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Abstract This paper presents a new method for studying the Euclidean operator radius of an
n-tuple of operators on Hilbert C*-modules. Our method enables us to obtain new results and
generalize some known theorems for an n-tuple of operators on Hilbert spaces to an n-tuple of
adjointable operators on Hilbert C*-module spaces.

1 Introduction

Let (H; (-, -)) be a complex Hilbert space. Let B(#) denote the C*-algebra of all bounded linear
operators on #. The numerical radius of 7' € B(H) is defined by w(T") = sup{|(Tz,z)| : = €
H, ||z|| = 1}. The well-known operator norm ||.|| is equivalent to the norm defined by w(-) on
B(H). Namely, we have 1||T|| < w(T) < [T, for any T € B(H). For other results on the
numerical radius (see [10, 16, 21, 22]).

In 2009, Popsecu [8] introduced the concept of Euclidean operator radius of an n-tuple 7" =
(Th,...,T,) € B(H)" := B(H) x ... x B(H). Namely, for T, ..., T, € B(H), the Euclidean
operator radius of 71, ..., T, is defined by

we(Ty, ..., Ty) = sup <zn:<Tix,m>|2>;.

lzll=1 N\

Popescu [8] proved that

n

1
— E T,TH| <we(Ty,...,Tp) < E T.TF 1.1
2Vn i=1 ' vl ) i=1 ' -
In case, n = 2 we have
1 1
\/i * * : * * :
T Tl T +T2 T, < we(Tl,Tz) < T] T +T2 T (1.2)

For other results on the Euclidean operator radius (see [2, 13, 19, 20]).

We define a Hilbert C*-module as a linear space having an inner product that accepts values from
a C*-algebra. The theory for commutative unital algebras was established by Kaplansky (see
[9]), who originally introduced this concept. Paschke (see [25]) and Rieffel (see [11]) expanded
the theory to general C*-algebras. For further details, we direct the reader to [3]. While standard
methods can be employed to prove some inequalities in Hilbert C*-module spaces, the structure
of Hilbert C*-modules appears to require different definitions of some concepts. These concepts
are merely extensions of some standard definitions to study some inequalities in Hilbert C*-
modules.

First, we recall some definitions and some inequalities that will be used in this paper.
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Definition 1.1. ([14]). Let A be a C*-algebra. An inner-product .A-module is a linear space F
which is a right A-module with compatible scalar multiplication:

AMza) = (A\x)a = x(Aa) forallz € E,a € Aand A € C
together with a map (-,-) : E x E — A, which has the following properties:
(1) (z,z) =0, if (x,z) = 0 then x = 0,
(ii) (z, ay + B2) = afa,y) + Bla, 2),
(i13) (x,ya) = (z,y)a,
(iv) (x (y,2),
foralla;,y,z €eFE,ae A apeC.

We can define a norm on E by ||z|| = ||(z, z)||2. An inner-product .A-module that is complete
concerning its norm is called a Hilbert .A-module or a Hilbert C*-module over the C*-algebra
A. We define £(E) which is a C*-algebra to be the set of all maps 7" : E — E for which there
isamap T* : E — E which satisfies (Tx,y) = (z, T*y) forall z,y € E.

Definition 1.2. ([7, page 89]). A state on a C*-algebra A is a positive linear functional on A of
norm one. We denote the state space of A by S(A).

Definition 1.3. ([18]). Suppose that F is a Hilbert right A-module. We define the numerical
radius of T' € L(E) by

waA(T) = sup{|o(x, Tz)|: x € E, p€ S(A), o{z,z) = 1}.

Definition 1.4. ([12]). Suppose that F is a Hilbert right A-module. We define the Euclidean
operator radius of B, C' € L(FE) by

we(B,C) = sup { (|Q<3:,Bx)|2 + Q<$,CZ‘>|2>2 cx€FE, peSA), olz,x) = 1}.
In order to drive our main results, we need the following lemmas:
Lemma 1.5. ([18]). w4(T) = ||T|| for every self-adjoint element of L(FE).
Lemma 1.6. ([25]). Let E is a Hilbert C*-module and T € L(E), we have
(Tx,Tx) < |T|*(x,z) for everyz € E.
Remark 1.7. It follows from Lemma 1.6 that for every positive linear functional p,
o(Tx, Tx) < ||T|*o(x,z) for everyx € E.

Lemma 1.8. (/7, page 88, Theorem 3.3.2]). Let A be a C*-algebra. If o is a positive linear
functional on A, then

o(a*) = o(a), for all a€ A.

Lemma 1.9. ([18]). Let T € L(FE) and o € S(A). The following statements are equivalent:
a) o{x,Tx) = 0 for every x € E with o(x,x) = 1,
b) o(x,Tx) = 0 foreveryx € E.

Lemma 1.10. ([18]). Let T € L(E), then T = 0 if and only if o{x, Tx) = 0 for every z € E and
0€ S(A).

For T € L(E), then T is self-adjoint if and only o(z, Tx) is positive for every z € E and
o€ S(A).

Lemma 1.11. (/6]). Fora,b>0and 0 < a < 1,

a®b'"* < aa+ (1 —a)b < (aa” + (1 —)b")* for r>1.
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Lemma 1.12. ([18]). Let T € L(E), T > 0 and x € E, then for every o € S(A)
(1) (o{z,Tx))" < |2 o(x, TT2) for r>1,
(i) (oo, Ta))" > 220" gl T72) for 0 <r < 1.

Lemma 1.13. ([ 18, page 13]). Let (E; o(-,-)) is a semi-inner product space for every g € S(A),
then

(<g<a,a>>%<g<b,b>>é n |g<a»b>|),

N —

|o(a, e)ole, b)| <
for every a,b,e € E with ple,e) = 1.
Lemma 1.14. ([5, Cauchy-Schwarz inequality]). Let T € B(H) and 0 < o < 1, then
(@, Ty < (, |TP*a) (y, T y),
forall any x,y € H.
The following result is a consequence of Lemma 1.14.

Corollary 1.15. Let (E; o(-, -)) is a semi-inner product space for every o € S(A). Suppose that
TeL(E)and0 < a <1, then

lo(z, Ty)* < ola, [T*x)oly, IT* ' ~y),
forall any x,y € E.

In this section, we present a new definition of the Euclidean operator radius for an n-tuple
of operators on Hilbert C*-modules, which naturally generalizes the concept to n-tuples of op-
erators on Hilbert spaces. Using this definition alongside specific techniques, we establish fun-
damental inequalities concerning the Euclidean operator radius of an n-tuple of operators on
Hilbert C*-modules.

2 Main results
We start with the following definition.

Definition 2.1. Suppose that E is a Hilbert right .A-module. We define the Euclidean operator
radius of an n-tuple (71,...,T,) € L(E)" := L(E) x ... x L(E) by

wae(T,...,Tn) = sup{(z |g<x,Tix>|2>2 cx€E, peS(A), olz,x) = 1}. 2.1
i=1

We can also consider the following norm on £L(E)" := L(E) x --- x L(E) by

(Ty,....,T)| = sup{(Zg(Em,ﬂx>)2 cx€FE, peS(A), olz,z) = 1}. (2.2)

i=1

Our definition is a natural extension of the definition of the Euclidean operator radius of an
n-tuple of operators on Hilbert spaces. In fact, in this case the C*-algebra A is the set of complex
numbers and S(A) contains only the identity function on the set of complex numbers.
Hereafter, we assume that A is a C*-algebra and F is an inner product .A-module.

Lemma 2.2. ||(.,...,.)| is norm on L(E)™.

Proof. T = (T,...,T,) = 0, then obviously ||(T1,...,T,)| = 0. If ||(T1,...,T,)| = 0, then
for every z € E and p € S(A) with o(z,z) = 1, we have o(T;z, T;z) = 0, foralli = 1,... n.
We want to show that Tz = 0 for each x € F. Fix x € F.

(i) If o{x, z) = 0, then by Remark 1.7, we have o(T;z, T;z) < ||T;||*o(z,z) = 0,
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andso7; =0foralli=1,...,n,hence T'= 0.
(ii) If o{x, z) # 0, then by taking y = —%—, then o(y, y) = 1. By Definition 2.1 (2.2),

1
ola.a)?

oLy, Tiy) =0, foralli=1,...,n.

And so mg@}x,ﬂm) =O0foralli =1,...,n. Thus o(Tjz, Tyz) = O foralli = 1,...,n.
Since for every ¢ € S(A), we have o(T;x, T;xz) = 0 for all ¢ = 1,...,n. We conclude that
(Tyz, T;xy = 0foreachz € Eand foralli=1,...,n.SoTy =... =T, =0.
On the other hand A is an abelian C*-algebra, then by [17, Theorem 3.6], |« + y| < |z| + |y|, for
each z,y € E. Thus

|Tx + Sz| < |Tx|+ |Sz|, for each T,S € L(E) and x € E. (2.3)
It follows from (2.3) that for every positive linear functional p,

o{Tx + Sz, Tx + Sx)% < Q(Tx,TCC>% + o{Swz, Sx)%.

Hence

(Z o{(Ti + i) (T, + sz->x>)% < (Z (g<m,m>% +o(Siz, sm%)z)

i=1 i=1

l—

n 1 n 1

<Z o(Tiz, Tx>) + (Z o(Sic, Six>) 2

i=1 i=1

IN

(by Minkowski's inequality).
Taking the supremum over all z € F and ¢ € S(A) with g(z, z) = 1, we have
Ty, o) + (Sty - So)ll < (T, - To)ll + 11(ST, - -+ Sn)l-
Clearly || N(Ty, ..., Tn)| = |MI(Th, - - ., Tw)||, for A € C. i

Lemma 2.3. Let T = (Th,...,T,) € L(E)", then

IT) = Sup{@”ﬁmyﬂz)% o€ B, 0 S(A), olos) = olyn) = 1.
i=1
Proof. Let
M = SUP{(zn: |9<x,T¢y>lz>é ca,y € B, 0 € S(A), ofz,x) = oy y) = 1}-
i=1
If o € S(A) and z,y € E with o(z,z) = p(y,y) = 1, then by using the Cauchy-Schwartz

inequality, we get

1

ETL:IQ@,TZ-y)\z % < ig<w»w>9<Tiy,Tiy> i
(Siemmif) < (3 )
= <§;@<Tiy,Tiy>)l
< ||Ti-

By taking supremum over z,y € E and g € S(A) with go(z, z) = o(y,y) = 1, we have

M < ||T||.
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For every y € F and ¢ € S(A) with o(y,y) = 1, we have
Tiy :
o(Tyy, Ty)* = Q<Tivaiy>Q<l Ty> ,
o(Tiy, Tiy)?

where we assume that o(T;y, T;y) # 0and T € L(E)™.
Thus

(i@ Ty, Ty > = (Zn:9< Ty7Ty>%,Tiy>2)2

i=1
< Sup{<§:|g<x’ﬂy>|2>z c a2,y €E, o€ S(A), olz,x) = oly,y) = 1} =

Taking the supremum over all y € F and ¢ € S(A) with o(y,y) = 1, we have ||T|| < M. o

Theorem 2.4. The Euclidean operator radius wae(-) : L(E) X ... x L(E) — [0,00) for an
n—tuple of operators satisfies the following properties:

(i) wae(Th,...,T,) =0ifand only if T; = 0 foreachi = 1,...,n,

(ii) wae(ATh,. .., T) = [Nwa(Th, ..., Tp),

(iii) wae(Ty+ S, .. T+ Sn) <wae(Th,...,Tn) Fwae(Si,-..,Sn),

(iv) wa(UTWU,...,.UT,U) =wa.(Th,...,T,) for any unitary operator U € L(E),
) wa (XN X,...,X*T,X) < || X|Pwac(Ti,...,T,) for any operator X € L(E),
i) wa.(Th, ... T, )—wAe(T yee T,

i) wae(TITE, ... TyTY) = wae(TET, ... TET),
JoreveryT;, S; € L(E) (1 <i<n).

Lemma 2.5. IfT; € L(E) (i=1,...,n). Then

Proof. LetT; € L(E) (i=1,...,n). Forevery z € E and g € S(A) with o(z,z) = 1,

n n 2

TIT < DO T|[||T]| = DO |||
i=1 i=1 i=1
therefore,
n n 2
H S| < YT
i=1 i=1
= Zsup (Tyx,Tix): x € E, g€ S(A), g(x,x)zl}
= sup { Zg(Tﬁ,Tm) cx ek, peS(A), ole,z) = 1}.
i=1
Hence,

n 2

Z T T,

i=1

e
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On the other hand, since Z?:l TxT; > 0, then it follows that

> o, Tix) = o, iTTa»
i i=1

i=1

< olw,a) oy Ty T,y T Ti):
i=1 i=1

< olw,2)? || Y TrT | olw, x)?
i=1

<

I>_T T
i=1

By taking the supremum over all x € E and p € S(A) with p(x, z) = 1, we have

2
<

n

> 1T,

oo <[5

This proves the desired inequality. O

The following result improves and generalizes (1.1) for an n-tuple of operators on Hilbert
C*-modules.

Theorem 2.6. If (T1,...,T,) € L(E)". Then,

? Z T T,
=1

2
S wA,e(T17--~7Tn) S

1
2

, (2.4)

=1

where the constants % and 1 are best possible in (2.4).

Proof. Let (T1,...,T,) € L(E)"™. Forevery z € F and ¢ € S(A) with go(z,z) = 1, by the
Cauchy-Schwarz inequality we have

lo(x, Tix)|* < o(x, ) o(Tix, Tix).

Taking the sum over all ¢ from 1 to n we get

n n
Y lolw, Tia)? < ofw,z)olw, Yy T;Tix)
i=1 i=1

IN

oz, z)

n

i=1
By taking the supremum over all z € E and ¢ € S(A) with o{x, z) = 1, we have
So
i=1

To prove the second inequality, let T, = Py + i) be the Cartesian decomposition of T}, for all
k=1,...,n. We have

Wy (Th,..., T,) <

ol Tur) = ole, Pur)? + ol, Qua)?
> 5 (lofe. P +lote, Qua) )’
> Lo, (P £ Qo)

2
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Summing over k and then taking the supremum over all z € E and ¢ € S(A) with o(z,z) = 1,
we get

n

1
Wi (Th,.... Ty) > 5 ‘sup Z lo(x, (Pe + Qi))|?
o{z,x)=1 k=1
> Z Py £ Qy)?
k=1
Moreover,
1 n n
zwil,e(Tl""an) 2 2 Z(Pk+Qk H Zpkak
k=1 k=
1 n
z 3 > (P +Qu) (Pe — Qk)
k=1 k
1
= 5 Z(Pk + Q)"+ (Pr — Qk)
k=1
= Z +Q} (2.5)
k=
= STl
Thus, the desired result is obtained. m|
Remark 2.7. (i) In particular, setting n = 2 in (2.4) we get
\/2 * * 2 L
7 Tl T +T2 T < wAe(ThTZ) Tl T +T2 T, (2.6)

The lower bound of w 4, (77, T») obtained in (2.6) is stronger than the lower bound in (1.2).
(i) If we choose T1 = T, = T in (2.6) we get

|1 T*T|| < wh o(T,T) < 2| T*T]. 2.7)
But w (T, T) = 2w’ (T) and Lemma 2.5, we have

2
%IITII < wa(T) < |7 (2.8)

Clearly, the bound in (2.8) is stronger than the first bound in [18, Theorem 2.13].

(iii) We observe that, if 77 and 75 are self-adjoint operators, then (2.6) becomes

V2|72 2|l T2 4 77 (2.9)

< 'UJA e(Tl7T2) ‘

(iv) We observe also that if T € L(E) and T' = T + ¢T3 is the Cartesian decomposition of T,
then

wi\)e(Tl,Tz) = sup (|g<ac,T1x>|2 + \Q<x,Tgm>|2) = sup \Q{x,Tx)P = wi\(T)
of{z,z)=1, of{z,x)=1,
0€S(A) 0€S(A)

and
T*T +TT* = 2(T? + T3).
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By the inequality (2.9), then we have

1
4HT*T+TT* T"T+TT|.

1
WD) <5

In [4], Kittaneh has proved the inequality (2.10) in a Hilbert space.
Corollary 2.8. If (T1,...,T,,) € L(E)". Then
1

> TTi+ T}
i=1

< Wiy (Th,....Ty) <

i=1

Proof. Let Ty, = Py, + iQ}, be the Cartesian decomposition of Ty forall k =1,...,

z € F and o € S(A) with g(z,z) = 1, we have

Z |o(x, Thx)|*
k=1

> (olw, Pex)® + o(x, Qxz)?)

i=1

IN

Z z, P2x) + olz, Qix))

k=

= oz, (PP + Q).
k=1

By taking the supremum over all z € E and g € S(A) with o(z,x) = 1, we get
Z Ty T + T Ty
k=1

n 1
DR+ =

k=1

wi\’e(Tl, o 7Tn) <

Conversely, According to the (2.5), we have

who(Tis-- 1) 2 5| D P+ Qk ST+ TLTE
k=1 =1

as desired.
Remark 2.9. (i) In particular, setting n = 2 in (2.11) we get

1
T+ TV + T T 4+ TS

1
4‘ S wi,e(T17T2) S 2’

We observe that, if T; is normal for each ¢ = 1,2, then (2.12) becomes

1
2‘T1*T1+T2*T2 <’LUAE(T1,T2) ‘T1T1+T2T2

(i1)) Lemma 2.5 together with the inequality (2.4) leads to the inequality

f
H Tl,..., ) <wAe(T1;~~~7Tn)<H(leu»Tn) .

Theorem 2.10. Let T; € L(E) (1 =1,..., n) Then

Wy o(Th,..., Tn) < FHTT| +

where

o > TrT + TiTY .

Tl* T+ T Tl* + TZ* T + Tsz*

1
+ swar(T?, ..., T3,

(2.10)

2.11)

n. For every

(2.12)

(2.13)

(2.14)

wan(Te ) =sp{ 3 lote, Tl s 0 € B, g€ S(A), olovr) =1}

is called the Rhombic numerical radius [15].
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Proof. Forevery z € E and g € S(A) with o(x, z) = 1, we have

Solo(x, Ti)> = > [o(T}z, x)olx, Tix)|
i=1

i=1

1 n
< 2<Z;Mﬁwjﬁﬁ<TxTw2+m<:rT@>
- 1
< (Z R P —0—29<Tx Tix) + |o(x, T >|>
1 " = 2
= 30 ZTT + T7T))x EZ olz, T
* 1 2 2
< T+ T + zwar(Tr ... 1))

2

By taking the supremum over all z € E and ¢ € S(A) with o(z,z) = 1, we get the desired
result. O

Remark 2.11. In particular, setting n = 2 in (2.14) we get

1 1
wh (T1, Tr) < 4‘T1 Ty + T\ T} + T5 T + T Ts +§wA7R(T12,T22). (2.15)
Moreover, if we choose T7 =T, = T in (2.15) we get
2 1 * * 1 2 2
wA,e(T,T) < 3 T+ TT™| + EUULR(T ,T7). (2.16)

By the inequality (2.16) and w% (T, T) = 2w (T) and wa,r(T, T) = 2w4(T), then we have

1 1
w4 (T) < 4HT*T +TT*|| + 5wA(T2). (2.17)

We remark that in [1] the authors proved the inequality (2.17) in a Hilbert spaces.
By [18, page.7], we have w4 (T?) < w? (T) and by adding the inequality in (2.17), we get

1
wi (T) < 2wk (T) —wa(T?) < 2HT*T +TT*,

which shows that the inequality in (2.17) is sharper than the second inequality in (2.10).

Lemma 2.12. ([5]). Let T € B(H), and f and g be non-negative continuous functions on [0, o)
satisfying f(t)g(t) =t forall t € [0,00). Then

oz, Ty)| < [LFUTD=[g(IT* Dyll,
forall any x,y € H.
The following result is a consequence of Lemma 2.12.
Corollary 2.13. For o € S(A), o(-,-) is a semi-inner product. Suppose that T € L(F), and f

and g be non-negative continuous functions on [0, o) satisfying f(t)g(t) =t for all t € [0, 00).
Then

lolz, Ty)| < o{f(IT)z, F(T])z) olg(IT* )y, g(IT*[)y) 2,
forall any x,y € E.
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In [13, Theorem 3.2] with p = 2 and r > 1, if (T1,...,T%), (A1,..., An),(B1,...,By) €
B(H)™ and let f and g be non-negative continuous functions on [0, o) satisfying f(t)g(t) = ¢
forall ¢ € [0, 00), Then

nrfl

w? (ATT\By, ..., AT, B,) < -

i (Bffz(lTil)Bi)zr + (A;“gz(Ti*DAi)zr .

i=1

The following theorem generalizes the above result of an n-tuple of operators on Hilbert C*-
modules. This result includes several inequalities as special cases, which significantly generalize
the second inequality of (1.1) on Hilbert C*-modules.

Theorem 2.14. Let (T},...,T,),(S1,...,5,),(Q1,...,Qn) € L(E)™ and let f and g be non-
negative continuous functions on [0, 0o) satisfying f(t)g(t) =t for all t € [0, 0). Then

ia(SE‘fzﬂTiDSi) N =a (Qi‘gz(T{“I)Qi) h

i=1

wAe(SlTlle . ,S;TnQn)gnT71

b

forO<a<landr > 1.

Proof. Forevery z € E and g € S(A) with o(x, z) = 1, we have

me TTQ) = lo(Siz, TiQix) |

<D olfUT) Siz, F(ITi) S olg (T3 ) Qice, (177 1) Qice)
i=1
= Z ofz, S; P(ITi) Sz o, Qi g (IT7]) Qi)

1

-
Il

ofw, (7 12(T)8) %) ol (Q14*(T7NQ) ™)'~ "a)

[
M:

1

<.
Il

ola, (ST S:) = ) olz, (Q: (1T )Q:) ™= )1 =

N
M:

1

(aeta, (5 2(T:1)S:)

1

(aeta, (5 2(T:1)S:)

1

<.
Il

3

1
r

Q\~

N

2"+ (1= a)ol, (QIP(TI Q) ™ 2)")

<.
Il

3

3
Qh

3=

N

#)+ (1 = a)ole, (Q; (T )Q:) ™ x))

<.
Il

1
r

|

(eta. [a(S; 2UTNS:) ™ + (1= a) (QiA(ITNQ) ™ ]a))

i=1

<t (ofe, 3 [a(SIAITNS:) * + (11— ) Q1A (T7 Q) ™ ]a))

i=1

3=

(by the concavity of the function f(t) = t7).
Thus,

(Z lole, SITQia)| ) <ol o (s:f%m)si);m—a) (@mhe) |

i=1

Now, taking the supremum over all z € F and o € S(A) with o(z,z) = 1, we get

T r

ia(sz*ﬁ(lﬂl)si) T r(-a) (Q?QZ(Ti*I)Qi> L

i=1

w%e(SleQh ey S;;TnQn) < n -
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Remark 2.15. The particular case o = % produces the inequality

r—1

5 . (2.18)

> (S UTNS)T + (Qg* (1T ) Q)™

i=1

wA L(STTV Q1 ..., S TQp) < n

forr > 1.

Corollary 2.16. Let (T, . . .

,Tn) € L(E)™ and let f and g be non-negative continuous functions
on [0, 00) satisfying f(t)g(t) =t

forallt € [0,00). Then

Wy (T, T) <07 af ST + (- a)g™= (175 (2.19)
i=1
forO<a<landr > 1.
Letting f(t) = g(t) = tz, we get
Corollary 2.17. Let (T1,--- ,T5,),(S1,...,Sn), (Q1,-..,Qn) be in L(E)™. Then
CRASITQu ST < S (s:|Ti|s1;) (1-a) (QIIT{“IQ1> | 2.20)
forO<a<landr > 1.
Corollary 2.18. Let (S1,- -+, Sn), (Q1,...,Qn) € L(E)". Then
WX (S7Qu, .. Za<S§‘S¢> +(1-a) (Q;‘Qi) : (2.21)
i=1
forO<a<landr > 1.
In particular, setting n = 2 in (2.21) we get
w¥ (S7Q1,55Q2) <27 |a(S1S1) " + a(S55) "
+(1-a)(QQ1) " + (1 -a)(@3Q2) " (2.22)
Moreover, if we choose S} = S, = S and Q] = @, = @, then
Wy (S7Q,5°Q) < a(S*S> +(1-a) <Q*Q) . (2.23)
In particular, if we choose w% (S*Q, S*Q) = 2w’ (S*Q), we have
wX (5*Q, S*Q) < a(S*S> ) +(1-«) <Q*Q) L. (2.24)
We remark that in [23], Dragomir has proved the inequality (2.24) in a Hilbert space.
Corollary 2.19. Let (Ty,...,T,) € L(E)™. Then
Wie(Ti o To) < || Y- alTif= + (1 —a)|T7 |7 | (225)

i=1

forO<a< 1.
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: _1
In particular, o = 5

wie(Tise o Tn) < 5 +T7 (2.26)

Proposition 2.20. Let (Ty,...,T,) € L(E)™. Then

n 2
Z (|TZ|20¢ + |Ti*|2(1—(x))
i=1

Wl (Th, ..., T,) < % , (2.27)

for0<a<l.

Proof. Forevery x € E and p € S(A) with p(x, z) = 1, we have

n n

2
Sl TP < 3 (g<x7 T ol |T;‘2<1-“>x>%)
i=1 i=1
2
( T Po) <w7T:|2<‘-a>x>)

|T|2a+|T*|21 a) >2

IA
B

)
2ot

-lk \

1 & * —a
= gote ( SoUTRe TR ),

i=1

By taking the supremum over all z € E and g € S(A) with o(z,z) = 1, we get

n 2
S (e g |

i=1

1

wil,e(Tla-“zTn) < 4

Proposition 2.21. Let (Ty,...,T,) € L(E)™. Then

Yo alTi + (1 - )7
i=1

Wi o(Th, ..., Tn) < (2.28)

for0<a<l.

Proof. Forevery z € E and g € S(A) with g(z,z) = 1, we have

n

i=1 i

ol |Ti**z) (e, |T7 '~ a)

-

1

ola, | TPy o, | T P!~

-

i=1

ao(z, |TiPz) + (1 — a)e(x, T} [Pz)

-

i=1

n

= oo, (O TP + (1 - )Ty P)a).

i=1

By taking the supremum over all z € E and g € S(A) with o{x, z) = 1, we obtain

Yo alTiP + (1 - )T
i1

wil7e(Tla s 7Tn) <
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Theorem 2.22. Let (1}, ...,T,,),(S1,...,S,) € L(E)™ and let f and g be non-negative contin-
uous functions on [0, o) satisfying f(t)g(t) =t for all t € [0, 0). Then

%max {wi"e(TI + Sl, N Sn), wi\,e(TI — Sl,. T — Sn)}
< wae(POT +i2(S1)s o PUT) +£2(180D))
)

cwae (PO ) +ig (i), - (T3 +ig?(S3))). (2.29)

Proof. Forevery x € E and p € S(A) with p(x, z) = 1, we have
lofz, (Ti + 8i)a)* = |o(, Tix) + oz, Siz)

< (lofe. Tia)| + lota Si2)1)
2(Jetw, Tia)  + lota, Sia) )
<2(elf(IT: e, F(TiD2) elg(IT7 e 9|5 )
+ o (Sil), F(ISi)2) lg (15712, 917 )e) )
= 2(®ele, P2 o, (1T ) + ol £(Si)) ol (157 1))

<2(ola, ST + oo, 2(1Si)2)?)

% (olw, 2T + oo, (15 D2)?)
(by the inequality (ab + cd)* < (a® + ¢*)(b* + d?) for a,b,c,d € R)
= 2|oe, (TN +i2(SiD)2)||ofa, (T N) +ig? (157 D))

Taking the sum over all ¢ from 1 to » and the Minkowski inequality, we get

1

n

S lofa, (T 5)2 (Zm (PATD+ir(15)e ) (Zm (1 Dig i D)) )

i=1

By taking the supremum over all z € E and g € S(A) with o(z,z) = 1, we get
wWie(Ti + 51, T+ Sn) < 2wa e (fP(T]) +if2(IS1]), - o f2(ITl) + 0 f2(1Sn])

wae (G (7)) +ig(1ST]), - - (1T ]) +ig*(IS])-  (2.30)

Similarly, we can prove that:

Wi (Tr =81, T = Sn) < 2wac(FP(TH) +if2(1S10), -, F2(Tul) + 7 (1Sn])
wae(G (7)) +ig(1ST]). - (1T ]) +ig*(IS5])- (2.31)
Now the result follows by combining inequalities (2.30) and (2.31). O
Letting f(t) = g(t) = tz, we get
Corollary 2.23. Let (Ty,--- ,Ty),(S1,...,Sn) € L(E)". Then

1
Emax {wil,e(Tl + 51,0, Ty +Sn)7w3\,e(T1 -S,...,1T, — Sn)}

<wA,e(T1|+¢|sl|,...,|Tn+i|sn|)wA,e(|Tf|+z'|sm .,|T;|+z'|s;:).
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Corollary 2.24. For any self-adjoint bounded linear operators Ty, ..., T,, € L(E), we have

1
Emax {wil,e(Tl + S, Ty +Sﬂ)7w.2A,e<T1 -S,..., T, — Sn)}

< wa,e(w ISt [Tl + z'|sn).

Now we give another upper bound for the powers of w4 c.

Proposition 2.25. Let T', ..., T,, € L(F) and let f and g be non-negative continuous functions
on [0, 00) satisfying f(t)g(t) =t forall t € [0,00). Then

wi\,e(Tlv et 7Tn) < wA7e(f2(|T1 |)’ et fz(‘TnD)wAﬁ(gzOTl*‘)? et vgz(|T':|))'

Proof. Forevery x € E and p € S(A) with o(x, z) = 1, we have

n n

dolole, Tia)P < Y ola, FA(ITiDz)ele, (1T} |)x)

i=1 i=1

(éga:fz e )(ggxg (7)) >>.

By taking the supremum over all z € E and ¢ € S(A) with p(z,z) = 1, we get the desired
result. =

=

IN

The following lemma provides a simple yet useful extension of the Schwarz inequality for
four operators:

Lemma 2.26. ([24]). Let A, B,C, D € B(H), then
(e, DOBAY) < (w, A*|BP*Ax)(y, D|C*[2D"y),
forall any x,y € H.
The following result is a consequence of Lemma 2.26.

Corollary 2.27. Let x € Eand o € S(A), o(.,.) is a semi-inner product. Suppose that A, B,C, D €
L(E), then
lo(z, DCBAY)* < olw, A*|B*Az)o(y, D|C*[?D*y),

forall any x,y € E.

In these results, several new inequalities, refinements, and generalizations are established for
the Euclidean operator radius of an n-tuple of operators on Hilbert C*-modules.

Theorem 2.28. Let D;,C;, B;, A; € L(E) (i = 1,...,n). Then

wit,e<chlBlAlv~- D C B A ) wAe<A |B]2A1,...,A:Bn|2An>

X WA e (D1|Cf|2Df, s Dn|c;;2D;;>. (2.32)

Proof. Forevery x € E and p € S(A) with o(x, z) = 1, we have

n n
> oz, DiCiBAz)? < > olx, A7|Bil* Aiz)olx, Di|C; [ Dix)

i=1 =1
b }

n 2
< (Zg<x,A:|Bi|2Aix>2) (ZQ@,DAC;”DW) -

i=1 =1

1

By taking the supremum over all z € E and ¢ € S(A) with p(z,z) = 1, we get the desired
result. =
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Corollary 2.29. Let B; € L(E) (i = 1,...,n). Then
wae(BY,...,B2) Swac(Bi?, ..., |Bal?). (2.33)
Proof. Setting A; = U,;, D; = U} (U; are unitaries for all i = 1,...,n) and C; = B; in the

previous result. Then

W <U;*B%U1,...,U;B$,Un) <wae (Ul*|Bl Pu,..., U:;|Bn|2Un>

‘. (Ur|Br2U1, . U;|B:2Un)-

Since w4 . (+) is weakly unitarily invariant and

wae(Bifs. o [Bal?) = wae(IBi ..., 1By[).
Thus, the desired result is obtained. O
Corollary 2.30. Let T; € L(E) (i = 1,...,n) and a, 8 > 0 such that o + 3 > 1. Then

wh. <T1|T1|a+ﬂ‘17 . ,Tn|Tn”‘+B‘1> <wa.e <T120‘, s |Tn|2“> WA <|T1*25, o |T:;|25).

(2.34)
In particular, for « = = % we have

’LUA’S(TI,...,T“) SwA’e(|T1|,...,|Tn|). (235)

Proof. Let U; be unitaries for all i = 1,...,n, setting D; = U;, B; = I, C; = |T;|” and
A; = |T;|* for all a, 8 > 0 such that « + 8 > 1 in (2.32), then we have

D;C;B;A; = Ui|Ty|P|T;|™ = Uy|T|| T3 |* P~ 1 = | Ty | T P,

also, we have A¥|B;|?A; = |T;[** and D;|C}|*D; = U;|T|*PUF = |T7|*# foralli =1,--- ,n.
u]

Letting o = 8 = 1 in (2.34) and use the properties of w4 .(-), we get
Corollary 2.31. Let T; € L(E) (i = 1,...,n). Then
WAe(TH T, -, TolTl) wac(|Ti .o | Tul?). (2.36)
Theorem 2.32. Let D;,C;, B;, A; € L(E) (i = 1,...,n). Then

wly (D1C1B1 Ay, ..., Dy CrBrAy) < % zn:(AﬂBiFAi)T 1 (Di|C;*|2D;‘)TH, (2.37)
i=1
forallr > 1.
Proof. Forevery z € E and g € S(A) with o(x, z) = 1, we have
zn: lo(z, D;C;BiAz)|> < zn: (g(x,AﬂBi2Aix>%g<x,Di|C;‘|2D;*x>§>2
=1 2:1 ,
< ; Gg@,AﬂBiﬁAixV + ;g@mDiCﬂszm)r) '

2
e

* r 1
oz, (A7|Bi|*A;)"x) + 50

IN
™
/~
| =

(x, <Di|c:|2D;‘>Tw>)

3

— 2 oz, <(A;<B7;2Ai)r + (Di|Ci*|2D;<)T> xﬁ
i=1
27 ' oz, > ((A;‘BZ-FAZ-)T + (DZ-|CE‘|2D2‘)T>:C>3‘

i=1

IN

(by the concavity of the function f(t) = tr ).
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Thus

T

n 5 z ns
> oz, DiCiBiAz)* ) < 5

i=1

Y (A7 Bl A4)" + (Di|C; Dy

i=1

By taking the supremum over all z € F and p € S(A) with g(z,z) = 1,we get the desired
result. =

Corollary 2.33. Let B; € L(E) (i =1,...,n), 7 > 1. Then

n

wy (Bt,...,B;) (2.38)

Z'B |2T+|B |2r

Proof. Setting A; = U,, D; = U} (U; are unitaries for all ¢ = 1,...,n) and C; = B, in the
previous result. Then
r_1

S| 2B + (U7 1B PO

i=1

w:‘4,e (U1*B12U|7 ) U;Bylen) <

Since w4 . (+) is weakly unitarily invariant and U} |B;|*U; = |B;|*, U7|B;|*U; = |B}|?. Thus,
the desired result is obtained. O

Corollary 2.34. Let T; € L(E) (i=1,...,n), r > 1 and o, 8 > 0 such that o + 3 > 1. Then

r_1
_ _ n2
wf47e(T1|T1|°‘+5 L T | TP 1) <

n
Z |T¢‘2Ta + |T%*|2Tﬁ
i=1

‘. (2.39)
In particular, for o = 8 = % we have

Wl (T, Tn) < (2.40)

Proof. Let T; = U,|T;| be the polar decomposition of the operator T;, where U; is partial isom-
etry forall i = 1,...,n, setting D; = Uy, B; = I; , C; = |T;|® and A; = |T;|* for all o, B > 0
such that o + 8 > 1 in (2.37), then we have

D;CiB; A; = Ui|Ty|°|T|* = Ui| T3|| T3 |* TP~ = |T3|| Ty P~

also, we have A¥|B;|>A; = |T;|>** and D;|C}|*D; = U;|T|*PU; = |T7)*# foralli = 1,--- ,n

Letting o = 8 = 1 in (2.39) and use the properties of w4 .(.), we get

Corollary 2.35. Let T; € L(E) (i=1,...,n), r > 1. Then

Wi (T, Tl ) < + TP

3 Concluding remarks

We presented a new method for studying the Euclidean operator radius of an n-tuple of operators
on Hilbert C*-modules. We proved that some results concerning the Euclidean operator radius
of an n-tuple of operators on Hilbert spaces remain true when the operators are defined on a
Hilbert C*-module. It seems that our method is also applicable for proving other inequalities for
an n-tuple of operators on Hilbert C*-modules.
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