) (UDr.0x Dby

For that, we consider

—1 — —1
(Wﬂ,aﬂ%,agy%aw%,lw) Pa,apy = (wﬂ,aﬁ%,aﬁ) Pa,apy

—1
(y¢'y,ory¢a,ory) (ba,aﬁfy
= T¢8,a8PaB,aByYPy,ayPavy,aby
= TPB,aBvYPy,aBy

and

TYPpry,a8y = (TBB,8+YPr,67) DB,
= TPB,apyYPy,a8y

This proves
(57 x¢5’aﬁ¢;}aﬁ) (7a ygb’Y,a’YqS(;,]av) - (ﬁ’yv xy¢5%a57¢;,laﬁ'y)

and hence \(zy) = A(z)A(y). Similarly, we get

(5; xq&ﬁ,aﬁ(ﬁ;,l@éﬁ) + (’77 ygb'y,a’y?b;,la'y) = (ﬁ + 7, (CU + y)¢ﬁ+’y,o¢(ﬁ+’y)¢;’la(6+,y>>
Thus A : S — D x G, is a semiring isomorphism. O

The following observations of semirings which are SDLs of group-semirings are easy to
verify.

Theorem 2.8. Let S = [ J{G4,a € D} be an SDL of group-semirings and E£(.S) denotes the set
of all multiplicative idempotents of S. Then we have,

(i) E(S) = {eq: a € D} where ¢, is the identity of the group G,,,
(ii) E(S) is a sub-semiring of S and (E(S), +, -) is a distributive lattice isomorphic to D and
(iii) (S,-) is an inverse semigroup.

(iv) (S,-,+) is also a semiring. O
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Now we show that, if S is an SDL of group-semirings, we can recover the distributive lattice
D and the group-semiring G, from the structure of S. The following theorem provides the
details.

Theorem 2.9. Let S be an SDL of group-semirings. Then we have the following:

1

(a) The map x : z — xzz~! is a semiring homomorphism from S to E(.5).

(b) kerx = {(z,y) : x(z) = x(y)} is a congruence on S such that;

(i) each congruence class is a group-semiring, denoted as G, and
(ii) D = S/ ker(x) is a distributive lattice.

(c) S=U{Gqa,a € D}

Proof. Let S be an SDL of group-semirings. (S, ) is an inverse semigroup, and hence x is well

defined. Since all the idempotents are central in (S, -), we have (zy)(y~'z~")zy = zy. Thus

y~ 'z~ is the inverse of xy for all x,y € S. Therefore we get

1 1

—1 _ _ _ _ _ _
x(zy) =2y (zy) =ayy o =yy ez =z lyy T = x(2)x(y).

Also, (z+vy)(x+y)~! and zz~' +yy~! are idempotents and belong to the same group-semiring,
they are equal. Thus we have

x(z+y) = x(z) + x(y).

Therefore y is a semiring homomorphism and hence ker y is a congruence on S. Since the x
image of each element x € S is the identity of the group-semiring containing z, the congruence
classes are the group-semirings. Thus S/ ker x = E(S) and the theorem holds. O

Conclusion remarks

This paper comprehensively examines the structure of Strong Distributive Lattices (SDLs) of
group-semirings, building upon the foundational works of Bendelt-Petrich and S. Ghosh. This
research provides a thorough understanding of the fundamental properties, construction method-
ologies, and characterization of SDLs within the context of group-semirings.
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