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Abstract
In this paper, we study a bi-nonlocal elliptic problem involving the operator p(z)—Biharmonic.
Applying variational methods (Mountain Pass Theorem-Krasnoselskii’s Genus) and under suit-
able conditions, we prove several results on the existence of nontrivial solutions. To the best
of our knowledge, this paper is one of the first contributions to the study of bi-nonlocal elliptic
problem with dependence on the Gradient.

1 Introduction

The main objective of this paper is to study questions of existence of nontrivial solutions for the
bi-non-local elliptic problem

1
~M( | ——|Au/PDdz) A2
(/gp(fv)| u dx) )

u

f(z,u, |[VuP@)=2Vq) {/ F(z,u, |Vu|p("c)_2Vu)d:z:} in Q
Q
Au =0, on 0Q,

where Q@ C RY(N > 4) is a bounded domain, A’ u := A(|APP™")"2Au) which is the

operator of fourth order called the p(x)-biharmonic operator, f : Q x R x R¥ — R and
M : Rt — RT and f are continuous functions satisfying conditions which will be stated later.

F(x,u, |u[P®)=2y) = / fx, s, |Vs[P@=2Vs)ds, r > 0 is real parameter.

0
The problem (1.1) is called bi-nonlocal because of the presence of two terms

(/Q]ﬁmmp(x)dx) and (/Q]:‘(x’u7 |£|p(z)—2£)dx).

which imply that the problem is no longer a pointwise identity. This implies some mathematical
difficulties which give the study of this type of problem an interesting perspective.

The (1.1) problem is related to the stationary version of a model, called the Kirchhoff equation.
To be more precise, Kirchhoff established a model given by the equation
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with p, Py, h, E, L are constants, which extends the classical wave equation of D’ Alembert.
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The problem of differential equations and variational problems involving non-local operators
have received more and more attention in recent years, particularly in the fields of optimization,
continuum mechanics, phase transition phenomena, finance, population dynamics and game the-

ory (see [2], [3], [5], [6], [7], [10], [L1D).
Moreover, problems involving the p(x)—Laplacian operator were first motivated by Corréa and
Augusto Cézar [2], [3]. In [1], the authors consider the following problem

1 T
_ - (z) 2 .
{ M(/Q o) |Au|P dx) Ayyu = f(z,u) [/QF(x, u)dm} in Q (12)
u =Au=0, on 0Q,

Using the variational method and under appropriate conditions, they prove the existence of non-
trivial weak solutions to their problem. This article is a generalization of the paper [1] mentioned
above. Specifically, we treat our problem (1.1) with the gradient term.

This work is treated for the first time with the gradient term, which adds several problems to
assure the existence and regularity of the solution.

To state our results, we assume that the Kirchhoff function M : R™ — R and f are contin-
uous and satisfy the following conditions:
(M) There exist real numbers mg, m; > 0 and # > 1 such that

mOSMl(t)Sml vt > 0.

(f1)
Ate@ = < f (a1, |VEPOT2VE) < Appa@) !
with a(z) < ¢(z) < p*(x) pour tout z € Q.
(f2) Ambrosetti-Rabinowitz’s condition holds, i.e., there exists 6 > %‘) (> p™) such that
0 < OF (x,t, |€P@72¢) < (r + D)tf(a,t, |€]P@)2¢),

for all |t| >ty and z € Q,
(f3) There exist positive constants Ry, Ry, Lo, L3 such that

T

| (, t, [€[P™)72€) { / F(x,t1,|f|p<w>2£)dx} — f(x, b, [€]P@2) [ / F(z,ts, |£|p<m>2£>dx} |
Q Q
< Lylty — tpP@) !

Vo 65; |£| < Ry, |t1|a |t2| <R

T

f (2, t, |6 [P@2¢)) [/ F(x,t, |€1|p(”)_2§1)d$] — f(z,t, 6P 72) [/ F(z,t, |€2|”($)_2§2)d$] |
Q Q
< Lile) — &fP@ !

Vo € Q,|&],1&] < Ryt < R
(f4)
o, 6P 72) = — f(a, —t, [P 2%).

Moreover, in the proof of the main result related to problem (1.1), we use the well-known vector
inequalities; (see [16], [18], [22]).
(Il =2 — gP@=2¢) (v — €) 2 2277 |y — "), p(a) = 2, (1.3)

forall z € Qand ¢, & € RV,
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Remark 1.1.

(i) Condition (f;)imply f(x,0, [ |P®)=2¢) = 0. Throughout this paper, we put f(z, ¢, [£|P(®)72¢;) =
0 for t < 0 and hence, f(z,t,|&|P(*)~2¢;) is defined on Q x R x R™and continuous.

(i1) Note that

a-  if|ul <1
a= (1.4)
atif|ul| > 1.

(iii) A typical example of the function f given by f(=z,¢,¢) = ¢, this function satisfies the
conditions (f1) — (f4)-

Now we are in a position to give the first main result.

Theorem 1.2. In case ¢~ (r + 1) > a~ (r+ 1) > p*, we assume that the conditions (M,) and
N L
(f1) — (f3) are verified. If 2> my > Ly and vy = 5Ly

22_p+m0 — ;S@"HLz
(1.1) has a nontrivial solution.

< 1. Then, problem

Now we can give the second main result.

Theorem 1.3. In case q* (r+ 1) < p~, we assume that the conditions (M,), (f1) — (f3) and (f4)
are verified. Then, problem (1.1) has infinitely many solutions.

The paper is organized in the following way :
Section 2 is concerned the preliminary results, while Section 3 presents the first main result.
Finally, in the 4th section, we give the second main result.

2 Preliminary

For p(.) € L¥(Q) . We need some results on spaces LP(*)(Q) and W?(*)(Q), which we will
use later (for details, see [4], [17], [21]).
Define the generalized Lebesgue space by:

LPP)(Q) = {u : Q— R, measurable and / lu(z)[P@) da < oo} )
Q

where p € C(Q) and

C.(Q)={heC(Q): h(z)>1, VzecQ}.

Denote

p" =maxp(z), p~ =minp(x),
zeQ TEQ

and forallz € Qand k > 1

and
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One introduces in L?(*)(Q) the following norm

|u|p(m) = inf{

and the space (L?(*)(Q), |-|p(z)) is @ Banach.
Furthermore, if we define the mapping p : LP*)(Q) — R by

Q

then the following relations hold

Proposition 2.1 ([17, 19, 20, 21)). If u, u,, € LP\* ( ), (n = 1,2, ...) then the following state-
ments are equivalent:

(i) lim, o pp(x)(un - 'U') =0

(iii) w, — u in measure in Q and lim,,__, o pp@)(un) = pp(m)(u).

Proposition 2.2. ([17, 19, 20, 21]) If u, u,, € Lr= ( ), (n=1,2,...), we have
(i) |u|p(m) < 1 (respectively=1; > 1) <= pp@)(u) < 1 (respectively = 1; > 1);

(i) Tulya) < 1= JulZ,) < poy () < ul?
p(z)

(itd) ulyiay > 1= [ul? ) < oy (u) < ul’,;

(V) |tn|p) — O (respectively — 00) <= py () (un) — O (respectively — o).

If we consider I (u) = [, |Au(z )|P(*)dz instead of Pp(z) (), then the statements of Proposition
2.1 and Proposmon 2. 2 also hold for v € X.

Proposition 2.3. ([19, 21]) Let p(z) > 1 for all z € Q and ﬁ + ﬁ = 1. Then, forall a,b > 0

Proposition 2.4. ([19, 21]) The space (LP™)(Q), | - |,
flexive and its conjugate space is L9*)(Q) where q(x) is the conjugate function of p(z)), i.e.,

)) is separable, uniformly convex, re-

NI
plz) qlx)
forall x € Q. Foru € LP®)(Q) and v € LI*)(Q), we have

1 1
| [ wda] < (% + 2l olae) < 2ol
In order to prove the existence of a weak solution for problem (1.1), we introduce the space
X = {Wlp(m)(g) AWLPE(Q); w=0 and Au=0 on ag} ,
equipped with the norm

[[ull =

z) t ”u”Z,p(:c) = |vu|p(;c) + |u|p(;c) = |u|p(x) + |vu|p(:c) + Z |DLu|p(:c)~ (2.1)
|L|=2

We know that (X, ||.||) is also a separable and reflexive Banach space (cf. [8] and [1]).
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Remark 2.5. From [9], the norm || - [/ ,(.) is equivalent to the norm || - ||,y in the space X.
Consequently, the norms || - [| ), || - [[1,p(.) @and [| - [| are equivalent.

Theorem 2.6 ([8]). Let p,q € C4(Q) such that q(x) < p;. Then, there is a continuous and
compact imbedding X into L9*)(Q).

Definition 2.7. Let X be a real Banach space and let be a functional I € C!'(X,R). We say that [
satisfies the Palais-Smale condition on X ((PS)-condition, for short) if any sequence (u,) C X
with (I(uy,)) bounded and I'(u,) — 0 as n — oo, possesses a convergent subsequence. By
(PS)-sequence for I we understand a sequence (u,,) C X which satisfies (/(u,)) is bounded
and I’ (u,) — 0asn — co.

Define the mappings L,,), N : X — X' by
< Ly (u),v >= / |Au|P ) 2 AuAvdz Yu,v € X,
Q

and
< N(u),v>= /|u|q<w)*2uvdx Yu,v € X.
Q

Proposition 2.8 ([8] Proposition 4.2).

1 N(u) is sequentially weakly-strongly continuous.

2 Ly(y)(u) satisfies condition (S+).

3 The First Result : (The case: g~ (r + 1) > a~(r +1) > p*")

In this section, we’ll give the first main result, but before that we’ll prove the following lemmas.
To establish the variational frame, we first use a "freezing" technique whose formulation appears
initially in [15]. This technique will help us transform the problem (1.1) into a family of problems
without dependence of Vu. That is, for every w € X fixed, we consider the " freezed " problem
as given by

1 ,
— —|AulP®) 2 - p(z)—2 p(z)-2 .
(B.) M(/Q A dm)Ap(m)u £ (2,0, |Vw|P@)—2Vw) {/QF(;U,U,WM Vw)dz| i

p(z)
u = Au =0,

The energy functional associated to problem (P,) is defined as J,, : X — R,

. 1 1 r41
_ p(z) - p(z)-2y
Jw (1) M(/Qp(x) |Au] dx)) ——l [/QF(x,u,WM w)dx] :

where

M(Jc,t):/o M (z, s)ds.

In a standard way, it can be proved that J € C 1 (X,R). Moreover, we have, for all (u,v) € X,

) = m( [

|Au|p(’”)dx)/|Au|p(’”)_2AuAvdx
o p(z) Q

— [/ F(z,u, |Vw|p($)_2Vw)d:z:} / f (@, u, |[Vw|P P 2 Vw)vdz.
Q Q

Thus, weak solutions of problem (P,,) are exactly the critical points of the functional .J,,.

Definition 3.1. We recall that « € X is a weak solution to the problem (P,,) if it verifes
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1
M(/ —|Au|p(’”)dx) /|Au|p(x)_2AuAvda::
o p(@) Q
[/ F(x,u,|Vw|p(’”)_2Vw)dx} /f(x,u,|Vw|p(”)_2Vw)vdx.
Q Q

We start with the following auxiliary result
Lemma 3.2. There exist p, k > 0 which are indepandant of w such that
Jy(u) >k Yu € X, with llu]l = p
Proof. By using the condition (M) and (f;), the embedding from X to L%*)(Q) is is continu-

ously, (see [17, 19, 20, 21]).
In other hand, we have

~ r+1
Ju(u) = M / AulPt® / z, u, |[Vw|P® 2 Vw)dz
w(w) (o | Flau Vo )da |
m() A2 +1
> p(x _ 2 r+1 q(z
> 20 [ x—Hq [ ufo)dz]
> 201 - (] [ ]
> 7’+1 = u x
mo + Cq (r+1) A2 -
> 0 pt 2 \r+1 g~ (r+1)
> Il = S (2
Since ¢~ (r+1) > o~ (r + 1) > p*, we find positive p, k > 0 such that
Jo(u) >k YueX |ul|=np.
The proof of Lemma 3.2 is complete. O

Lemma 3.3. There exist p € X, ¢ > 0 such that

lim J(tp) = —o0.

t— o0

Proof. Let choose § € C§°(Q) such that > 0. Then, for any ¢ > 1, by (M;) and ( f}) it follows

1 1 r+1
5) = 5P g — 5 pla)—2
Jo(tP) M(/Q e |AtZ] dx) . 1[/ F(z,13, V| Vw)dx}

it LA riat (e / +
< I yrige’(n ale d
S 0 (@) - 1(q+ [ x

Since a™(r 4+ 1) > p™, we get J,, (tp) — —oo ast —» oo.

O
Remark 3.4. It follows J,, satisfies the geometry of the Montain Pass Theorem.
Lemma 3.5. The functional J,, satisfies the Palais-Smale condition in X.
Proof. Let (u,), C X be a sequence such that
Jw(un) — ¢ >0, I (un) — 0 in X" 3.1

where X * is the dual space of X.
First, we show that (uy,),, is bounded in X. Assume by contradiction the contrary. Then, passing
eventually to a subsequence, still denoted by (uy,),, we may assume that |u,|| — oo. Thus, we
may consider that

|lun|l > 1 for any integer n,
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thus
1
ctl +  uall = Juw(un) — 7 < oy (tn), upn >
~ 1 1 r+1
> —|Auy, PPy ) — —— /F . p(z)—2 d
> </Qp(x)| U | x) 7“—1—1[ , (2, U, [V Vw) x}
- lM( / L|Aun|1’<w>dx) / | Aty [P®) 2 Au, Avdar
0 ap(z) Q
1 1 r
+ - [/ F(a:,un,|Vw|p(x)_2Vw)da:} /f(x,u,|Vw|p(x)_2Vw)vdx
Or 1 Q Q

vV

_l’_
mo/ |Aw, |P*) da: — L[/ F(z, tp, |[Vw|!' 2V w)da
o 1l/g

r+1
r—+ ]

1 9 r+1
o p(z) -7 p(z)-2
P P RGN i (O

Since 1 < p~, dividing the above inequality by ||u.,|| and passing to the limit as n — oo we
obtain a contradiction. It follows that the sequence (u,,), is bounded in X.

Thus, there exists u € X such that passing to a subsequence, still denoted by (u,,), it converges
weakly to v in X.

We have

o) =) = M( / L

e |Aun|p(x)da:) /Q|Aun|p(’”)_2AunA(un — u)dx

— {/ F(z,u, |Vw|p(’”)_2Vw)dxy/ f (@, u, | VwlP P2 w) (u, — u)dae
Q Q

The embedding from X to the weighted spaces L4(*) (Q) is compact. Then, using the Holder
inequalities, we obtain

y Wy B n = 2 n aw= n
’/ fl@,u, |[VwlPP2Yw) (u, —u)de| < A / |t |9y, — ufdx
Q Q
S Kl "un|Q(ﬁf)_l (q<;,,ll |un - u|q(z)
where ¢(z) < p*(x) fora.e z € Q. As n — oo, we deduce
/ f (@, u, |[Vw[P®2Vw) (u, — u)dz — 0 (3.2)
Q

From (f) and when (u,,), is bounded, we get
{/QF(x,u, |Vw|p(x)_2Vw)dx} ' /Q F @, u, Vw72V w) (u, — u)dz —s 0. (3.3)
From (M), we have also
< Ly (tn), un — u >= /Q | Ay, [P 2 A, Ay, — w)daz — 0 (3.4)

By the Proposition 2.8, L, satisfies condition (S+), we have u,, — wu in X. So we conclude
that functional J,, satisfies the Palais-Smale condition. m|
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Remark 3.6. By Lemmas 3.2,3.3 and 3.5, all assumptions of the mountain pass theorem in [14]
are satisfied. Then we deduce u,, as a nontrivial weak solution of problem (P, ) such that

[uw|coa@) < p1 and  [Vuglgoa@) < p2- (3.5

We now show that this solution is positive. First of all, the problem (P,,) is equivalent to the
following problem

f(x,u,\V'wV’(“”)*sz) |:/ F(Z‘, u, |Vw|p(’”)_2Vw)dx}
_ Q

o p(x)
u =Au=0, on 0Q,

in Q

—_A2?
P

Lemma 3.7. Let w € X. There exists a positive constant K, dependent on mgy and A, but
independent of w, such that

ol > K.

Proof. Since u,, # 0 is a solution of problem (P,,), we have

T () o .

o M( /Q ]ﬁmuww(m)dx)

dx} [/ F(2, Uy, |Vw|p<””)*2Vw)de
Q

wish is equivalent

/ L|Auw|p(w)dx _ |:/ f(]),uw, |Vw|p(:c)—2Vw)uw dx:| [/ F(x’uu” |vw|iﬂ($)*2vw)dx:|r
) @ ([ L)
o p(z)

Then,
g, [ V|72V
f(x (2 | ’LU| w) - A2 uq(m)71

1 ~my v
M / — Aty [P P da 0
( QP($)| | )

implique que

r+1

A T
I(uw) < 77210 anl)(uw)

Then, from (M) and (f,), we have

mo “(r+1)— -
< a7
r+1
ALF
Then
IR S
g~ (r+1)—p*
uwl > K. = <A;+'> (3.6)
The proof is complete. O

Lemma 3.8. Let w € X. There exists a positive constant K* dependent on m,,0 and A, but
independent of w such that

[[ww < K.
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Proof. from (M) and (f,), we have

f(]}, U s |vw|p<w)72Vw) 914.] ( )
= Pa(z)\Uw
M(/ L|Auw|p<x>dx) (r+ Dm, "®
o (@)
implique que
0A’I"+1
> 1 r+1
I(uw) e (7“ + 1)m1 poz(;c)<uw)
Then
LD > e e
HA] N
Then
R B
» r4+ Dmy |« 7070
|| < K* = <_( 9A;"2' ) 3.7)
The proof is complete. O

Now we can prove the first result, we can construct a sequence (uy,), C X as solutions of
the following:

f(I7u7L,\Vun—1|p(m)_zvun—1) [/ F(m,un,|Vun_1|p<””)’2Vun_1)dx
Q
1
M — Aw. 1 |P=)
(J; aytencita)

Uy = Au,_1 =0, on 0L,

in Q

2 _
(P et =

obtained by the mountain pass theorem in Lemmas 3.2,3.3 and 3.5 , starting with an arbitrary
up € X NCHP(Q). By Remark 3.6 we see that

||“n||co,ﬁ(§) <K; and ”vuanlﬁ(ﬁ) < Ko,

for some constants K, K, > 0.

SLs
22=P mgy — SPnii Ly

Proposition 3.9. The sequence (uy,)y, is y-lipschitzian, where v =
Proof. Using (P,) and (P,.1), we obtain

/ |Aun+1|p(m)*2Aun+1(Aun+1 — Auy,)dz
Q

f (x, Unil, |Vun|p(m)*2Vun) (Unt1 — Up)
-1/,

M(/Q]ﬁMuan(’”)dx)

dx][/QF(a:,unH, |Vun|p(”)_2Vun)da:y

/ | Aty [P 2 Ay, (At — Ay, )dex
Q

f(a:, U, |Vun,1|p(x)_2Vun,1) (Upt1 — Un)
-1/,

dz|. /F( s [Vg—1 [P® 2V, )d '
M(/mﬁlmn—dp(“dx) 33} [ o T, U Uy 1 Uy 1 x}
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Then

/ (|Aun+1|p<w)*2Aun+1 — |Aun|p(m)*2Aun) (Aup11 — Auy,)
Q

_ [/ f(x,unﬂ, |Vun|p(’”)_2Vun) (Uni1 — Up)
@ M(/Q]ﬁMunV”(’”)dx)

f(x, Uny |V |p<””)*2Vun_1) (Upy1 — Up)
1,

M(/Q]ﬁMunﬂp(x)da:)

_ {/ f(x,unﬂ, |Vun|p<w)*2Vun) (Uny1 — Up)
Q M(/Q]ﬁMunV’(m)da:)

f(x, Up, |Vun|p<w)*2Vun) (Uny1 — Up)
1

M(/QﬁMunV”(’”)dx)

(z)—2 _
+[/Qf<x,un,|Vun|p Vun)(unH Up)

M(/QﬁMunV”(’”)dx)

- [/ f(x,un, |Vun_1|p(m)*2Vun_1)(unH — Up)
Q M(/Q]ﬁMunﬂp(x)da:)

dx][/QF(a:,unH, |Vun|p(”)_2Vun)da:y

da:} : {/QF(x,un, |Vun,1|p(”)_2Vun,1)dxy

da:} . |:/QF(J3, Upt1s |Vun|p(’”)_2Vun)dx} '

da:} . {/QF(x, Ups |Vun|p(x)_2Vun)da:} '

da:} . {/QF(x, Ups |Vun|p(x)_2Vun)da:} '

da:} ) |:/QF(J3, Up,, |Vun,1|p(x)_2Vun,1)da:} '

Using Holder inequality, Sobolev embedding theorem, (M) and (f3), we get

o {/ f(x,un+1,|Vun|p<w)*2Vun) (Uny1 — Up)
1 Q M(/Q]ﬁMunV’(m)da:)

f (m, Up,, |Vun|p(m)*2Vun) (Upt1 — Up)
1,

M(/Q]ﬁMunV’(m)da:)

1 r
< —‘ / f(a:, Upi1, |Vun|p(m)72Vun) (Uns1 — up)dz. {/ F(z,upt1, |Vun|p(m)72Vun)dx}
molJo Q

da:} . |:/QF(J3, Upt1s |Vun|p(’”)_2Vun)dx} '

dx][/QF(a:,un, |Vun|p(’”)_2Vun)dxy

—/ f(x, Ups |Vun|p(’”)_2Vun) (Uns1 — Un)- {/ F(z, up, |Vun|p(x)_2Vun)da:}
Q Q
thus

L
n<i2 / I—C (3.8)
mo Jo
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e {/Q f(x,un, |Vun|p(m)*2Vun) (Upi1 — Up)

M( /Q ]ﬁ |Aun|”(”)dx)

(o)~ -
{/Qf(x,un,MV(u;lj :Vunpl(z)(:n)ﬂ un)dx]:/QF(:C,Um|Vun—l|p(x)_2VUn_1)dxr
o p(z) tn=1 .

1 -
< — p(:c)—Z - Un . /
= o ‘ /Qf(x, Un,, |vun| vun) (U'n+1 U )dx L /g

_/f(xv'uwu|Vun71|p(x)_2vunfl)(un+l_un)- F(a?,un,IVunfllp(”_zVunq)dar} ‘
Q -JQ

dx][/QF(x,un, |Vun|p(’”)_2Vun)dxy

F(z, up, |Vun|p(’”)_2Vun)dx}

thus I
I < —3/ Vit — V1 P97 Jups — un|da (3.9)
mo Jo
where
/ (|Aun+1 P20,y — |Aun|p(”)_2Aun) (Atpsy — Aun) = I + I
Q
Then

L L _
L+ < (—2/ 1 — | da + —3/ Vi, — Vg [P gy — unldar>
mo Jo mo Jo

Sﬁ”HLz
S ||un+l — Un
mo

_ S _
Prt1 m—03||un — Up_1 P lHun—}—l _ Un|>

where S is the best Sobolev constant in the embedding X into the space LP(*)(Q), and

B p~ it ||uprr —unl < 1
Dot = _ (3.10)
pTif [Jungr — unll > 1.

By using the inequality (1.3), it implies that

2 iy — unlPr < L2y P 4 25 =ty P s =]
That is,

st — [P <y g — g P (3.11)
where v = 5L

22_p+m0 — SﬁnﬂLz ’
IfPpi1 =Pn = p* (or = p~), we have
1
[tns1 = tnll <977 lun = wn—i| (3.12)
Ifp,.; =p" and p,, = p~ (the same for the inverse case), we have

+_ —
T R ]
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that is equivalent to

pt—1 1
st = unll 25 < 77T [t =t

p

Since 1 > 1and [|u, 11 — un|| > 1, then we have

pt-1 1
lunrt = unll < [[tnsr —unl[»==1 <271 flup — up— ][ (3.13)

In all cases, the following result is confirmed
1
[tns1 — upll <927 [Jun — up—1]|- (3.14)
O
Remark 3.10. Because v < 1, it follows that the sequence {u, }, converges strongly in X to

some function v € X, which is a solution of problem (1.1). From the claim in the proof of
Lemma 3.8, we deduce that « > 0in X.

4 The Second Main Result : (The case: g™ (r + 1) < p~)

In this section, we’ll give the second principal result, but before that, we’ll establish the follow-
ing lemmas that help us to obtain the second result.

From (f4) we know that .J is even, next we will prove the two important lemmas for our
proof.

Lemma 4.1. J is bounded from below.

Proof. By using the condition (M;) and (f;), we have

- 1 r+1
= M A -— || F ple)=2
J(u) (/ e )| u| )) ) [/Q (z,u, |Vul Vu)da:}
mo 1 Ay r+l
> p(z _ r+1 q(x)
> /|A 1) g 7“—|—l(q ) [/|u| dx}
> Z2r) = (2 [ jupde]

Taking ||u|| > 1, we have

L (&

Moy —
ol =

J(u) ) | (D)

Since ¢ (r + 1) < p~, so J is bounded from below. The proof of Lemma 3.2 is complete. O
Lemma 4.2. The functional J satisfies the Palais-Smale condition in X.
Proof. Let (u,), C X be a sequence such that

Jw(un) — ¢ >0, J! (up) — 0 in X*. 4.1)

where X * is the dual space of X.
By the ceorcivity of J, the sequence (uy,), is bounded in X.
By the reflexity of X; for a subsequence still denoted (uy,),, such that u,, — « in X. Similar to
proof of Theorem 1.2 we deduce that u,, — w in X.
|
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In the sequel, for each k£ € N consider X, = span{ej,e,....,e;} the subspace of X (see
Theorem 4.1 in [2]). Note that X, < L**)(Q), I < a(z) < p*(x) with continuous immersions.
Then, the norm X, L*(*)(Q) are equivalent on Xj,.

By using the condition (M;) and (f;), we have

5 1 1 r+1
J(u) = M(/Q—|Au|p(m)dx) - m[/QF(x,u,|Vu|p(m)*2Vu)dx}

p(z)
R o AT
< %I(u) - rj— : (%)rﬂ [Pa(x)(u)yH

where C(k) is a positive constant and ||u|| is small enough. Hence

LA

at(r m T—af(r
() <l 0 [T a0

)r-&-lc(k)}

ot

Let R be a positive constant such that

M —at () L (Al
p*R - r+l(a+) (k)

Then, for all ry €)0, R( and considering K = {u € X :  |Ju|| = 70}, we have

+ - 1 A
J(U,) < ’I“g (r+1) [m_jrp a’(r+l) (_1)r+lc(k,):|

B p= ° r+1 at
at(r mp ——at(r 1 A r
< R <+')[FRP " - () “C(k)]<0:J(O).

Which implies
SuprJ(u) <0=J(0).

By the Clark theorem, .J has at least k different critical points. Because k is arbitrary, we obtain
infinitely many critical points of .J.
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