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Abstract With the aim of discussing the weak filters and multipliers of the Sheffer stroke
Hilbert algebra, the concept of weak filters that weakened the filter conditions in the Sheffer
stroke Hilbert algebra is first introduced and their properties are investigated. A method of
making a weak filter using the notion of ideals is presented, and the shape of the weak filter is in-
vestigated in the Cartesian product of the Sheffer stroke Hilbert algebra. Second, the concept of
multipliers in Sheffer stroke Hilbert algebras is introduced, and the various properties involved
are examined. The image and pre-image of weak filters by multipliers are discussed. The kernel
and a fixed set of multipliers are found to be weak filters. The composition of multipliers is stud-
ied, and the conditions under which the two multipliers are equal are explored. The conditions
under which the two multipliers are equal are explored. By assigning a Sheffer stroke to the set
of multipliers, a new Sheffer stroke Hilbert algebra is derived.

1 Introduction

The concept of Sheffer operation (the so-called Sheffer stroke in [1]) was first introduced by
Sheffer [2] in 1913, and it was used in Boolean algebras as a very successful tool because
Boolean operations can be replaced by Sheffer stroke. Sheffer stroke has been applied to sev-
eral algebraic structures, for example, Boolean algebra, basic algebras, M V-algebra, BL-algebra,
BCK-algebra, BE-algebra, ortholattices, and Hilbert algebra, etc. (see [3, 4, 5, 6, 7, 8, 9]). Oner
et al. [10] discussed fuzzy filters of Sheffer stroke Hilbert algebras. Moreover, there are many
applications of Sheffer stroke reduction different algebraic structures, for instance, Lukasiewicz
fuzzy filters of Sheffer stroke Hilbert algebras [11], state operators in Sheffer stroke basic alge-
bras [12], Riecan and Bosbach states notions and very true operator concept on Sheffer stroke
MTL-algebras [13, 14] and also congruences of Sheffer stroke basic algebras [15]. In accordance
with these, the concept of reduction Sheffer stroke can be used different algebraic structures such
as [16, 17, 18, 19].

The aim of this paper is to discuss weak filters and multipliers in Sheffer stroke Hilbert
algebras. We first introduce the concept of weak filters that have weakened the filter conditions
in the Sheffer stroke Hilbert algebra and investigate several properties. We present how to make
weak filters using ideals. We examine the shape of the weak filter in the Cartesian product of
Sheffer stroke Hilbert algebras. Second, we introduce the concept of multipliers in Sheffer stroke
Hilbert algebras and examine the various properties involved. We investigate the image and pre-
image of weak filters by multipliers. We show that the kernel and fixed set of multiplier become
weak filters. We study the composition of multipliers. We explore the conditions under which
two multipliers are equal. We assign a Sheffer Stroke to a set of multipliers to derive a new
Sheffer Stroke Hilbert algebra.
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2 Preliminaries

Definition 2.1 ([2]). Let A := (A, ]|) be a groupoid. Then the operation “|” is said to be Sheffer
stroke or Sheffer operation if it satisfies:

(s1) (Ya,b € A) (alb = b|a),

(s2) (Va,b € A) ((a|a)|(alb) = a),

(s3) (Va,b,c € A) (al((ble)|(blc)) = ((alb)[(alb))]c),

(s4) (Va,b,c € A) ((al((ala)[(b]b)))[(al((ala)|(b]b))) = a).

Definition 2.2 ([20]). A Sheffer stroke Hilbert algebra is a groupoid H := (H, |) with a Sheffer
stroke “|” that satisfies:

GHD) (| ((D)ICONIABIACHCNIB)I(C)C)))) = x|(z|x),

where A := y|(z|z), B := z|(yly) and C := z|(z|z),
sH2) z|(yly) = yl(z]z) = z|(z|z) = =y
forall z,y,z € H.

Let H := (H,|) be a Sheffer stroke Hilbert algebra. Then the order relation “ < ” on H is
defined as follows:

(Va,b € H)(a = b < a|(bb) = 1). @2.1)

We observe that the relation “ =< ” is a partial order in a Sheffer stroke Hilbert algebra
H := (H,|) (see [20]). Recall that the Sheffer stroke Hilbert algebra H := (H,|) satisfies the
identity a|(ala) = b|(b]b), which is denoted by 1, for all a,b € H (see [20]).

Proposition 2.3 ([20]). Every Sheffer stroke Hilbert algebra H := (H, |) satisfies:

(Va € H)(al(ala) = 1), 2.2)
(Va € H)(a|(1]1) = 1), 2.3)
(Va € H)(1|(ala) = a), (2.4)
(Va,b € H)(a < b|(ala)), (2.5)
(Va,b € H)((al (b))](b16) = (bl(alo))](ala)). 26)
(Va, b e H) (((al(6]b))[(b]b))[(b]b) = al (b]b)), 2.7
(va, b, € H) (al(BI(cle)) (1(c1e))) = bl((al(cle))I(al(cle)))). 28)
(Va,b,c € H)(a 2 b = c|(ala) X c|(b]b), bl(c|c) =X al(clc)), 2.9
(Va, b, c € H)(al((bl(clc))|(b](c|c))) = (al(b]b))[((al(cle))|(al(c|c))))- (2.10)

By (2.3), we know that the element 1 is the greatest element in H# := (H, |) with respect to
the order <.

Proposition 2.4. Let (H, |) be a Sheffer stroke Hilbert algebra with the smallest element 0. Then
00=1, 1]1 =0, (2.11)
1/(0]0) = 0, 0](0]0) = 1. (2.12)

Definition 2.5 ([10]). Let (H, |) be a Sheffer stroke Hilbert algebra. A subset F' of H is called a
filter of (H,|) if it satisfies:
leF, (2.13)
(Va,b€ H)(be F = a|(bb) € F), (2.14)
(Va,b,c € H)(b,c € F = (al(blc))|(blc) € F). (2.15)
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3 Weak filters

This section deals with the so-called weak filter, which has weakened the conditions of the filter.
In what follows, H := (H, |) stands for a Sheffer stroke Hilbert algebra, unless otherwise stated.

Definition 3.1. A subset F' of H is called a weak filter of H := (H,|) if it satisfies (2.13) and
(2.14).

Example 3.2. Let H = {0, 1, z,y, z,t,u, v} be a set with the following Hasse diagram:

1

Define a Sheffer stroke “|” on H by Table 1.

Table 1. Cayley table for the Sheffer stroke ““|”

\ 0 x Y z t u v 1
0 1 1 1 1 1 1 1 1
x 1 v 1 1 v v 1 v
y 1 1 u 1 U 1 u u
z 1 1 1 t 1 t t t
t 1 v U 1 z v U z
U 1 v 1 t v Y t y
v 1 1 u t U t x x
1 1 v U t z Y T 0

Then H := (H,|) is a Sheffer stroke Hilbert algebra (see [20]). It is routine to verify that
Fy:={1,t,u}, F, :={1,u,v} and F; := {1,t,u,v} are weak filters of H := (H, |).

Itis obvious that every filter is a weak filter, but the converse may not be true. In fact, the weak
filter > := {1, u, v} in Example 3.2 is not a filter of H := (H,|) since (z|(u|v))|(u|v) = z ¢ F.

Theorem 3.3. If F' and G are weak filters of H := (H,
the union F'U G.

), then so are the intersection F' N G and

Proof. Ttisclearthat 1 € FNGand 1 € FUG. Letx € Handy € FNG. Theny € F and
y € G, and thus z|(y|y) € F and z|(y|y) € G. Hence z|(y|y) € F N G, and therefore F' N G is
a weak filter of # := (H,|). Letz € Handy € FUG. Theny € Fory € G. If y € F, then
zl(yly) €e F C FUG. Ify € G, then z|(y|ly) € G € F UG. Thus F UG is a weak filter of
H:=(H,)|). o

Theorem 3.4. For every a € H, the set @ := {x € H | a|(z|x) = 1} is a weak filter of
H:= (H,)|).

Proof. Let a be an arbitrary element of H. Clearly, 1 € @ by (2.3). If y € @, then a|(y|y) = 1,

and so
al((z|(yly)(=|(yly))) = «|((al(yly))I(al(yly))) = «|(1]1) =1
for all z € H by (2.8). Hence z|(y|y) € d, and therefore @ is a weak filter of H := (H, |). i
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Theorem 3.5. For every a € H, the set H* := {x € H | al(z|z) = z} is a weak filter of
H = (H,|).

Proof. Let a be an arbitrary element of H. It is clear that 1 € H* by (2.3). Let x € H and
y € H*. Then a|(y|y) = v, and so

al((z|(yly))(=[(yly))) = =|((al(yly))|(al(yly))) = =|(ylv)
by (2.8). Hence z|(y|y) € H, and consequently H® is a weak filter of # := (H, |). i
Theorem 3.6. If F' is a weak filter of H := (H, |), then the set
F,:={2€ H|z=al(z|z), z € F}
is a weak filter of H = (H, ).

Proof. Let F be a weak filter of # := (H,|). Since I = a|(1|1) by (2.3) and 1 € F, we get
l € F, Letx € Handy € F,. Then y = a|(z|z) for some z € F. Since F is a weak filter of
H = (H,|), we get z|(z]z) € F. It follows from (2.8) that

z|(yly) = =|((al(2[2))I(al(2]2))) = al((z(z]2))[(z](2]2)))-
Hence z|(y|y) € F,, and thus F, is a weak filter of H := (H, |). ]
Corollary 3.7. For every a € H, the set
H, = {al(a]2) | @ € H}
is a weak filter of H = (H, |).
Theorem 3.8. If F' is a weak filter of H := (H,

), then the set
Fri={zeH|(VyeF)|(yly) =1 = y=1)}
is a weak filter of H := (H, |).

Proof. Let a be an arbitrary element of H. It is clear that 1 € F* by (2.4). Let z € H and
x € F*. Assume that (z|(z|z))|(yly) = 1 for every y € F. Then z < z|(z|x) < y by (2.5)
and (2.1), and so y = 1 since x € F**. Hence z|(z|z) € F™*, and therefore F'™* is a weak filter of
H:=(H,)|). i

Proposition 3.9. If F' is a weak filters of H := (H,

), then
FNF*=anH*={1}
foralla € H,

Proof. By the combination of Theorems 3.4 and 3.5, we know that dN H® = {1} foralla € H.
It is obvious that FF N F* =a N He. O

Definition 3.10 ([20]). Let  := (H,|) be a Sheffer stroke Hilbert algebra with the smallest
element 0. A subset F' of H is called an ideal of H := (H,|) if it satisfies:

0cF, 3.1
(Va,y € H) ((z[(yly)|(z|(yly)) € F,y € F = x € F). (3.2)

Given a nonempty subset F' of H, consider the set:
F&:={yc H|y=ux|zxforaz c F}.

Proposition 3.11. Ler H := (H, |) be a Sheffer stroke Hilbert algebra with the smallest element
0. Then every ideal F of H := (H,|) satisfies:

1 e F¥%, (3.3)
(Vx,yeH)(xeF&, x\(y\y)eF& = yeF&). (3.4)
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Proof. Let F be an ideal of # := (H,|). Then 0 € F, and so 1 = 0|0 € F* by (2.11). Let
x,y € H be such that z € F* and z|(y|ly) € F&. Then z = ala and x|(y|y) = b|b for some
a,b € F. It follows from (s1) and (s2) that

((ly)l(ala)((yly)l(ala)) = ((yly)|z)|((y]y)|z)

= (2|(ylv)I(z|(yly))
= (b[D)|(b]b) =b € F.

Hence yly € F by (3.2), and so y = (y|y)|(y|y) € F& by (s2). o

(i) Is the set F* a weak filter or an ideal of H := (H, |)?

(i) If F is a weak filter of # := (H,|), then is the set F'* a weak filter or an ideal of
H:=(H,|)?

(iii) If F is an ideal of H := (H, |), then is the set F'* a weak filter or an ideal of H := (H, |)?

In Example 3.2, if we take F := {y, v}, then F* = {z,u} and it is neither a weak filter nor
an ideal of H := (H, |). If we take the weak filter F3 := {1,¢,u,v}, then F{* = {0,z,y, 2} is
not a weak filter of # := (H, |). Since (v|(y|y))|(v|(yly)) = z € F&¥ and y € F&, nutv ¢ F&.
Hence F3& is not an ideal of H := (H,|). Therefore, the answer to (i) and (ii) in Question 3 is
negative. To answer Question 3(iii), let’s look at the following example.

Example 3.12. Consider a set H = {1, z,y,0}, and define a Sheffer stroke “|” on H by Table 2.

Table 2. Cayley table for the Sheffer stroke ““|”

| 1 x Y 0
1 0 Y x 1
x y Y 1 1
Y x 1 x 1
0 1 1 1 1

Then H := (H,|) is a Sheffer stroke Hilbert algebra with the smallest element O (see [20]). Take
asubset F' := {0,y} of H. Then it is an ideal of H := (H,|) and F& = {1, 2} is a weak filter of
H := (H,|). Butitis not an ideal of H := (H,|).

Based on Example 3.12, we induces the following theorem.

Theorem 3.13. Let H := (H, |) be a Sheffer stroke Hilbert algebra with the smallest element 0.
If F is an ideal of H := (H, |), then the set F* is a weak filter of H := (H, |).

Proof. Let F be an ideal of H := (H,|). Then 1 € F¥ by (3.3). Letz € H and y € F'¥. Since
y = z|(yly) by (2.5), we get

yl((l(yly)I(l(yly))) =1 € F¥,
It follows from (3.4) that z|(y|y) € F%. Therefore, F'¥ is a weak filter of H := (H, |). O
The following example shows that the converse of Theorem 3.13 may not be true.

Example 3.14. In Example 3.2, let’s take F := {0, z,y}. Then F& = {1,u,v} and it is a weak
filter of  := (H, |). But F is not an ideal of # := (H, |) since « € F and (¢|(z|z))|(t|(z|z)) =
ye F,butt ¢ F.

LetH := (H,|) and K := (K, 1) be Sheffer stroke Hilbert algebras. Then X x K := (Hx K,
) is also a Sheffer stroke Hilbert algebra where the Sheffer stroke “ + ” on H x K is given as
follows:

(z,a) ft (y,0) = (z[y,a 1 b) (3.5)
forallz,y € H and a,b € K.
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Theorem 3.15. If Fiy and Fy are weak filters of Sheffer stroke Hilbert algebras H := (H,|) and
K := (K, 1), respectively, then Fig x Fy is a weak filter of H x K := (H x K, {}).

Proof. Assume that Fiy and Fi are weak filters of Sheffer stroke Hilbert algebras H := (H,|)
and K := (K1), respectively. It is clear that (1,1) € Fyg x Fk. Let (z,a) € H x K and
(y,b) € Fg x Fi. Then

(@,a) 1 ((,0) 1 (y,0)) = (2,0) ft (yly, b 1b) = (2|(yly),a T (0 1D)) € Fu x Fic.
Therefore Fiy x Fi is a weak filter of H x K := (H x K, 1). O

Theorem 3.16. If F; and Fx are filters of Sheffer stroke Hilbert algebras H = (H,|) and
K := (K, 1), respectively, then Fi X Fy is a filter of H x K := (H x K, ).

Proof. Assume that Fiy and F are filters of Sheffer stroke Hilbert algebras H := (H,|) and
K := (K, 1), respectively. Then they are weak filters, and so Fly x Fic is a weak filter of H x K :=
(H x K,{) by Theorem 3.15. Let (z,a), (y,b), (z,¢) € H x K be such that (y,b) € Fy X Fg
and (z,¢) € Fg x Fg. Then

((za) 1 ((4,0) 7 (2,0)) & ((3:0) 1 (2,¢)) = (@ @) £ (ylz, 0T ¢)) O (ylz, b1 )

= (@(yl2),a 1 (01 ) 1 (yl2,0 1 ¢) = ((|(y]2))I(y]2), (@ T (b1 ) 1 (b1 ¢))

€ Fy x Fg.
Therefore Fy x Fi is afilter of H x K := (H x K, 1). i

Theorem 3.17. Every weak filter of H x K := (H x K, 1) can be expressed as the Cartesian
product of weak filters of H := (H,|) and K := (K, 1).

Proof. Let F be a weak filter of H x K := (H x K, 1). Consider projections 7p : H x K — H
and 7 : H x K — K. Let Fiy and F be the projections of F' on H and /C, respectively, that is,
my(F) = Fg and mi (F) = Fk. Itisclearthat 1 € Fg N Fi. Letz € H and y € Fy. Then
(z,1) e Hx Kand (y,1) € F. Since F is a weak filter, we have
(@[(yly), 1) = (zl(yly), 1 T (11 1))
= (@, D)1 (yly, 11 1)
=@ DMy, 1)erF

and so z|(yly) = mu(z|(y|y), 1) € mu(F) = Fg. Hence Fy is a weak filter of H := (H, |). By
the similar way, we can check that Fi is a weak filter of £ := (K, 1). O

Theorem 3.18. Every filter of H x K := (H x K, 1) can be expressed as the Cartesian product
of filters of H := (H,|) and K := (K, 1).

Proof. Let F be a filter of H x K := (H x K, ). Then it is weak filter, and so F = Fy X Fi
where Fiy and F are weak filters of # := (H,|) and K := (K, 1), respectively (see Theorem
3.17). Let z,y, 2 € H be such that y, 2 € Fig. Then (y, 1), (2,1) € F, and so

((=[(yl2)I(yl2), 1) = (2 (yl2)I(y[2), (1 (1 1)) T (11 1))
= ((z, ) 1 ((y, ) 1 (11)) 1 ((y, 1) 1 (2]1)) €
Hence (z|(y|z))|(y|z) € mu(F) = Fy Similarly, we can verify that if b,c € Fg, then (a 1
(b1 ¢) 1 (b1 ec) € Fk. Therefore Fyy and Fi are filters of H := (H, |) and K := (K, 1),
respectively. This completes the proof. O

4 Multipliers

Definition 4.1. A self-map f : H — H is called a multiplier of H := (H,|) if it satisfies:

(Vz,y € H)(f(z[(yly)) = =|(f(v)|f(v)))- 4.1
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It is clear that the identity function f, : H — H, = — z, is a multiplier of H := (H, |). Also
a constant function v : H — H, x + 1, is a multiplier of H := (H, |).

Example 4.2. Consider the Sheffer stroke Hilbert algebra H := (H, |) in Example 3.2 and define
a self-map f as follows:

1 if b e {z,t,u,l},
v otherwise.

f:H%H,bt—){

It is routine to verify that f is a multiplier of H := (H,|). Also, if we consider a self-map g
given by

if ce {1,u},
if c€{0,y},
if c € {z,t},
if c e {z,v},

g:H—H, c—

S N

then ¢ is a multiplier of # := (H,|).

Proposition 4.3. The multiplier f of H := (H,|) satisfies:

f(1) =1, 4.2)
(Vo € H)(z < f(x)), (4.3)
(Vz € H)(f(f(z)|(z|x)) = 1), (4.4)
(Vo,y € H)(f(@)|(f(W)If () = Fl=l(yly))), (4.5)
(Vo,y € H)(f(2)[(yly) = f(z[(yly)))- (4.6)

Proof. Using (2.3), (4.1) and (2.2), we have

F) = FEMIA) = FOIDI1) =

Using (4.2), we get 1 = f(1) = f(z|(z|z)) = z|(f(z)|f(z)) and so x < f(z) forall z € H.
The combination of (2.2) and (4.1) induces (4.4). If we use (4.3), (2.9) and (4.1), then

F@IFWIf ) = 2[(fW)If(v) = f(=l(yly))
and f(x)|(yly) = z|(yly) = =|(f(¥)|f () = f(2|(yly)) forall =,y € H. =
Corollary 4.4. The multiplier f of H := (H, |) satisfies:
(Vzye H)(z <y = = < f(y)). 4.7)
Proposition 4.5. If a multiplier f of H := (H, |) satisfies:
(Vz,y € H)(f(2)|(yly) = =[(fW)If (), (4.8)
then it is an identity map.
Proof. Let f be a multiplier of H := (H, |) satisfying the condition (4.8). Then
f) = fyly) = U @) = FMIyly) = 1yly) =y
forall y € H by (2.4), (4.1), (4.8) and (4.2). Hence f is an identity map. O
Theorem 4.6. Let H := (H, |) and K := (K, 1) be Sheffer stroke Hilbert algebras. Define a map

f:HxK — HxKby f(z,a) = (x,1) for all (x,a) € H x K. Then f is a multiplier of
HxK:=(Hx K,).
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Proof. For every (z,a),(y,b) € H x K, we have

f((;a) f ((y,0) 1 (9,0)) = f((x, ) 1 (yly, b 1b))
= f(=l(yly),a 1 (b 10))
= f(l(yly), 1) = f(2l(yly),a 1 (11 1))
= f((z,a) 1 ((yly), 11 1))
= f((z,a) 1 ((y, 1) 1 (9, 1))
= (z,a) 1 (f(,0) 1 f(y,0)).
Hence f is a multiplier of # x K := (H x K, ). o

Proposition 4.7. Given an element a € H, define a self-map f, as follows:
fo:H— H, x+ al(z|z). (4.9)
Then f, is a multiplier of H := (H,|) which is called the a-simple multiplier. Moreover,
(Va,be H)(a 2b = [, C fa, i-e., fo(z) = folz), VT € H), (4.10)
(Va,be H)(a #£b = fo # fp)- 4.11)

Proof. Forevery x,y € H, we have

fa(@|(yly)) = al((=|(y|y) (=] (yly))) = =|((al(y]y))|(al(y|y))) = =|(fa(y)|fa(y))

by (2.8). Hence f, is a multiplier of % := (H, |). The condition (4.10) is induced by (2.9). Let
a,b € H be such that a # b. Assume that f, = f,. Then a|(x|z) = b|(x|x) for all z € H. If
we replace = with b (resp., a), then a|(b]b) = b|(b|b) = 1 (resp., b|(ala) = a|(a]a) = 1) by (2.2).
Hence a < band b < a, and so a = b, a contrsdiction. Thus f, # fp. m|

Proposition 4.8. The 1-simple multiplier fi of H := (H,|) is the identity map on H where 1 is
the greatest element in H := (H, |) with respect to the order <. Also, if H := (H, |) has the least
element 0, then the 0-simple multiplier fo of H := (H,|) is the constant map with value 1.

Proof. For every xz € H, we have fi(z) = 1|(z|z) = z. If 0 is the least element of H := (H,|),
then 0 < z for all z € H. Hence fo(z) = 0|(z|z) = 1. ]

In the example below, we give a Sheffer stroke Hilbert algebra, which lists all simple multi-
pliers.

Example 4.9. Consider the Sheffer stroke Hilbert algebra H := (H,|) in Example 3.2. At this
time, all simple multipliers are fo, f1, fu, fy, [, ft, fu, and f, where fo(z) = 1 and fi(z) =
forall x € H, and

foH S H. oz 1 if z€{0,z,t u}
o ’ v if z € {l,y,z,v}.
FoH s Hoxes u if z €{0,z,z,u},
v ’ 1 if xe{l,y,t,v}.
FoiH S H oz t if x €{0,z,y,t},
° ’ 1 if z e {1,z,u,v}.
if z € {0, z},
if v € {1,t},
if € {z,u},
if z € {y,v}.

fi: H—>H, x—

S 2 = N
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it z € {0,y},
if z € {1,u},
it z € {x,t},
if x € {z,v}.

fu:H—>H, z+—

S Tt =

if z € {0,z},
it z € {l,v},
if € {y,t},
if z € {z,u}.

fo:H—H, x—

S T+ = R

It can be checked by routinely that they satisfy (4.10) and (4.11).

Theorem 4.10. If H := (H,|) is a finite Sheffer stroke Hilbert algebra with n elements, then
more than n multipliers of H = (H, |) are formed.

Proof. Assume that |[H| = n. Since f, is a multiplier of H := (H,|) for every a € H (see
Example 4.2(i)), we know that there exists at least n multipliers of H := (H, |). Therefore, we
can form more than n multipliers of H := (H,|) by (4.11). O

Theorem 4.11. Let f be the multiplier of H := (H,|). If F is a weak filter of H := (H, |), then

so are f(F) and f~'(F).

Proof. Let F be a weak filter of # := (H,|). Then 1 = f(1) € f(F) by (42). Letz,y € H
be such that y € f(F). Then f(b) = y for some b € F, and so z|(y|ly) = z|(f(b)|f(b)) =
f(z|(b]b)) € f(F) by (2.14) and (4.1). Thus f(F) is a weak filter of H := (H,|). Using (2.13)
and (4.2) leads to 1 € f~!(F). Letx,y € H be such that y € f~!(F). Then f(y) € F, and
so f(z|(yly)) = z|(f(y)|f(y)) € F by (4.1) and (2.14). Hence z|(yly) € f~'(F). Therefore
f7Y(F) is a weak filter of H := (H, |). O

Theorem 4.12. If f is the multiplier of H := (H,

), then the set
ker(f) :={z € H| f(z) = 1}, (4.12)
which is called the kernel of f, is a weak filter of H := (H, |).

Proof. Since f(1) = 1 by (4.2), we have 1 € ker(f). Let x,y € H be such that y € ker(f)

1).
Then f(x|(yly)) = =|(f(y)|f(y)) = «|(1]1) = 1 by (4.1) and (2.3), and thus z|(y|y) € ker(f).
Hence ker(f) is a weak filter of H := (H, |). i

Theorem 4.13. If f is the multiplier of H := (H,|), then the set
Fizy(H):={x € H| f(z) =} (4.13)
which is called the fixed set of H by f, is a weak filter of H := (H, |).

Proof. Since f(1) = 1by (4.2), wehave | € Fiz;(H). Letz,y € H besuchthaty € Fixzs(H)
H

Then /(y) = y. and so f(z|(yly)) = «|(/(4)|/(4)) = @|(uly), that is, a|(yly) € Fiay(H).
Hence Fiz;(H) is a weak filter of H := (H, |). i

Denote by M (H) the collection of all multipliers of H# := (H,|). We define a function
composition “o” on M (H) as follows:

o: M(H)x M(H) — M(H),(f,g)~ fog
where fog: H — H, z — f(g(x)).

Lemma 4.14. If f and g are multipliers of H := (H,|), then so is their composition f o g, that
is, f,g€ M(H) = foge€ M(H).
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Proof. Let f and g be multipliers of H := (H, |). For every z,y € H, we have

(f 0 9)(=l(yly)) = F(9(|(yly))) = f(=l(9(¥)l9(v)))
= z|(f(gw)If(9(v)))
=z|((f o g)W)I(f 0 9)(¥))-
Hence f o g is a multiplier of H := (H, |). o

Theorem 4.15. The collection of all multipliers of H := (H, |) forms a monoid under the function
composition “ o with the identity element f.

Proof. Straightforward. O
Proposition 4.16. If [ is a multiplier of H := (H,|), then (f o f)(x) = x for all x € Fix¢(H).
Proof. Letz € Fizg(H). Then (f o f)(z) = f(f(z)) = f(z) = . i

Proposition 4.17. For every element x € H, the x-simple multiplier f, of H := (H,|) is idem-
potent, that is, (fy o f2)(a) = fz(a) forall a € H.

Proof. For every a € H, we have
(fo 0 fo)(a) = fo(fo(a)) = fu(z[(ala)) = 2|((z[(ala))|(z|(ala))) = z[(ala) = f(a),
and so f, is idempotent. O
Denote by M,(H) the set of all simple multipliers of H := (H, |).
Lemma 4.18. If f,, fy € Ms(H) for a,b € H, then f, o f, € Ms(H) and f, o fi, = fp 0 fa-
Proof. Using (2.8) induces

(fao fo)(@) = fa(fo(@)) = fa(bl(z]2))
|

= a|((b](z]x))[(b](z|2)))
= b|((al(z[z))|(al(z]z)))
= fo(al(z]2)) = fo(fa(2))
= (fo 0 fa)()
and
(fa o fo)(@l(yly)) = fa(fo(zl(yly)))
= fa(bI((2|(y|y)|(=|(yly))))
= a| ((b/((=[(y[y)[ (@I (ly) IOl (yly)(z|(y]y))))
[ ((al (b (yly) (0l (yly))(al (@l (y1y) (b1 (y]y)))))
= z|((al (£ fo(v)|(al(fo ()] fo(¥))))
= z|(fa(f (y))|fa(fb( )
z|((fa o fo)W)|(fa o fo)(y))
forall z,y € H. Hence f, o f, = fyo fq, and f, o f, € M,(H). |

Theorem 4.19. (M (H), o) is a subsemigroup of (M (H), o).
Proof. Straightforward. O
We explore the conditions under which two multipliers are equal.

Proposition 4.20. Let f,g € M(H) such that f and g are idempotent and f o g = go f. If
Fizy(H) = Fixy(H), then f = g. Also, if f(H) = g(H), then Fiz;(H) = Fixz,(H).
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Proof. Assume that Fizy(H) = Fizy(H). Let x € H. Since f and g are idempotent, we have
f(z) € Fixg(H) = Fizy(H) and g(z) € Fizy(H) = Fizs(H). Hence g(f(z)) = f(x) and
f(g(z)) = g(x). Since fog = go f, it follows that

f(x) =g(f(z)) = (go f)(z) = (fog)(x) = f(g(z)) = g(x).

Hence f = ¢. Suppose that f(H) = g(H). If v € Fixzy(H),thenx = f(z) € f(H) = g(H) and
thus = = g(a) for some a € H. Since g is idempotent, it follows that g(z) = g(g(a)) = g(a) =
xz. Hence © € Fizy(H), and so Fixs(H) C Fizy(H). The similar way induces Fiz,(H) C
F’LJ?f(H)

O

Theorem 4.21. If we define a binary operation “ 1 on M (H) as follows:

T M(H) x M(H) = M(H), (f,9) = f1g

where (f 1 g)(z) = f(z)|g(x) for all x € H, then “ 1 ” is a Sheffer stroke on M (H) and
(M(H),?1) forms a Sheffer stroke Hilbert algebra.

Proof. The calculation for proof is routine, so we omit it. O
We deine an order relation “ < ” on M (H) as follows:
(Vf.ge M(H))(f 29 © f(z) 2 g(z)forallz € H).
It is obvious that the relation “ < ™ is a partial order in (M (H), 1).
Theorem 4.22. The set My(H) is a weak filter of (M (H),1).

Proof. Since f, 3 foforall f, € My(H), itis obtained that f; is the greatest element of M (H),
and so, fo € Ms(H). Let g, € M,(H) and f € M(H). Using (2.8) and (2.10), we have

(fT( o T 92))(2l(yly)) = f(zl(yly))](9a

) ((al((=|(yly))

FNI((z[((al(yly))

(al(yly))|(al(yly)))

9a(Y)19a(W))I(f(y)
y)I(

—_— ~—
—
=

—~ T~~~
<

~—
—
—

S
—~
=
<
—
2
e
=
<
~— —

forall z,y € H. Hence f 1 (g T ga) € Ms(H). This completes the proof. ]

Definition 4.23. A relation 6 on H := (H,|) is called a Sheffer congruence relation if it is an
equivalence relation satisfying the condition below:

(Va, 2,y € H)((z,y) € 0 = (al(z|z),al(yly)) € 0). (4.14)

Example 4.24. Consider the Sheffer stroke Hilbert algebra H := (H, |) in Example 3.12. Then
a relation

0 ={(0,0),(1,1), (z,2), (y,9), (1, 2), (2, 1), (1,9), (9, 1), (x,9), (v, 2)}

is a Sheffer congruence relation on H := (H, |).

Theorem 4.25. Let f be a multiplier of H := (H, |). If we define a relation 0y on H = (H,|) as
Sfollows:

(Vo,y € H)((z,y) € 0y = f(z) = f(y)), (4.15)

then 0y is a Sheffer congruence relation on H := (H, |).
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Proof. 1t is clear that 0 is an equivalence relation on H := (H, |). Let (z,y) € 0 forz,y € H.
Then f(z) = f(y), and so

flal(z]z)) = a|(f(2)|f(x)) = al(f(v)|f(y)) = f(al(yly))

for all « € H. Hence (a|(x|x),a|(y|y)) € 0y, and therefore 6 is a Sheffer congruence relation
onH := (H,|). o

Lemma 4.26. If a multiplier f of H := (H,|) is idempotent, then f(xz) = x for all x € Im(f)
and

(Va,y e Im(f))((z,y) € 0y = x=y). (4.16)

Proof. If x € Im(f), then x = f(a) for some a € H and so f(z) = (fo f)(z) = f(f(x)) =

fla) = . If (x,y) € Of for all z,y € Im(f), then f(z) = f(y) and thus z = f(x) = f(y) =
Y. O

Theorem 4.27. If f is an idempotent multiplier of H := (H, |), then |f(H) N 6[z]| = 1 for all
x € H, where 0¢[z] is the Sheffer congruence class of x with respect to 0;.

Proof. Let f be an idempotent multiplier f of X := (H,|). Then 6; is a Sheffer congruence
relation on H := (H,|). Let x € H. Then (z, f(z)) € 0y since f is idempotent, and so
f(x) € Of[z]. Since f(z) € f(H), it follows that f(z) € f(H)NOy[z], thatis, f(H)NOf[x] # 0.
If a,b € f(H)N6[z], then a = b by Lemma 4.26, and so |0¢[z] N F| = 1. i
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