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Abstract In this paper, we define a new integral transform for time scales, namely the n-
dimensional integral transform. This transform is a generalization of finite-dimensional integral
transforms resembling the Laplace transform on time scales. Further existence theorem and
some essential properties are given. Integral transforms generalized on time scales, such as
the Laplace, Sumudu, Shehu, double Laplace, and Laplace-Sumudu integral transforms, are
particular cases of our proposed transform. Finally, we describe applications of this transform
for solving partial dynamic, integro dynamic, and integral equations.

1 Introduction

Integral transforms execute an important role of transforming a function in one domain (fre-
quently the time domain) to another domain (frequently the frequency domain). The properties of
the transformed function are often revealed with the original function and are easier to work with
or analyze. Because of this remarkable quality, integral transforms are specifically used for solv-
ing differential, partial differential, and integral equations with specified initial conditions. Fas-
cinating work on integral transforms has been done in [2, 12, 13, 20, 21, 22, 23, 24, 25, 26, 27].
In [9], Jafari introduced a general integral transform for a continuous function f(¢) defined as

Tel£(1)} = F(s) = m(s) /0 T e f(n)dt, >0 (L)

provided the integral exists. Further in 2022 [11] M. Meddhai et al. introduced a new general
integral transform for a continuous function f (¢, z) of two variables as

To{f(t,x)} = F(s1,52) = p1(s1)p2(s2) /00 /OO e~ alst=e(2) £ Y dida, xt >0 (1.2)
o Jo

provided the integral exists. The above-defined transforms specifically cover a large number of
single and double integral transforms, respectively. The n-dimensional integral transform is an
extension of the concept of integral transforms into functions of n variables. The main concern
is to apply an integral transform n times once concerning each variable.

The time scale is assigned as a nonempty closed subset of the set of real numbers. It is a gen-
eralization of the usual notion of a timeline, which may contain continuous numbers, integers,
or both so it constitutes a more general set of numbers. Time scale calculus consolidates differ-
ential calculus into a unified theory, thus allowing formulation, analysis, and finding solutions
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to dynamic equations over continuous, discrete, and miscellaneous types of domains. Simi-
lar to classical transforms, integral transforms on time scales offer an advantage for converting
complex dynamic equations in the original time scale domain to a simple algebraic form in the
transformed domain, making them easier to solve. As yet Laplace, Fourier, Sumudu, and Shehu
transforms are generalized for time scales [1, 4, 10, 14]. The accompanying double-Laplace,
Laplace-Sumudu, and double-Shehu transforms are generalized for time scales [8, 15, 19].

The main intend of our present work is to introduce a general integral transform on time scales
having the speciality of generalizing the aforesaid integral transforms of dimensions one and two
and also most of the integral transforms that have duality with the Laplace transform of higher
dimensions that are still to be introduced on time scales. We also present new formulae for the
transform of partial derivatives and n-dimensional convolution for functions with n independent
variables.

The configuration of this paper is as follows, Section 2 consists of some preliminary results
that are the principal constituents of our work. In Section 3 the n-dimensional integral transform
is defined and existence conditions are given. Section 4 demonstrates some salient properties
and theorems of our established transform. In Section 5, partial dynamic, integral equation, and
integro-dynamic equation consisting of functions of n-independent variables are solved using
the proposed transform of a specific dimension. Finally, Section 6 highlights the outcomes of
our work.

2 Preliminaries

We recall results from [3, 5, 6, 15, 16, 17, 18] in this section. For a given time scale T and ¢ € T,
the forward jump operator is a function o : T — T defined as o(t) = inf{r € T : 7 > t}.
Further, the forward graininess function x : T — [0, 00) is given as u(t) = o(t) —t. Letn € N
be a fixed. Foreach i € {1,2,...,n} let a time scale T; is unbounded above.

Definition 2.1. For each time scale T;, ¢ € {1,2,...,n} the set
T =Ty x Ty x---xT, :{(tl,tz,...,tn)lti ETi,iZ l,2,...,n}

is called n-dimensional time scale.

It is important to note that the set 7" equipped with the metric d(t,7) = (X1, |t — 7|?) /2
for t,7 € T™ is a complete metric space. Therefore the fundamental concepts such as open
balls, neighbourhood of points, open sets, compact sets, etc. follow for 7". Also, we have for
functions f : 7" — C, the concepts of limit, continuity, and properties of continuous functions
on general metric spaces.

For an n-dimensional time scale 7", we define sup7™ = (sup(T}),sup(T,),...,sup(T,)).
And in this study, we denote = (¢1,12,...,t,) as an element of 7" and Z = (21, 22, ..., 2) a8
an element of C”.

Definition 2.2. The operator o : T — T with
o(t) = (o1(t1),02(t2), .. ., on(tn)), T=(t1,t2,...,t,) €T"

is said to be the forward jump operator in 7", where o;, i = 1,2,...,n is the forward jump
operator in T;.

Definition 2.3. The operator p : 7™ — T with

p(t—) = (pl (t1)7p2(t2)5 “n 7pn(t"))7 t= (tla o, ... 7t") e

is said to be the backward jump operator in 7™, where p;, ¢ = 1,2,...,n is backward jump
operator in T;.

Definition 2.4. For { = (¢1,t,...,t,) € T™.
(1) o(%) > t, then ¥ is called strictly right scattered.
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(2) If o(f) > t and there are j,1 € {1,2,...,n} such that o;(¢;) > ¢; and oy(¢;) = ¢;, then t is
called right scattered.

(3) If ¢ <supT™ and o(f) = 7, then ¥ is called right dense.
(4) If p(f) < 1, then  is called strictly left scattered.

(5) If p(¥) < T and there are j,! € {1,2,...,n} such that p;(t;) < t; and p;(t;) = t;, then ¢ is
called left scattered.

(6) If T > inf 7™ and p(%) = ¥, then 7 is called left dense.
(7) If T is strictly right scattered and strictly left scattered, then  is said to be strictly isolated.
(8) If # is right dense and left dense, then # is said to be dense.

(9) If # is right scattered and left scattered, then £ is said to be isolated.

Definition 2.5. The graininess function p : 7™ — [0, 00)™ is defined by

w(t) = (i (tr), pa(ta), - pn(tn)),

where p;, ¢ € {1,2,...,n} is the graininess function for T;.

Definition 2.6. For f : 7™ — R, the forward shift f° : 7" — R is defined as

f7(&) = (foo)(t)
= f(o(D)
:f(O'l(tl),Uz(tz),...Un(tn)).

Further
I70@) = f(tistay oo tict,00(t), tity - oy T )y
and
Fam 72T @) = f (o (i) 0 ()5 0 () )

where | <ij <ip<--- <4y <n,ipm e Ny m=12...,l,l€N.

T\(p(supT),supT] if supT < oo

Definition 2.7. For a time scale T, T = { .
T otherwise.

Definition 2.8. For a n-dimensional time scale, 7" the non-maximal sets are defined as
() TF* =TF x TH x - x Th.
Q) T/ =T x - x Ty xTF x Tygy x -+ x T,

I{”I{IZ ln

(3 T;4. 3 X TF X oo X TE x oo x TE %

where | <ij <ip<---<iy<n, i, eNm=12 ..., [,leN.

Definition 2.9. A function f : 7™ — R is called regulated provided its right sided limit exists
(finite) at all right dense points in 7" and its left sided limit exists (finite) at all left dense points
in7"m.

Definition 2.10. A function f : 7™ — R is called rd-continuous provided it is continuous at
right dense points in 7" and its left sided limit exists (finite) at left dense points in 7. The set
of rd-continuous functions f : 7™ — R is denoted by

Cra = Cua(T™, R).

The set of functions f : 7" — R that are differentiable and whose derivatives is rd-continuous
is denoted by
ok

T

= CL(T™ R).
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Definition 2.11. A function f € Ciy(T", R) is called regressive if 1+uf # 0. For 1+uf >0, f
is positively regressive and for 1 + pf < 0, f is negatively regressive. The set of regressive,
positively regressive, and negatively regressive functions is denoted by

R(T™,R),R*(T™,R), and R (T™,R)
resepectively.
Definition 2.12. For a,b € R, a < b the interval [a, b] in T is defined as
[a,0]r ={teT:a<t<b}.

Using the concept of intervals in time scales, we define the time scale generalized parallelop-
iped as follows.

Definition 2.13. For ay, ay, . .., a, € R the time scale generalized parallelopiped is defined as

[al, OO)'H'] X [az, OO)'Jr2 X .o, [an, OO)T”

:{(tl,tz,...,tn)€Tnla1 <t <oo,a2§t2<oo,...,an§tn<oo}.

Throughout this work we will assume that for all T;, the respective graininess function y; is
bounded i.e. 0 < fipy, < Hi < gy < 00. We et fimax = K = (K pues H2paes - - - » Hnm) a0

Hmin = Hs = (/’l’lmin’ M2y + - 7Mnmin)'
For f1, f» € RT(T™,R) we define the circle plus addition & by,

(fi® hL)E) = fi(}) + () + p@) f1(D) /() forallf e T™.

Using properties of the exponential function, we generalize [4, Lemma 3.1] given below,
which is useful for proving theorems from upcoming sections.

Lemma 2.14. For x1, x5, ..., x, € R regressive,
0107...0, 0 4,0 0
AN R C T 7S 0 7 I - N |
0 40 0
- eexlgxz...@xn (t],tz, . ,tn, t17t2’ . ’tn)

(1 + M]il’l)(l + szz) . (1 + /lnxn)
In this paper, we follow the notation,
€O O, Omy, (tlvtzv P 28 t(l)v t(Z)v s atgz) = €om, (tlvt(l)) *€om, (tza t(Z)) - Coz, (tnv t(r)z)

We extend the definition for a multivariable function of exponential type II for n-dimensional
time scales as follows.

Definition 2.15. A function f € Cy(7T",R) is said to be of exponential type II, provided there
exists constants C' > 0, and k; € RT(T;,R) for: = 1,2, ..., n such that

|f(t—)| < Cekl@kl@“'@kn (t17t2a vyl t(l)7t(2)a se e atgz)
forallt € [t?,oo)qr] X [t(z),oo)qu X ...[t%,oo)']r .

n

With this knowledge, we proceed to the next section.

3 Main Result

In this section, we define the n-dimensional integral transform on time scales and discuss its
existence conditions.



n-DIMENSIONAL INTEGRAL TRANSFORM FOR TIME SCALES 781

Definition 3.1 (n-Dimensional integral transform on time scales). Let 7 is an n-dimensional
time scale such that sup{T;, Ts,...,T,,} = co and t0 = (£9,¢3,...,%) € T™ is fixed. Let

Iy ¥n

f:T™ — C is rd-continuous function then the n-dimensional integral transforn of f(%) is

NaAF (D)}
= NiNsy . No {1(D)
-he (3.1)
=pi(z1)p2(22) - . . pn(zn /to /to /to ggzzféqz (22) eqn(zn)(tl’ oty 1Y)
F() AitiAots ... Aty
provided the integral exists with py(z1) # 0,p2(22) # 0,...,pn(2n) # 0and ¢1(21), - ., qn(zn)

are positively regressive transform functions for all ¢} € Ty,¢, € T, --- ,t, € T, respectively.

Now, we see existence criteria for our proposed transform.

Theorem 3.2 (Existence theorem). Let t0 = (¢9,19,....t%) € T"and f : T" — C is a rd-
continuous function on time scale generalized rectangular parallelopiped [t9,00)r, x [t9, 00)T, X
x [t°, 00)1, and is of exponential type I I, then n-dimensional integral transform of f (f) exists
for all positively regressivefunctions q1(21),02(22), - - -, qn(zn), provided
hm ek,eq,(z,)(tlat ) =0, ... ,tli_r>noO €l gn(2n) (tns 1) — O with Ren(q1(21)) > ki,

.,Reh(qn(zn)) > ky,.

Proof.
Wa{f(D)}]
= Pl(zl)Pz(zz) . Pn(Zn)
0102...0p, 0 4,0 0
/t” /to /to e ooy (T B2 b 80,88, ) (DA Aot - Aty
<pi(z1)pa(22) - - pul2n)
0102...0p, 0 4,0 0
/to /to /0 o B an(ea) - (2 (E1 125 L, )| f(D]AIt Aty . Aty

< Cpi(21)p2(22) - - - p(2n)
- 0102...04,
/t? /tg ) (oSl (en) (P12t bty )
*Chy®ky- Dk, (tl y tz, . ,tn, t?, t(z), ceey n)A]f]Aztz Antn

/OO /OO oo
0 0
t t9 t9,

= Cpl(zl )pz(Zz) ..

. Pn(2n)

69(11(m)@qz(zz)'"@qn(zn)(th ta, ...,

0 40 0
by 89,29, ..., 10)

[+ 1 (t)qr (20)][1 + p2(B2) @2 (22)] - -

CChydhy @k, (112,

pulen) /:

b 89,19,

ek19Q1(21)<t1 ) t(l))
L+ m(t)ai(=1)

[1 —+ ﬂn(tn)Qn(zn)]

)ALt Aoty . .. At
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. /°° Cron(z)(t2, 1) /°° ot T
0 1+ m(t)e(z) w0 Tt fin(tn)gn(zn) S [Pt
p1{z1
N Cm/ k1 © a1 (21) 0 (=) (1)
p2(22) > o
' [m k2 © @2(22)er,00,(20) (B2, 12)
pn(zn) o
. [m ~/t(7’L kn @qn(zn)ekﬂ'eq”(%)( n n)A t An—ltn—1‘| Altl

_ Cpi(z1)p2(22) - - - Pn(2n) Al
C (ki —aqi(21) (k2 — @2(22)) - (Fn — gn(20)) /t? s (110 4)

o0 oo
A5 0 A, 0
: l/tn Chaog(z) (2:12) - - l/to ekn@qn(zn)(tn,tn)Antn] Anltnl...]mtl
2 n

— Cpi(z1)p2(22) - . . pn(2n)
(QI(ZI) - kl)(qz(ZZ) - ]fz) ce (Qn(Zn) — kn)

3.1 The n-dimensional integral transform of some elementary functions

Using Definition 3.1 the n-dimensional integral transform of some elementary functions is given
in Table 1.

3.2 Relationship of n-dimensional integral transform with other transforms

In this subsection we have given the relationship of our transform using Definition 3.1 with
some familiar 1 and 2-dimensional integral transforms in tabular form.

4 Some properties and theorems

The following properties of n-dimensional integral transform are easily proved using Definition
3.1.

Property 4.1 (Linearity property). If f(f) : 7" — C and g(f) : 7" — C are rd-continuous
functions with n-dimensional integral transforms N, {f(f)} and N,,{g(f)} respectively. Then
foray,a; € R,

Nofai f(B) + az9(D)} = arNo{f ()} + a2Nn{g(D)}-

Property 4.2. Let f : T™ — C is rd-continuous function such that, f(¢,¢5,...,t,) = fi(t1) -
L) faltn), t1 >0, > 19, ..., t, > 1. Then

No{f(tsta, - tn)} = F(2) = N {F(t0)} - No{f(2)} - Ne A ()}

where NV, {f(t1)}, N, {f(£2)}, ..., Ne, { f(¢n)} are one-dimensional integral transforms for
fi(t1), fa(t2), - .., fu(ty) respectively.
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Table 1. Transform of some elementary functions

f(®) Nau{ (D)}
1 P1(z1)p2(22)--pn(2n)
q1(z1)q2(22)---qn (2n)
0 0 pi(21)...pn(zn)
€a, B Ban (tl, PR O S 77fn) ((I1(Z1)—all)...(qn(zn)—aﬂ)
(z1).-.pn(2n)

0 0
ei(a]@---Q}a”)(tla ctnsty e t”) (Q1(21)[ilia1))~..
(

. 0 0
8iNay @ @an (t1s - tnt], o tn) | 52 T

1 P1(21)--Pn(2n)
2i (q1(z1)+ia1)...(qn (zn)+ian)
pi(21).--Pn(2n)

0 0 1
C0Sa,@--@an (T - tns b 1) | 2T (e e =]

1 pi(21)...pn(2n)
2 (qi(z1)+iar)...(gn (2n)+ian)

+

. 0 0 1 Pi(21).-pn(2n)
$ithaye - @an (b, b, 1, 1) | S alial

_l pl( ])...p.,L<Z.,L)
2 (qi(z1)+ar)...(gn(zn)+an)

0 0 1 pi(21)--pn(2n)
COShal@"'@an (th oo, t]a e 7tn) 2 (@1 (z1)—a1)--(qn (zn)—an)

1 pi(21).--pn(2n)
2 (qi(z1)+a1)...(qn(zn)+an)

hm] (t17 t(l)) b (tm tn) f:n(lzjr]]).“p”<;:>)mn+l

qi (21 qn (

+

Theorem 4.3 (Shifting theorem). For A\ € T, \y € T, ..., A, € Ty, with A\ > 0,
A >0,..., A\, >0, we have

t)_ 0 tlGTI,...,tnéTnandtl<)\1,...,tn<)\n
Yl EeTy, . tn €Thandty > A, .. tn > .

Then for rd-continuous f:T"™ — C,

No{Hx po,on (B b2, o t0) f(D) }
= e@ql(z])eqz(zz)m@qn(zn)()‘lv>\27 SRR )‘nv t(l)a t(z)v sy n) N {f(t—)}

Proof.
Nn{H)\l,Azwq)\n (tlvtb cee atn)f(t_)}

=pi(21)p2(22) . . . pn(2n)

0'0' On 0 40 0
/ / / GIQIZZ] Joq(z2)- eqn(zn)(tl’tz"'"t”’tl’tz""’t”)

“Hy, o (B by o tn) F() At Aoty .. Aty

=pi(21)p2(22) - - - Pn(2n)

Con(2)0m(z) - Ban(z) (T 12+ s bns 11, 65, - 1)

A

[T+ pa(t)q(20)][1 + pa(t2)@2(22)] - [+ i (tn) gn(20)]

“Hy, oo (B by oo tn) | F(B) ArtiAnta ... Apty,
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Table 2. Relationship of n-dimensional integral transform with other transforms

2*n, | n-dimensional Transform Integral transform
time scale functions on time scale
3% Laplace transform
1 T'=T, pi(z1) =1, L{f(t1)}
qi(z1) =2 ;50 eZl, (t, 1) f(t1) Aty
3% Sumudu transform
1 T' =T, pi(=1) = £, S{f(t)}
a(z) =1 R (tht) ft)At
3% Shehu transform
1 T'=T, pi(z1) =1, Sh{f(t1)}
a(z1) =2 = f,?o €5 (t1, 1) - f(t) Aty
4% Double Laplace transform
2 =T xTy | pi(z1) = 1L,pa(22) =1, Ly L, { f(t1,12)}
a(z) =z,0@) =2 | = [ [3 el (t 0, 06)
f(t1,t2)Art1 Aoty
4% Double Shehu transform
2 =Ty xTy | pi(z1) =1, pa(z2) =1, Shy, She,{ f(t1,42)}
a(z)=2Lp=n)=2| = fto too gazeq (t1,t2,19,19)
[t t2) At Aoty
4% Laplace-Sumudu transform
2 =T xTy | pi(z1) = Lipa(z) = & Ly Sp{f(ti, 1)}

ai(z1) = 21,¢2(2) = &

_ 1 oo e192 0 40
= z_zft” f 92 @ tl,tz,tl,t2)

f(t, t2)A1t1A2t2
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—Pl(zl D2 22) Pn(zn)

/ / [ eem (z1)eq(22)-Oqn(z ,L)(Al’)‘zw' Anatlvtb"' )
Al A2

" €oq1(21)8q(22) - Oqn (2 )(tl,tz, B N ¥ .V J )\n))
[T+ ()@ (z0)][1 + p2(t2)q2(22)] - - [1+ g () an (20)]

F@) Aty ... Aty

= pl(zl)pz(z‘z) .. pn(zn) eeq](Z])9q2<22).,,@qn(z")(/\1, A2y A, t(l)v tg, - ,t%)

/ / / e@ql (z1)0q2(22)-+ @qn(zn)(tlatzv"'7tn7>\17>\27"';)\n)
PV L+ (t)qn (20)][1 + p2(t2)@2(22)] - - [1+ pn (80) g0 (20)]

F@&) AitiAgts .. Anty,

@(z2)- eqn(zn)()‘h)‘%" )\nvtlvtb"'v n) pl(zl)pz(zz) pn(zn)

21)9
[ee] [ee]
£7192-:0n
/ Az A 9q1 (21)0q:(22)- eqn(zn)(tl7t2a'"atnaAlaA27---7)\n)

F@) AitiAgts ... Anty,

= eem(Z])9qz(22)"'@qn(z")()‘l7>‘27 . >‘n7 tl ) t2a s 7t(r)z)Nn{f(t_)}
O

Theorem 4.4 (Transform of partial derivatives). Let [ : T™ — C is rd-continuous function such
that

(6) Pt by tn) = 2 (bt ), (i) [ (Gt ) = %(tl,tz,...,t ),
(iid) 5 (41, ta, ... ) = At;(tl,tz,...,tn), (iv) fA}A;(tl,tz,...,tn)—%(tl,tz,... tn),
are also rd-continuous. Then
(1) NouNo, - NN {2 (0t )}
=q (2)NL{f (1,82, tn)}
—p1(2)Ng N (@t ta) )
(2) N, Ni, oo NNy {2 l(tl,tz,...,tn)}
= )N {f(t1, 2, s tn)}
— q(2)p1(2)NGNG - N F(0 1))
— P ()N NG - N (8, )
(3) Ny Nowoy - NN F5 (b1 o, 1)}
= @ (2N {f(t1,ta, .. 1)}

— @ (20)p1(2)NNey - N {F (0 1, 1)}
—q(z pl(zl)/\/tz-/v;tg---Mn{fA{(t(l)vtb-u;tn)}
— pr(E)NGNG, N (S (@, 1, )}

@) NN NN LA (4, )}
= q(21)@(22) No{f(t1,t2,...,tn)}

)
)
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—q1(z1)p2(22) Ney Ney - .. NG, {f(tl,tg, cotn)}
— @(2)p (ONN - N (1 1, t0)}
+p1(20)pa(22) NewNay - Ny {F (0,85, ta) ),

provided,

im eqg ) (1, 29) f(t1 12, .. ) = 0, t}Enooeeql(zl)(tlat?)fA} (t1,t2, . s tn) — 0,

t—o0

i ecg, (o) (b1 09 25 (bt ) = 0, T eeg, (o) (b1, 9) 5t b2, ) = 0,

t—o0
im eqg, (2 (t2,19) f(t1, ta, - ) — 0.

tr)—0o0

Proof. (1) Applying 1-dimensional integral transform with respect to ¢; to A (t1,t2, .. tn),
we get

N { Mttt}

_ * s 0\ rA]
_pl(ZI)‘/to 691q1<zl)(t1,tl)f l(tl,tz,...,tn)Altl

= 0 Al Aj 0
:p1<21)‘/to |:(69m(21)(t17tl)f<t17t2a'"atn)) _f(tltha"'vt ) 911( )(tlatl)}Altl

1

= pl(zl) |: - f(t(l)a t27 cee 7tn) - [ @(h (Zl)e@ql(zl)(tla t(l))f(tla t27 cee 7tn)Alt1:|

0
1

[e.¢]
=n()[ = F@ ) b [T Dt ) A

1

2291(21)%(21)/0 egq]<21)(t1,t?)f(t1,t2, s t) Aty — 1 (20) £(1, 2, ).
tl
Now applying 1-dimensional integral transform with respect to ¢,, we get

-/\/‘tz-/\/;tl{.]‘lAi (tl?tz’ s ’t”)}

o) o0
= q1(21)p2(22) /tﬂ e‘ng<zz>(tz7t8)p1(z1)/to (e LD f(t1 b, ta) Arti Aoty
1

2

o0
i) [ et DI ) Aot
2

= q1(z1)p1(21)p2(22 /t“ /to € (e)Om( 22)(t17t2,t?7tg)f(t17t27~~~,tn) At Aty

—pi(e1)pa(2) / e (2 F (b2 1) Aot

2

=q1 (Zl)Mle{f(tlatb cee 7tn)} _pl(zl)Mz{f(t(l)vtzv cee atn)}

Applying 1-dimensional integral transforms with respect to t3, ¢4, . .., t,, successively, we get

NNy NpNo {8 ()}
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= QI<ZI)Nn{f(tl;t27 s 7tn)} _pl(zl)Mz o 'Mn{f(t(l)at27 cee 7tn)}
(2) Applying 1-dimensional integral transform with respect to 1 to f2(ty, 1, .. ., t,), we get

N ANt ta, - )}

0o
2
= pl(Zl) / egql(21>(t1, t(l))fAl (t], tz, . ;tn)Altl
t

0
1

00 Al 1
1 1 1 A
:pl(ZI)/to {(eeql(zl)(tl-t(l))fA] (tlat27-- -7t7z)) - fA] (t17t2a- --7tn)e@1ql(zl)(t1;t(l)):|A1tl

[ee]
= pl(zl) |: - fA{ (t(l)7 t2a e atn) - lﬂ @ql(zl)e@q](z])(th t(l)),fA{ (tla t27 cee 7tn)Alt1:|

1

1 o0 1
= —pi(2) A tay . tn) — pi(21) /0 @(Il(zl)e@ql(z])(tlvt(l))fAl (ti,ta, .. tn) ALty
tl

1 o 1
= —pl(zl)fA‘ (t(1)7 tr,... ,tn) + ql(zl)pl (21) /0 egm(zl)(tl’ t(l))fA] (tla ;... 7tn)A1tl
t

= g1 (20N {2 (b1t )} = p1(2) fY (0 0, t)

= 01 (20) [ar GONG (U (st )} = D1 () F( )] = pr ) 2 )

= q%(zl)'/\/tl{f(tlatb cee 7tn)} —p1(21)ql(2:1)f{(t(l),t2, cee 7tn)} _pl(zl)fAi (t?,tz, cee 7tn)'

Now applying 1-dimensional integral transform with respect to ¢,.

-/\/‘tz-/\/‘tl{fA%(thtz? T t”)}

oo

— R )pa(=) / €7 ot )pi(21) / e DSttt A AL
2 1

—pi(z1)a1(z1)p2(22) /O €0 (o) (125 ) (8,12, - tn) Aot
t2

00
1
— i (zl)pz(ZZ) /0 eoézqz(zz) (tz7 tg)fAl (t(l)’ to, ... ,tn)Aztz
tz

oo oo

= qi(z1)p1(21)pa(22) /tﬂ /to e (e 1 2 8 ) (1, ) Art At
1 2
oo

—pi(z1)a1(z1)p2(22) /O (o (125 ) (8, t2, - tn)Aats
t2
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S
I
_ pl(zl)pZ(ZZ) /to 6;2(12(22) (7527 tg)fAl (t(l), tr,..., tn)AQtz

2

= q%(zl)'/\/tl'/\/tz{f<tlvt27 cee atn)} _pl(zl)Q1(zl)Mz{f(t(l)at2a cee 7tn)}
- pl(zl)Mz{fA} (t(l)tha v atn)}'

Applying 1-dimensional integral transforms with respect to t3, ¢4, . .., t,, successively, we get

NiNo, o NNy {25 (b, )}

n—I

= F(2)NW{F (1t )} — @1 (201 (2)NGNG - N {F (0t )}
— 12NN, - N (Y (80 0, 1))

(3) Following similar steps we can prove that,

N Now s NNy {8 (b, )}

n—I

= q?(zl)N’ﬂ{f<t1at2a cee 7tn)} - Q%(zl)pl(zl)'/\/tzj\/ti . 'Mn{f(t(l)ﬂtzv cee 7tn)}
- QI(Zl)pl(Zl)-N;szfts .- -A/;fn{fA} (t(l)at27 s 7t")} _pl(zl)MzMs .- 'Mn{fﬁ(t?atb s 7tn)}'

(4) Applying 1-dimensional integral transform with respect to ¢, we get

NP2 (b, b, )}

(o)
o Al
= pl(Z])/ ee]q]<zl)(t17t?)fA1A2 (tltha - ,tn)Altl
t

0
1

0o Al 1
:pl(zl)/ [(eeql(m)(tl;t(l))fA;(tltha'"atn)) r (eg}q](z])(tl;t(l))fA;(tlatza---;tn))}Altl
t

0
1

1 o0 1
= _pl(zl)fAz(t(l);tb conytn) = pi(21) /0 @q1(zl)eeq1(z])(tlat(l))fAz(tlvtb con )ALt
t

o0
1 1
= —pi(z) 20, ta, .. tn) +p1(21) a1 (21) /0 egq](Z])(tl, )2 (bt - b)) Aty
¢

Applying 1-dimensional integral transform with respect to ¢,, we get

-/\/‘tz-/\/;tl{fA}A;(thtl’ Tt t”)}

=) [ 62, (N b )t + @ ()m ()pa(e2)
tZ

o0 o0
1
/ eng(zz)(tz,tg)/o (e LD 2t ) Art Aoty
t t

0
2 1
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PN b, )} + 01 (20)p1 (1) (22)
Dar(an (1511 [/ €2 o (25 1) 25 (1 1, Jn)Aztz] Aty
t

0 0
t 1 2

= —p1(2) @DV L ([ 2, 1)} = p2(2) FE B, )]

0 A,
+q1(z1)p1(21)p2(22) /to egql(zl>(t1,t?)[/to (equ(ZZ)(tzig)f(tl,tL---,tn))
1 2

(2 (2 ) F 11, o, 1) ) Aot | Arty

= —p1(21)@(2)NL{f B tas .. 1)} +p1(20)p2(22) F(E), 13, .. 1)
+ Q1(21)p1(21)p2(22)/ egql(zl)(tl,t?) { — [t 15, )
t()

1

o0
- /O O@(22)€sg,(2) (T2, ) f(t1,ta, ... 7tn)A2t2:| Aty
t

2

= —p1(21)@(2)NL {f(1, 2, 1)} + pr(20)pa(z2) F(10, 85, .o 1)

— ()P (20 (22) / e oD F (LB )AL

+ a1(21)a2(22)p1(21)p2(22 / / a1 12 1) f(t, T, 1) Arti Aoty

0

=q (Z )Q2(Z2)M1M2{f(tlvt2a se e atn)} — a1 (Zl)p2(z2)M1{f(tla t(2)7 se . 7t")}
— @(22)p1 (20) N {F (8, 1, )} + D1 (20)p2(22) F(19,89, - 1),

Applying 1-dimensional integral transforms with respect to t3, t4, . .., t,, we get
NuNoy - NN {85 (b, )}
- Q1(21)Q2(22)Mz{f(t1, t27 .- 7tn)}
_q](zl)pz(zz)MlM% M,L{f( lat27"'7 n)}
— @(2)p1(2)NeNe - N, {F (8,12, 1)}
+p1(z20)p2(22) N Noy - N L F (1083, )}

O

In general we have following formulae for transform of partial derivatives of higher order
and mixed partial derivatives.

(1) '/\/‘tn'/\/‘tnfl' -A/;ﬁz'/\/;fl{f (tlat27--- by )}

- qi(zi)Nn{f(tl;tb cee 7tn)}
= pi(2) Ny N - Noy  Nayy o Ny A (st 1), tn)
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() NoNoy o NN A5 (o))

= ¢ (z)No{f(t1 t2r .. t0)}
- Qi(zi)Pi(Zi)/\/thz .. /\/tl 1/\/15 itl " J\/t {f(tl;tb <o 7t?a v 7tn)}

_pi(z’i)-/\/‘tlj\/‘tz----/\/‘ti,p/\/‘ti“ . Mn{f (tl7t2a"'at(‘)7"'7tn)}'
(3) M71Mn— . Mle {f (tl ylo, . 7tn)}

= ¢ (z)Nu{f(t1 b, 1)}
Z’L)pl(zl)M]M2~..~/\/ti—]Mi+]' M {f(tl?tb""t?"" tn)}

g7 (
qz(zz)pz(zl)Mle .- M 1M il " Mw {f (tl7t2a s at?7 ce 7tn)}
PN o Now  Noy o N {5 (st 80))

(4) '/\/‘tn'j\/‘tnfl '"Mle{fA;n(tlvt%'"atn)}

= q;" (z)Na{f(t1,t2, ... 10)}

— " E)Pi(zONG NG - No No o N L5 (s 0, )}

— " 222NN, - Ni Ny N, {5 (bt 0, )}
— ()P (NG NG - Na N N AP (bt 10, )}
— ()N NG - Ny Nivsy - N U (10t

=q;" () Ny Ney - N, {f (B ko, tn) }
m—1
_pz Zi qu = k Zz /\/t]/\/tz~ ~~/\/ti_1~/\/ti+1 ~~~M,L{fA?(tlvt2a"'atgv"'vtn)}~
=0

(5)  NouNoy_, oo NNy {45502 (b, )}
=q(21)@2(22) - - ()N f(t1, L2, - o t0) }
— @(22)@3(23) -+ @n (20) 1 (20) NG NGy - N, L (0,10, 1)}
—q1(21)@3(23) - - - @ (zn)p2(22) Nty Noy <o NG, { f (L1, tg, cestn)}

—qi(z1)@(22) - @im1(zic 1) @iv1 (Zis1) - - - @ (20)pi(2)
: M]Mz .. ~~/\/ti_1~/\/ti+1 .. ~~/\/t"{f(tl;t27 <o ati—lvt?atiJrla v ;tn)}

—q1(20)@(22) - @1 Zn-1)Pn (20 )N Nty . Noy A (b1t b1, 80)}

+ 3(23)aa(24) - - @ (20)1 (20)P2 (22) NE N, - N {F (8,89, 1)}
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+q1(21)qa(24) - - @ (20)p2(22)p3(23) N Ny o Ny, L F (81, 89,83, . 1)}

+q1(21)@2(22) - @n—2(2n—2)Pn—1(2n-1)Pn(2n)
"/\[tl-/\/;fz .- ../\/;57L72{f(t1,t2, SRR t(r)zfla t(r)z)}

— qu(22)q5(25) - - - qn(20)p1(21)P2(22)P3(23)NeuNis - N {F (0,489,883, . 1)}
— q1(21)q5(25) - - - @ (20)p2(22)p3 (23)pa (20 ) No N . No, L F (81,89, 85,85, - 1) }

—qi(z1)@(22) .- @n-3(2n—3)Pn—2(2n—-2)Pn—1(2n—1)Pn(2n)
. Mle .. ~Mn_3{f(tlvt27 cee atn—3a t?1727 t(r]zflv t?z)}

+ <_1)nQn (Zn)pl (Zl )pZ(ZZ) v Pn—1 (Zn—l)J\/tn{f(t(])v tga e atg,—] ) tn)}
+ (=1)"qn1(zn—1)P1(20)p2(22) - - - Pr—2(2n—2)pn (20 )Ne, L@, o b1, 12)}

+(=1)"aq1 (21)p2(22)p3(23) - - Pam1 (2 )N L (085, 10}
+ (_1)np1(zl)p2(22) . 'pn(zn){f(t(l)at(z)v s ,t%)}.

Theorem 4.5 (Transform of integral). Let f : T™ — C is regulated. Then

11 1% tn
Nn{/ / / f(alvaZa'"7an)AlalA2a2~~~Anan}
g Jy
1

— MEOIOR .qn(zn)Nt"Nt"“ NG NGty ) )

Proof. Let

t 2] tn
F(tl,tz,...,tn) :/ / f(al,az,...,an) AlalAzaz...Anan.
0 J) t0,
Then o
FAIAZ“.A" (tlatZa B 7tn) = f(tlvtb s atn)a
and
F(O49,.. %) = F(td,ty,...,t,) = = F(t1,ts,...,1%) =0,
F(t(l)7t(2))"')tn):F<tl7t(2)7t(3)""7tn) t?l) :07

L F(ty . 10

n—1»

FOO, .80 ) =F(t, 8,49 =0.

Applying n-dimensional integral transform and using general case (5) of Theorem 4.4,
we get

NogNo_y o NNy {FS 8280 (4, )}
= QI<Zl)q2(ZZ) oo Qn<zn)Nn{F(tl;t27 <o 7tn)}
— @ (22)q3(23) . .. qn(20)p1 (21) NN, - --/V;tn{F(t(]); o, ... tn)}
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—q1(21)33(23) - - - qn(z20)P2(22) NG Ny, - NG {F (81,13, )}

— a1 (ZI)QZ(ZZ) s i1 (Z'L—l)QiJrl (Zi+1) ce Qn(Zn)Pi(Zi)
: M]J\/‘tz .. -J\/‘ti,p/\/‘t i -Mﬂ,{F(tl7t27 SRR t’i*ht?a Livts - 7tn)}

i+1

- QI (ZI)Q2(Z2) e anl(znfl)pn(zn)-/\/‘tlj\/;tz . 'J\/‘t.,Lfl{F(tl) t2; st 7tn717 t?z)}

+ 3(23)qa(24) - - @ (2n)P1 (202 (22) Nty N, - N AR (89,49, 1)}
+aq (zl)q4(z4) e ~Qn(zn)p2(22)p3(z3)M1M4 e ~M7L{F(tlvt(2)a tgv s 7tn)}

+q1(21)q2(22) - g2 (Zn-2)Prn—1 (Zn1)Pn(20) Ny Nay - N, AF (B, 12,101, 10))

— qa(24)q5(25) - - qn(20)p1(21)p2(22) 03 (23)Ne Ny -« No, {F (19,89, 83, ... )}
—q1(21)q5(25) - . . qn(2n)p2(22)p3(23) P4 (22 ) Ne, Ny - . ~/\ftn{F(t1,t(z)7t(3),t2, cootn)}

—qi(z1)@(22) - n—3(2n—3)Pn—2(2n—2)Pn—1(2n—1)Pn(2n)
. Mle .- -J\/‘tn,3{F(t17 t27 RS tn*35 t?Lfb t?th t?z)}

+ (=1)"an (z)p1 (21)p2(22) - - - Pt (e )N, {LF (0,89, .01 )}
+ (_l)n(In—l (Zn—l)pl(zl)pZ(ZZ) .. ~pn—2(zn—2)pn(zn)~/\/tn_1 {F(t(l)a t(z)v s atn—l ) t(r]z)}

+ (_l)nql (Zl)Pz(Zz)P3(Z3) < Pn—1 (zn—l)Ml {F(t(l); t(z)a cee 7t(7)z—lvtn)}
+ (=1)"p1(z1)p2(22) - .pn(zn)F(t?, tg, . ,t%).

Thus,
1 i tn
Nn{/ / / f(oq,ozz,...,an)AlalAzaz...Anan}
1 J1 19,
_ ! NN,
a1 (z1)q@(22) .. qn(zn) e

n—1"" 'J\/‘tzj\/‘tl{f(tla t27 MR tn)}

O

Next, we prove the convolution theorem for the n-dimensional integral transform. Firstly,
we define the n-dimensional convolution of a multivariable function on time scales using the
concept of delay of a 1-dimensional function from [7] as follows.
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Definition 4.6. Let f : 7 — C is rd-continuous and g : 7" — C is piecewise rd-continuous,
and of exponential type II. Then the n-dimensional convolution of f and ¢ is given by

(f*”g)(tl,...,tn)
ty ta tn

:/0 /0 /0 Fts e stn,o1(m1), o son(m) - g(T1y oo o T)AITL o AT,
t] tz tn

where f(t1,t2,...,tn,01(71),02(72),...,0n(7n)) is delay of a function f(t,s,...,t,) by
o1(m1) € Ty, 02(m) € Ty, and o,(7,) € T, respectively. And %™ denotes n-dimensional
convolution with respect to ¢, 2, ..., ty.

Theorem 4.7 (Convolution theorem). If f : T™ — C and g : T™ — C are rd-continuous func-
tions of exponential type II having n-dimensional integral transforms N, {f (1)} and N, {g(?)}
respectively. Then

Nl (f#" 9) (D)} =

! LB} Mool

P1 Zl)Pz(ZZ) -PnlZ

Proof. From Definition 3.1 of n-dimensional integral transform, and Definition 4.6 of
n-dimensional convolution, we get

N (F*" g) (b1, ta, .. tn) }

£0192---0n 0 40 0
_pl(zl)pz(zz pn Zn, /to /t0 /t0 @1q1221 e () eqn(zn)(tl,tz,...,tn,tl,tz,...,tn)

(f * g) (tl,tz, . ,tn)AltlAztz . .Antn

0o poo o 0 0 0
:pl(Zl)pQ(Zz)...pn(Zn) /to /tﬂ ”./tﬂ ecélqc?(:z.l.()réqz(zﬁ...@qn(Zn)(tl7t2a---;tnatl7t27'--atn)
1 2 n

. [/ / f (t1y sty o1 (1), ooy 0n(TR)) - g(T1, oo T AT ATy
0S4

At Asty L AT,

= [T [ s mnGom(e) - paten)

) J1 9,

) [/ / / Ft, oo tn, o1 (1), on(Th))
ai(m1) Joa(m) on ()

. egé:T(zz’].j.éc;Z(zz)..-qn(zn)(tl’ tr,...,ln, t(l)’ t(2)7 . ,t?L)AltlAztz At | AT AT L AT,

) [m(zl)pz(zz) - pn(en)

'/;0 /t0 f(tla"-7t7l7Ul(T1)a'"7Un(T7L)) HUI(T])Uz(Tz)...Un(Tn)(tla"-;tn)
1 2

£,

1,025,300 0 40 0
() an ey Lo E2s s s bt )Arty o Aty |- AgTy . AT,
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= /to /t0 - /t0 g(7‘17 e Tn)Nn{Hm(-r])az(rz)...cr“('r”)(tlv - ,tn)
1 2 n

Syt o1 (1) o (TR)) AT ATy

— / / . / G T {eeq](z])@qz(ZZ)___eq,,L(zn)(01 (11),--.,01(m1), t(l)7 e t%)
8 J1 19,

'Mz{f(th ceey tn)}:| AITI .. .AnTn

NSt ta)} s . ]
~ pi(z0)pa(22) - pu(zn) p1(21)pa(22) - . . pn(2zn)

oo oo oo
010]...0n, 0 40 0
/to /t0 /t e@ql(zl)9q2(22)~~~@qn(zn)<7—1’Tz’""Tn’tl’tz""’tﬂ)g(Tl’Tz""’Tn)
1 2

0
n

'AlTlAsz . ..An’Tn

1
- pl(zl )p2<22) B pn(zn) Nn{f(tl, tz, e ,tn)} 'Mz{g(t17t2; . ,tn)}.

S Applications

In this section, some dynamic equations containing a fixed number of independent variables are
solved using an n-dimensional integral transform considering the required dimension n. Here
we have used the result. For f : T — C,

NeuNe, - NNy {f (D)) = No{F(D)} = Ney N, - N, N S ()}

which follows from Definition 3.1 and Lemma 2.14. In addition, we mention that the transform
of some elementary functions and their inverses are referred from Table 1.

Example 5.1. Consider the following 3-dimensional Poisson equation for a 3-dimensional time
scale 73 = T; x T, x T3 such that 0 € T;,0 € T»,0 € T;.

82f(tl;t2;t3) + a2f(t1;t27t3) + 82f(t17t2;t3)
Alt% Azt% A3t§

= 2sin(t1,0)-cos| (t2,0)-sinh; (t3,0). (5.1)

Subject to initial conditions

f(05t25t3) = 07 f(t1707 t3) = Sinl(tho) : Sinh2(t3ao)) f(t17t250) = 0)

f(0,1r,t3) ; O/01,08) _
A= cosy(t2,0) - sinhy(t3,0), T A 0,
9f(t1, t2,0) =2 sini(t1,0) - cosi(t2,0).

Asts

Applying the n-dimensional integral transform to Equation 5.1 and using Theorem 4.4
for n = 3, we get

82f(t1,t2,t3) a2f(t17t2;t3) a2f(tl;t27t3)
N3{ At } - N3{ Ast? } * N3{ Ast? }

= N3{2sin(t1,0) - cos; (t2,0) - sinhy(t3,0)}.
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Then

@ (20)N3{f (t1, t2, t3)} — p1(21) @1 (20) NN { £(0, £, £3) } —pl(zl)f\/'tz-/\ftg{fA{ (0,2,13)}

+ 3 ()N f (11,12, 13)} — pa(22) @2 (22) N Noy L (11,0, 83) } — pa(22)No Ny {22 (41,0, 83) )
(

+Q3(Z3)N3{f(t1,t2,t3)} p3 Z3) (23)M1Mz{f(tlat27 )} p3(z3)'/vt]~/\/tz{f (tlvtb )}

:g{ pi(z1)  pi(z) }l{ m(2)  p(=) }
2il{qi(z21) 1) (@i(z2) +9)d 2L@a(z2) —4)  (qa(z2) +17)
l[ p3(z3)  pal=3) }

2U(g3(23) =2)  (aa(z) +2)0

Applying n-dimensional transform for n = 2 to the initial conditions and substiuting in above
equation after simplification gives,

__n(z) p=)alzn)  2ps(=)
NSttt = Gr T ") 11 () £

Taking inverse transform, we get
f(t1,t2,t3) = sini(t1,0) - cosy (2, 0) - sinhy(3,0).
Example 5.2. Consider the integro-dynamic equation for a 2-dimensional time scale 72> = T x

T, such that 0 € T,0 € T».

31 173
g (t,ta) + g™ (b, 1) + 1 —e1(11,0) — €1 (2,0) — ergi (11, 2,0,0) = / / g(s1,52)As1As,.
0 Jo
(5.2)
Subject to initial conditions

g(t1,0) = e1(1,0), g(0,t2) = ei(t2,0).

Applying n-dimensional integral transform to Equation 5.2 and using Theorem 4.4 for n = 2,
we get

No{g®i(t1,02)} + Nafg™(tr,t2)} + Na{l} — Nafei(t1,0)}

11 173
— No{ei(t2,0)} — NZ{el@l(tlat%QO)}:M{/ / 9(81,82)A51A82}-
0 0

Then
q1(z1)N2{g(t1,02)} — pi(21)Npu{g(t1,0)} + g2 (22)Naf{g(ti, t2) }
~ ()N, {9(0, 12) ) + pi(z)pa(z2) p1(21)p2(22)

a(z2)e(z)  (a(z1) = 1)(q(2)
p1(21)pa(21) p1(21)pa(22)

(@1(2))(@2(22) = 1) (a1(z1) = 1)(@2(22) = 1)

1
ERTE e

Applying n-dimensional integral transform for n = 1 to initial conditions,

Nofaltn, 00} = P (0,0} = 2L

Substituting into above equation, we get

Pz( ) Pl(zl)

a1 (20N {g(t, t2)} _pl(z])m + @ (22)Na{g(t1,t2)} — pa(22 )m
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n pi(z)pa(22)  pi(z0)pa(z2)  pi(e)pa(z2) p1(21)p2(22)
a(z0)@(22)  (@i(z1) = Diga(2)  (@(z)(@(2) 1) (a(z1) = D(e(2) - 1)
1
= aE () et )k

Simplifying above expression,

_ Pl(Zl )Pz(zz)
Nalolt o)} = N () — 1)

Taking inverse transform, we get
g(t1,t2) = e1g1(t1,12,0,0).

Example 5.3. Consider the second order dynamic equation for a 1-dimensional time scale T’
such that 0 € T and p(t) # 1 forall t € T.

y¥ (1) — 4y(t:) = 0. (5.3)

Subject to initial conditions

Applying n-dimensional integral transform to Equation 5.3 and using Theorem 4.4 for n = 1,
we get

Ni{y® (1)} = 4N {y(t)} =0,
@t ()N {y(t)} = pi(z0) @1 (21)y(0) — pi(21)y*(0) — 4Ni {y(t1)} = 0.

Using initial conditions,

gt ()N {y(t)} = pi(21) a1 (1) — 4N {y(t)} = 0.
Simplifying,
_ Pl(zl)(h(zl)
Ni{y(tn)} = e
p1(21)q1(21)
(@1(21) = 2)(q1(z1) +2)°

i) pi(21)
MU =30 0573 © 3G £

Ni{y(t)} =

Taking inverse transform, we get

1 1
y(tl) = Eez(tl,()) + Ee_z(tl,()).

Example 5.4. Consider the Volterra integral equation for a 1-dimensional time scale 7" such that
0 €T and u(t) # 1forallt e T.

y(t)) =1 +/0 | hi(t,o(T)) - y(r)AT.

Applying n-dimensional integral transform to given equation and using Theorem 4.7 for
n =1, we get

Ni{y(t)} =N1{1}+N1{/Ot] hi(t,o(7)) 'y(T)AT}v
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q1(21)
Nafu(e)} = 2 i (1,00} Ao
Mt} = BES 4 Sy B
Nalylt)y = B+ Nyl
Nafyle[1 = ] = 22
Nfy(n)} = Z5dm)
Mily(t)} = %qlz(t]()m—) it quz(tl()zz)r I

Taking the inverse transform, we get

1 1
y(tl) = Eel(tl,O) + 56_1(151,0).

6 Conclusion

Motivated by the research related to integral transforms that exhibit duality with the Laplace
transform, we introduced a novel n-dimensional integral transform on time scales. Due to their
remarkable formulation, Laplace, Sumudu, Shehu, double Laplace, double Shehu, and Laplace-
Sumudu transforms extended on time scales are special cases of our proposed transform. Fur-
thermore, the transform can cover all integral transforms of finite dimensions resembling the
Laplace transform that are still to be generalized on time scales. Hence, there is no need to form
new formulas for integral transforms or to study their elementary properties.

In addition, we discuss its existence conditions and provide some fundamental properties,
including the convolution theorem. Generalized formule for the transform of partial derivatives
of the function of n-variables are given. We finally solved some partial dynamic and integral
equations without converting them into dynamic equations using our transform.
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