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Abstract By a group-semiring, we mean a semiring (G,+, ·) such that (G,+) is a left zero
semigroup and (G, ·) is a group. In this paper, we consider certain unions of group-semirings;
specifically collection of group-semirings indexed over a distributive lattice. The concepts of
semilattice of groups and strong semilattice of groups available in semigroups are carried over
to the distributive lattice of semirings and strong distributive lattice (SDL) of semirings. It is
shown that, for SDL of group-semirings, the group-semirings are mutually isomorphic, and
hence a structure of such semirings is identified as the direct product of the distributive lattice
and a group-semiring. Moreover, a characterization for SDL of group-semirings, simplifying the
available characterization of SDL of semirings, was also obtained.

1 Introduction and preliminaries

A semiring (S,+, ·) is a non-empty set S together with two binary operations + and · such that
(S,+) and (S, ·) are semigroups and for any a, b, c ∈ S,

(a+ b)c = ac+ bc and a(b+ c) = ab+ ac.

Let D be a distributive lattice and {Sα, α ∈ D} be a collection of disjoint semirings indexed
over D. A semiring S =

⋃
{Sα, α ∈ D} is regarded as a distributive lattice of semirings, if

Sα + Sβ ⊆ Sα+β and SαSβ ⊆ Sαβ . If there exists two families of homomorphisms {ϕα,β :
Sα → Sβ |α, β ∈ D and β ≤ α} and {ψα,β : Sβ → Sα|α, β ∈ D and β ≤ α ∈ D} such that the
sum and product in S are given as follows. For a ∈ Sα and b ∈ Sβ ,

a+ b = aψα,α+β + bψβ,α+β and ab = aϕα,αβbϕβ,αβ .

Then we say that S =
⋃
{Sα, α ∈ D} is a strong distributive lattice of semirings (SDL of semir-

ings). Bendelt and Petrich [1] ensures the existence of such a system, whenever the collection of
homomorphisms satisfies certain additional conditions. Ghosh [4] refined the conditions given
by Bendelt and Petrich and proved that only one collection of homomorphisms is sufficient to
establish such semirings. Instead of assuming conditions on the classes of homomorphisms, in
this work, we put some conditions on sub-semirings.

A group (G, ·) becomes a semiring if we define the addition by x+y = x (similarly x+y = y)
for all x, y ∈ G, we call it a group-semiring. In the following discussion, we restrict our attention
to SDL of semirings S =

⋃
{Gα, α ∈ D}, such that each Gα is a group-semiring. In this

case we can see that only one set of homomorphisms is required to describe the addition and
multiplication in S and each homomorphism is an isomorphism. Thus {Gα} is a collection of
mutually isomorphic groups, and hence S becomes a direct product of the distributive lattice D
and a group Gα.
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1.1 Union of Groups

A semigroup S is referred as a semilattice union of groups if there is a semilattice Λ and groups
{Gα : α ∈ Λ} such that S = ∪α∈ΛGα and

GαGβ ⊆ Gαβ

for all α, β ∈ Λ [6]. It is termed as a strong semilattice of groups if there exists a family of
homomorphisms {ϕα,β : β ≤ α ∈ Λ} such that the following holds.

(i) ϕα,α is the identity map on Gα,

(ii) ϕα,βϕβ,γ = ϕα,γ , whenever γ ≤ β ≤ α, and

(iii) xy = xϕα,αβyϕβ,αβ for x ∈ Gα and y ∈ Gβ .

By [2], a semigroup S is a semilattice of groups if and only if it is a strong semilattice of groups.
Analogous to these constructions in semigroup theory, there are studies in semirings also [1, 4].
In this work, we are interested in the union of group-semirings, rather than the union of groups.

1.2 Distributive lattice of semirings

Analogous to the definition of semilattice of semigroups (or groups), we have the definition of
the distributive lattice of semirings. Unless otherwise stated, D denotes a distributive lattice, a
semiring in which both addition and multiplication are commutative and idempotent.

Definition 1.1. [1] Let S =
⋃
{Sα, α ∈ D} be a distributive lattice of semirings indexed over

D. Then S is said to be a SDL of semirings if there are two families of homomorphisms {ϕα,β :
Sα → Sβ : β ≤ α} and {ψβ,α : Sβ → Sα : β ≤ α} such that

(i) ϕα,α : Sα → Sα is identity map.

(ii) ϕα,βϕβ,γ = ϕα,γ whenever γ ≤ β ≤ α.

(iii) ψα,α : Sα → Sα is identity map.

(iv) ψγ,βψβ,α = ψγ,α whenever γ ≤ β ≤ α.

Further, for x ∈ Sα and y ∈ Sβ

xy = xϕα,αβyϕβ,αβ (1.1a)

and
x+ y = xψα,α+β + yψβ,α+β . (1.1b)

For a given collection of semirings {Sα, α ∈ D} and two families of homomorphisms {ϕα,β :
β ≤ α} and {ψβ,α : β ≤ α} satisfying the conditions (i), (ii), (iii) and (iv), Bendelt and Petrich
[1] proved that S =

⋃
{Sα, α ∈ D} is an SDL of semirings under the operations defined by

(1.1b) and (1.1a), whenever the following conditions hold.

B1) Sβψβ,α is an ideal of Sα for β ≤ α and

B2) ψα,γϕγ,β = ϕβ,αβψαβ,β whenever α+ β ≤ γ.

In [4], Gosh introduced an equivalent similar construction which requires only one family of
homomorphisms {ψβ,α : β ≤ α}, where each ψβ,α is a monomorphism and Sαψα,γSβψβ,γ ⊆
Sαβψαβ,γ whenever α+ β ≤ γ. The addition is defined by (1.1b) and the multiplication is given
by

(xy)ψαβ,α+β = xψα,α+β yψβ,α+β , for x ∈ Sα and y ∈ Sβ .

We follow the notations and terminologies of [5], [10] and [8, 7, 9] for semirings and [3] and
[6] for semigroups.
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2 Distributive Lattice of group-semirings

The term group-semiring is used to describe a semiring which is multiplicatively a group and
additively a left (right) zero semigroup. Here we consider the left zero semigroup structure for
the addition.

Proposition 2.1. Let (G, ·) be a group. For x, y ∈ G define

x+ y = x.

Then (G,+, ·) is a semiring.

2.1 Distributive lattice of group-semirings

Let (D,+, ·) be a distributive lattice and {Gα, α ∈ D} be a family of group-semirings. Then

S =
⋃

{Gα, α ∈ D}

is called a distributive lattice of group-semirings Gα if, for x ∈ Gα and y ∈ Gβ ,

x+ y ∈ Gα+β and x · y ∈ Gαβ .

Also, S =
⋃
{Gα, α ∈ D} is said to be a strong distributive lattice of group-semiringsGα if S

is an SDL of semirings {Gα} such that each Gα is a group-semiring. Since each group-semiring
is a left zero semigroup under addition, the addition in S is given by

x+ y = xψα,α+β + yψβ,α+β = xψα,α+β .

Now we look into some properties of the homomorphisms ϕα,β and ψβ,α whenever S is an
SDL of group-semirings.

Theorem 2.2. Let (D,+, ·) be a distributive lattice and S =
⋃
{Gα : α ∈ D} be an SDL of

group-semirings Gα with connecting homomorphisms {ϕα,β : Gα → Gβ , for β ≤ α} and
{ψβ,α : Gβ → Gα, for β ≤ α}. For each α ∈ D, let eα denote the identity in the group Gα.
Then,

(i) If β ≤ α in D, then eαeβ = eβ and eα + eβ = eα.

(ii) If x ∈ Gα and y, y′ ∈ Gβ for some α, β ∈ D then, x+ y = x+ y′.

(iii) For x ∈ Gα and y ∈ Gβ where β ≤ α,

xϕα,β = xeβ and yψβ,α = y + eα.

(iv) ϕα,β : Gα → Gβ is an isomorphism for any β ≤ α in D and ψβ,α = (ϕα,β)−1.

(v) If α+ β ≤ δ and γ ≤ αβ, then ϕα,γψγ,β = ψα,δϕδ,β .

Proof. From the description of sum and product in SDL of group-semirings, we have, for β ≤ α,

eαeβ = eαϕα,αβeβϕβ,αβ

= eαϕα,βeβϕβ,β since αβ = β

= eβeβ since ϕα,β is a homomorphism

= eβ .

Similarly, we can show that eα + eβ = eα. This proves (i).
Let x ∈ Gα and y, y′ ∈ Gβ for some α, β ∈ D. Since S is an SDL of group semirings, we

have
x+ y = xψα,α+β = x+ y′. Hence (ii).
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Now let β ≤ α and x ∈ Gα, then

xeβ = xϕα,βeβϕβ,β since αβ = β

= xϕα,βeβ since ϕβ,β is identity map

= xϕα,β .

Likewise, we can observe that, for y ∈ Gβ ,

y + eα = yψβ,α.

This proves (iii). Now consider β ≤ α and x ∈ Gα, then

xϕα,βψβ,α = xeβ + eα.

Now by (ii), we have

xeβ + eα = xeβ + x since eα, x ∈ Gα

= xeβ + xeα since x = xeα

= x(eβ + eα)

= xeα since eα + eβ = eα

= x.

By a similar manner we have, for y ∈ Gβ ,

yψβ,αϕα,β = (y + eα)eβ = y.

Thus ϕα,β and ψβ,α are mutually inverse isomorphisms.
Now let α+ β ≤ δ and γ ≤ αβ. Then γ ≤ α ≤ δ and γ ≤ β ≤ δ. So

ϕδ,γ = ϕδ,αϕα,γ by (ii) of Definition 1.1

= ϕδ,βϕβ,γ

Hence we have

ϕα,γ = (ϕδ,α)
−1ϕδ,γ

= (ϕδ,α)
−1ϕδ,βϕβ,γ

= ψα,δϕδ,β(ψγ.β)
−1.

Therefore, ϕα,γψγ,β = ψα,δϕδ,β .

Corollary 2.3. Let S =
⋃
{Gα, α ∈ D} be an SDL of group-semirings, then the homomorphisms

ϕα,β (similarly ψβ,α), for β ≤ α ∈ D, are uniquely determined.

We now provide a construction of SDL of group-semirings starting with a collection {Gα :
α ∈ D} of group-semirings. We can see that only one family of isomorphisms is sufficient to
describe the structure. Further, the additional conditions on the homomorphisms used in [4], are
not assumed here. Moreover, it turns out that all the groups are isomorphic to each other.

Theorem 2.4. Let {Gα : α ∈ D} be a family of group-semirings and {ϕα,β : Gα → Gβ for β ≤
α} be a family of isomorphisms satisfying the following.

(SDL1) ϕα,α is the identity map on Gα.

(SDL2) If γ ≤ β ≤ α in D then ϕα,βϕβ,γ = ϕα,γ .
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Then S =
⋃
{Gα, α ∈ D} is a semiring with sum defined by

x+ y = x (ϕα+β,α)
−1

and the product is given by

xy = xϕα,αβyϕβ,αβ

for x ∈ Gα and y ∈ Gβ .

Let ψβ,α denote the inverse of ϕα,β , for α ≤ β in D. Towards proving the theorem we state
the following lemma.

Lemma 2.5. If α+ β ≤ δ and γ ≤ αβ then ϕα,γψγ,β = ψα,δϕδ,β .

Proof. Since γ ≤ α, β ≤ δ, we have

ϕδ,γ = ϕδ,αϕα,γ = ϕδ,βϕβ,γ

Therefore ϕα,γ (ϕβ,γ)
−1

= (ϕδ,α)
−1
ϕδ,β .

Proof (of Theorem 2.4). From Definition 1.1, it follows that both (S, ·) and (S,+) are semi-
groups. To prove the distributive property, consider x ∈ Gα, y ∈ Gβ and z ∈ Gσ. Then
x+ y ∈ Gδ and (x+ y)z ∈ Gγ where δ = α+ β and γ = δσ.

Now we have

(x+ y)z = (x+ y)ϕδ,γzϕσ,γ

= (xψα,δ)ϕδ,γzϕσ,γ

= x(ϕα,αγψαγ,γ)zϕσ,γ by Lemma 2.5

= xϕα,ασψασ,γzϕσ,γ since αγ = ασ.

(αγ = αδσ = α(α+ β)σ implies ασ ≤ αγ and γ ≤ σ implies αγ ≤ ασ.)
Also xz ∈ Gασ, yz ∈ Gβσ and xz + yz ∈ Gγ , since ασ + βσ = (α+ β)σ = δσ = γ. Then

xz + yz = xϕα,ασzϕσ,ασ + yϕβ,βσzϕσ,βσ

= (xϕα,ασzϕσ,ασ)ψασ,γ

= xϕα,ασψασ,γzϕσ,ασψασ,γ since ψ is a homomorphism

= xϕα,ασψασ,γzϕσ,γ since ασ = αγ ≤ γ ≤ σ.

It follows that (x+ y)z = xz + yz. Similarly, we can prove that z(x+ y) = zx+ zy.

The multiplicative reduct (S, ·) of a distributive lattice of group-semirings (S,+, ·) is a semi-
lattice of groups and hence it is a strong semilattice of groups[2]. Thus the homomorphisms
{ϕα,β} is naturally determined. If all these homomorphisms are isomorphisms, then the semir-
ing is an SDL of group-semirings. This leads to the following characterization theorem of SDL
of group-semirings. Let eα denote the multiplicative identity of the group-semiring Gα.

Theorem 2.6. A distributive lattice of group-semirings S =
⋃
{Gα, α ∈ D} is an SDL of group-

semirings if and only if the following holds:

• The map x 7→ xeβ : Gα → Gβ is a group isomorphism for every β ≤ α ∈ D.

Proof. By (iii) and (iv) of Theorem 2.2 the necessary part follows.
Towards proving the sufficient part, assume that S =

⋃
{Gα, α ∈ D} is a distributive lattice of

group-semirings such that ϕα,β : Gα → Gβ defined by (x)ϕα,β = xeβ is a group isomorphism,
where α, β ∈ D and β ≤ α in D. Now we have

(x)ϕα,α = xeα = x
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for all x ∈ Gα. That is, ϕα,α is the identity homomorphism on Gα. Also for γ ≤ β ≤ α,

(x)ϕα,βϕβ,γ = xeβϕβ,γ = xeβeγ

= xeγ since γ ≤ β

= (x)ϕα,γ

Therefore ϕα,βϕβ,γ = ϕα,γ for γ ≤ β ≤ α. Thus, the multiplicative reduct of S is a strong
semilattice of groups.

For β ≤ α and y ∈ Gβ , consider

(y + eα)eβ = yeβ + eαeβ

= yeβ since (Sβ ,+) is a left zero semigroup

= y

It follows that the inverse of ϕα,β : Gα → Gβ is ψβ,α : Gβ → Gα, defined by

yψβ,α = y + eα, for y ∈ Gβ .

Now suppose x ∈ Gα and y ∈ Gβ , for α, β ∈ D. Then x+ y ∈ Gα+β . Consider

(x+ y)ϕα+β,αβ = (x+ y)eαβ

= xeαβ + yeαβ

= xeαβ .

Also, we have

(x+ eα+β)ϕα+β,αβ = (x+ eα+β)eαβ

= xeαβ + eα+βeαβ

= xeαβ

Since ϕα+β,αβ is an isomrophism, we can say that

x+ y = x+ eα+β = xψα,α+β = xψα,α+β + yψβ,α+β .

Hence we have two collections of homomorphisms {ϕα,β , β ≤ α ∈ D} and {ψβ,α, β ≤ α ∈ D}
satisfying the conditions (i) to (iv) of Definition 1.1 such that the addition and multiplications in
S are defined by (1.1b) and (1.1a) respectively. Thus S is an SDL of group-semirings.

Because of Theorem 2.2, in an SDL of group-semirings, all the groups are isomorphic. More-
over the collection {ϕα,β , β ≤ α ∈ D} induce an isomorphism between any two groups; in
particular ϕα,αβϕ−1

β,αβ is an isomorphism from Gα to Gβ for any α, β ∈ D. We can use these
isomorphisms to show that an SDL of group semirings S =

⋃
{Gα, α ∈ D} is isomorphic to the

direct product of the distributive lattice D and a group semiring Gα. Thus a structure theorem
for SDL of group-semirings is obtained, which can be phrased as follows.

Theorem 2.7. A semiring S is an SDL of group-semirings if and only if S is the direct product
of a distributive lattice and a group-semiring.

Proof. Let S =
⋃
{Gα, α ∈ D} be an SDL of group-semirings with connecting homomorphisms

{ϕα,β;β ≤ α} . Define λ : S → D ×Gα as follows. For x ∈ S,

λ(x) = (β, xϕβ,αβϕ
−1
α,αβ)

where x belongs to Gβ for some β ∈ D. We can show that λ is an isomorphism from S to
D ×Gα. Note that the following diagram commutes for any α, β ∈ D.
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Gα Gβ

Gαβ

Gαβγ

ϕα,αβ

ϕα,αβγ

ϕβ,αβ

ϕβ,αβγ

ϕαβ,αβγ

Consider x, y ∈ S, where x ∈ Gβ and y ∈ Gγ . Then xy = (xϕβ,βγ)(yϕγ,βγ) ∈ Gβγ .
We have

λ(xy) = (βγ, (xy)ϕβγ,αβγϕ
−1
α,αβγ)

and λ(x)λ(y) = (β, xϕβ,αβϕ
−1
α,αβ)(γ, yϕγ,αγϕ

−1
α,αγ)

= (βγ, xϕβ,αβϕ
−1
α,αβyϕγ,αγϕ

−1
α,αγ).

Now we show that

(xy)ϕβγ,αβγϕ
−1
α,αβγ = (xϕβ,αβϕ

−1
α,αβ)(yϕγ,αγϕ

−1
α,αγ)

For that, we consider(
xϕβ,αβϕ

−1
α,αβyϕγ,αγϕ

−1
α,αγ

)
ϕα,αβγ =

(
xϕβ,αβϕ

−1
α,αβ

)
ϕα,αβγ(

yϕγ,αγϕ
−1
α,αγ

)
ϕα,αβγ

= xϕβ,αβϕαβ,αβγyϕγ,αγϕαγ,αβγ

= xϕβ,αβγyϕγ,αβγ

and

xyϕβγ,αβγ = (xϕβ,βγyϕγ,βγ)ϕβγ,αβγ

= xϕβ,αβγyϕγ,αβγ

This proves
(β, xϕβ,αβϕ

−1
α,αβ)(γ, yϕγ,αγϕ

−1
α,αγ) = (βγ, xyϕβγ,αβγϕ

−1
α,αβγ)

and hence λ(xy) = λ(x)λ(y). Similarly, we get

(β, xϕβ,αβϕ
−1
α,αβ) + (γ, yϕγ,αγϕ

−1
α,αγ) =

(
β + γ, (x+ y)ϕβ+γ,α(β+γ)ϕ

−1
α,α(β+γ)

)
Thus λ : S → D ×Gα is a semiring isomorphism.

The following observations of semirings which are SDLs of group-semirings are easy to
verify.

Theorem 2.8. Let S =
⋃
{Gα, α ∈ D} be an SDL of group-semirings and E(S) denotes the set

of all multiplicative idempotents of S. Then we have,

(i) E(S) = {eα : α ∈ D} where eα is the identity of the group Gα,

(ii) E(S) is a sub-semiring of S and (E(S),+, ·) is a distributive lattice isomorphic to D and

(iii) (S, ·) is an inverse semigroup.

(iv) (S, ·,+) is also a semiring.
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Now we show that, if S is an SDL of group-semirings, we can recover the distributive lattice
D and the group-semiring Gα from the structure of S. The following theorem provides the
details.

Theorem 2.9. Let S be an SDL of group-semirings. Then we have the following:

(a) The map χ : x 7→ xx−1 is a semiring homomorphism from S to E(S).

(b) kerχ = {(x, y) : χ(x) = χ(y)} is a congruence on S such that;

(i) each congruence class is a group-semiring, denoted as Gα and

(ii) D = S/ ker(χ) is a distributive lattice.

(c) S =
⋃
{Gα, α ∈ D}

Proof. Let S be an SDL of group-semirings. (S, ·) is an inverse semigroup, and hence χ is well
defined. Since all the idempotents are central in (S, ·), we have (xy)(y−1x−1)xy = xy. Thus
y−1x−1 is the inverse of xy for all x, y ∈ S. Therefore we get

χ(xy) = xy (xy)
−1

= xyy−1x−1 = yy−1xx−1 = xx−1yy−1 = χ(x)χ(y).

Also, (x+y)(x+y)−1 and xx−1+yy−1 are idempotents and belong to the same group-semiring,
they are equal. Thus we have

χ(x+ y) = χ(x) + χ(y).

Therefore χ is a semiring homomorphism and hence kerχ is a congruence on S. Since the χ
image of each element x ∈ S is the identity of the group-semiring containing x, the congruence
classes are the group-semirings. Thus S/ kerχ = E(S) and the theorem holds.

Conclusion remarks

This paper comprehensively examines the structure of Strong Distributive Lattices (SDLs) of
group-semirings, building upon the foundational works of Bendelt-Petrich and S. Ghosh. This
research provides a thorough understanding of the fundamental properties, construction method-
ologies, and characterization of SDLs within the context of group-semirings.
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