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Abstract In this paper, the concept of new metric space with neutrosophic numbers is de-
fined. Quadripartitioned neutrosophic metric space is a generalization of a neutrosophic metric
space i.e., we divide indeterminacy into two categories. Quadripartitioned neutrosophic metric
space is defined with continuous triangular norms and continuous triangular conorms. Besides,
several topological and structural properties on quadripartitioned neutrosophic metric space have
been shown. Additionally, the analogues of Baire Category Theorem and Uniform Convergence
Theorem are proved for quadripartitioned neutrosophic metric spaces.

1 Introduction and Preliminaries

The notion of fuzzy set which was established by Zadeh [16] has influenced deeply all the scien-
tific fields since the publication of the paper. It is seen that this notion, which is very important
for real-life situations, had not enough solution to some problems in time. New quests for such
problems have been coming up. Atanassov [1] initiated Intuitionistic fuzzy set for such cases.
Neutrosophic set is a new version of the idea of the classical set which is defined by Smaran-
dache [13]. Using the notions of Probabilistic metric space, the notion of fuzzy metric space was
introduced in [11]. Kaleva and Seikkala [8] defined the fuzzy metric space as a distance between
two points to be a non-negative fuzzy number. In [5] some basic properties of fuzzy metric
space studied and the Baire Category Theorem for fuzzy metric space were proved. Moreover,
some properties such as separability, countability were given and Uniform Limit Theorem was
proved in [6]. Later on, neutrosophic soft normed liner space was defined by Bera and Mahap-
atra [2]. In [2], neutrosophic norm, Cauchy sequence in neutrosophic soft normed linear space,
convexity of neutrosophic soft normed linear space, metric in neutrosophic soft normed linear
space were studied. For more notion related to quadripartitioned spaces and neutrosophic met-
ric spaces, we refer the reader to [3, 7]. In present study, from the idea of neutrosophic sets
and neutrosophic metric space, new metric space was defined which is called quadripartitioned
Neutrosophic metric Space. We investigate some properties of quadripartitioned Neutrosophic
metric Space such as open set, Hausdorff, neutrosophic bounded, compactness, completeness,
nowhere dense. Also we give Baire Category Theorem and Uniform Convergence Theorem for
quadripartitioned Neutrosophic metric Spaces.

Next, some well-known definitions associated to neutrosophy are given which are useful for
development of this paper.

Definition 1.1. [4] Let us consider that F' is a space (objects). Ay (a) denotes the truth-membership
function, By (a) is a contradiction-membership function, Cy(a) is an ignorance-membership
function and Cy (a) is a falsity-membership function, where U is a set in F' with a € F. Then, if
we take 7 =]0~, 17,
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There is no restriction on the sum of Ay (a), By(a), Cy(a) and Dy (a). Therefore,

0~ < sup Ay(a) + sup By(a) + sup Cy(a) + sup Dy (a) < 4.

The set U which consists of with Ay (a), By(a),Cy(a) and Dy(a) in F is called a quadri-
partitioned neutrosophic sets and can be denoted by

U = {{a,(Ay(a),By(a),Cy(a),Dy(a))) :a € F, Ay(a), Bu(a),Cy(a), Dy(a) € I}. (1.1)

Definition 1.2. [4] A quadripartitioned neutrosophic set U is included in another quadriparti-
tioned neutrosophic set V, if

inf Ay (a) < inf Ay (a),sup Ay (a) < sup Ay (a),
inf Byy(a) > inf By (a), sup By (a) > sup By (a),
infCy(a) > inf Cy (a),sup Cy(a) > sup Cy (a),
inf Dy (a) > inf Dy (a), sup Dy (a) > sup Dy (a).

Foranya € F.

Remark 1.3. [4] A simplification of a quadripartitioned neutrosophic set U, in (1.1), is

U= {<a7 (AU(a)v BU(a)7 CU(a)v DU(G'))> tac F}7
which is called a simplified quadripartitioned neutrosophic set.

Remark 1.4. [4] A simplified quadripartitioned neutrosophic set U is comprised in another sim-
plified quadripartitioned neutrosophic set V' if Ay (a) < Avy(a),By(a) < By(a),Cy(a) >
Cy(a) and Dy(a) > Dy(a) forany a € F.

Remark 1.5. [4] Let U and V be two quadripartitioned neutrosophic sets, then the following
operations are given by:

i) U+V = (Ay(a) +Av( ) — Au(a)Ay (a), Bu(a) + Bv(a) — By(a)By(a), Cy(a) +
Cv(a) — Cy(a)Cy(a), Dy(a) + Dv(a) — Dy(a)Dy(a)),
)

(ii) UV = (Ay(a)Av(a), Bu(a)By (a), Cu(a)Cy(a), Dy(a) Dy (a)),
(

(i) aU p (I=(1-A4y(a)*1=(1-By(a)*,1-(1-Cyla)® 1 - (1= Dy(a))), for
a <0,

() U = (Ag(a), B (a), C5(a), D§(a)). for a > 0.

Triangular norms (t-norms) (TN) were initiated by [12]. In the problem of computing the
distance between two elements in space, Menger offered using probability distributions instead
of using numbers for distance. TNs are used to generalize with the probability distribution of
triangle inequality in metric space conditions. Triangular conorms (t-conorms) (TC) known as
dual operations of TNs. TNs and TCs are very significant for fuzzy operations(intersections and
unions).

Definition 1.6. [12] Given an operation o : [0, 1] x [0, 1] — [0, 1]. If the operation o is satisfies
the following conditions:
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(i) sol=s,

(i) f s<wandt <wv,thensot <wuow,
(iii) o is continuous,
(iv) o is continuous and associative.

Then, it is called that the operation o is continuous TN, for s, ¢, u,v € [0, 1].

Definition 1.7. [12] Give an operation e : [0, 1] x [0, 1] — [0, 1]. If the operation e is satisfying
the following conditions:

(i) se0=s,

(i) If s<wandt <wv,thenset <uew,
(iii) e is continuous,
(iv) e is continuous and associative.

Then, it is called that the operation e is continuous TC, for s, ¢, u,v € [0, 1].

Remark 1.8. From the above definitions, we can see that if we take 0 < €1, e < 1 for €1 > €,
then there exist 0 < €3, e4 < 0,1 such that € o €3 > €, €, > €4 ® €. Moreover, if we take
es € (0, 1), then there exist €5, €7 € (0, 1) such that €g 0 €5 > €5 and €7 ® €7 < €.

2 Quadripartitioned Neutrosophic Metric Spaces

Definition 2.1. Let F be an arbitrary set, N = {(a, (Ay(a), Bu(a),Cy(a), Dy(a))) : a € F}
be a quadripartitioned neutrosophic set such that N : F x F x F x R™ — [0,1]. Let o and e
show the continuous TN and continuous TC, respectively. The four-tuple (F, N, o, e) is called a
quadripartitioned neutrosophic metric space (QNMS) when the following conditions are satisfied
for all a,b,c € F,

(i) 0< A(a,b,A) < 1,0 < Ba,b,\) < 1,0 < C(a,b,\) < 1and 0 < D(a,b, ) < 1; for all
A€ RT,

(i) A(a,b,\) + B(a,b,\) + C(a,b,\) + D(a,b,\) < 3, for A € RY,
(iii) A(a,b,\) =1for A > 0ifa=b,
(iv) A(a,b,c,\) = A(b,a,\), for A > 0,
(v) A(a,b,\) o A(b,c,\) < A(a,e, A+ p), forall A, u > 0,
(vi) A(a,b,.):[0c0) — [0, 1] is continuous,
(vii) lim A(a,b,\) = 1, forall A > 0,

(viii) B(a,b,\) =0for A > 0if a = b,
(ix) B(a,b,c,\) = B(b,a, \), for A > 0,
(x) B(a,b,\) @ B(b,c,\) > B(a,c, A+ p), forall A\, u > 0,
(xi) B(a,b,.): [0c0) — [0, 1] is continuous,

(xii) ]im B(a,b,\) =0, forall A > 0,

(xiii) C'(a,b,A\) =0for A > 0ifa="b,
(xiv) C(a,b,c,\) = C(b,a, \), for A > 0,
(xv) C(a,b,\) 8 C(b,c,\) > Cla, e, A + ), forall A, o > 0,
(xvi) C(a,b,.) : [0c0) — [0, 1] is continuous,
(xvii) Allrgo C(a,b,\) =0, forall A > 0,



Quadripartitioned Neutrosophic Metric Spaces 707

(xviii) D(a,b,\) =0for A > 0if a = b,
(xix) D(a,b,c,\) = D(b,a, ), for A > 0,
(xx) D(a,b,\) e D(b,c,\) > D(a,c,\ + u), forall A, u > 0,
(xxi) D(a,b,.) : [0cc) — [0, 1] is continuous,

(xxii) )\lim D(a,b,)\) =0, forall A >0,
— 00

(xxiii) If A < 0, then A(a,b,\) = 0, B(a,b,\) = 1, C(a,b,\) = 1 and D(a,b, \) = 0.

Then, N = (A, B,C, D) is called quadripartitioned neutrosophic metric (QNM) on F'. The
functions A(a, b, \), B(a,b, A), C(a, b, \) and D(a,b, \) denote the degree of degree of nearness,
the degree of unknown-nearness, the degree of contradiction-nearness and the degree of non-
nearness between a and b with respect to A, respectively.

Example 2.2. Let (F,d) be a metric space. Take the operation o and e as default (min) TN
a o b = min{a, b} and default (max) TC a e b = max{a, b}.

A
A+ d(a,b)’
d(a,b)
A+d(a,b)’
|A — d(a,b)|
A+d(a,b)’
d(a,b)
A

Forall a,b € F and A > 0. Then, (F, N,o,e) is QNMS such that N : F x F' x F'x R* — [0, 1].
This QNMS is expressed as produced by a metric d the neutrosophic metric.

A(a, b, \)
B(a,b,\)
C(a,b, N)

D(a,b,\)

Definition 2.3. Let (F, N,0,e) be aQNMS, 0 < ¢ < 1, A > 0and a € F. The set O(a,e,\) =
{A(a,b,\) > 1 — ¢, B(a,b,\) < &, C(a,b,\) < &, D(a,b,\) < £} is said to be the open ball
(OB) (center a and radius € with respect to \).

Theorem 2.4. Every OB O(a, &, \) is an open set (OS).

Proof. Take O(a, e, \) be an OB. Choose b € (a, e, \). Hence, A(a,b,\) > 1—¢, B(a,b, \) < &,
C(a,b,\) < eand D(a,b, ). If we take eg = A(a, b, \o), thenforeg > 1—¢, ¢ € (0, 1) will exist
such thateg > 1 —¢ > 1 — €. Give gy and ¢ such thateg > 1 — (. Then, g1, &2,€3,€4 € (0, 1) will
exist such that egoe; > 1-C, (1—¢gg)e(1—e2) < ¢, (1—ep)e(1—e3) < Cand (1—¢p)e(l—e4) < (.
Take e5 = max{e;,e2,e3,e4}. Consider the OB O(b,1 — g4, A — o) C O(a,e,N). If we take
w e O(b, I —eg, A — )\0), then A(b,w7 A — )\0) > ¢s, B(b, w, A — )\0) < €5, C(b,w, A— )\0) < é€&s
and D(b,w, X\ — Xg) < es. Then,

A(a,w,)\) 2A<a»b7>‘0)oA(baw,)\*)‘0) > E)0E5 > E9OE] 217<>175a
B

B(a,w,\) < B(a,b,\g) ® B(b,w,A\— X)) < (1 —¢g)e(l —e5) < (1 —¢9)e(1—¢3)
<(¢<g,
Ca,w,\) < C(a,b, o) e C(byw, A=) < (1 —¢gp)e (1 —e5) < (1l —gp)e(1—e3)
<(<e,
D(a,w,\) < D(a,b,\o) ® C(byw,A—Xg) < (1 —¢€p)e(1—c5)<(l—gp)e(l—ecy)
<(<e.

This shows that w € O(a,e,\) and O(b, 1 — &5, A — Ag) C O(a, e, N). o

Theorem 2.5. Every quadripartitioned neutrosophic metric space is Hausdorff.
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Proof. Let (F,N,o,e) be a QNMS. Take a and b as two distinct points in F. Then, 0 <
A(a,b,\) < 1,0 < B(a,b,\) < 1,0 < C(a,b,\) < 1 and 0 < D(a,b,\) < 1. Take ¢ =
A(a,b,\),e2 = B(a,b,\),e3 = C(a,b,\),e4 = D(a,b,\) and e = max{ey, | —&3, 1—€3, 1 —&4}.
If we take g € (0, 1), then there exist &5, ¢, €7, €5 such that esoes > g¢, (1—¢g¢)e(1—c6) < 1—e&,
(1—e7)e(1—e7) < 1—gpand (1—cg)e(1—cg) < 1—gp . Letey = max{es, &6, 7,5 }. If we con-
sider the open balls O(a, 1 —¢9, 3) and O(b, 1 —¢9, %), clearly O(a, 1 —c9, 3)NO(b, 1 &9, 3) = 0.
from here, if we take ¢ € O(a,1 — €9, 3) N O(b,1 — &9, 3)

A
,f)269059255085280>51.

g1 = A(a,b,\) > Ala,c, %) o A(c,b 3

A

e =B(a,b,\) < Bla,c, E) B(e, b, %) < (1—¢9)e(1—cg)

< (1*56)‘(1*56)§ (1*€o)<€2.
ey =C(a,b,\) < C(a,c,%) %) <(1—zo)e(l—2)

§(1—€7)0(1—€7)§(1—50)<€3.

e O(c, b,

and
A A
g4 =D(a,b,\) < D(a,c, 5) e D(c,b, 5) <(1—g9)e(1—ey)
S(l—Eg) (1—53) (1—60)<€4
which is a contradiction. Therefore, we say that QNMS is Hausdorff. O

Definition 2.6. Let (£, N, o, ) be a QNMS. A subset B of F'is called quadripartitioned neutrosophic-
bounded (QNB), if there exists A > 0 and ¢ € (0, 1) such that A(a,b,\) > 1 —¢, B(a,b,\) < ¢,
C(a,b,\) < eand D(a,b,\) <e,foralla,b € B.

Definition 2.7. If B C U U, a collection C'y of open sets is said to be an open cover (OC) of

UeCn
B.

Definition 2.8. A subspace B of a quadripartitioned neutrosophic metric space is compact if for
every open cover of B has a finite subcover. If every sequence in B has a convergent subsequence
to a point in B, then it is called sequential compact.

Theorem 2.9. Every compact subset B of a quadripartitioned neutrosophic metric space is
quadripartitioned neutrosophic-bounded.

Proof. Firstat all, take a compact subset B of QNMS F'. Now, consider the open cover {O(a, e, A) :
a € B} for A > 0, e € (0,1). Since B is compact, then there exist a1, az, ..., a,, € B such that

B C U O(a, e, \). For some k,m and a,b € B, a € O(ag,e,\) and b € O(a,, e, ). Then, we
k=1

have A(a,ar,\) > 1 — ¢, B(a,ax, \) < ¢, C(a,ax, \) < €, D(a,ar,\) < € and A(b, an, \) >

1 — ¢, B(byam,\) < &, C(b,am,\) < &, D(b,am,\) < e. Let w = min{A(ak, am,\) :

qg < k,m < n}, 0 = max{B(ag,am,\) : ¢ < k,m < n}, v = max{C(ag,am, ) : ¢ <

k,m < n} and ¢ = max{D(ag,am,) : ¢ < k,m < n}, thus w,0,v,¢ > 0. From here, for

0<n,m,m,ms <1,

A(a,b,4)) > A(a,ag, A) o A(ak, am, A) 0 A(am,0,A) > (1 —¢e)o(l —e)ow>1—1y

A)
B(a,b,4)\) < B(a,ax, \) ® B(ak, am,\) ® B(an, b)) <ceceld <
C(a,b,4)) < C(a,ar,\) @ Clak, am, )  Cam,b,\) <ceceth <
D(a,b,4)\) < D(a,ax, ) ® D(ag, am, \) ® D(am,b,A) < coced <.
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If we take n = max{n, m2, 73,74} and A9 = 4\, we obtain A(a,b, o) > 1 —n, B(a,b, \o) <
n, C(a,b,\) < nand D(a,b, \g) < nforall a,b € B. Therefore, B is a QNB. O

Remark 2.10. If (F, N, o0, e) is QNMS produces by a metric on F and B C F, then B is QNB
if and only if it is bounded. Consequently, with Theorems 2.5 and 2.9, we have the following
result.

Corollary 2.11. In a QNMS, every compact set is closed and bounded.

Definition 2.12. Let (£, N, o, e) be a QNMS. A sequence (a,,) in F' is said to be Cauchy if for
each e > 0 and each A > 0, there exists U € N such that A(an, am,A) > 1—¢, B(an, am, \) <&,
C(an, am, ) < & D(an,am,\) < € foralln,m > U. (F,N,o,e) is called complete if every
Cauchy sequence is convergent with respect to 7.

Theorem 2.13. Let (F, N,o0,e) be a QNMS. If every Cauchy sequence in F has a convergent
subsequence. Then, the QNMS (F, N, o, e) is complete.

Proof. Let the sequence (a,,) be a Cauchy and let (a;, ) be a subsequence of (a,,) and (a,,) — a.
Let A > 0and pu € (0,1). Choose e € (0,1) suchthat (1 —g)o (1 —¢) > 1—p,coe < pu. It
is well known that the sequence (a,,) is Cauchy. Then, there is U € N such that A(a,, an, %) >
1 — ¢, Blam,an, %) < g, C(amam%) < ¢ and D(ap, an, %) < ¢ for all m,n € U. Since
an, — a, there is positive integer i, such that i, > U, A(a;,,a, %) > 1—¢, B(ai,,a, %) <e,
C(a;,,a,3) <cand D(a;,,a,3) < e. Therefore, if n > U,

)\)>(175)o(175)217u,

A
) o A(a,,a, 3

Qs 5

Alan,a,\) > A(an,
A A
B(anaaaA) S B(anaaip7 E) L4 B(aipvafa E) <cecg S M,

C(an,a,\) < Clan,a;,, A

2).C(a’ip7a?%) <ecee < p,

A
D(anv a, )\) S D(anv aipv E

In consequence, a,, — a. O

A
)oD(aiwa,E) <cee < p.

Theorem 2.14. Let (F, N, o, ®) be a QNMS and B be a subset of F with the subspace quadripar-
titioned neutrosophic metric (QNM) (Ap, Bp,Cp, D) = (A|g2xr+» Blp2xr+> Cla2xrt> Dl g2 xRt )-
Then, (B, Ng, o, e) is complete if and only if B is closed subset of F.

Proof. Let’s assume that B is a closed subset of F. Take the sequence (b,) be a Cauchy in
(B, Np,o,s). Since (b,) is a Cauchy in F, then there is a point b € F' such that b, — b. From
here, b € B = B and so (b,,) converges to B.

Contrarily, consider the (B, Ng, o, ) is complete, also assume that B is not closed. Take
a € B — B. Therefore, there exist a sequence (b,,) of points in B that converges to b and so (b,,)
is a Cauchy. In consequence, for n,m > U, each 0 < u < 1 each A > O there is U € R such
that A(by, by, A) > 1 — p, B(bn, by, A) < 1, C(bp, by, A) < pand D(by,, by, A) < p. Now,
we can write A(bp, b, A) = Ap(bn,bm, A), B(bn,bm,A) = Bp(bn,bm, A), C(bp,bim, \) =
Cp(bn, bm, ) and D(by, by, ) = Dp(by, b, M) because of the sequence (b,,) is in B. There-
fore, (b,,) is a Cauchy in B. It is well-known that (F, N, o, e) is complete, then there is ¢ € B
such that b, — ¢. Hence, there is U € N such that Ag(c,b,,\) > 1 — u, Bg(c, by, N) < p,
Cg(e,bp,A) < pand Dgp(c,b,,\) < pforn > U, each p € (0,1) and each A > 0. Since
the sequence (b,,) is in B and ¢ € B, we can write A(c,b,,\) = Ag(c, by, ), B(c, by, \) =
Bg(c, by, A), C(e, by, A) = Cp(c,bp, A) and D(c, by, A) = Dp(c, by, A), and this is a contradic-
tion. ]

In proof of Lemma 2.15 and Theorem 2.16, used similar proof techniques of Propositions 4.3
and 4.4 in [9], and Lemma 3.15 and Theorem 3.16 in [10]. Therefore, their proofs are omitted.

Lemma 2.15. Let (F, N,o,e) be ONMS. If A\ > O and €1, ¢, € (0, 1) such that (1—e3)o(1—¢;3) >
(1—e1) and ey e e < ey, then O(a,e2,%) C O(a,e1, A).
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Theorem 2.16. A subset B of a QNMS (F, N, o, ) is nowhere dense if and only if every non-
empty open set in F' includes an open ball whose closure is disjoint from B.

Next, we will prove Baire Category Theorem for QNMS:

Theorem 2.17. Let {w,, : n € N} be a sequence of dense open subsets of a complete QNMS
(F,N,o,e). Then, ﬂ wy, is also dense in F.
neN

Proof. Let ¢ be a non-empty open set of F'. Since wy is dense in F', 6 Nwy # 0. Leta; € 6 Nwy.
Since § N wy is open, then there exist ¢ € (0,1), A\; > 0 such that O(a;,e1, A1) C 6 Nw;.
Take e < ¢ and A} = min{)\, 1} such that O(a,e},A}) C d Nw;. Since w; is dense in F,
O(ar,ef, A7) Nwy # 0. Let ax € O(ar,ef, \;) Nwy. Since O(ay, e}, A\f) Nw; is open, then
there exist e, € (0,1/2) and A, > 0 such that O(az,e2,A2) C O(ay,ef, A]) N w,. Choose
€5 < & and € = min{)\,, 1/2} such that O(az,3,A;) C O(a1, e}, A}) Nw,. If we continue
this way, we have a sequence (b,,) in F' and a sequence (\}) such that 0 < A% < 1/n and
O(an,e5,N;) C Olap—1,€5_1,N_|) Nwy. Next, we will show that the sequence (ay,) is a
Cauchy sequence. For A > 0 and § > 0, choose U € N such that 1/U < Aand I/N < 6,
Therefore, forn > U, m > n,

Hence, the sequence (a,,) is a Cauchy. It is well-known that F' is complete. Then, there exists
a € F such that a,, — a. Since a; € O(ay, ek, \:) for k > n, then we have a € O(ay, ef, A%).

n? n? n

Hence, a € O(an, e}, ) C O(an—1,€5_1, \x

ny»‘\n n—1

) Nwy, forall n € N. Then, 60 | () wn | # 0.
neN
Therefore, ﬂ wy, 1s dense in F. O
neN

Definition 2.18. Let (F, N,0,e) be a QNMS. A collection (D,,),en is said to have quadripar-
titioned neutrosophic diameter zero (QNDZ)if for each ¢ € (0,1) and each A > 0, then there
exists U € N such that A(a,b,\) > 1 —¢, B(a,b,\) <¢e,C(a,b,\) < eand D(a,b,\) < e, for
all a,b, € Dy.

Theorem 2.19. Let ONMS (F, N, o, o) is complete if and only if very nested sequence (Dy,)nen
of non-empty closed sets with QNDZ have non-empty intersection.

Proof. Firstly, consider the given condition is satisfied. Then, we will show that (F, N, o, e) is
complete. Take the Cauchy sequence (a,,) in F. If we define the F,, = {a; : k > n} and D,, =
E,, then we can say that (D,,) has QNSZ. For given ¢ € (0,1) and A > 0, we take ¢ € (0, 1)
suchthat (1—¢c)e (1 —¢)e(l —g) > 1—(andcecec < (. Since the sequence (a,,) is Cauchy,
then there exist U € N such that A(an, am, 3) > 1 —¢, B(an,am, 3) <&, C(an, am, 3) < € and
D(ap,am, %) < ¢, forall m,n > U. Then, A(a,b, %) > 1—¢, Bla,b, %) < ¢, C(a,b, %) <e
and D(a, b, %) <eforallm,n > E,.

Take a,b € D,, there exist the sequences (a},) and (b}) such that a} — a and b} — b. Thus,

for sufficiently large n, a}, € O(a,e, 3) and O(b, £, § ). Now, we obtain
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Afa,b ) > Ala, b, 3) 0 Al b5, 3) 0 A0, 5) > (1= )0 (1~ ) o (1 —<)
>1-¢

B(aaba)‘)SA(a7bn7§).B(anabna§).B(bnabvg)<E.E.E<C
O(aabaA)SC(a7bna§).C(a’n7bn7§).D(bn7ba§)<€.€.€<<
D(avbv/\)SD(a”bn’g).D(an7b7m§).D(bn7b7§)<5.€.5<<'

From here, A(a,b,\) > 1 — ¢, B(a,b,\) < ¢, C(a,b,\) < ¢ and D(a,b,\) < ¢ for all
a,b € D,. Therefore, (D,,) has QNDZ and so by hypothesis ﬂ D,, 1 non-empty. Choose
neN
a € ﬂ D,,. Fore € (0,1) and A > 0, then there exist U; € N such that A(a,,a,\) > 1 —¢,
neN
B(an,a,\) < e, C(an,a,\) < eand D(ay,,a,\) < ¢ for all n > U,. Therefore, for each A > 0,
A(an,a,\) = 1, Blap,a,\) = 0, C(an,a,\) = 0 and D(ay,a,\) — 0 as n — oo. Therefore,
a, — athatis (F, N, o, e) is complete.

Conversely, consider that (F, N, o, ) is complete. Let’s (D,, ) ,en is nested sequences of non-
empty closed sets with QNDZ. For each n € N, take a point a,, € D,,. We will show that the
sequence (a,,) is Cauchy. Since (D,,) has QNDZ, for each A > 0 and ¢ € (0, 1), then there exist
U € N such that A(a,b,\) > 1 —¢, B(a,b,\) < &, C(a,b,\) < € and D(a,b,\) < ¢ for all
a,b € D,. Since the sequence (D,,) is nested, then A(an, am, ) > 1 — ¢, B(an, am,\) < &,
C(an, am, ) < € and D(an,am, ) < € for all m,n > U. Therefore, the sequence (a,,) is
Cauchy. Since (F, N, o, e) is complete. Then, a,, — a for some a € F. Hence, a € D,, = D,

for every n, and so a € ﬂ D,. O
neN

Theorem 2.20. Every separable QNMS is second countable.

Proof. Let (F, N,o,e) be a separable QNMS and let A = {a,, : n € N} be a countable dense
subset of F. Establish the family O = {O(ax, 1/m,1/m) : k,m € N}. It can be seen that O is
countable. Now, we will show that O is base for the family of all open sets in F. Let p be any
open setin F, a € p. Then, there exist A > 0, ¢ € (0, 1) such that O(a,e)) C p. Sincee € (0, 1),
we can take a ¢ € (0,1) such that (1—¢)o(1—-¢) > 1—¢cand e < €. Choose y € N such that
1/t = min{¢, A\/2}. Since A is dense in F, there exist a; € A such that a, € O(a, 1/y,1/y). If
be O(ag, 1/y,1/y), we get

1 1
A(a7ba)\) 2 A(Cl,ak, é) OA(akab7 é) Z A(aaa/w 7) OA(CLk,b, 7)
2 2 y Y
1 1
2(1—5%W1—5)2(1—4%41—6)>1—6
Bla,b,A) < Bla, ax, ) @ Blag, b, ) < Bla,ax, -) o Blag,b,2) < L o L < co¢ <
Ve b= L —)e ., b, — — e — °
a’ ? - a, ak’ 2 ak/7 b 2 - a7 ak7 y ak/? 7y - y y 6
Cla,b,)) < Cla, ap, 2) o Clag, b, ) < Cla, ap, +) o Clag, b, 1) < Lo L < coc <
—e R — —) e X — — @ — [ ]
a” ) - a7ak7 2 a}k7 72 - a’ ak? y ak7 7y - y y - 5
D(a,b,A) < D(a, ax, 2) » D(ag,b, ) < D(a, ax, -) o Dlag, b, 1) < Lot < coc <
—~)e - —e — — e — .
a’ ) - a’ ak’ 2 ak’ b 2 - a7 ak’ y ak’ 7y — y y 6
Then, b € O(a,e,\) C pand so O is a base. ]

Remark 2.21. It can be seen that the second countability implies separability and the second
countability is inheritable property. Therefore, we can imply that every subspace of a separable
quadripartitioned neutrsophic metric spce is separable.
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Definition 2.22. Let F' be a non-empty set and (H, N, o, e) be a QNMS. The sequence of func-
tions (f,) : F — H is said to be converge uniformly to a function f : F — H, if given A > 0,
e € 0, 1), then ther exists U € N such that A(fn(a), f(a),\) > 1 —¢, B(fn(a), f(a),\) <&,
C(fn(a), f(a),\) < eand D(fn(a), f(a),\) <eforalln > U and a € F.

Now, we will give Uniform Convergence Theorem for QNMS:

Theorem 2.23. Let f,, : ' — H be a sequence of continuous functions from a topological space
F toa QNMS (H, N,o,e) If (f,) converges uniformly to f : F — H, then f is continuous.

Proof. Choose & be an open set of H and let ap € f~!(5). Since J is open, then there exist
A > 0,e € (0,1) such that O(f(ap),e,A) C ¢. Since ¢ € (0, 1), we take ¢ € (0,1) such
that (1 —¢)o (1 =¢)o(1—=¢) >1—cand (e e( < . Since (f,) converges uniformly
to f, then, for A > 0, ¢ € (0,1), there exists U € N such that A(f,(a), f(a),3) > 1 -,
B(fa(a), f(a),2) < ¢ C(fula), f(a), 3) < ¢ and D(f4(a), f(a),2) < ¢ forall n > U and for
all @ € F. Since f, is continuous for all n € N, then there exist a neighbourhood w of a¢ such
that f,(w) C O(fn(ao, ¢, ). Therefore, A(f,(a), fn(ao),3) > 1—¢, B(fu(a), fn(ao),3) < ¢,

C(fa(a), falao),3) < ¢ and D(fa(a), falao),3) < ¢ forall a € w. Now,
A(F(a). Fla0). N) = A(F(@), Fu(0). §) 0 Aia(a), fulao), 3) © Alfu(ao). f(ao), 3)
>(1-Qo(l-Qo(1-¢)>1-¢
B(/(a), f(a0).X) < B(f(a), fula). 3
<(Ce(e(<e

C(f(a)v f(CLO)’ /\) < C(f(a)v f’rl(a)’ %) hd C(fn(a)7 fn(aO)v %) hd C(fn(CLO)a f(ao), *)

W >

) Bin(a). falao), 3) @ B(fu(ao). f(a0). 3)

W >

<(e(e(<e

D(f(a), f((lo),)\) < D(f(a’)a fn(a)7

<CeCe(<e.

2 # D(ula). fulao). 3) @ Dfn(an). (00). 3)

Therefore, f(a) € O(f(ao),e,A) C d forall a € . Hence, f(n) C 6. Thus, f is continuous. O

3 Conclusion

The main of this paper is to introduce a quadripartitioned neutrosophic metric spaces and exam-
ine some properties. The structural characteristic properties of quadripartitioned neutrosophic
metric spaces such as open ball, open set, Hausdorffness, compactness, completeness, nowhere
dense in quadripatitioned neutrosophic metric space have been proved. Analogues of Baire
Category Theorem and Uniform Convergence Theorem were given for quadripatitioned neutro-
sophic metric space. This new concept can also be studied to the fixed point theory, as in metric
fixed metric theory and so it can constructed the quadripatitioned neutrosophic metric spac fixed
point theory. As is well known, in recent years, the study of metric fixed point theory has been
widely researched because the theory has a fundamental role in various areas of mathematics,
science and economic studies. Moreover, this notion can be extended for pentapartitionedneutro-
sophic metric space or heptapartitioned neutrosophic metric space as well as notions presented
in [14, 15].
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