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Abstract In this article, first we construct an eight dimensional seminormed algebra Q'
and show that its elements preserve the norm relation | XY || = || X|||Y]|. Then we construct
a sixteen dimensional associative algebra S', which is an even subalgebra of 2°-dimensional
Clifford algebra Cls o and show that its elements also preserve the norm relation. We also define
the Hopf algebra structure on these algebras and show that the algebra O' is a Zg /2-graded
quasialgebra and S! is a Zg /2-graded quasialgebra. Finally we give some applications of these
algebras in number theory.

1 Introduction

In quantum mechanics, the state of a system is described by a mathematical object called a
quantum state vector, denoted by . This state vector encodes all the information about the
system’s properties and probabilities of various measurement outcomes and this is known as
probabilistic interpretation of quantum theory. Jordan attempted to use the algebra of octonions
and sedenions to transfer the probabilistic interpretation of quantum theory in eight and sixteen
dimensions respectively, known as the exceptional Jordan problem [14]. Dirac [10] noticed
that Jordan’s attempt to obtain a generalized quantum theory in this manner was not successful
because the nonassociative multiplication rule is not compatible with any group of transforma-
tions such as Poincare group. The associativity ensures that the Poincare groups operations on
spacetime transformations are logically consistent and predictable, supporting the formulation
of invariant physical laws and principles like conservation laws. The associativity guarantees
that the order in which transformations are applied does not affect the final result. In this article,
we construct an eight dimensional semi-normed division associative algebra. Due to associative
property it is useful in exceptional Jordan type application to quantum theory. This algebra is
different from the algebra of octonions because it is associative and have two real and six imagi-
nary basis elements while the algebra of octonions is nonassociative and has one real and seven
imaginary basis elements. Then we define two norms on this algebra and show that these norms
satisfies the condition | XY || = || X ||||Y ||. Subsequently we construct a 16 dimensional associative
algebra which is an even subalgebra of 32-dimensional Clifford algebra Cls [1] and define a
norm on it. This algebra is different from the algebra of sedenion as it is associative and has six
real and ten imaginary basis elements, while the algebra of sedenions has one real and fifteen
imaginary basis elements.

Hopf algebras [17] provide the algebraic framework for defining and studying quantum
groups, which have applications in mathematical physics [10], theoretical computer science
and quantum information theory [15]. Albuquerque and Majid [1] introduced the concept of
group graded quasialgebras, which involves reinterpreting certain significant non-associative



578 Jitender and Shiv Datt Kumar

algebras as associative algebras in suitable tensor categories, which are algebraic structures
on the direct sum of homology and cohomology groups on an H-space in algebraic topology.
Linear Gr-category [11] is the category of finite group graded vector spaces, which has applica-
tions in tensor categories [4], quantum calculus [ 18], cohomology of groups and representation
theory [16]. Balodi et al. [3] proved that every expression in a G-graded quasialgebra can
be reduced to a unique irreducible form and the irreducible words form a basis for the quasi-
algebra, known as Diamond lemma. In this paper, we also construct the Hopf algebra [5] and
group graded quasialgebra [2] structure on these algebras. We also provide some applications
of these algebras to construct some new admissible triplets in number theory.

Outline of the article is as follows: In section 2, we construct an eight-dimensional semi-
normed algebra Q, while the sixteen-dimensional seminormed division algebra S! is constructed
in section 3. The existence of inverse of basis elements and construction of Hopf algebra from
eight and sixteen dimensional seminormed algebra is presented in section 4. Group graded
quasialgebras, group graded quasialgebras structure of octonion like algebras are discussed in
section 5. In section 6, we give a new series of examples of multiplicative pairs which is obtained
from eight and sixteen dimensional seminormed division algebras.

Throughout this article, K denotes the field of characteristic zero, K* = K — {0}, 0! is the
eight dimensional seminormed algebra, S' is the sixteen dimensional seminormed algebra.

2 Eight dimensional seminormed algebra O’

The eight dimensional seminormed division algebra is an algebra over R with basis {1 =
ug, Ui, U, u3,Us, Us, ug, U7} and complete multiplication table is given by:

* 11 ui u us Uugq us Ug uz
1 1 ui u us uq us Ue uy
up|u; -1 us —Uuy | —Us| Ug uz —Ug
Uy | Uy | —uU3 -1 ui Ug u7 —Uyg | —U5
uz|usz| uy | —uy| — 1 uy | —Ueg| uUs | —Uy
ug lug| us | —ueg| uy | =1 |—uy| up | —us
us|us| —uq| u7 | ug | ur | —1 | —us|—us
ug |ue| w7 | ug | —us|—uz| uz | =1 |—uy

ujluj | —Ueg | —Us | —Uq | —U3| —Ux | —U] 1

The above multiplication table is constructed by the following rules: Consider the algebra A
over R generated by four elements eq, e, e>, e3 with product given by the following relations:

e? =eie;=1andee; = —eje;, fori# je{0, 1,2, 3}

Thus there are sixteen basis elements in the algebra A, which are given as {1, e, e1, e2, €3, epeq,
erep, epes, e1ey, e3e], €re3, ene1ey, €e1es, eperes, e1ee3, epeieres ). An eight dimensional
seminormed division algebra O'isa subalgebra of A with basis {1, epey, exep,eez, epes, ejes,
exes, eperexes t. For simplicity writing {1, epey, exep, e1e2, epes, e1e3, eres, eperezes ) as {1 =
ug, Uy, Uy, Us,uy, Us, Ug, Uy} satisfying ”12 =1, fori=0,7 and ul2 =—1fori=1,2,3,456
which implies that there are two real and six imaginary basis elements, unlike the algebra of
octonions [13], which has one real and seven imaginary basis elements. It is clear from multi-
plication table of Q' that it is associative and noncommutative. An element X € Q' is written as
the linear sum of all basis elements of Q' i.e.

X = Xoup +X1U1 + XU + X3U3 + XaUy + X5Us5 + XeUs + X7U7.

Conjugate of an element X € Q, denoted by X%, is defined by changing the sign of coefficients
of imaginary basis elements i.e.

XT = xoup — x1u1 — Xauy — X3U3 — XaUs — X515 — Xgll + X7U7

LetX, Y € O, where
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X = xoup +X1U1 + Xoup + X3U3 + XUy + X5U5 + XgUs + X7U7 and
Y = youp +y1ui + yaus + y3us + yaus +ysus + yeue + y7u7.
Then Z=XY = (xouo+x1uy +xXaup + x3u3 + X414 + X5U5 + X6Ug —|—x7u7)

(Yolto +y1uy + yaup + y3uz + yaus +ysus + ysie + y7u7)
= (X0Y0 — X1¥1 — X2Y2 — X3Y3 — X4Y4 — X5Y5 — X6Y6 +X7y7)Uo
+(X1Y0 +X0Y1 — X3Y2 +X2Y3 +X5y4 — X4Y5 — X7V6 — X6Y7)U1
+(x2y0 +X3y1 4+ X0Y2 — X1Y3 — X6Y4 — X7Y5 + X4Y6 — X5y7) U2
+(x3y0 — X2)1 +X1y2 +X0Y3 — X7Y4 + X6Y5 — X5Y6 — X4Y7)U3
+(X4y0 — X5y1 + X6Y2 — X7y3 + X4 + X1Y5 — X2Y6 — X3Y7) U4
+(X5y0 +X4y1 — X7Y2 — X6Y3 — X1V4 +X0Y5 + X3Y6 — X2y7 ) U5
+(X6Y0 — X7Y1 — X4Y2 + X5Y3 +X2y4 — X35 + X0Y6 — X1Y7)Us
+(x7y0 +X6Y1 4 X5Y2 +X4Y3 + X34 +X2Y5 + X1 Y6 + XoYy7 ) U7
= ZoUp + 21U + 20U + Z3U3 + ZalUa + Z5U5 + ZeUe + Z7UT.

Also, the product Z = XY can be written in the matrix form as Z, = M.Y,, where M, is the 8 X 8
matrix obtained by taking all the coefficients from left side in the above multiplication given by:

_X() —X1 —X2 —X3 —X4 —X5 —Xg X7 i
X1 Xy —X3 X Xs  —X4 —X7 —Xg
Xy X3 X0 —X] —Xg —X7 +tX4 —X5
M, = X3 —Xp X Xo —X7 X —X5 —X4
X4 —X5 X6 —X7 X0 X1 —X2 —X3
X5 X4 —X7 —X¢ —X1 +xo +x3 —Xx2
Xe —X7 —X4 +X5 +XxX2 —Xx3 +X9 —X|
| X7 X6 X5 X4 X3 X2 X1 X0

Also Y, and Z, are the real coefficients of X and Y written in matrix form as:

T
YrZ{YO VI Y2 Y3 Y4 Vs Ve y7} ,

T
Zr:[ZO 21 22 3 4 5 6 27}-

Now we define two seminorms || X||; and || X|, on Q' as follows:
[1X (12 = xox0 + X131 -+ X2X2 + X3X3 + X4X4 + X5X5 + X6 X6 -+ X7X7 + X7X0 — X6X] — X5X2 — X4X3 —
7.2 3
X3X4 — XX5 — X1Xe +X0X7 = YioX; —2) 5 X1X7—; +2X0X7,
1X 113 = xox0 + X121 4 XX + X303 + X4X4 -+ X5X5 + XX + X7X7 — X7X0 + X6X]| +X5Xp + X4X3 +

_vyv7 2 3
X3X4 +XoX5 + X1Xe — X0X7 = YioX; +2) 5 X1X7—; — 2X0X7.

The above || X||1 and || X ||2 are seminorms but not norms as ||1 — e7||; = 0 but 1 — e7#£0, similarly
|14 e7]la =0 but 1 +e7 #0. In Theorem 1, we prove that Q' is a seminormed algebra and
Theorem 2 proves that XX is commutative in Q.

Theorem 2.1. An element X € Q' has inverse in Q' if || X||; # 0 and || X||> # 0.

Proof. Let X~! =Y exists in @'. Then XY = 1 or in the matrix form, as defined above, it can be
written as

T
Mer:[looooooo}.

Hence inverse of X € Q' exists only if the matrix M, is non-singular. Also M, is non-singular
if and only if its all eigenvalues are nonzero. We calculate the eigenvalues of M, using the
following Matlab code:
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Syms xp X1 X2 X3 X4 X5 X X7

M,=[xp —x1 —X2 —X3 —X4 —X5 —X¢ X7;
X1 X0 —X3 X2 X5 —X4 —X7 —X6}
X2 X3 Xo —X1 —Xe —X7 X4 —X5}
X3 —X2 X1 X0 —X7 X6 —X5 —X45
X4 —X5 Xe —X7 Xo X1 —X2 —X3}
X5 X4 —X7 —X¢ —X| +X0 +XxX3 —Xx2;
X6 —X7 —X4 +XxXs +Xx2 —Xx3 +Xxo —Xi;
X7 X6 X5 X4 X3 X2 X1 Xo]

eig(M,),

which are given by

A=A =x0+x7 —i—i\/—x%—ﬁ—lexG —x%+2x2x5 —x§—|—2x3x4 —xﬁ —x% —x%

A=A =x0+x7 fi\/—x%+2x1x6 —x%+2xpc5 fx%+2x3x4 fxi fngx%

A =As =x9—x7 +i\/—x% —2x1X6 —x% — 2x7X5 —x% —2x3X4 —xﬁ —xg —x%

Ao = A7 =x0—x7 —i\/—x%—2x1x6 —x% — 2X7X5 —x% —2x3X4 —xﬁ —x% —x%

and the magnitude of eigenvalues is given by:

o> = |M> = A = |A3)* = ZX —2ZX1X7 i +2x0x7 = || X1,
i=0 i=1

Al = |As|? = |Ag)* = |A7)* = ZX +ZZX1X7Z—2XOX7—||X||2
=0 i=1

It is given that || X||; # 0 and ||X]|, # 0. Thus the magnitude of all eigenvalues are nonzero.
Hence the inverse of X € O exists. ]
Theorem 2.2. Let X € O'. Then XX' = X'X and (XX')Y =Y (XX"), forallY € Q'

Proof. LetX € O'. Then

X = Xoug +X1Uy + Xoup + X3U3 + X4Ug + X5U5 + XeUs + X7U7,
XT = XoUp — X1U] — XoUp — X3U3 — X4U4 — X5U5 — XgUe + X7U7.
and XX = (xoxq 4 X1X1 +Xox2 + X33 4 X4X4 + X5X5 + XeXe + X727 ) U
X1XQ — XQX] +X3X2 — X2X3 — X5X4 + X4X5 + X7X6 — XeX7 ) U]
X2XQ — X3X] — XoX2 + X1X3 + X6X4 + X7X5 — X4X6 — X5X7 U2

)
)
X3X0 + X2X| — X1X3 — XX3 + X7X4 — X6 X5 + X5X6 — X4X7 ) U3
X4X0 + X5X1 — XgX2 + X7X3 — X0X4 — X1X5 + X2X6 — X3x7)u4
X5X0 — X4X1 + X7X2 + X6 X3 + X1 X4 — X0X5 — X3X6 — X2X7 )US
XX + X7X] + X4X2 — X5X3 — X2X4 + X3X5 — X0X6 — x1x7)u6
+(X7X0 — X6X1 — X5X2 — X4X3 — X3X4 — X2 X5 — X1 X -+ X0X7 ) U7.
We note that all the coefficients of imaginary basis elements are zero. Therefore,
XXT = (xoxo +X1X1 + X222 -+ X33 + X4X4 + X5X5 + X6 X6 + X77)
+(X7XO — XoX] — X5X2 — X4X3 — X3X4 — X2X5 — X1 Xg +x0x7)u7 = XTX.
It is clear from the multiplication table that ug and u; commute with all basis elements. Hence
(xXxMy =y (xx"). o

Now we show that ||-||1 satisfies the relation ||X -Y||; = || X||1-|Y |1, which is useful in number
theory for discovering admissible triplets [14].

Proposition 2.3. The norm ||-||; satisfies | X - Y|} = || X]|1 - |
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Proof. By definition of ||-||;

X [[3 = x0x0 + X121 +X2X2 + X3X3 + XaXa -+ X5X5 + X6 X6 -+ X7X7 + X7X0
—XgX] — X5X2 — X4X3 — X3X4 — X2 X5 — X1 X + X0X7.
7 3
= x%—Zlem,i—i-ZxO)w =xx".
i—0 i=1

Therefore

IXY[ly = \/XY(XY)7 = VXYYTXT = /X[[Y[BXT = /XX7|¥|]?

= VIXIRIYIE = IX T [

3 The 16-dimensional algebra S/

The sixteen dimensional seminormed algebra is an algebra over R with basis {ug, uy, uy, u3, us,
us, ue, Uy, ug, o, Ui, Ui, Uiz, Uiz, Ui, Uis} and complete multiplication table is given by
Table 1, which is obtained by the following rules: Consider the algebra A over R generated by
{eo, e1, €2, e3, eq}, with product given by the following relations:

e} =eie;=1andeje; = —eje;, fori# je{0, 1,2, 3, 4}.
The sixteen dimensional seminormed division algebra S' is an even subalgebra of A, i.e.

I_
S'= Span{h €opél, epey, epes, €1€2, €3€1, €263, €0€1€2€3, €0é4,
eley, erey, e3ey, €pere| ey, €)e1e3es, €0e32e4, €1€2€3€4 ).

The algebra S' has six {1, epereres, e ereieq,e eie3eq, e e3e2es, €1ere3eq - real basis el-
ements and ten {6081, €p€), €53, €162, €3€1,62€3, €,€64, €164, €264, 8384} imaginary basis
elements, while the algebra of sedenion has one real and fifteen imaginary basis elements. For
simplicity writing {1, eper, epen, epes, €162, e3e|, €e3, e9e1ere3, enes, €1é4,

erey, e3ey, epereies, epeieses, epesenes, ejereses as {1 =uo, ui, uy, uz,ug, us, us, u7,

ug, Uy, Uy, U1, 12, U13, U4, Uis} in the multiplication table ofSl.

Proposition 3.1. The algebra S' is closed under multiplication.
Proof. LetS, T € S!. Then S and T can be written as

S =150+ S160e1 +52e,e) + 538,63+ S4e162 + S5e3e] + Sgepes + s7e,e1e2e3 + sgeqeq + Soejeq +
S10€2e4 + 511364 + S12€0€2€164 1+ S13€0€1€364 + S14€p€3€264 + S15€1€2€3€4,

T =ty+ tiese1 + heoer+ tze ez + tyerer + tsezer + tgeres +tre e1ee3 +tge,eq +toereq +
Hoezeq 1116384 T 112€0€2€1€4 +-113€0€1€3€4 +- 11460036204 +5€1€2€3€4,

where s;, t; € K, Vi=0, 1,...,15. It is evident from the multiplication table that S’ is closed
under multiplication, i.e. there exists U = ST € S/ such that

U =uyg+uieper +upe,en +uzeye3 +ugeen + useze) + ugeres +ujeqerere; + uge e4 +
ugeieq +ujperes +ujjezes +uipeoereres +uze eezeq +uqe,e3ereq + Upseere3eq.

O

Clearly every S € S! can be written as dual of OV, i.e. S =S, + Sy&, where S,, Sq € O' and
€ = —ejepezey, such that e2=1landet =¢ (T is the reverse operation defined in [8], [9] ),

Sy =50 +51€0e1 + $200€2 + 538063 1+ 54€12 + 556381 + 56203 + 57¢0€1 €283,
Sq = —515+514€0€1 +513€0€2 + 512€0€3 + 511€162 + 510€3€] + 59eze3 + sgee1eze3.

Hence S € = sgeqeq + sgejeq + Sj0ere4 + S11€364 + S12€e0e2e1e4 + S13e,e1e364 + S1ae,e3e0e4
+s15€1e2e3e4.
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4 Normon S’

In this section, we define a norm on'S' and show that this norm preserves the condition ||ST|| =
ISIIIT|| and S- ST is commutative [i.e. S-ST=S"-Sand (S-ST)-T=T(S-ST)], V S, T €S" If
S € S, then norm of S = ):,-120 sl-2, which is equal to the square root of SST with non scalar of SS*
set to zero. Let S =S, +Sy€. Then ST = (S, +S4e)" = ST + S:ge, since €' = €. Hence

SST = (8, +Sq€) (S + She)
= (8,8} +8aSh) + (5.8} + SaS})e
= (817 + 11S4l1?) + (5,85 + SaS])e.

which implies that ||S||* = ||S,|* + ||Sq
Then we define S! as

2 if S, and Sq are orthogonal in Q' i.e. SrSZ +SdSI =0.

S'={S:= S, +Sae | ISI> = IIS:I* + ISall*}-

Example 4.1. Let S = 1 + egejeres + egeq + ejerezes. Then S, = 14 egejeze3 and Sy = —1+
eperezes, since (—14epereze3) € = (—1+epereres)-ererezes = epeq + e1ere3e4, which implies
that S = S, + S€. Hence

Sr=S] = 1+eperezes,
Sq =S} = —1+ egejezes, which implies that
S,Sh 4848 = (—1+egereres —egereres +1)
+(—1—epereres +epereres +1) =0.

Now in order to use the condition (SFSZ + 8480 )e = 0, we must ensure that it is closed under
multiplication.

Lemma 4.2. The normed algebra S! = {S := S, + Sze | ||S||> = ||S-|1> + S|} is closed under
multiplication.

Proof. LetS=S,+Ss€and T =T, + Ty€ are in S'. Then (S,S), +8,457) = 0and (,T; + TyT;}) =
0. Now we prove that (ST),(ST); +(ST)4(ST)! = 0. Here

ST = (S, +S4€) (T, + Ty€)
= (ST +SaTy) + (S, Ty + STy )€
(ST)r = (S;Tr+ SaTy) and (ST)g = (S: Ty + SaT;)
(ST} = (ST +SaTy)' =T 'S{+ TS
(ST), = (S, Ty +S4T,) =T, ST+ SI T
Therefore,
(ST)A(ST) g+ (ST)a(ST)} = (S, T+ SaTu) (T ST+ SYTT) + (S T+ SaT,) (T ST+ T/ S))
=S, T,T) ST+ S, TSV + SqTyT, ST+ SaTySi T + S, Ty T} ST
S, TyT, S+ Sy T T ST+ ST S,
= (STI] ST+ S, TaTST) + (S TS T, + SaT, T S)
+(SaTuT ST+ S, TaT) S)) + (SaTuSyT, +SaT, T} S)
= S,SHTT] + TuT) + LT (S:S) + SuS))
FTUT) (SaS]+S,80) + SaSHTT] +T,T))
=0, for (S,8) +8487) =0 and (T} + T, T,}) = 0.

Hence normed S/ is closed under multiplication. O
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Definition 4.3. Let G be a group, KG be its group algebra and A, B are two subsets of G. Then
(A, B) is called a multiplicative pair if it satisfies

lab|| = |lal[||p]l, ¥ a € span(A), b€ span(B).
The span of A is defined as span(A) =Y q;a;, Vo; € K, a; € A and norm of an elementa =Y o;q;

is given by |ja|| = ¥ o

As an application, in order to find some admissible triplets on the algebra S!, it is very
important to show that ||ST|| = ||S||||T.

Theorem 4.4. The norm defined in (1) satisfies ||ST| = ||S||||T||, for all S,T € S.

Proof. Since every number in S can be written as dual of Q', then we write S and T as dual of
Q. Let

S =150+ 51€0€1 + 5280€2 +53€0€3 + 54612 + S5€3€] + Sere3 + s7e,e1e2e3 + sgeyeq + Sge1e4 +
S10€2e4 5116364 + S12€0€2€184 1+ S13€0€1€3€4 + S14€0€3€2€64 + S|5€1€2€3€4,

T =ty+tieye) +heoer +13e,e3+14e1e2 +1tseze) +tgeres + ey e1ere3 +tge e4 +toer ey
+tpereq + 1116364 + 112602014 +-113€0€1€3€4 +-114€0€3€2€4 +-15€1€2€3€4.

Then S = S, + S, € and T = T, + Ty€, where S,, Sy, T, Ty are elements of O given by

Sy =50+ 51€0€1 + 526062 + 53€5e3 + S4e1e2 + 558381 +5geze3 + 57¢,€1 283,
Sq = —515 +S14€0€1 + 513062 + 512063 + s11€162 + S10€381 + S9ere3 + sgeererez and
T, =ty +teser +heser +13e,e3 +14e1e0 +1seze) +1geres +tre,e1e2e3,

Ty = —t15 +1aese1 +t3eser +1nese3 +111e1ep +tpese) +igeres +1ge,e1ezes.

Therefore ST = (S, + S4€) (T, + Ty€) = (S, T, + SaTy) + (S, Ty + SaT, )€,
(ST)" = (S, T+ SaTa) + (S T+ SaT;)€)" = (S, T+ SaTa)" + (S, Ty + SaT;) e
IST|[* = (ST)(ST)*
= {(S, T, +SaTy) + (S, Ty + SaT,) €Y (S, T+ SaTy)" + (S, Ty +S4T,) e}
= {(S/ T+ SaTy) (S, Ty 4 SaTa)" + (S Ty + ST ) (S, Ty + SaT) '}
F{(S T+ SaTy) (Sr Ty + SaTy) ' + (S, Ty + SaT) (S: T+ SaTy) e

In the above sum the coefficient of € is zero by Lemma 2. Hence
IST|* = {(S, Ty + SaTu) (S, T+ SaTa)* + (S, Ty + SaT;) (S, Ta + SaT;) '}
=S, TS+ ST S+ Sy TyT ST+ STy Ty S5+ S, TyT) ST+ S, Ty TS,
+T,.84T) ST+ T,84T; S).

In the above sum, second and sixth terms are cancelled as (TerT +TyT) = 0, third and seventh
terms are cancelled as (SrSjl +8,487) = 0, which implies that

IST|? = S, T, T, S} + SaTuT, S§+ S, Ty T, SE + T84T S|
= IS PN + ISal PN Tl + 1Se 1PN Tl + [ISalPI T2

Hence |[ST|| = [[S|[[I T O

It is clear from the multiplication table of S' that SS' for all S € S' contains only real basis
elements, which are commutative. Hence SS* = S'S and (SST)T = T(SS").
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5 Hopf algebra structure on the algebras O’ and S/

In this section we construct Hopf algebra structure on O'. A Hopf algebra is a six-tuple (H, u, n,
A, g, S), where H is a vector space over K, the product f : HQH — H and unit 1 : H — k
satisfy the commutativity of the following diagrams:

id ® n®id id®n
HHRH —— HRH KQH — HRXH «—— KQH
=
® = =
=
H®H —H H

The coproduct /\ : H — H @ H and counit € : K — H are such that the following diagrams
commutes.

A E®id d®e
C——— (CRC FRC———CRC——>FRC
&
> ® <
>
ARid
CRC———C C

The antipode S : H — H, satisfies the commutativity of following diagram:

T 0
ARA A A®A
o) Jag =
® ® ®
= = “
A A
A®A A A®A

Lemma 5.1, Lemma 5.2 gives the existence of inverse of basis elements in Q', S! respectively,
which is used in the existence of antipode on Q' and S'.

Lemma 5.1. All basis elements u;, i =0, 1, 2, 3, 4, 5, 6, 7 in Q! have unique inverse Q'

Proof. Since for basis elements u;, i =0, 1, 2, 3, 4, 5, 6, 7,||u;||; = 1 and ||u;||, = 1. Therefore
both norms are non-zero for all basis elements u;, hence inverse of u; exists, by Theorem 2.1. O

Lemma 5.2. All basis elements in S' have unique inverse S'.

Proof. Since all real basis elements u;, i =0, 7, 12, 13, 14, 15 satisfy u,2 = 1 and all imaginary
basis elements v;, j=1, 2, 3, 4,5, 6, 8,9, 10, 11 satisfy v% = —1. Therefore u;l = u; and
v;l =v;. O
Theorem 5.3. The algebras O' and S' are Hopf algebras with suitable coproduct, counit and

antipode.

Proof. The algebra Q' is closed under multiplication and has basis elements u; as given in the
multiplication table. Define the coproduct A(x) : O — @ ® O and counit & : O — R by

Ax) = A au;) =Y a;(u; @ u;). e(w) =1,
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If x=Yau € 0, then (id® A) A (x) = (id @ A) A (Yaw) = (id @ A)(Lai(u; @ u;)) =
Za,(u, (ui ® M,)) = Cll'((l/tj (9 u,~) & bt,') = (A & id)(ai(ui ® u,)) = (A ®id) A (Zaiui) = (A &
id) A (x). Therefore (id @ A) A (u;) = (A®id) A(u;) and (e®id) A (x) = (e®id) A (Y au;) (E®
id)(a;i(u; @u;)) = a;i(1 @u;). Similarly (id®¢€) A (x) = (id®€e) A (Yau;) = (id® €)(a;i(u; @
u,)) =a;(u;®1). Since u; ® 1 = 1 ®u; € Q' implies that (¢ ® id) A = (id ® €)/\ which proves
that it is a coalgebra. Define the antipode S as

S(x) = S(Law) = Lau; ",

for all x € O, where x = ¥ a;u; and ui_l (inverse of u;) exists by Lemma 5.1 . Now we prove that
id xS = S * id for basis elements of Q' and apply linearity to get the result for general elements.
For any basis element u; € O,

id % S(u;) = po(id®S)o Au;) = po(id®S)(u; @u;) = p(w;@u; ') =1
Sxid(u;) = po(S®id)o Alu;) = po (S@id)(u; @u;) = w(u; ' @u;) = 1=

Thus id S = Sxid = noe. For the algebra S/ define A, €, S same as for the algebra O'.
The existence of inverse of basis elements are given in Lemma 5.2. Hence Q' and S! are Hopf
algebras. O

6 75-Graded Quasialgebra structure on the algebras 0" and S!

Group graded quasialgebra [12] structure on Q' helps to find some multiplicative pairs on it.
Therefore it is useful to construct the group graded quasialgebra structure on O'. A G-graded
vector space means a vector space V which can be written as V = @g4eVg and Vg - Vi, C Vg, for
all g, h € G, the elements of Vg are called homogeneous elements of degree g, denoted by |v|. A
normalized 3-cocycle on Gisamap ¢ : GR G® G — K* satisfying the following conditions:
¢(abacvd)¢<avba0d> = (P(Cl,b,C)(Z)(Cl,bC,d)(P(b, Cad)
d(a,e,b)=1, ¥ a,b,c,d €G.

A G-graded quasialgebra is a G-graded vector space V, a product map V ®V — V preserving
the total degree and associativity in the sense that

(w-v)-w=u-(v-w)o(lul,[v],[w]), Vu,yweV.
Let x = (x1, X2, .... X,) € Z, define a group homomorphism f : 75 — 7 by f(x) =Y., x;. Then
Ker(f) is a subgroup of 7, denoted by 71} /2 and called the even subgroup of 7.
Example 6.1. An even subalgebra of Z3 is Z3/2 = {(0,0,0,0), (0,0,1,1), (0,1,0,1),
(0,1,1,0),(1,0,0,1),(1,0,1,0),(1,1,0,0),(1,1,1,1)}. Define Z3/2-grading on the basis ele-

ments {1, egey, epea, eges, e1ea, eres, ezeq,epereses} of the algebra OF as follows: leiejexer| =
(a3, az, a1, ag), where a,, = 1 if m =i, j, k, [, otherwise a,, = 0. Therefore we have

[1] = (0,0,0,0); leoer]| = (0,0,1,1);
leoea| = (0,1,0,1); lerea] = (0,1,1,0);
leges| = (1,0,0,1); leser| = (1,0,1,0);
lexes| = (1,1,0,0); lerereses| = (1, 1, 1, 1).

If Uiy = Uy, then clearly \ul| + \uj] = |uk|, for all Ui, Uj, Uy € {1, epey, eper, epes,e1ea,eres,
8361,60616263}. Define

73/2x 73/2x 732 — K* by ¢(x,y,2) = 1, for all x,y,z € Z3 /2.

For u; € O, |u,| € 73/2, then (uju;)uy = u;(ujug) 9 (|ui|, |u;|, lux|). Hence Q' is a Z3 /2-graded
quasialgebra.

Example 6.2. 73 >/2-grading on the basis elements of the algebra S! as follows: |e;e jexeren|
= (a4, a3, a3, a1, ap), where a, = 1ifn =1, j, k, I, m, otherwise a, = 0. Therefore we have



Eight and Sixteen Dimensional Seminormed Hopf Algebras 587

[1] = (0,0,0,0,0); leger| = (0,0,0,1,1)
lepea| = (0,0,1,0,1); leoes| = (0,1,0,0,1);
lerea| = (0,0,1,1,0); leser| = (0,1,0,1,0)
leges| = (1,0,0,0,1); leres] = (1,0,0,1,0);
leaes] = (1,0,1,0,0); leses] = (1,1,0,0,0);

>

il

)
)
)
)

leaes| = (0,1,1,0,0); leperezes| = (0,1,1,1,1);
lepeseres| = (1,0,1,1,1); lepereseq| = (1,1,0,1,1);
|eOe362€4‘ = (1, l, 1,0, 1); ‘61626364| = (1, 1, 17 1,0),

Clearly, for Ui, Uj, Ui € { 1, epel, epey, epes, e1en, e3eq, epe3, epéy, €1€4, €264, €364,
epeleres, epereley, epelesey, epe3erey, e1eresey, | the above grading satisfies that if Ui j = uy,
then |u;| +|uj| = |ux|. Define ¢ : Z3 /2 x Z3 /2 x Z3 /2 — K* by ¢(x,y,z) = 1 for all x,y,z € Z3 /2.
Since S/ is associative, therefore ¢ = 1 preserve the condition

(uiuj)uk:ui(ujuk)¢(|u,-|,|uj|,|uk|), ‘v’ui, Uj, Uy € Sl.

Hence S’ is a Zg-graded quasialgebra.

7 Application

In number theory, Hurwitz problem [14] asks for the description of all admissible triples of
positive integers [1, s, N], in the sense that there exists a sum of squares formula of the type
(@3 +a5+..+a2)(b] + b3+ ...+ b2) =} + 5+ ... + ¢k, where a = (ay,as,...,a,) and b =
(b1,b,...,bg). Also each ci is a linear combination of a;bj with coefficients 1 or —1. The
identity (x3 +x3 4+ ..x2) - (VT + 33 +..92) = (&3 + 23 +...22) is known as the n-square identity.
An admissible triplet of size [n, n, n| is known as n square identity. Hurwitz found 1, 2, 4, 8-
square identities by using the Yuzvinsky’s novel method [19] on the algebra of real numbers R,
complex numbers C, quaternions H and octonions Q respectively. As an application, we apply
the Yuzvinsky’s novel method on the algebra S' to get some admissible triplets. First we describe
the Yuzvinsky method to find square identities. Let'V be a 7, graded algebra. Then an element
u €V can be written as u = erzg ayuy, where uy denotes the x degree element of V. A pair of

subsets (A,B) of 73 is called a multiplicative pair if it satisfies

lal|- (1] = lla-bl|, Va =Y acuu, b="Y ayu,. (7.1)

XEA yEB

The idea of Yuzvinsky is that there exists an admissible triplet of size [r, s, N| corresponding to a
multiplicative pair (A, B), where r = card(A), s = card(B) and N = card(A+ B). This square
identity is given by

<Za§> . (Zb§> = Z cf, where ¢, = Z Sign(uy,uy)axby, (7.2)

X€EA YEB z€EA+B z=x+y

where A+ B={a+b|acA, bec B} and Sign(uy,uy) is defined as follows:
Sign(uty,uy) = (— 1) EDTL< D5 for all x = (x1,%2, %),y = (V1,Y2,-Vn) € Zh.

Example 7.1. Let A = B = {(0,0,0,0,0), (0,0,0,1,1), (0,0,1,0,1), (0,0,1,1,0)} are two sub-
sets of Zg /2. Since by theorem 4.4, A and B satisfies the equation (2). Therefore by applying
Yuzvinsky method on A and B, we get an admissible triplet of size [4, 4, 4] as card(A) = 4,
card(B) =4 and card(A + B) = 4. Hence we obtain the well known square identity given by:
(a% +a§ —|—a§ —l—aﬁ) . (b% + b% —l—b% +bi) = (a1b1 —apyby —azbz — a4b4)2

+(arby + azby + azby — ashs)?

+(a1b3 —apbs+azb) + a4b2)2

+(a1bs +azbs — azby +ashy ).
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Example 7.2. Let A = {(0,0,0,0,0), (0,0,0,1,1), (0,0,1,0,1), (0,0,1,1,0)} and B = {(0,0,0,
0,0), (0,0,0,1,1), (0,1,0,0,1), (0,1,0,1,0)} are two subsets of Z3 /2. Clearly A and B satisfy
the equation (2), card(A) = card(B) = 4 and card(A + B) = 14. Now by applying the Yuzvinsky
method on A and B we get an admissible triplet of size [4, 4, 14], which is given as follows:

(a} + a3 +d}+aj)- (b} +b3+Db3+b3) = (a1by — axby)? + (a1by + azby)* + (a1b3)*+
(a1b4)* + (a2b3)? + (a2ba)* + (azby)* + (azb2)* + (ash3)*+
(a3ba)* + (aqb1)? + (asby)* + (ash1)* + (asba)*.
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