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Abstract In this paper, we prove the existence of finite energy and bounded solutions for
nonlinear anisotropic elliptic problem whose prototype is

N N
= 0, (105, ulP 20 u] +u Y [Op,ulPt = fh(u) in Q,
i=1 1=1

u=0 on 0Q,

in a bounded domain Q ¢ RY (N > 2) with Lipschitz boundary, 1 < p; foralli =1,..., N and
satisfies 1 < p < N, the singular term £ is a continuous real function that could blow up at the
origin. We show that the presence of lower-order terms has a regularizing effect on the solutions
for a nonnegative data f € L?(Q) where 6 > % orf =1.

1 Introduction and preliminaries

1.1 Introduction

Let Q C RY (IV > 2) be a bounded smooth domain, and denote 9, u = g’,—; foralli=1,...,N.
In this paper, we deal with the problem of the form

N N
- Z@w [a;(z, Vu)] + Zgi(:c,u,Vu) = fh(u) in Q,
i=1 i=1

(1.1)
u=~0 on 0Q,
where the exponents py, py, - - -, pn are restricted as follows:
- _ +_ _
pm = min {p;}, p" = max {pi},
N\ 5 (1.2)
1 1 Np :
I<p< N p=|—= — P = .
<p<N, p (N;p) . P55
Here, we suppose that a; : Q x RN — R, (Vi = 1,..., N) are Carathéodory functions such
that
ai(z,€) - & > a|gP, Vi=1,...,N, (1.3)
lai(z,&)] < k(z) + Bl&GIP ", Vi=1,...,N, (1.4)
[az(xag)_al($7n)] (g’b_’r]l) >07 62#7]27 Vi = 175Na (15)

for almost every 2 € Q and forall £, € RY, o, > 0and 0 < k € LP;(Q). The nonlinear
terms g; : Q x R x RY — R, (Vi = 1,..., N) are Carathéodory functions and satisfying

gi(z,s,&)sign(s) >0, Vi=1,... N, (1.6)
l9i(x,5,)| <IU(|sDI&[P", ¥i=1,...,N, (1.7)
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for almost every x € Q, every s € R and for all ¢ € RV, [ € C (R, R") is an increasing function
such that [(p) > ¢y > O for |p| sufficiently large. The datum f is assumed a nonegative function
and belongs to some Lebesgue spaces. Let us emphasize that the sign condition (1.6) satisfied
by g enables to derive a priori estimates from the equation; however, if it is not met the problem
may not even have a solution. Finally, the function £ :]0, co[—]0, oo is continuous and satisfies
the condition

Je¢>0, 3~ € (0,1] suchthat h(s) < S% Vs > 0. (1.8)

Let also underline that in the case 1(0) = lims_,o+ h(s) is finite, the singular term & becomes
continuous and bounded.

The motivation for this work comes from the application of anisotropic equations in several
fields. For example, they offer a mathematical models for representing fluid dynamics when con-
ductivity varies along different directions [17]. Furthermore problem (1.1) appears in calculus
of variations when we write the Euler-Lagrange equations of appropriate functionals.

Our aim is to study the existence of energy solutions to (1.1). Specifically, we focus on the
regularizing effect on the solution of (1.1) in the presence of the natural growth term involving g
and possibly singular term h. Moreover there is no necessity to impose additional assumptions
on p; (see Theorem 2.3 in [22]).

Problem (1.1) in the isotropic case, i.e. p; = p for any 7 has been extensively studied by many
authors, we refer to some papers which mostly influenced us [6, 20, 21, 2]. In our recent paper
[22], we studied the problem (1.1) in the anisotropic and elliptic case when the natural growth
term does not appear, that is for problem

s, [Pl ) S g
— L (L) uy ’ (1.9)
u=20 on 0Q,

where Q is a bounded domain in RV, 0 < v < 1,0 > 0Oand p; > 1,4 = 1,--- ,N. We
have established in terms of the summability of the datum f and on the values of v and 6 some
existence and regularity results. In the case f € L'(Q) and § = 0 we have proved the existence

of at least one distributional solution u % Wol’?(Q) for (1.9), for every ¢; = % under
the assumption % < pi < 5<N+f£%j\?<2ﬂ71>, for any i = 1,---, N. Furthermore, if

feL™Q) withm > % then the solution u belongs to WOI’?(Q N L% (Q). In the non-singular
casei.e, h = 1, Agnese Di Castro in [4] treated the existence of solution to problem (1.1), it was
shown that if f € L'(Q) and g; satisfying the conditions (1.6)-(1.7) and there exists x> 0 such
that |g;(z,s,€)| > p|&|Pi, foranyi = 1,--- N. Then finite energy solutions exist for problem
(1.1).

In work [12], the authors obtained existence of L°°—solutions to the problem

— Zf\il O, (ai(z,u, Vu)) = Zi\il bi(z,u,Vu) inQ,
u >0 in Q,
u=20 on 0Q,

where Q € RY (N > 2) is a bounded domain with Lipschitz boundary 0€.

Here Au = — Y~ 8, (a;(x,u, Vu)) is a Leray-Lions operator defined on Wol’?(Q) and b; :
QxRxRN -+ R, i=1,..., N are Carathéodory functions and satisfying a.e. v € Q, V(0,&) €
R x R¥ the following condition

pi(P*—1)

|bi(z,5,6)| < Bil&]” 7 + Bals| ™V + Bsls|P !+ Ba,

where §;, | = 1,...,4 are positive constants, p* the Sobolev conjugate of the harmonic mean
pwithp, < p*and 0 < v; < 1, forall ¢ = 1,..., N. For anisotropic elliptic and parabolic
equations, we recommend consulting the following references [11, 10, 9].

In the study of problem (1.1), the main difficulty comes from the nonlinear term ~ which
possibly blows up on the set {# = 0}. To overcome this problem, we approximate our problem
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by another one defined through of truncations, whose existence of solution is guaranteed by
Schauder’s fixed point theorem.

We point out that, crucial tools applicable in the isotropic case cannot be applied to the
anisotropic setting (for example the strong maximum principle, see [14]), which is another com-
plication in the study of the problem (1.1). In the next section, We briefly recall some facts on
the anisotropic Sobolev space and we give some of their properties.

1.2 Preliminaries and definition

Let ? = (p1,p2,--.,pn) € RN, The anisotropic Sobolev spaces naturally serve as the func-
tional framework for problem (1.1) are W17 (Q) and W, 7 (), which are defined as follows

WP (Q) = {ze W'(Q): 0,2 € LP(Q), Vi=1,...,N},
ngﬁ(g)z{zewgv‘(g): O,z € LM(Q), Vi=1,....N}.

The space WOI’? (€2) can also be defined as the closure of C5°(Q) with respect to the norm

N
Izl 5 = > 10,2|

i=1

LPi(Q)

endowed with this norm || - [|; , W(l ?( Q) is a separable and reflexive Banach space.

The theory concerning anisotropic Sobolev spaces was developed in [23, 13, 15, 16]. In
particular, under the assumption p < N, the authors in [23] proved the following continuous
embedding

Wy7(Q) < L7(Q), Vre Ly,
additionally, this embedding is compact for 7 < p*. Furthermore, in reference [23], the following
Sobolev type inequality is also proved

Lemma 1.1. There exists positive constants Sy and S, which depend only on Q, such that

N
I2ll (@) < S T 10s,2

i=1

I~ @ Ve L, vz e W7 (Q), (1.10)

2025 <SZZ||3M iy V2 EWT(Q). (1.11)

We can replace the geometric mean on the right-hand side of (1.10) with an arithmetic mean,
This is justified by the fact that

Hbl/N Zb forallb; >0,i=1,---,N.

i=1

The above inequality can be used to establish the following result

N
S3
2l ey < N Z ([
i1

where S3 is positive constant. Consequently, when p < N, a continuous embedding exists from

the space Wol’?(Q) into L4(Q) for all ¢ € [1,p*]. Moreover, for each ¢ = 1,..., N, there exists
a positive constant S; > 0 (see [5, Lemma 1.1]) such that the following inequality holds:

i@y, Ve (L), V2 e WP (@), (1.12)

12l e @) < SillOwzlig, V2 € WEP(Q). (1.13)

The proof of the L°°-estimate that we will present is founded on a technical lemma of functional
analysis.
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Lemma 1.2 (See[18]). Let My, ko, o, p be real positive numbers, with p > 1. Let ® : (0,00) —
(0, 00) be a non increasing function such that

o(h) < (hMlk)g[@(k)]ﬂ, Vh> k> ko.

Then there exists k > 0 such that ©(k) = 0.
Now we present the definition of weak solution to problem (1.1).

Definition 1.3. Let f be a nonegative function in LY(), where # > 1. A function u belongs to
WOI’? (Q) is said to be a weak solution for problem (1.1), if a;(z, Vu) € L}, (Q), gi(z,u, Vu) €
Ll .(Q)forany i =1,..., N and u satisfies

N N
Z/ ai(x,Vu)(‘?zigodx—i—Z/ gi(x,u,Vu)cpdac:/fh(u)godm (1.14)
=178 i=1 78 Q

for every ¢ € Wol’?(Q) N L>(Q).

2 Approximating problems

Let f,, be the sequence of bounded functions in Q (f,, > 0) that converges to f > 0in L'(Q).
This sequence satisfies the inequalities f,, < n and f,, < f for every n € N (for instance,
frn = T(f)). Consider the approximation problems defined as follows

N N
- Z axl [ai('r» vun)] + ng(:mun, vun) = fnhn(un) in Q7
i=1 i=1

u=0 on 0Q,

2.1

where

gi(xa Saé-)

9i' (2,5,6) = 1+ Lgi(z,5,6)]

. Vi=1,...,N, VneN,

and
>
o (s) = Tn(h(s)) for s > 0,
min{n, h(0)} otherwise.

Notice that, foralli =1,..., N
|97 (,5,6)] < |gi(z,5,6)|, |gi'(z,5,6)] <n.

Lemma 2.1. Suppose that assumptions (1.3)-(1.8) hold true. Then, the problem (2.1) has a non-
negative weak solution u,, € Wol’? () N L>(Q) in the sense

N N
> / ai(x, Vi) 0x, pdz + ) / G (2, U, Vg )ods = / Fahn(un)pdz,  (2.2)
i=1 7€ =178 Q

forall p € WP (Q) N L=(Q).
Proof. The lemma’s proof will be carried out by employing Schauder’s fixed point argument.
Let n € N* be fixed. We define a map P as

P: IP(Q) — LP(Q)

v — Sv)=w,

where w is the unique solution of the following problem
N N
- Z O, [ai(z, Vw)] + Zg?(% w,Vw) = fpha(lv]) in Q,

i=1 i=1

w=0 on 0Q.

(2.3)
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The map P is well defined because the existence of a unique weak solution w € VV1 7( Q)N
L>(Q) for the problem (2.3) is guaranteed by [4]. Furthermore, a positive constant c,, exists
that is independent of v and w such that

[wll L) < cn- (2.4)
We claim that w is nonnegative; indeed, we choose ¢ = —w~ e~ as a test function in (2.1),
with ¢ > 0 to be chosen later and w~ = — min{w, 0} we obtain

N N
—Z/ ai(x,Vw)agEiw_e_“”da:+t2/ ai(x, Vw)0y,ww~ e " dx
i=1 7% i=1 7%
N
—Z/ g (z,w, Vw)w ™ e” " dr = —/ frhn(Jv)w™e ™ <0.
— Ja Q

Using (1.3), (1.7) and the fact that —g!" (z, w, Vw) > —I(¢;,)|0,, w|P?, we have

N N
aZ/Q |0z, w™ [Pie” " dx + Z/Q |0z, wPw™ e (at — I(ey,))dz < 0.
i1 i=1

Choosing t > <C”) in the previous inequality, we get w > 0 almost everywhere in Q.
Let us c0n51der w as a test function in the weak formulation of (2.3). Using (1.3), (1.8), and
the fact that f,, < n, we obtain

aZ/\aw

By assumption (1.7), one has

”1+Zgl (z,w, Vw)wdz < n'~ 7/walm
i=1 Q

N nl_,y
Z/ |0, w|P? < —/wda:.
=1 Q @ Q

Applying Holder’s inequality, we can further estimate the right-hand side as follows

4
(R ( / wp*dx> . (2.5)
Q

From the inequality (1.11), there exists a positive constant Sy, such that

T

nl—

Q) — S_

lwllfs @) < "o T lwll g7 @)-

This implies that

w7+ (@) < Cn, (2.6)

where C), = ||wHL;* () Since p < p*, then

wll7@) < Cn- 2.7)

Thus, equation (2.7) implies that the ball B(0,C,,) C LP(Q), is invariant under the map P.

Now, we will prove the continuity of the map P. Let v € LP(Q) and let (v;) be a sequence
of functions converges to v in LP(Q). We denote w, = P(vy) and w = P(v). To prove that
wr — w in LP(Q), it suffices to prove that wy — w in Wol’ﬁ(Q) because the embedding
Wol’?(ﬂ) — LP(Q) is compact. In fact, we show that for any subsequence of (wy), we can
extract further subsequence that converges to w.
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Let consider ®,(s) = sers’ (p > 0) which satisfies
2

a2

Let us now consider ¢ = ®,(z;) as a test function in the weak formulation of (2.3) where
2z = W, — w, we have

Z/ a;(z, Vwy thkCD 2k) Z/ gi' (z, wi, Vwg, )P, (2 )dx
+ / Fulin(l0e)®, (22 da 2.9)
o

Adding up (1.7) (since | g7 (z, wg, Vwg)| < |gi (@, wi, Vwy)|), (2.4) and (1.3) gives

ud(s) — v|®,(s )|>“, VseR, Yu,v>0, Vp> 2.8)

N N
=3 [ o V@ ade < 3 [ ]} i0s, w9 ) o
i=1 78 i=1 78
N
<I(cyn) Z/ |0, Wi P21, (21 ) |da
=179

N
< l((c:) Z/ ai(x, Vwy,) 0z, wi [Py (21) | dz,
i—17Q

this gives

S I(en)
_Z/gy(x,wk,vw)@p(zk)dzg n
=172 @

/ai(x,vwk)axizkm)p(zk”dx
Q

-

a;(z, Vwy) 0y, w|P, (21 ) |d. (2.10)

+
35
5

1

K2

Thanks to (1.4) and (2.5), the sequence (a;(x, Vwy)), is bounded in LPi(Q) foralli=1,...,N.

Then, since J,,w|®P,(zx)| strongly converges to zero in LP*(Q) as k — oo foralli = 1,..., N,
one has
1 ) = 2.11
ki}n;OZ/al x, Vwy, )0y, w|P, (2 |dz = (2.11)
Moreover, since vy, — v in LP(Q) as k — oo, we can extract a subsequence such that
k—oo .
vy —— v a.e. in Q. (2.12)

Using (1.8) we have

2
‘fnhn(|vk|)q)l?(zk)| < Cl77}77”ZkHLOO(Q)epHZkHLNm)
< ein' e efn € LN(Q) Yk € N. (2.13)

Then, from (2.12) and (2.13), we can apply the dominated convergence theorem to conclude that

lim / Jnhn(Jve])®, (21 )da = 0. 2.14)
k—o0 Q
Therefore, by combining (2.9), (2.10), (2.11) and (2.14), we obtain

N
Z/ai(x,Vwk)ainszD;)(zk)
— Ja

2

aZ @, Vwy,) 0y, 2| P, (1) |dz + 7(k),
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where limy_, o, 7(k) = 0. Hence,
- I(en)
Z/ a;(x, Vwy) Oy, 21 <d>;)(zk) - and)p(zk)> dr < r(k).
=18

Thus, by (4.2) with p = “C) we have

4o
N
Z/ a;(x, Vwy) 0y, zpdz < r(k),
i=1 7%

Then,

N

Z /Q (a;(z, Vwg) — a;(x, Vw)) (Oy,wg, — Oy, w) dx

i=1

N
< - Z/Qai(x, Vw)d,, zrdx + (k). (2.15)
i=1

It follows from (1.4) that the sequence a;(z, Vw) is bounded in L?: () and by (2.5) we have z
is weakly converges to 0 in Wg’?(ﬂ). From (2.15) and (1.5) we deduce that

N
lim Z/ (ai(z, Vwg) — a;(z, Vw)) (9z, wg, — Oy, w) da = 0.
Q

k—o00
i=1

We can then use the same arguments as in [8, Lemma 2.4] to prove that up to subsequences wy

strongly converges to w in Wol’ﬁ(Q). This establishes the continuity of P.
Using equations (2.5) and (2.6), we can deduce that

N N
Z/ |0z, w|Pide = Z/ |02, P(v)|Pide < Oy, Vv € LP(Q).
i=1 /¢ i=1 /¢

By Sobolev embedding, P(LF(Q)) can be shown to be compact in LP(Q). As a result, by
Schauder’s fixed point theorem on P, we establish the existence of a nonnegative fixed point

Up € Wol’?(Q). This fixed point is identified as a weak solution to (2.3). Furthermore, for a
fixed n we have u,, belongs to L>°(Q) (by [7, Theorem 4.2]) because the right-hand side of (2.1)
is in L>°(Q) and this concludes the proof. i

3 Existence result for 6 > %

In this section we prove the existence of nonnegative weak solutions to problem (1.1) when the
datum f is an element of L?(Q), with 6 > %.

Theorem 3.1. Assume (1.3)-(1.8) with

ferl’Q)), 6>

S| =

Then problem (1.1) has at least a weak solution u such that u € WOI’? (Q)NL>(Q).

Remark 3.2. 1) In the isotropic case (i.e., p; = p forevery i =1, ..., N), Theorem 3.1 surpasses
the results in [24, Theorem 3.3].
2) Theorem (3.1) improves Theorem 3.2 in [22].
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3.1 A priori estimates when 8 > %

In this step of the proof, we want to establish some a priori estimates in L>°(Q) and in WOl ’7(Q)
for the sequence of approximate solutions (u,, ), As pointed out, by these estimates, we deduce
that u,, converges up to subsequences, to a function « which is the sought solution. Moreover,
we prove the boundedness of g” in L'(Q) and f,h,, in L} (Q).

loc
In the following, we denote by C' a constant (independent of n) that may change from one
line to another.

Lemma 3.3. Assume that the assumptions of Theorem 3.1 hold. Then for every solution u,, of
(2.1), there exists a positive constant C' independent of n such that

unllL=@) < C, 3.1
unll, 5 < C. (3.2)

Proof. Le us take Gy (u,,) as a test function in (2.1), we have

N N
Z/ ai(x,Vun)ﬁmin(un)dx—i—Z/gf(x,un,Vun)Gk(un)dx
i=1 78 =178
:/fnhn(un)Gk(un)dl
Q

which, using (1.3) and (1.6) implies that

||azv7 Gk(un) i(Q) S .fnhn(un)Gk(un)dx
Ay
<1le Gr(un)dr, Vi=1,...,N
<o A;;f k(up)de, Vi=1,...,

where A} = {u,, > k}, k > 1. The previous inequality yield to

Bl=

N
H Haxin(“n)HZm,(Q) < Ck™7 ( . ka(un)dx>
k

i=1

Hence we can apply inequality (1.10) with 7 = p*, p < N, on the left-hand side and using
Holder’s inequality with exponent p* in the right one, we obtain

HGk(un)HLp < Ck_;”fHLp*’ An.

|Grn) | 7+ (A7)’

Hence
/Gk w7 da < Ok~ 1||fHL5*, " 3.3)

Recalling that 1 — % > 0 (since p > 1) and considering the fact that f € L?(Q) where 6 > % >
p*, this allows to apply Holder’s inequality with exponents %, deducing

5* —1)—5*

. =l U
IIfIILp*/ apy S I Zo(ap | AR
< o)Ay T (3.4)
which thanks to (3.3) and (3.4), implies

1 0@ -1)-7*

/G;C Up) ” de < Ck~ 1|A"|T g
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Notice that, for every r > k > ko one has G (u,) > r — k on the set {u,, > r}, we arrive at

(r— k)ﬁ* |AT] < Gk(un)? dz

Ap
< Chy T A
< Clag P
this allows to deduce that
C 1 0@ —D-p*
@n(T) S W@yl(k)E’l o , Vr >k 2 k07

where ©,,(k) = |A}|. Thus, since § > % and by Lemma 1.2, applied to

I Ve
p—1 0

0=Dp", and p= > 1,

there exists a positive constant k achieves ©,, (k) = 0. By the fact that |@, (k)| < Q] (see the
proof of Lemma A.1 of [18]), there exists a positive constant w independent of n such that k£ < w,

satisfying
0,(w)=0. (3.5)

Hence (3.5) yields to (3.1).

Now we prove the a priori estimates in T/VO1 7 (Q) given by (3.2). Let 0 < v < 1. To show the
estimate (3.2) we choose ¢ = u,, as a test function in (2.1); we have

N N
Z/ai(x,Vun)agC,iunderZ/g?(m,un,Vun)unda::/fnhn(un)undx.
i=1 78 i=1 7L Q

Using (1.3), (1.6) and (1.8), one has

N
o E / |0, U,
=17

Holder’s inequality and assumption f € L?(Q) on the right-hand side then gives

(-0 7
< P
@ <85 g ([ )
ppH'Y) —x %
< el 5 ([ as)
Q

1—
< CHun”LEj

pidarg/fu:;'yda:.
Q

P

T;

@

Using Young’s inequality on the right-hand side we arrive at
<ost (122 a5
Q) = 2 o e ||un||LE*(Q)

+C<_71L+7> ,,++1a,
p

T

where ¢ is any positive constant. Inequality (1.11) implies that

<CS”< )gw

-1 e
+C (W) g Py,
p

Zq Zq

(@)
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Choosing € > 0 in the previous inequality, such that

1 — +
1— T @
CSZ’Y(}ﬁ’ )E 7<§,
we get
N
D M0 unl gy < C. (3.6)
i=1
Hence, by (3.6) the proof of (3.2) is concluded. O

Lemma 3.4. Assume that the assumptions of Theorem 3.1 hold. Let u,, be a nonnegative solution
to problem (2.2). Then

N
Z/ g;'n(xvun>vun)dx < C7 (37)
i=1 7%
/ (1) fopdz < C, ¥ip € CL(Q). (3.38)
Q

Proof. We choose T (u,,) as test function in (2.2) obtaining
N N
Z/ a;(x, Vuy )0z, T1 (uy)dx + Z/ 9 (z, un, Vup) T (uy)dz
i=1 7% i=1 7%

= /Q fnhn(un)Tl (uTL)dx' (3.9

Now for A > 0, using (1.3) and (1.8) we can write

N
3 / 6 (@, s V)T (un)dar < C W ot / o (1) frdl
i=1 {un>1} {un>A}

{un<A}

<C{AT+ sup A(s) ) | fllLe)- (3.10)
SE[X,00)
In the other hand remark that, by (1.7) one has

N

97 (z, up, Vuy) < C / |0, Un
Z/{un<l} ; Q

i=1

Pidy < C. 3.11)

According to (3.10) and (3.11) it follows that g7 (z, u,,, Vu,,) is bounded in L'(Q).
Finally, we show that h,, (u,,) f, is bounded in L} _(Q), we consider a nonnegative ¢ € C!(Q)
as a test function in (2.2), we have

N N
/hn(un)fngod:c:Z/ ai(x,Vun)(?m(pdx—i—Z/g?(m,un,Vun)godx.
Q i=1 7@ i=1 /¢

In view of (1.4) and (3.2), it easy to check that a;(x, Vu,,) is bounded in LPi (Q) with respect to
n, and by the fact that ¢7*(x, u,,, Vu,,) is bounded in L'(Q) we conclude that (3.8) holds. This
finishes the proof of the Lemma 3.4. O

3.2 Convergence of gradients almost everywhere

Let u,, be a nonegative solutions to (2.1), then according to the Lemma 3.3 there exists a subse-
quence of u,, (still denoted u,,) and a function u in Wol’? () such that

u, — u weakly in Wol’?(Q) and a.e. in Q, (3.12)
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Lemma 3.5. Assume that the assumptions of Theorem 3.1 hold. Let (u,,) be a no-negative solu-
tions to problem (2.1), then we have up to sub sequence,

VEk > 0, Ty(un) = Ty (u) strongly in Wol’ﬁ(Q) and a.e. in Q. (3.13)
Moreover Oy, uy, converge to 0, u almost everywhere.

Proof. Let us consider for any k& > 0 the function v, j, = Ty (u,) — Tk (u), taking @, (v, 1) =
vn’ke””i,k (which satisfies (4.2)) as a test function in the weak formulation (2.2), obtaining

N N
Z/ ai(amVun)azi(vnyk)fb;(vn,k)dx+Z/gf(w,un,Vun)QDP(vn’k)dw,
i1 7% i=1 /¢

- /Q Fubin (1), (1), 3.14)

The result will derive from applying Lemma 5 in [19] once we establish that for any for any
E>0

n—oo n

lim Z]/Q [a;(x, VTk(un)) — a;(z, Tr(uw)] O, (Tk(un) — T (u))dz = 0.

Step 1 : We will estimate the quantity

Z/Q [a; (2, VT)(up)) — ai(x, Ti(w)] O, (Tk (un) — T (u))dz.

First, observe that in the set {u,, > k}, one has 9., (v k) = —0x,(Tk(u)), using (1.4), we deduce
that

N
Z/ ai(2, Vun )0y, (vn k)P, (vn 1) da
i=1 7€

N

— Z/ ai(z, Vi )0y, (Un, k)P, (v 1) d

i—1 J{un<k}
N

o Z/ ai(z, Vi, )0y, (Tk(u))q);)(v”wdz
{un>k}

1=1

N
> / 01, VT (1)) D, ()P (0 1)t
i=1 79

[ (e 80P 0, (T ) [ 01.0)
{un,>k}

Combining the previous inequality into (3.14) we get
N
3 / 0: (1, VT4 (1), (010 ) Pl (0.1
i=1 Q

< —

N
/g?(xaunavun)q)p(vn,k)dx+/ fnhn(un)q)p(vn,k)dx
— Ja Q

7

_/ (k(z) + Bl un
{un>k}

P |04, (T ()| @, (U i) | (3.15)
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Concerning the last term in (3.15), we use the boundedness of the sequence (u,,) in Wol’?(Q),
we see that (k(z) + B0, un|? ") |0z, (Th(w))|| P/, (vn,1)| is bounded in LP(Q), i = 1,--+ ,N
with respect to n and by the fact that 9., (T («)) X {u,, >k} — O strongly in L?#(Q) as n — 0, we
conclude

lim (k(z) + B0z, un

n— 00 {un>k}

P [0 (T ()| (0.1 e = 0.

For the first integral of the right hand side of (3.15), observe that ®,(v, ) = 0 on the set
{un, > k}, and by (1.3), (1.7) we can derive

i\ n 8J, n .
_g?(xvunavun)gl(un)W7 foranyZ:17"' aN'

Hence, forany i = 1,--- N (since max ¢ ) [(s) = I(k)) one has

- / G (s s Vi )D, (0 ) < / G (s s Vi) |B (01|
Q

{un<k}
< o /Q ai (2, VT (un))0u; (Th(un))|Pp(vn,k ) |dz.

(67

Notice that a;(z, VTj (u,)) is bounded in L7 (Q) forany i = 1,--- , N, and 9, (Tx (w))|®, (vn.1)| —
0 strongly in L?i (Q) as n goes to oo, as a result

lim [ a;i(x, VIk(un))0s, (Tk(w))|®,(vnk)|dz = 0.

n— oo Q

Now, we can write
- / 97 (z, un, Vuy,)dz
Q

1)

«

/Q 052, VT (1)), (1 1) [ (0 )| + 21 ()

where ¢1(n) is a quantity that tends to 0 as n — 0. The above estimate combining with (3.15)
gives

N
3 / 0: (20, VT (1) D, (v ) (0 1)
i=1 Q

< (k) ; /Q a;i (%, VT (un)) Oz, (k)| Pp(vn,k)|dz

«@
4 /Q Fulin ()P (001 )da + £2(n). (3.16)
. . - (k) _ (k) . . .
Applying now (4.2) with 4 = 1, = =% and p = 77 which implies that

N
3 /Q (@, VT (1) (0 ) e < 2 /Q Fubin (1)@, (00 1) + £2(n). 3.17)
i=1

By virtue of (1.5) and (3.12), we can affirm that
ai(2, VT, (un)) 0z, (Ti(un) — Ti(u)) — 0, in L'(Q), Vi=1,---

Then by adding and subtracting this quantity into (3.17), we get
N
) / @i, VT (1) — i (2, T (w)] O, (Ti () — T () e
i=1 78



Anisotropic singular elliptic problems 633

Step 2 : We prove that

lim Jrhn(un)®p (v 1 )dz =0, (3.19)

n— oo Q

for any fixed k£ > 0.
If h(0) is finite notice that

|hn(un)f’nq>p(vn,k)| < Cf||hq)pHL°°(Q)a

since @, (v, k) converges to 0 a.e in , so by Lebesgue’s dominated convergence theorem we
easily pass to the limit to achieve the result. Otherwise, if 1(0) = +o0 using (3.8), (3.12), and
Fatou’s lemma, we obtain

/ h(u)fedz < C, (3.20)
Q

where C'is a positive constant independent of n, then we have
/ h(u) fe dz < +oo,
{z€Q, u(z)=0}

so that, fo = 0 a.e. on {z € Q, u(x) = 0} for all nonnegative ¢ € Wolj(Q) N L>°(Q), which
yield to
f=0ae.ontheset {z € Q, u(z)=0}. (3.21)

Now, for § > 0 small enough, using (1.8), we write

/fnhn(un)CIJP(vn,k)dx:/ Frhn (un)®, (v 1) da
Q {un<d}

+ sup h(s) / Fo®, (v i)z = I 5 + 12,5,
s€[6,00) {tn>6}

We treat I! ;, by Lebesgue’s dominated convergence theorem with respect to n, the crucial result

(3.21) and f € L1(Q) it follows that,

=0t n—oo 6—0t n—oo

= lim sup (c(sl—7 / fdx) =0. (3.22)
5§—0t {u<s}

lim sup lim sup IT1L,5 = lim sup lim sup <C(51 - / fe””iwk da:)
{“n Sé}

For I”. 5, we note that
®,(vp,) — 0, weakly*in L(Q), as n — oo,
Recalling that f,, converges to f in L'(Q), thus

lim I 5 =0. (3.23)

n—oo

By (3.22) and (3.23) we affirm (3.19), which is sufficient to apply Lemma 5 in [19] to obtain
Ti(un) — Tr(u) strongly in Wol’?(Q).
The above strong convergence implies, for some subsequence still indexed by n, that
Vu, — Vu, ae.z € Q. (3.24)

Remark 3.6. In Lemma 1.2, we have shown that g;(z, u,,, Vu,,) is bounded in L'(Q), from this
fact and by (3.24), we can apply the Fatou’s Lemma to conclude that g;(z,u, Vu) € L'(Q) for
anyt=1,---N..
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3.3 Strong convergence of g7 in L' (€2)

Lemma 3.7. Suppose that the hypotheses of Theorem 3.1 are satisfied, let u,, be a weak solution
of (1.1). Then

g (@, up, Vup) — gi(z,u, Vu), in L'(Q) asn — oc. (3.25)
Proof. Recalling that, g; is a Caratheodory function. Hence, (3.12) and (3.24) allows to conclude
9z un, Vuy) — gi(z,u, Vu), ae.inQasn — oo,

So, it remains to prove the equi-integrability of the sequence {g¢!(x, u,, Vuy,)}, for any i =

I,---,N. For k > 0 fixed, let us consider the following function
0, s<k,
Vak(s) =458 k<s<k+A,
1 s>k+ A

Choosing V) i (uy,) as a test function in (2.2) obtaining

N N
Z/ ai(a:,V?Ln)ax,iu,LV)(m(un)da:—l—Z/g?(x,un,Vun)VA,k(un)da:
=179 i=17Q

= / fnhn(un)vk,n(un)dxa
o
using (1.3), (1.6) and dropping the nonegative first term in the previous estimate, implies (since
ie() <D

N N
Z/{ }gf(x,un,Vun)VA,k(un)dx S Z/ gzn(xaunvvun)v)\,k(un>dx
Un >k i=1 Q

i=1

< sup h(s) /{ | f
Up >

s€lk,00)
Applying Fatou Lemma (since V i (tn )X {u, >k} g0es to 1 as X — 0) we obtain

N

Z/ 97 (@, Uup, Vuy)dz < sup h(s)/ fdz. (3.26)
{un>k} {un>k}

i—1 s€lk,00)
Since (u,,) is bounded in L'(Q), we see that

lim sup meas{u,, >k} =0.
k—o0 neN

Moreover f € L'(Q), yielding to

lim sup/ fdx =0. (3.27)
{un>k}

k—oo ’rLEN
On the other hand, for any measurable subset £ C Q and for all £ > 0, we can write for any
i=1,---,N
/ 97 (z, up, Vuy,)dr = / 97 (z, up, Vuy,)dz (3.28)
E En{u,>k}

+1(k) / 100, T () P d, (3.29)
En{u,<k}

Since 9, Ty (uy,) strongly converges to 9,, Tk (u) in LPi(Q) for all 4, the inequality (3.28) com-
bined with (3.26) and (3.27) gives the equi-integrability of the sequence {g*(z, uy, Vuy,) }n, for
any i = 1,--- , N. By Vitali’s Theorem we get the sought result (3.25).

|
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3.4 Strong convergence of the singular term in L' (£2)

To achieve the aim of this step of the proof, we argue similarly as in [22, Lemma 5.2] and we
use the compactness arguments obtained in previous subsections.

Lemma 3.8. Under the assumptions of Theorem 3.1, let u,, be a weak solution of (1.1). Then

n—+oo

lim hop () frpdx = / h(u) fodz, (3.30)
Q Q

forall g € WhP (Q) N L=(Q).

Proof. 1f h(0) is finite, we easily obtain (3.30) by Lebesgue’s dominated convergence theorem.
In the sequel, we deal the case 1(0) = +oo. For every fixed o > 0, we can write

Q {z€Q, up(z)>0c}
+ Fuln () o (331)
{z€Q, up(z)<co}

For the first term on the right-hand of (3.31), one has
0< hn/(un)an{zeQ, up (z)>0}P < [Sup )[h<5>]f90 € L1<Q)
s€|o,+oo
Applying Lebesgue’s dominated convergence theorem with respect to n, and using the fact that
that
X{z€Q, un(z)>0} —7 X{z€Q, u(z)>c}> &€ in Q,
we get

lim Fuhn ()i = [ h(u) fiod.
{

N0 JL2eQ, un(z)>0} z€Q, u(z)>0}

Recalling that h(u) fo € L}, .(Q), and applying again Lebesgue’s dominated convergence theo-
rem, with respect to o, it follow

lim lim Sl (un)odz :/ h(u) fedx
{

o—0t n—00 {z€Q, up(z)>0} z€Q, u(x)>0}
= / h(u) fedz. (3.32)
Q

Now we focus on the second term on the right-hand of (3.31). For o > O sufficiently small, let
us take S, (uy, ) as a test function in (2.2) where S, is defined by

1, s <o,
S,(s):=02= s<s5<20
o . p 5
0 s> 20,

and ¢ is a nonnegative Wol’? (Q) N L*>(Q) function, we obtain

/ fnhn(un)godxg/fnhn(un)godx
{u, <o} Q

N
Z/ a;(z, Vun )0z, 0Ss (un dm+Z/ (T, Un, Vi) Sy (un ) pdx

1 N

/ a; (:Cv Vun)sﬁam,undx
0 T J{z€Q, o<un(x)<20}

<

uk uMz

N
/ai(:z:,Vun)ﬁxi@Sg(un)dx—ﬁ—Z/gf(x,un,Vun)So(un)cpd:v

i=1 7% =1 7%

1L, + 12

IA

q
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By (1.4) and (3.2) one has that a;(z,, Vu,,) is bounded in Lp: (Q), moreover by (3.13), (3.24)
and the fact that S, < 1, we deduce up a sub-sequence that

a;(z,, Vup)Sy(un) = a;(x, Vu)Sy (u),

weakly in Li (Q) as n tends to infinity. This implies that

N
limsup I}, < Z/ a;(x, Vu)0;pSy(u)dx.
i=1 78

n—roo

For I, using (3.25) result we derive

o,n’

n—oo

N
limsup IZ,, < Z/ gi(z,u, Vu)S, (u)pdx.
i—1 /¢

Thanks to (1.4), and that {.S, (u) }, converges to X {,cq, u(x)—0} a.€. in Q as o tends to 0, applying
the Lebesgue Theorem, deducing that

lim sup lim sup / Sl (up)odx (3.33)
{zeQun(z)<o}

o—0 n—00

N N
< / a;(z, Vu)d,, pdx + / gi(x,u, Vu) S, (u)pde,
Z {z€Q, u(z)=0} Z {zeQ,u(z)=0}

i=1 i=1

for all nonnegative ¢ € WOI’@”(Q) N L>°(Q), and it follows from (1.3), (1.6) and (1.7) that
a;(x,0) = 0,g;(z,0,0) = 0 for almost every 2 € Q and for any i = 1,---, N. It allows to
deduce

lim sup lim sup/ Sl (un)dz = 0. (3.34)
o—0 n—00 {zeQ,u, (z)<o}
By (3.32) and (3.34) we deduce that, for all nonnegative ¢ € Wol"?(Q) N L>*(Q),
lim [ foh,(up)ede = / fh(u)edz. (3.35)

Moreover, in the general case (the function ¢ has any sign) we can write p = pt —p~ with o™ =
max{y,0} and =~ = —min{p, 0}, we conclude that (3.35) holds for every ¢ € WOI’(’”)(Q) N

L>(Q). This achieves (3.30). o
Finally, It yields from (3.2) and (1.8) that
a; (z, Vu,) — a;(x,Vu)  weakly in LP(Q),Vi=1,--- , N. (3.36)

According to the last convergence and (3.25), (3.35) we can pass to the the limit in the approxi-
mate problem (2.2) to obtain (1.14).

4 Existence result for 0 = 1

In the present section, we consider the problem (1.1) where the datum f belongs to L!(Q). Our
goal is to prove the existence of finite energy solutions to problem (1.1) without any additional
condition on p;. To obtain an a priori estimate in the energy space VVO1 7 (Q), we need to assume
a kind of coercivity condition on g;.

Theorem 4.1. Let f € LI(Q), assume that hypotheses (1.3)-(1.5) and (1.8) hold true, we also
assume for alli = 1,--- N, g; be a Caratheodory function satisfying the conditions (1.6)-(1.7)
and

|9i(, 5,€)] = pl&l™", Vi=1,...,N, 4.1

where j > 0, for almost every x € Q and for all ¢ € RY . Then there exists a weak solution u for
problem (1.1) in the sens of definition 1.3.




Anisotropic singular elliptic problems 637

Remark 4.2. The natural growth term satisfying (4.1) provide a supplementary regularity to the
solutions for the problem (1.1) with L'-data (see theorem 3.5 in [1]). Moreover, in this case we
do not need to added more assumptions on p; (see theorem 2.3 in [4]).

Remark 4.3. Notice that we have assumed an additional hypothesis in comparison with Theorem

3.1. Therefore, the process of passing to the limit remains similar to that in Theorem 3.1 when
we prove the compactness result.

4.1 A priori estimates when 6 = 1

Lemma 4.4. Assume that the assumptions of Theorem 4.1 hold. let u,, be a nonnegative solution
to problem (2.2). Then there exists a positive constant C independent of n such that

[unlli 3 < C, 4.2)

Proof. We choose Ty (uy,) as test function in (2.2), obtaining

N N
> [ e V), (Tl + 3 [ 4o, T T
=172 =17

::L/‘fghn(un)Ik(un)dx,
Q

which implies by virtue of (1.3) and (1.8)

N
“ ; /{\ungk}

N
|0y, un | daz + Z/{ . 9 (@, up, Vg, )uy,dx
i=1 Y 1UnZ

N
—l—kZ/ g (x, up, Vuy,)dz
{un>k}

i=1
<[ ) fawde ek [ ) fuds
{ungk} {un>k}
< 2/&*7/ fdz < CE'™7. (4.3)
Q

Thanks to (1.6), (4.1) and (4.3) we deduce

N
aZ/ |0z, tn
i=1 71

Pide < C.

un <k} un >k}

N
Pidx+kaZ/{ |0, U,
i=1

From the previous estimate it follows
N
min(o, ku) Z / |0y, un|Pidz < C.
=178
Consequently, u,, is bounded in Wol’? (Q) with respect to n. ]
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