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Abstract This research provides a foundation for the study of complex intuitionistic fuzzy
lie superalgebras, which can be useful in various applications such as quantum physics, math-
ematical physics, and other areas of mathematics where Lie superalgebras are relevant, The
introduction of complex intuitionistic fuzzy sets in Lie superalgebras allows for a more flexible
and a nuanced understanding of the structures and properties of these algebraic systems. Fur-
thermore, the investigation of complex intuitionistic fuzzy lie sub-superalgebras and complex
Intuitionistic fuzzy ideals provide valuable insights into the substructures and ideal structures of
Lie superalgebras in the context of complex intuitionistic fuzziness. The study of anti-complex
intuitionistic fuzzy lie sub-superalgebras and anti-complex intuitionistic fuzzy ideals under anti-
homomorphisms expand the understanding of how these structures behave under certain trans-
formations, which can have implications for the study and application of Lie superalgebras in
various mathematical contexts. Overall, this research contributes to the development of a more
comprehensive and sophisticated understanding of complex intuitionistic fuzzy lie superalge-
bras, opening up new avenues for further exploration and application of these algebraic struc-
tures, in various mathematical disciplines.

1 Introduction

The notion of intuitionistic fuzzy sets was introduced by Atanassov (see [6]). He presented in [6]
the idea of intuitionistic fuzzy sets. He also, in [7], defined some properties of intuitionistic fuzzy
sets. Atanassov presented in [8] interesting new operations about intuitionistic fuzzy sets. An
intuitionistic fuzzy set is the generalization of a fuzzy set. Recently, Biswas applied the concepts
of intuitionistic fuzzy sets to the theory. of groups and studied intuitionistic fuzzy subgroups of
a group (see [10]); also, Banerjee studied intuitionistic fuzzy subrings and ideals of a ring (see
[9]). Moreover, Jun investigated the concept of intuitionistic nilradicals of intuitionistic fuzzy
ideals in rings (see [14]), and Davvaz, Dudek, and Jun applied the notion of intuitionistic fuzzy
sets to certain types of modules (see [12]). Then, in [11], W. Chen and S. Zhang introduced the
concept of intuitionistic fuzzy Lie superalgebras and intuitionistic fuzzy ideals. It is known that
fuzzy sets are intuitionistic fuzzy sets, but the converse is not necessarily true (for more details,
see [7]). More recently, Alkouri and Salleh [2] introduced the idea of complex intuitionistic
fuzzy subsets, and then they expanded the basic properties of them. This concept became more
effective and useful in the scientific field because it dealt with the degree of membership and
non-membership in a complex plane. They also initiated the concept of complex intuitionistic
fuzzy relations and developed the fundamental operation of complex intuitionistic fuzzy sets in
[3, 4]. Then Garg and Rani made a huge effort to generalize the notion of complex intuitionistic
fuzzy sets in decision-making problems (see [13]). In [20], S. Shaqagha introduced the concepts
of complex fuzzy sets to the theory of Lie algebras and studied complex fuzzy Lie subalgebras.
Furthermore, in [1, 23], S. Shagagha and M. Al-Deiakeh introduced the concepts of complex
intuitionistic fuzzy Lie algebras and complex intuitionistic fuzzy Lie ideals, and they studied the
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relation between complex intuitionistic fuzzy Lie subalgebras (ideals) and intuitionistic fuzzy
Lie subalgebras (ideals). Also, in [19], S. Shaqagha characterized the Noetherian and Artinian
Gamma rings by complex, fuzzy ideals. Moreover, in [22], he introduced the notion of intu-
itionistic fuzzy Lie subalgebras and intuitionistic fuzzy Lie ideals of n-Lie algebras, which is
a generalization of intuitionistic fuzzy Lie algebras. More recently, in [21], he introduced the
concept of complex fuzzy G-rings and showed that there are isomorphism theorems concerning
complex fuzzy G-rings as well as rings. I must point out here that the main idea of this article
is to introduce the concepts of complex intuitionistic fuzzy Lie superalgebras and complex in-
tuitionistic fuzzy ideals, which are generalizations of intuitionistic fuzzy Lie superalgebras and
intuitionistic fuzzy ideals applied by W. Chen and S. Zhang in [11]. We prepared this paper as
follows: In Section 2, we recall some basic definitions and notions that will be used in what
follows. In Section 3, we introduce the definition of a Z,-graded complex intuitionistic fuzzy
vector subspace, define complex intuitionistic fuzzy Lie sub-superalgebras, complex intuitionis-
tic fuzzy ideals, and consider their characterization. Finally, in Section 4, we discuss the images
and preimages of complex intuitionistic fuzzy Lie sub-superalgebras and complex intuitionistic
fuzzy ideals under anti-homomorphisms.

2 Complex intuitionistic fuzzy sets

Let X # ¢. A complex intuitionistic fuzzy set on X is an object having the form A =
{(z, a(z),pa(z)) |z € X}, where the complex functions A4 : X — Cand py : X — C
denote the degree of membership (namely A4 (z)) and the degree of non-membership (namely
pa(z)) of each element zz € X to the set A, respectively, that assigns to any element z € X com-
plex numbers A 4(z), pa(z) lie within the unit circle with the property |Aa(z)| + |pa(z)| < 1.
For the sake of simplicity, we shall use the symbol A = (A4, p) for the complex intuitionistic
fuzzy set A = {(z,A\a(z), pa(z)) |z € X}.

We shall assume A (z) and p(x) will be represented by 74 (2)e?™4(*) and 74 (z)e2™@a (),
respectively, where i = /—1, 74(x),fa(z),wa(x),&a(x) € [0,1]. Thus the property of
[Aa(z)] + |pa(z)| < 1 implies ra(z) + 7a(z) < 1. Note that the intuitionistic fuzzy set is
a special case of complex intuitionistic fuzzy set with wa(z) = &a(z) = 0. Also, if pa(z) =
(1—74(z))e?? (1=wa(®)) then we obtain a complex fuzzy set. Let ae?>™” and v¢?™ be two com-
plex numbers, where a, 3,7, 9 € [0, 1]. By ae?*™ < 4¢2™ we mean a < v and 8 < §. Through
out this paper,we use the symbols aAb = min{a, b} and aVb = max{a,b}. Let A = (A4, pa) be
a complex intuitionistic fuzzy set on X with the degree of membership A () = 74 (z)e2™4(@)
and the degree of non-membership pa(z) = 74 (x)e??™@4(*), Then A is said to be a homoge-
neous complex intuitionistic fuzzy set if Vz,y € X, the following two conditions hold:

(D ra(x) <ra(y)ifandonly if wa(z) < wa(y),

(2) Pa(z) < Pa(y) ifand only if ©4(z) < Da(y).

Let A = (Aa,pa) and B = (Ap, pp) be two complex intuitionistic fuzzy sets on the same set
X. We say that A is homogeneous with B if Vz,y € X, the following conditions hold:

() ra(z) <rp(y)ifand only if wa(z) < wp(y),

(2) fa(z) < Fp(y)ifand only if &4 (z) < Dp(y).

Definition 2.1. Let K be any field, and let V' be a K -vector space. A complex intuitionistic fuzzy
(CIF for short) set on V defined as an object having the form A = {(z, Aa(z), pa(z)) |z € V},
where the complex functions A4 : V — Cand p4 : V — C denote the degree of membership
(namely A 4(z)) and the degree of non-membership (namely p4(z)) of each element z € V to
the set A, respectively, that assign to any element = € V complex numbers A4 (x), pa(z) lie
within the unit circle with the property [Aa(x)| + [pa(z)| < 1.

We shall use the symbol A = (A4, pa) for the CIF set A = {(z, Aa(x), pa(z)) |x € X}.

Definition 2.2. Let V be a K-vector space. A CIF set A = (A4, pa) of V is called a CIF vector
subspace of V/, if it satisfies the following conditions

forany z,y e V,a € K

(D Aa(z +y) = Aalz) Ada(y), and pa(z +y) < palz) V pa(y)

(2) Ma(az) > Aa(x), and pa(az) < pa(z).
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From the above definition, we know that forany « € V, A4(0) > As(z) and pa(0) < pa(x).
In this paper, we always assume that A4 (0) = 12" = 1 and p4(0) = 0e2(7)0 = 0,

Definition 2.3. Let A = (A4, pa) and B = (A, pp) be CIF vector subspaces of a vector space
V. Then

() AC Bif Aa(z) < Ap(x) and pa(z) > pp(2),

() AN B =A{z, Aa(x) AN Ap(x), palz) V pp(z)|z €V},

(3) AU B = {2, a(x) V Ap(2), pa(x) A pp(z)|z € V}.

Definition 2.4. Let A = (A4, pa) and B = (Ap, pp) be CIF vector subspaces of a vector sub-
space V, where Ay = r4e2™4 \g = rpe’?™Band py = 74294, pg = Fpe?™@B. If Ais
homogenous with B. Then the complex intuitionistic sum of A = (A4, p4) and B = (A, pB)
is defined to the CIF set A + B = (A a+p, pat+p) of V given by

Supm=a+b{(7"14 (a) ATB (b))}eizw sup,,_, ., {(wa(a)Aws (b))}  ifz=a+d
/\A+B($) = )

0 . otherwise,

inf,_op{(Pa(a) v 7p(b))}e?minearel@alVas®)} . ifp =q+b
parp(z) = . .

1 : otherwise.

Furthermore, if AN B = (Aang, panp), Where

0 : x#0
1 : zz=0,

1 @ z#0

A = .
ans() { 0 : z2=0,

and panp () —{

Then A + B is said to be the direct sum and denoted by A & B.

Lemma 2.1. Let A = (A4, pa) and B = (g, pg) be CIF vector subspaces of a vector space V'
such that A is homogenous with B. Then A+ B = (Aa+p,pa+p) is also a CIF vector subspaces
of V.

Proof. A+ B is homogenous, since A is homogenous with B. Let z,y € V, then

(I)eiZﬂwA+B(x) ) 2rwatB(y)

AraiB(y
(y)) 2 (wasrp(z)AwasB(z ))7

M) ANAars(y) = Tarm
= (rarB(@)Arain

and

rasp(x) Arayly) = mi‘ilib{TA(a) Arp(b)} A yi‘igd{m(c) Arp(d)}

= sup  {(ra(a) Arp(b)) A (ra(c) Arp(d))}

r=a+b,y=c+d

= s (a0 Ara(©) A Calt) ()

sup  {ra(a+c)Arp(b+d)}
r=a+b,y=c+d

IN

= raps(z+y).
Similarly, wa+p(z) Awatrp(y) < warp(z + y). Therefore,

2rn(warps(T)A\warp(x))

AasB(@) AAarp(y) = (raps(z) Arass(y))e

> rapp(z+y)e?man @) = Ny p(a 4 y).
Furthermore,

parB(@)Vpars(y) = Farp(x)e?™@as@ v, p(y)e?m@ars W)

2n(@a+p(z)VOarp(2))

= (7"\A+B(33) \/TAA+B(y>)e ’
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and

Parp(@)Viarp(y) = inf {7a(a)V7p(b)} v 1Ig£d{TA( c)Vig(d)}

= inf  {(Pa(a)V7E(b)V (Falc)Vip(d))}

r=a+b,y=c+d

— inf  {(Fa(a) VFa(c)) V (Pp(D) V Fp(d))}

r=a+b,y=c+d

Y

inf P Vigb+d
aif | ala+ ) Vip(b+d)}

= farp(z+y).

Similarly, a1 () V &ayB(y) > &arp(x + y). Therefore,

pars@)Vpars(y) = (Parp(@)Viap(y))e? @ars@Voas(z)

)eiZmZJA+B (z+vy)

> farplz+y = parB(z+y).

Also, if « € K, then Aa15(z) =4t (a:)eiz’r“’A*B(m), and

ra+g(z) = sup {ra(a) Arp(b)}
r=a+b

< sup {ra(aa) Arp(ab)}

ar=aa+t+ab

< sup {ra(c)Arp(d)}
ar=ct+d

= TA+B (OLIE)
Similarly, watp(z) < wayp(az). Hence,

2nwat B (T) 21w at B ()

M+s(z) =rarp(x)e <rarplazr)e = Aasp(az).

Because pa () = Farp(z)e?m@a+5(*) and

farp(z) = inf {fa(a)V7ip(b)}

r=a+b
inf {fA(OéCL) VTR (Ozb)}

ar=aa+ab

Linf [7a(0) v Pa(d)}

v

v

= faiB (0499)7
then we also have &4 p(z) > ©atp(azx). As aresult,
payp(z) = fA+B(x)ei2mA+B(z) 2 fAJrB(aI)eizmA*B(am) = passlax).
Consequently, A + B = (Aat 5, pat ) is a CIF vector subspaces of V. O

Definition 2.5. Let A = (A4, pa) be a CIF vector subspace of a K-vector space V. For a € K
and x € V, define aA = (Aga, pan ), Where

_ TA(a—lx)eiZ-rrwA(a*lm) . o 75 0
a=0,z=0
a=0,z#0

and

a=0,x=0
a=0,z#0

_,”;A(aflx)eiZmZJA(a’Iz) . 04750
paA :
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Definition 2.6. Let V, V' be K-vector spaces and let f : V — V' be any map. If A = (A4, pa),
B = (Ap, pp) are CIF vector subspaces of V, V', respectively, then the preimage of B under f
is defined to be a CIF set f~!(B) = (Aj-1,ps-1), where A\p—i(x) = A\p(f(z)) and p;—1(z) =
pe(f(x)) for any € V and the image of A = (A4, pa) under f is defined to be the CIF set
f(A) = (Ap(a), pr(a)) where
sup {Aa(z)} = sup {ra(z)e?™a@} . ye f(V)
Apay(y) = =€/~ w) z€f~(y)
0 oy g fv)

and

inf )Y =  inf  {Fa(z)e2m@al@ . c v
pray(y) = -fo*l(y){pA( ) xef"(y){ A@) } ye f(V)

1 Doy g fv).
The following results are easy to get. Here we omit the proofs.

Lemma 2.2. Let A = (A4, pa), where Ay = r4e2™4 and pa = F4e?2™%4, be a CIF vector
subspace of V. Then oA = (Aq4, paa) is also a CIF vector subspace of V.

Lemma 2.3. Let A = (\a, pa), where Ay = 74¢”2™4 and py = 74€">™4, be a CIF vector
subspace of V'’ and f : V — V" any map. Then f~'(A) = (As-1(a), py-1(a)) is also a CIF vector
subspace of V', where A1 4)(2) = Aa(f(z)) and pp-1(ay(z) = pa(f(z)) forallz € V.

Lemma 2.4. Let f : V — V' be any map. If A = (X\a,pa), where Ay = rae?>™4 and
pa = Fae?™@4 s a CIF vector subspace of V, then f(A) = (Aj(a),py(a)) is a CIF vector
subspace of V.

Lemma 2.5. Let A = (A4, pa) and B = (Ap, pp) be CIF vector subspace of V such that A
is homogenous with B, where Ay = r ™4, py = £,e”™4 and \p = rpe’?™B, pp =
Fpe®™@s Then AN B = (Aans, pans) is a CIF vector subspace of V, where

Aans(z) = da(z) Adp(x)
= (ra(@) Arp(n))e2rea@nes(@)
and
pang(x) = pal(z)Vpp(x)
— (Fa(2) V Fp(x))e?m@a@VEs ()

Definition 2.7. A Z,-graded vector space V' = Vj + V] possessing the operation called the
bilinear bracket product,
[,V x VST oyl eV
is called a Lie superalgebra, if it satisfies the following conditions
(M) [Vi, V] C Vi

3 Complex intuitionistic fuzzy lie sub-superalgebras and ideals

In this section we assume that V' is a Lie superalgebra over a field K.

Definition 3.1. Let V = Vj + V; be a Z,-graded vector space. Suppose that Ay = (A 4,, p4,) and
A; = (Ma,, pa,) are CIF vector subspaces of Vj and V), respectively. Define ap = (Aqy, Pay),

where
I R S U P I Ll N
0 oz eV 1 oz g W,

and define a; = (Aq,, pa,) Where

(@) 0 ozen _)pa(z) 1 ozeW
Am<x>—{0 e and,om)—{l e
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Then ap = (Aq,, pa,) and a; = (Aq,, pa,) are the CIF vector subspaces of V. Moreover, we
have ap N a; = (Agyna,» Pagna, )» Where

1 : 2=0

)‘aoﬂal (I) = )\uo <I) A /\al (I) - {0 : T 7é 0

and
0 : x=0

Pagia () = Pay (€) V pa, (7) = {1 oz #0.

So ap+ a; is the direct sum and is denoted by Ag® A;. If A = (A4, pa) is a CIF vector subspace
of V.and A = Ay @ Aj, then A = (A4, pa) is called a Z,-graded CIF vector subspace of V.

Remark 3.2. (1)

)\A(w) = /\AO@AI (m)

= iugﬁ{)\ao(a) A e (B)}

= Sup {)‘UO(QO +OZ1) A /\a1 (BO +ﬁl)}7 where o = (&%) +Oll7ﬁ = BO +ﬂl

r=a+3

= sup {Agy(@0) A Aa,(B1)}
r=a+3

sup {TaO(QO) L27rw.,0 @) ATq (61) 27wa, /31)}
r=a+3

= ro (xo)eﬂwwao('xo) A, (ml)eizm")“l (1)
_ ('rO) 27w A (20) ATa, (zl)eﬂﬂwAl(ml)

Ao(fUO) AAa, (z1).

(2) Ao = (A4, pa,) and A; = (Xa,, pa,) are the even and odd parts of A = (A4, pa) (respec-
tively).

(3) ag = (Aags Pap) @and a; = (Aq,, pa,) are extensions of Ay = (Aa,, pa,) and A = (Aa,,pa,)
(respectively).

Definition 3.3. Let A = (A4, pa) be CIF setof V. Then A = (A4, pa) is called a complex fuzzy
lie sub-superalgebra of V, if it satisfies the following two conditions:
(1) A= (A4, pa) is a Z,-graded CIF vector space and

() Aa([z, y]) = Aalz) A Xa(y) and pa([2,y]) < palz) V pa(y).
If the condition(2) is replaced by

) Aal[z,y]) = Aa(x) v Aa(y) and pa([z, y]) < palx) A pa(y),
then A = (A4, pa) is called a CIF ideal of V.

Example 3.4. Let N = Ny @ N, where Ny =< e >, N| =< ay,...,ay,by,...,b, >, and
[ai,b] = e, i = 1,...,n, the remaining brackets being zero. Then, N is Lie superalgebra (see
[15, page 11]). Define Ay = (Aa,, pa,), Where

0.7¢104 - N,
Aag i No = C by Aay(a) =14 "¢ 7@€ No

1 =0,
0.2¢/097 0 #£ze N

pAo:NO_)(bepAo(x):{O S a0

Also, define A; = (M4, pa,), where

0.5¢™ : 0#x€N

AA,:NwayAAI(x)z{] a0
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04087+ 0#£ze N

Alle%bepAl(x)_{O C 2—=0

Define A = (Aa,pa). Then, by Definition 3.1, A = A9 @ A, and so A = (M4, pa) is a Z,-
graded CIF vector subspace of N. Moreover, it is easy to check that A = (A4, p4) is a CIF ideal
of N.

For any complex fuzzy set A = re?>™ of V, we define the image of \ by
Im(\) = {(t,5) € [0,1] x [0,1] = A(z) = r(z)e?™®) =127 for some z € V'}

Definition 3.5. For any ¢, s € [0, 1] and complex fuzzy subset A = re2™ of V, the set
U\, (t,8)) ={z €V |r(z) > tandw(z) > s} is called an upper (¢, s)-level cut of A,
L\ (¢ 8)={z eV |r(z) < tandw(z) < s} is called a lower (¢, s)-level cut of .

Suppose that A4 () = 74 (x)e??™4(*) and p 4 (x) = 74 (2)e2"@4(®), then the following result
holds

Theorem 3.6. If A = (A4, pa4) is a CIF lie sub-superalgebra (respectively CIF lie ideal) of V,
then the sets U (A4, (¢,s)) and L(pa, (¢, s)) are lie sub-superalgebras (respectively ideals) of V'
for every (t,s) € Im(Aa) NIm(pa).

Proof. Let (t,s) € Im(Aa) NIm(pa) C [0,1] x [0,1], z,y € U(Aa,(t,s)). Let @ € K. Be-
cause A = (\a,pa) is a CIF lie sub-superalgebra. Then A4 (z + y) = ra(z + y)e?™@+y) >
ra(z)e?meal®) A py(y)e?moa) = X, (x) A Aa(y) > te®™, since ra(z + y) = ra(z) A
ra(y) > tand wa(z +y) > ( Y Awa(y) = s. Moreover, s (azx) = r4(ax)e??mvaler) >
ra(x)e?™al®) > tei?7s since rA(ax) > ra(r) > tand wa(ax) > wa(z) = s. As aresult,
x4y, ax € U(Aa, (t,8)). Letz € U(Aa, (t,s)) C V, then z = x¢ + z1, Where zo € Vp,z; € V).
Hence,

Aa(z) = ra (z)eiz’m/*(m)
= Aay(0) A A4, (21)
T A (.’I} ) 727MAO 20) A A, ('qf‘l)eizﬂ-im1 (=)

(rao(wo) A ra, ()€ (WaoEorwa (1)

teiZﬂ's

ARV,

As aresult, if A4, (zo) = Aa, (z1), then

)\A(l‘]) = TA(J?1 )6i27wA<Il)

ra, (z)emon (@)

>‘A1 (I])
teiZTrs

WV

)

implies that x; € U(A 4, (¢,5)) and

)\A(l'o)

Ao (20)
ra,(z0)e

Aa, (z1)
teiZTrs

27w A, (20)

VoWV

)

implies that xy € U(/\A7 (t, S)) Similarly, if A4, (.1‘1) > )\AU(.%‘()), then xo,z; € U()\A, (t, S))
Consequently, U(A4, (t,s)) is a Z,-graded vector subspace of V for any (¢,s) € Im(Aa) N
Im(pa). Let (t,5) € Im(Aa) NIm(pa) and 2,y € U(\a, (t,5)). Then Aa(x) > te™ implies
thatra(z) > t,wa(x) = 5. Also, Aa(y) > te?™ implies that 74 (y) > t,wa(y) > s. As aresul,
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Aal[z,]) 2 Aalz) Adaly) 2 te™s. Which implies that [z,y] € U(\4, (t,s)). Therefore,
U(Aa, (t, s)) is a lie sub-superalgebra of V' for any (¢,s) € Im(Aa) N Im(pa). Similarly, if
x € L(pa, (t,s)) CV, then x = xy + x1, where xy € Vj, z1 € V;. Therefore,

pale) = Fa(a)emoal

pay(z0) V pa, (1)
7 a4 (20) €™ 40@0) v/ g () 2@ (1)

(Pay (20) V £, (1) 2T a0 o)V, (1))

teiZws

VASV/AN

Asaresult, if pa,(70) = pa, (x1), then pa(xg) = pa,(z0) < te®™ implies that 2o € L(pa, (¢, 5)),
and pa(z1) = pa,(z1) < pa,(v0) < te®™ implies that z; € L(pa, (t,s)). Similarly, if
pa, (1) = pa,(x0), then zg,21 € L(pa,(t,s)). Consequently, L(pa, (t,s)) is a Z,-graded
vector subspace of V' for any (¢,s) € Im(Ag) NIm(py4). Also, if (¢,s) € Im(Aa) NIm(pa) and
x,y € L(pa, (t,9)), then pa(z) < te™™ and pa(y) < te?™. Which implies that p4([z,y]) <
pa(x) V paly) < te™s. As aresult, [x,y] € L(pa, (t,5)). Accordingly, L(pa, (t,s)) is a lie
sub-superalgebra of V for any (¢,s) € Im(A4) NIm(pa). ]

Suppose that A = (A4, pa) is a CIF set of V, where A (z) = 74(x)e?™4@) and py(z) =
Fa(x)e?™@a(*) Then we define A (2) by A4 (z) = (1 — 7a(x))e?? (1=wa(®@) and p¢ by pS =
(1 _ ﬁA(x))eQTr(l—@A(z))‘

Definition 3.7.
(1) A¢ = {(z, M a(x), X5 (2)) : @ € V}. Shortly A° = (A4, \G).
() AL = {(z, (), pa()) : © € V}. Shortly AL = (o5, pa).

Theorem 3.8.
(1) If A= (A4, pa) is a CIF lie sub-suberalgebra (respectively CIF ideal) of V, then so is A°.
(2) If A = (\a,pa) is a CIF lie sub-superalgebra (respectively CIF ideal) of V, then so is A”.

Proof. (1) Since (Aa,pa) is a Zy-graded CIF vector subspace of V, A = Ay + A;, where
Ag = (Aay, p4,)s A1 = (Aa,, pa,) are CIF vector subspaces of Vj and V] (respectively). Also, if
x € V,then Aa(z) = sup,_, ,{ Aa,(a)ANa, (b)}. Define A§ = (Mg, A, ), AT = (Aa,, A, ) and
define af = (Aq,, Ag,) and af = (Xq, A, ). Obviously, (a§, af) are the extens1ons of (A§, Af).

In order to prove A° = a§ + af we only need to show that \° ( ) = info—q{ NG, (@) VG, (D)}

Since A is homogeneous indeed,

1=X5(z) = Sugb{( Ago(@)) A (1= A5, (b))}

= sup {(1— (A (a) VAg, (b))}
r=a+b

= sup {1 — (1= rqy(a)e o@Dy (1 — rg (b)) e D)}
z=a+b

= sup {1 = (1= (@) V T =g, ()1 ale) V(1,0
z=a+b

= 1— inf {1 — Tay(a) V 1 — 1, (b) }e?m 1= (1=wag(@)V1=wa, (b))

r=a+b

= 1 inf {1y (@) (1 (5) T )
r=a+

which implies that \ () = 1nf {’\uu( a) VAG, ()} = AG, (z0) V A%, (z1). Moreover, it is easy

0 :ox=0
1 @ z#0
vector subspace of V. Let z,y € V. Since Aa([z,y]) > Aa(z) A Xa(y), 1 — A5 ([z,y]) >

to see that \§ (z) V \§ (z) = . As aresult, A = A§ @ Af is a Z,-graded CIF
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(I =X5(x)) A (1 —A%(y)), which implies that 1 — A5 ([z,y]) > 1 — (A% (z) V A% (y)). Thus,
25 ([, y]) < A5 (x) VIS (y). As aresult, A° = (A4, \) is a CIF lie sub-superalgebra of V. By
using the same argument used above, we can prove the case of CIF ideal.

(2) The proof is similar to the proof in (1). O

By using the above result, it is not difficult to verify that the following theorem is valid.

Theorem 3.9. A = (M4, p4) is a CIF lie sub-superalgebra (respectively CIF ideal) of V If and
only If A° and A* are CIF lie sub-superalgebras (respectively CIF ideals) of V.

Theorem 3.10. If A = (A4, p4) is a CIF set of V such that all non-empty level sets U (A4, (¢, 5))
and L(pa, (t,s)) are lie sub-superalgebras (respectively ideals)of V, then A = (A4, pa) is CIF
lie sub-superalgebra (respectively CIF ideal) of V.

Proof. Let z,y € V and let o € K. We may assume that Aa(y) > Aa(z) = t1e2™ pa(y) <
pa(x) = toe??™ wherety, s1,to, 50 € [0, 1]. Thenz,y € U(Aa, (t1,51)) andx,y € L(pa, (to, 50))-
Because U (A4, (t1,51)) and L(pa, (to, so)) are vector subspaces of V, z+y, ax € U(A 4, (t1,51))
and z+y, ax € L(pa, (to,s0)). Asaresult, \a(ax) > Aa(z) = 1271 A g(x+y) > t1e?™ =
Aa(@)AXa(y) and pa(az) < toe™0 = pa(x), palzty) < toe®™ = pa(a)Vpa(y). Now, we
show that A = (A4, pa) has a Z,-graded structure. Define Ay = (A4, pa,), Where Ay, : Vg — C
by x +— Aa(x), pa, : Vo = C,by z — pa(z). Also, define A; = (A4, pa,), where A4, : V; — C
by xr — )\A(l‘), PA, - Vi—C by T — pA(.’L‘). We extend Ag = ()\AO,pAO), A= ()\Al,pA]) to
ap = (Aays Pag)s 81 = (Aays pa, ) as follows. Define ay = (Aq,, pa,) bY

Aao<x>={“°(””) i “V(’,pw(x):{“”) oreV
0 if x€W 1 if x&V.

Also, define a; = (Aq,, pa, ) by

Aa (z) = A4, (2) 'Lf reV  pa,(z) = pa, () Zf r eV
0 if x¢W 1 if z¢€W.

Then it is obvious that ay, a; are CIF vector subspaces of V, and for any 0 # =z € V we have
apNa; = (Agy(2) A Xq, (), pay () V pa,(2)) = (0,1). To show that A = Ay d Ay, letz € V.
We may assume that \4(z) = te>™*, for some t,5 € [0,1], then z € U(\4, (t,s)). Because
U(Aa4, (t,s)) is a Z, -graded vector subspace of V, x = xo + z1, where zg € Vo N U( A4, (¢, s))
and x1 € Vi N U()\A,(t,s)). Since te2™s = /\A(.%‘) = )\A(CEO + ml) > )\A(-%'O) A )\A(.%‘l), if
Aa(zo) > Aa(xy), then te?™ > Aa(wy) > te®™. As aresult, Aa(z;) = te™*. Similarly, if
Ma(z1) > Aa(wo), then A4 (z) = te??™*. Hence

Ma(z) = te?ms
= {Ddalzo) ANAa(zr)|z =20+ 21}
= {Aa(@0) A da, (1) = 20 + 21}
= sup {Aq (@) A Aq, (b))}

r=a+b
= Aag+a (33)

= o4, (2) (Since agNa; = (0,1)).

Similarly, if we assume that pa(z) = te??™*, for some t,s € [0,1], then x € L(pa, (t,5)).
Because L(pa,(t,s)) is a Z,-graded vector subspace of V, x = zy + x1, where zp € Vo N
L(pa, (t,s)) and z1 € ViNL(pa, (t, 5)). Since te”™ = pa(x) = pa(zo+a1) < pa(zo)Apa(zr),
if pa(xo) > pa(zy), then te??™ < pa(mg) < te??™s. As aresult, pa(zo) = te??™*. Similarly, if
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pa(x1) > pa(zo), then pu(zy) = te’™*. Hence

pA (1,> —_ teiZﬂ's

{pa(zo) V pa(z1)|z = zo + 21}
{pa,(20) V pa, (21)]z = 20 + 21}
= inf {pay(a) V pa,(b)}

= Papta (JE)

= PABA, (:E)

Therefore, A = Ay @ A;. Consequently, A = (A4, pa) is a CIF vector subspace of V. Let
z,y € V. Assume that As(y) > Aa(x) > te?®™s, where t,s € [0,1]. Then z,y € U(\4, (¢, 5)).
Because U(\ 4, (t,s)) is a lie sub-superalgebra of V, [z,y] € U(Aa, (¢, s)). Hence, Aa([z,y]) >
te?™s = \a(z) A Aa(y).

Furthermore, assume that p4 () < te?>™ < pa(y) forsomet,s € [0,1]. Thenz,y € L(pa, (¢, 5)).
Because L(pa, (¢, s)) is a lie sub-superalgebra of V, [x,y] € L(pa, (t,s)). Hence, pa([z,y]) <
te?™s < pa(x) V pa(y). Accordingly, A = (A4, pa) is CIF lie sub-superalgebra of V. The case
of CIF ideal is similar to show. O

Let A = (Aa, pa), B = (\g,pp) be CIF vector subspaces of V, where Ay = rse??™4 \g =
rpe?™Band py = 4244 pp = Fpe?™ B, We recall that if A is homogenous with B, then,
by definition 2.4, the CIF set A+ B = (A 1B, parp) of V is defined by

AA+B (I) - Sup {(T‘A((L) /\ TB(b))}eiZTr Supm:a>b{<wA(a)/\wB(b)>}
r=a+b

= rasn (:L’)eiZﬂ-wA*B (z)

b

and

pavs(e) = Il {(Pa(a) V i (b)}e e {@a@Van ()

— fAJrB (x)ei2w®A+B (z) )

We show that the following two results hold.

Theorem 3.11. If A = (A4, pa) and B = (\g, pp) are CIF lie sub-superalgebras (CIF ideals)
of V = Vp + Vi, respectively, then sois A + B = (A B, pa+B)-

Proof. Fora = 0,1, define (A + B)o = (AN a+B).>Pa+B), ) Where A\ ayp), = Aa, + Ap, and
P(A+B), = PA,TPB,- By Lemma 2.1, we know that they are CIF subspaces of V,, (respectively).
Also, for o = 0,1, define (a + b)o = (Aato).>P(atb).)> Where Xqip), = Aa, + Ap, and

Pa+b). = Pa, +Pb,. Obviously, (a+b), are extensions of (A+ B),, for a = 0, 1 (respectively).



Complex Intuitionistic Fuzzy Lie Sub-superalgebras 867

Let x € V. Then

A+ (@) = iulib{/\A(a) AAp(b)}

= sup {Agyia, (@) A Apyre, (D)}

r=a+b

= mi‘i‘ib{afiﬁn“““(m) AAa,(n)} A sup, { Ao (k) A X, (1)}

= sup { sup {rq,(m)e? ") A, (n)er?mem ()}

r=a+b a=m+n

S [ (R)e ) A, (e}

= sup { sup {Tao (m)ei27rwu0 (m) ATg, (n)ei%\'wul (n)
r=a+b a+b=m+n+k+l

A Thy (k,)ei27rwb0(k) ATp, (l)eiZﬂ'wbl (l)}}

— sup {rao (m)eiZTrwao (m) A Thy (k)eiZﬂ'wbo(k)} A sup {ral (n)eizm"“l (n)
atb=mitnthtl a+b=m+n+k+1

Arp, (De?m e}

= sup {sup{(ra,(m) A (k)TN )y
a+b=m+n+k+l m+k

A sup{ (7, (n) A g, (1))e2@a (MA@ (D)1
n+l

= sup  {ragtv,(m + k)elz’r‘”%“’o(w’k) ATa p, (04 1)e2™@arre, (MDY
r=m+n+k+l

= Tag+bo+a;+b; (Iﬂ)eihwaw%ﬂﬁh ()

= )‘(u+b)o+(a+b)| (95)’

and
pavpy (@) = 1nf {pa(a) v pp(b)}
- inf {paOJral (a> V Poy+b, (b)}

= lnf{ inf {pao( )vpal(n)}vbillg‘rl{pbo(k)\/pbl(l)}}

r=a+b a=m+

= inf { inf {Fg,(m )12”@“0(7")\/fal(n)eizmul(n)}

r=a+b a=m+n

\ birlg‘rl{fbo(k)eﬂﬂwho( ) Vi 7’2[]1 (l)eizm‘obl (l)}}

= inf inf N 27D q, (M) ~ i2mdg, (n)
zi2+b{a+b:nl’g»n+k+l{7ﬂao(m)e oIV g, (n)e !

v fbo(k,)eﬂwuﬁbo(k) vV ﬁbl (Z)eiZmDhl (l)}}

= . ~ 27w, (M) N 27y, (k)
a+b:r:gfn+k+l{ra“(m)e oIV Poy (K)e o}

270q, (n) \/ A 27y, (1)
va+b m+n+k+l{rul( ) : \/Tbl(l)e ! }

= 2 27 (Da, (M)Vde, (k)
a+b= n11+fn+k+l{7g}£§{(rﬂo( ) \ Tho(k‘))e 0 0 }

VnE{(Fay () V fo, (1)) En (V20 (D}
- ;c:miJrnanrkJrl{f%*bo (m + k)eizﬂa)DOerO(erk) v fﬂ]‘Fbl (’I’L + l)eizmbnﬁbl (n+l)}

= fﬂ(»+b(>+a|+bl (x)eizm':)“()*"o*“ﬁbl (z)

= P(a+b)o+(a+b), (T)-
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Moreover, if 0 # x € V then

Aa+6) () A Natp), (7) sup {Aqo(a) A e, (D)} A sup {Aq,(a) A X, (D)}

r=a+b r=a+b
= 0
Plato)o(@) V Parey () = inf {pay(a) V pe,(0)} v inf {pa,(a) V pe,(0)}
= L

As aresult, A + B is a Z,-CIF vector subspaces of V.

(1) Let z,y € V, we need to show that Aay 5([z,y]) > Aa+s(z) VAarp(y) and paip([z,y]) <
pa+B(z) A payp(y). Suppose that Aaip([z,y]) < Aatp(x)V Aayp(y). Without loss of gener-
ality, we may assume that Aa4 5 ([z,y]) < Aa+p(z). Then

Aavs([e,y]) = racs(fe y))e?m a0 <oy p()emons @),

Hence, ratp([z,y]) < rasp(z) or warp([z,y]) < waip(x), since A + B is homogenous.
Again, without loss of generality, we may assume that 74, 5([z,y]) < raip(z). Choose a
number ¢ € [0, 1], such that 74 p5([z,y]) < ¢ < rasp(z). Then there exist a,b € V with
x = a+ bsuch thatr4(a) > t and rg(b) > t. So,

sup  {ra(la’,y]) Arp((b,y])}

[z,y]=[a’ ,y]+[b ¥l

> sup {ra(a) Ars(b)} (A, B are ideals)

[z,y]=[a’ ,y]+[b ¥l

> t>rap([r,y]),

ra+e([z,y])

which is a contradiction. Similarly, suppose that pa+p([z,y]) > pats(x) A patp(y). Then
pa+s([T,y]) > parp(x) or parp([z,y]) > parp(y). Without loss of generality, we may as-
sume that pa+p([,y]) > parp(z). Then 4y 5([2,y]) > Farp(z) or darp([z,y]) > darp (@),
since A+ B is homogenous. Again, without loss of generality, we may assume that # 4, g ([, y]) >
fa+5(z). Choose a number ¢ € [0, 1], such that 74 g([z,y]) > t > fap(x). Then there exist
a,b € V with z = a + b such that #4(a) < ¢t and #5(b) < t. So,

Parp([z,y]) = inf  {Falla,y]) Vis(lb,y))}
[z.y]=la" y]+[b",v]
< inf {P4(a ) V75(b)} (A, B are ideals)

[z.y]=]a’ ,y]+[b" y]

< t<fasp([z,y]),
which is a contradiction. Therefore, A + B = (Aat5,pa+p) is a CIF ideal of V.
(2) Let z,y € V, we need to show that Ay g([z,y]) > Aasrp(z) AXarp(y) and paip([z,y]) <
pa+5(®) V parp(y). Suppose that Aat5([z,y]) < Aarp(z) A Aats(y), then
rALE ([I, y])eiZﬂwA+B([z,y]) <Tain (x)eiZﬂ'wAHg (z) A rALE (y)eiZWwA+B (y)
implies that 74 ([, y])e??™<a+B(=29) < (14, p(x) Arayp(y))e?m@ars@rwais)) Hence,

rar([r,y]) <rarp(@) Ararp(y) or waip([z,y]) <wars(®) Awarp(y).

If rarp([z,y]) < rars(®) Ararp(y), then raip([z,y]) < rarp(z) and rapp(z,y]) <
ra+p(y). Choose a number ¢ € [0, 1] such that r 41 5([z,y]) < t < rarp(z) Aratrp(y). Then
there exist a,b,c,d € V withz = a+band y = c+d suchthatra(a) > ¢, rg(b) > t,ra(c) > t,
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rp(d) > t. Thus,

rars([zyl) = sup {ra(la’,y]) Ars(lb’y])}
[z.y]=[a" Y]+’ ,y]

= sup {ra(fa’.c +d]) Arp(lb,c +d])}
[w,y]:[a/+b/,c/+d/]

— s fralld D Aralle s d ) Ara(lCD Ara(®.d D)
[zy]=[a"+b" ¢ +d']

= sup { sup {ra(@)Ara(c)Ara(d)}
z=a'+b' y=c'+d' [a’ ¢ +d']

A sup {ra(a) Aralc) Ara(d)}}
[a' ¢’ +d']

= sup {ra(@)Arg®)}A sup {ra(c)Ara(d)}

z=a'+b’ y=c'+d’

A sup {ra(c) Arg(d)}
y=c'+d’

fqpb,{m(a/) Ar(b)} Ara(e) Arp(d)

> rala) Arg(b) Ara(c) Arp(d)

> t>rap([z,y)),

vV

a contradiction. The other case can be proved similarly, so Aa1g([z,y]) > Aatp(x) AAats(y).
Similarly, if we assume that pa+5([z,y]) > parp(2) V pats(y), then

fA+B([$7 y]>ei2mﬁA+B([m7y]) > (@H—B(ﬂ?) vV 7qA+B(y)) 2n(Qasp(x )VwA+B(y))’
whichimpliesthath+B([x,y]) >’I’"\A+B($)\/f,4+3(y) Or(:L\JA+B<|: ]) (.Z‘)\/wA+B( )
Without loss of generality we may assume that 744 g([z,y]) > Fas B(m) \Y f B(y), since A, B
are homogenous. Choose a number ¢ € [0, 1], such that 74, g([z,y]) >t > fat ( ) \/rA+B( ).
Then there exist a,b,¢,d € V withz = a + band y = ¢+ d such that #4(a) < t, #5(b) < ¢t and

fa(c) < t,7p(d) < t. Therefore,

Pars([z,y]) = inf  {fa(la’ ) Vs, y)}
[z,y]=[a",y]+[b",y]

= inf {Pa(fa’ ¢ +d])Vig(b,c +d])}
[z,y]=[a"+b" ¢ +d']

= inf  {Fa(la’, ) Via(la',d]) V() vis(b,d])}
[z,y]=[a"+b",c" +d']

’

= inf { inf {fa(a)Via(c)Via(d)}
z=a’'+b" y=c' +d' [a’,c'+d']

/

vV ooinf {fa(a) Vialc)Via(d)}}
[a' ¢’ +d']

= inf {fa(a)vip(b)}Vv inf {fa(c)Via(d)}
z=a'+b’ y=c' +d’

vV inf {fp(c)Vig(d)}
y=c'+d’

< inf {TA( YV} V Rale) V Fp(d)

za

< rA(a) VAg(b) VFalc) V7Eg(d)
< t<farp([z,v]),

a contradiction. The other case can be proved similarly, 0 pa+5([7,9]) < pars(z) V pars(y).
Accordingly, we conclude that A + B = (A a1, pa+p) is a CIF lie subsuperalgebra of V. O
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Theorem 3.12. If A = (A4, pa) and B = (\g, pp) are CIF lie sub-superalgebras (respectively
CIF ideals) of V = Vi + Vi, then sois AN B = (A anB, pAnB)-

Proof. By Definition 3.1 and Definition 3.3, A = Ay & A; and B = By & B;. Fora = 0,1
define (AQB)(, = ()‘(AOB)QHD(AHB)Q)’ where /\(AmB)a = Aa,NAp, and P(ANB)o = PALNPB,-
Then, by Lemma 2.5, they are CIF subspaces of V. Also, for « = 0, 1, we can define (anb), =
(A(aﬁb)a’p(aﬂb)(!), where /\(aﬂb)a = g, N Ap, and P(anb)e = Pay M Pb,- Obviously, (Cl N b)a
are extensions of (A N B), for a = 0,1 (respectively). Moreover, it is easy to check that
(anb)oN(anb); =(0,1) for any nonzero z € V. Let x € V, as A, B are homogenous, then

(Mane)y T Atane) ) (@) = sup {Xane), (@) A Aane), (0)}

r=a+b

= Supb{r(amb)o(a)elz'"w(amh ( >/\r(uﬁb) (b)eiZTrw(amb)l(b)}
r=a+

= supb{(ruo(a) Ay ()2 @0 (@A0g (@) A (o (B) A rg, (b)) ar (D)Awe, (0))
r=a+

= sup {(ray(a) A 7, (6)) Tl )
r=a+

A sup {(ro, (@) Arg, (b)) @eol @) 0}
rz=a+b

= 74 (I)eiZﬂ'wA(:v) ATp (z)eiZﬂ'wB ()
Aa(z) AAg(x)
== AAI’WB(x)v

and

(Paneyy +  Plane),)(z) = mi%grb{p(aﬁh)o(a) V p(ane), (0)}

= inf {Faney, (@)e 2 mnl v gy, (D)er e}

r=a+
= 1nf {(r%( )V fbo(a))e’ﬁﬂ(&-\iu()(a)\/@'bo(a)) V (7, (b) V o, (b)) €2 (@ay (0)Vs, (0))
= inf {(Fay(a) V fio, (B))2Cnn(®)VEn 0}
Y mib{(rb(’( a) V 7y, (b))eﬁﬁ(@ho(a)\/@h] (b))}
— fA (x)ezmeJA(I) . fB (x)eiZﬂ'dJB(a:)
= pa(x) Vpp(z)
= panB(®).

Hence, AN B = (Aanp,pans) is a CIF vector subspace of V. To show that AN B =
(AanB, panp) is a CIF lie subsuperalgebra of V, let z,y € V. Then

Aars([z,y]) = Aa(lz,y]) Ads([z,y])

]) i2mw A ([z,y]) A TB([x’y])eiwaB([x,y])

(
ra(lz,
(ra(z) Ara(y))e? @al@reaw) a (pp(2) Arg(y))e?r@s@resy)
= (ra(z)Arp(z ))eiZﬂ'(WA(ﬂC)/\UJB(:C)) A (ra(y) /\TB(y))eiZW(wA(y)/\wB(y))

Aans(x) AXans(y),

Y
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and

pans([z,y]) = pa[z,y]) V p([z,y])
[ ]) 270 ([z,y]) VfB([w,y})eisz([z’y])

y))eiZTr(ch(w)\/cﬁA(y)) Vv (7
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Consequently, AN B = (AanB, pans) is a CIF lie subsuperalgebra of V. m|

4 On Lie-superalgebra Anti-homomoiphisms

Recall that if ¢ : V' — V' is a linear map between lie superalgebras such that ¢(anbg) =
(—=1)*P¢(bg)¢p(ae) for all an,bs € h(V), a, B = 0,1, then ¢ is called an anti-homomorphism
from V into V'. In this case, if an, bg € h(V), where o, 8 = 0, 1, then

$([aa;bs]) = (aabs — (—=1)*Pbsaa)
d(anbs) — (_l)aﬁd’(bﬁaa)
= (=1)*6(bg)(aa) — d(aa)d(bp)
—(0(aa)¢(bs) — (=1)*Pd(bs)$(aa))
= —[d(aa), d(bg)]-

Asaresult,ifx =xo + 21,y = yo +y1 € V, then

o([z,y]) = o[z, o] + [wo. 1] + [1,50] + [71,11])

([0, vo]) + ¢([zo, v1]) + &([z1,y0]) + d([x1,11])
—([6(20), d(y0)] + [@(0), D(y1)] + [B(z1), G(yo0)] + [¢(z1). H(y1)])
—[¢(z), o(y)]-

Therefore, the following definition is an equivalent definition of anti-homomorphism of lie su-
peralgebras.

Definition 4.1. If ¢ : V — V" is a linear map between lie superalgebras V, V' which satisfies:

¢(Va) S Vi, (a=0,1), 4.1)

¢z 9]) = —[o(x), o(y)] 4.2)
Then ¢ is called an anti-homomorphism of lie-superalgebras.
For example, the transpose and inversion maps both give anti-homomorphisms in matrices.

Definition 4.2. Let A = (A4, pa) be a CIF set of V and let 2,y € V. Then A = (\a,pa) is
called an anti-complex intuitionistic fuzzy lie sub-superalgebra of V' (anti-CIF for short), if it
satisfies the following conditions:

(1) A= (A4, pa) is a Z,-graded CIF vector subspace of V

(2) Aa(=[z,y]) = Aa(@) A Aaly) and pa(=[2,y]) < pa(@) V pa(y).

If the condition(2) is replaced by (3) Aa(—[z,y]) > Aa(z) V Aa(y) and pa(—[z,y]) < pa(z) A
pa(y), then A = (A4, pa) is called an anti-CIF ideal of V.

Proposition 4.3. Let ¢ : V — V'’ be an anti-homomorphism of lie-superalgebras. If A =
(Aa, pa) is an anti-CIF lie sub-superalgebra (respectively an anti-CIF ideal) of V’, then the CIF
set ¢~ 1(A) of V is also an anti-CIF lie sub-superalgebra (respectively an anti-CIF ideal).
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Proof. Letz = xp+ x; € V, then ¢(x) = gb(a:o) + ¢(z1) € V'. Define
¢_1(A)a = ()\¢71(A)a’p¢7l( Ao ) where >\¢ (;5 1( ) and Pp-1 = ¢ ( ), o =
0,1. Then, by Lemma 2.1, they are CIF subspaces of V,, a = 0,1 (respectlvely) Define
¢ Ha)a = (Ap-1(a)ns Po1(a)s)» Where Nyi(q). = ¢~ (Aq,) and py-i = ¢ Ypa,) a =
0, 1. Clearly,
Ap—1(a), () 0 zeV, Po-1(a).(x) 1+ wEV,
Aot (@) = {0‘15 . oz gV, and po-iia. (#) = {1 . - VA

for a = 0, 1. Which implies that ¢~ !(a),, are CIF vector subspace of V, for a = 0, 1. Moreover,
10 £ 0 €V, then Ay (2) A A1, (2) = 6 () () A 6 (A, ) (@) = Aag((2)) A
Aa, (¢(z)) = 0. Similarly, if 0 # = € V, then Po1(a)o (:c) V py-1(a), (z) = 1. Furthermore, if
0 # x € V, then

sup {)\d,_l(a)o(a) AN >\¢_](a)1 (b)}

r=a+b

= sup {Ag(@(a)) A Aa, (¢(0)}, (@ =ao+ar, b=1bo+br)

r=a+b

= sup {Aq,(0(a0)) A Xa,(0(b1))}

r=a+b

>\¢_1(0)n+¢>_'(a)1 (LL')

= S0 {ra(8(a0) e wa ) Ay (b)) ()
r=a+

= 1oy (B(x0))e2™ a0 (@@ A (p(y))e2 ™0 (B(21)
g (9(0)) A Aa, ($(21))

= >\a0+a1(¢(x))’ (x =20+ 1)
= Aa(o(x))
= Agia)(@),
and
Potaproia (@) = f {psia)(a) V py-i(a) (D)}

= inf {pa(#(a) V pa (6(0)}, (a=ao+ar, b=1by+b)

= 1nf {puo( ¢(ao)) V pa, (¢(b1))}

= xH;f {Pay (D(ag))e?™@ao(9l@0)) vy 2 ((by))e?2 e (@(01)}

= Fag(6(0))e A o (i) 2 0001
Pas(#(20)) V pa, ($(21))

= payta ((2)), (x = w0+ 21)

= ( ()

= 4)(@)-

Hence, ¢~ 1(A) = ¢ (A)g @ ¢! ( )1 is a Z,-graded CIF vector subspace of V. Let z,y € V.
Then

)\qu(A)(—[x,y]) = )\A(_qj)([‘r’y]))

Aa([o(x), o(y)])
Aa(o(z)) AXa(o(y))
Ag-1(4) (@) ANg-1(4)(y),

v

and
po-1(a)(=[z,y]) = pa(=d([z,y])) = pallo(x), o(y)])
pA(sb(w)) Vpa(d(y))
= pg-1(a)(®) V pg-104)(y).

IA
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As aresult, p~!(A) is an anti-CIF Lie subsuperalgebra of V. Finally, we show that ¢~!(A) is an
anti-CIF ideal of V. Let z,y € V, then

Mgy (=l,]) = Aa(=o(lz,])) = Aa([8(x), o(y)])

> Aa(6(2)) V Aa((y))
= Asr1)(@) V Asm10a)(v),
and
po-i(a) (=[x, 9]) = pa(=o(lz,y])) = pa([o(z),¢(y)])
< pa(6(x)) Apa(é(y))
= Ps-1(a)(@) A pg-1(a)(y)-
Consequently, ¢~ !(A) is an anti-CIF ideal of V. O

Proposition 4.4. Let ¢ : V — V' be a surjective anti-homomorphism of lie-superalgebras. If
A = (A4, pa) is an anti-CIF lie sub-superalgebra (respectively an anti-CIF ideal) of V, then the
CIF set ¢(A) of V' is also an anti-CIF lie sub-superalgebra (respectively an anti-CIF ideal).

Proof. By Definition 3.1 and Definition 3.3, A = Ay & A; where Ay = (\a,,p4,), 41 =
(Aa,, pa,) are CIF vector subspaces of Vp, V) (respectively) For o = 0,1, define ¢(A), =

(A¢(A>a,p¢(A)a), where \ya), = = ¢(ra,), p¢( = ¢(pa,). Then, by Lemma 2.4, $(A),
is an anti-CIF subspace of V Define ¢(a ) (A¢,( Jos Po(a)s )» @S an extension of ¢(A), =
(As(A)as Pi(A). )» Where Ay(a). = d(Xa,)s Po(a), = @(pa,, ) Clearly

A¢AQ<I) : ‘TGVO/‘ p¢Aa(I) . IEVO:
Ag(a)a (2) = {o W G B w gV

Let 0 # x € V’. Then

As(a)o (2) A Ag(a), (2) = ¢(Aa)(2) A $(Aa)) (@)

= sup {Ag (@)} A sup {Aq )}
z=¢(a) z=¢(a)

= suE) ){)\uo(a) Ay} =0,
rz=¢(a

and

Po(a)y(T) V pg(a), () = D(pay) (@) V d(pa, ) ()
= I:infa {pao(a)} v m:h;fa){pa](a)}

= lnf {Pao( )\/pal(a)} =1

Z‘_
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Let 0 # y € V'. Then

Ap(apt+ala) (U) = Sugb{wa)o(a)M¢<a>1<b>}
y=a
= sup {¢(Xa,)(a) A d(Aa,) (D)}
y=a+b
= sup { sup {Ag(m)} A sup {Aq (n)}}
y=a+b a=¢(m) b=¢(n)

= sup { sup {Aq,(m) A Aq,(n)}}
y=6(z) w=m-in

= sup { sup {rao(m)eiZﬂwao(m) /\,r,al(n)eiZﬂ'wﬂl(n)}}
y=¢(z) T=m+tn
27 sup {way(Mm)Awa,(n)}

= sup { sup {ro,(m) Arg(n)te oomin }
y=¢(z) w=m-in

= sup {Tao+a1 (x)eﬂmuuoﬂl(m)}

y=o(x)
= sup {Aapta (@)} = sup {Aa(z)} = Aya)(v),
y=¢(z) y=¢(z)
and
Po@orsan(y) = 10 {pg(@, (@) V Po(ay )}

= inf {6(pa,)(@) V 6(pa) ()}

= inf { lnf {pao (m)} v b:ig(fn){pal (n)}}

y=a+b a=¢

= ylg(f{ 1nfn{pa0( m)V pa,(n)}}

_ inf inf {7 27@q, (m) Nz (n ei27r421a](n)
y=¢(x ){z m+n{ w(m)e o () H

= inf {nf {fg,(m) Vg, (n)fe Tt VS Iy
y=¢( ) r=m-+n

= inf {fa0+al (.r)eizmbﬂwrul(m)}
y=¢(z

= nf {para (@)} = inf {pa@)} = poa)(v)-
y=¢(z y=¢(z)

So, p(A) = ¢(A)o & ¢p(A), is a Z, graded CIF vector subspace of V.

Let z,y € V'. We show that ¢(A) is an anti-CIF ideal of V’. That is we need to prove that

Aoy (=, 91) =2 Aga) (@) V Ag(a) (y) and pyia) (<[, 9]) < poa)(®) A py(a)(y). On contrary,

suppose that Ay 4)(—[2, y]) < Ap(a)(2) V Ap(a) (1) = ry(a)(x)e?™o ) (@) Vrha )(y)elzwqu)(y),

Then

[ ]) = 7’¢( )( [I y])eiZﬂ-wﬂA)(*[zfy]) < {Tq}(A) (LE) \/ T¢(A) (y)}eiZW{wd?(A)(z)vw¢(A)(y)}'

(=
Slnce ¢(A) is homogeneous, 74 4) (—[x, y]) < Tg(a) (%) VT ga)(y) OF Wy a) (=[x, y]) < wy(a)(@)V

)W) 7y (=[2,9]) < roa)(@)Vrga)(y), then reay (=[x, y]) < rgea)y(x) orrgiay(—[z, y])
< r¢ 2)(¥). Suppose T(a)(—[2,y]) < T4(a)(x), thenchoose t € [0, 1] such that 7 4)(—[z,y]) <
o(

t < ry(a)(a), so there exists a € ¢~'(x) such that r4(a) > ¢. Let b € ¢! (y), since ¢ is onto.
As ¢([a,0]) = ~[d(a), p(b)] = —[z,y], we get

o) (—lz,y]) = sup  {ra(la,b])}
- [m7y]:¢([a/ ’b,])

- sup {rala)Vra®)}
- [m7y]:¢([a/ ’b,])

ra(a) Vra(b)
t > rga)(=lz,9]),

v

\%
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which is a contradiction. We can use the same argument above for the case wg(4)(—[z,y]) <
We(a)(x) V we(ay(y). Therefore, Aya)(—=[z,y]) > Xpa)(z) V Aya)(y). Again, on contrary,
suppose that py(a)(—[2,y]) > pg(a)(z) A py(a)(y). Then

Poa) (=l y)e?m o Tlowl S {4 () A Py (y) e o @ACon W

Since ¢(A) is homogenous, 74 4)(—[,y]) > 74(a) () ATg(a)(y) OF Dga) ([, y]) > Dya)(z) A
)W) M Py (=[x, y]) > Foa)(@)APya) (1), then Py ay (=[x, y]) > Fya)(z) or Fya)(—[2,9])
> r¢( A)( ). Wlthout loss of generality, we may assume that 7, 4)(—[x,y]) > 4(a)(2), choose
€ [0,1] such that fya)(—[z,y]) > t > 74a)(x), then there exists a € ¢~'(x) such that

(a) <t. Letbe€ ¢! (y). As ¢([a,b]) = —[z,y], we get

o) (=[2,9]) = e b,]){fA([a,b})}
= inf {fA(a') /\fA(b/)}
7[w7y]=¢([a,:bl]>
< 7a(a) A7a(b)

<t < Py (=l 9)),

which is a contradiction. We can use the same argument above for the case Gy 4)(—[z,y]) >
Qg(a)(x) A Gg(a)(y). Therefore, ¢(A) is an anti-CIF ideal of V. The case of anti-CIF lie sub-
superalgebra is similar to prove. O

Theorem 4.5. Let ¢ : V — V'’ be a surjective anti-homomorphism of lie-superalgebras. If
A= (Xa,pa)and B = (Ag, pp) are anti-CIF ideals of V, then ¢(A + B) = ¢(A) + ¢(B) is an
anti-CIF ideal of V.

Proof. We already proved in Proposition 4.4 that ¢( A + B) is an anti-CIF ideal of V'. Therefore
the only thing we need to prove is that (A + B) = ¢(A) + ¢(B). Let y € V', then

Asarn)(y) = sup {Aayp(x)}
y=¢(x)

= sup { sup {AA(G) /\)\B(b)}}
y=¢(x) z=a+b

= sup { sup {ra(a)e?™a(®) A pp(b)e?mes®)}y
y=¢(z) z=a+b

= sup { sup {(ra(a) Arp(b))e? @alarws®)ry
y=o(z) T=a+b

= sup  {(ra(a) Arg(b))e?™@al@ sV (A B are homogenous)
y=¢(a)+¢(b)

2n( sup {wa(a)}A sup {wp(b)})

= sup {( sup {ra(a)} A sup {rp(b)})e ™%« )
y=m+n m=¢(a) n=p(b)

= sup (e (m) Aroin) (n))e2monlm)iwoim ()}
y=m+n

— Sug_ {7'¢(A)(m) z27rw¢ y(m )/\T¢( )(n)eiwad)(B)(n)}
y=m-+n

= sup {Aga)(m) A Ag(m) ()}

y=m+n

= Asa)+o(8) (),
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and
potarpy(y) = inf {parp(@)}
= Jof { inf {pa(a)Vps(0)}}
y=¢(z) r=at
—_ f f 2rda(a) \; 2 b 27 (b)
nf { inf {7ala)e vV Pp(be i3
— inf { inf {(Fa(a) V #r(b))e2™(@ala)ver(b)
Jinf {inf {(7a(a) v 75() 3
= inf  {(Pala) V Fp(b))e? @alaVes®)y (A B are homogenous)
=o(a)+¢(b)
2n( inf {@a(a)}v inf {&p(b)})
= inf inf {fs(a)} Vv inf {Ffp(b)})e ™=@ n=¢(%)
it {(inf (a(a)} v int (7s(®)) )
— ~ 7,271'(12) (A)(m)\/&) (B)(n))
) 17511&”{(7"45 a)(m )\/V’qs(B)(”))@ ¢ ¢ }
_ 27w m) 27l () (n)
. 1;11f+n{7“¢ y(m)e =T gy (n) e TS }
= yl};ﬂn{% ) (M) V pymy(n)}
= Poareom) (y):
Hence, (A + B) = ¢(A ) ¢(B) is an anti-CIF ideal of V. O

5 Conclusion

This extension of intuitionistic fuzzy Lie sub-superalgebras and ideals to a complex setting opens
up new possibilities for studying the algebraic structures in a more generalized and comprehen-
sive manner. The study of complex intuitionistic fuzzy Lie sub-superalgebras and ideals not
only provides a deeper understanding of the underlying algebraic structures, but it also allows
for a more flexible and versatile approach in handling fuzzy information in Lie superalgebras.
The concepts introduced in this article can be applied to various fields such as mathematical
physics, quantum mechanics, and control theory, where Lie superalgebras play a crucial role in
modeling and analyzing complex systems. By incorporating fuzzy logic and intuitionistic fuzzy
sets into the framework of Lie superalgebras, we are able to capture and represent uncertain
and imprecise information in a more efficient and effective manner. Future research can focus
on exploring the applications of complex intuitionistic fuzzy Lie sub-superalgebras and ideals
in different mathematical and scientific disciplines. By further investigating the properties and
relationships of these concepts, we can gain deeper insights into the behavior and structure of
complex systems that are characterized by uncertainty and vagueness. Ultimately, the develop-
ment of more advanced and sophisticated algebraic tools based on complex intuitionistic fuzzy
logic can lead to new breakthroughs in our understanding and analysis of complex systems in
the modern world.
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