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Abstract Several fractional calculus operators have been introduced and studied. The main aim of this paper is to
establish certain formulas of the Marichev-Saigo-Maeda fractional integral and fractional derivative operators involving the
product of Mathieu-type series and generalized Mittag-Leffler function of arbitrary order. Corresponding assertions for the
Saigo, Erdélyi—Kober and Riemann-Liouville fractional integral and differential operators are also obtained.

1 Introduction

Fractional calculus is a branch of mathematical analysis focused on the properties of functions and operators defined by
arbitrary non-integer order derivatives and integrals. This field has gained increased attention across various fields of science
and engineering, including physics, chemistry, biology, fluid dynamics, astrophysics, electrical engineering, image processing
and others. For more details about the fractal calculus and its applications, interested readers can refer to [1, 2, 3, 4]. Recently,
researchers have extensively studied fractional calculus, developing new fractional integral and derivative operators that have
gained significant attention due to their wide applications in diverse fields. In particular, various fractional operators such as
Riemann-Liouville, Erdélyi-Kober, Caputo, Saigo, Hilfer and Marichev-Saigo-Maeda fractional operators are present, see,
for example, [5, 6, 7].

We recall here the generalized hypergeometric fractional integral and fractional derivative operators involving Appell’s
function F3, introduced by Marichev [8] and later extended and studied by Saigo and Maeda [9]. These operators are known
as the Marichev-Saigo-Maeda operators. The generalized fractional calculus operators with the Appell function F3 in their
kernel are defined as follows:

Letv, v, u, fi,n € C with R(n) > 0, z € R, then the left and right fractional integral operators are defined as follows (see
[9D):
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where F3 is defined as follows (see [10])
oo , . m oan
v 17 ™t
B i) = > mOnm@n 2 2 g gy <), 13
(M) m+n m! n!

m,n=0
Here, (v)m denotes the Pochhammer symbol defined in terms of the familiar Gamma function I by (see, e.g., [11])
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These operators are reduced to the following Saigo fractional integral operators (see [12]):
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where , F is the Gauss hypergeometric series defined by (see [10])
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2Py (v, p; p; @) miio Dl || (1.6)

Let v, 0, u, fi,n € C with () > 0, x € RT, then the left and right generalized fractional differentiation operators
involving the Appell function F3 as a kernel are defined by (see [9])

(Dy#tn ) (@) = (177070 f ) (@)
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where m = [R(n)] + 1 and [R(n)] denotes the integer part of R(n).
These operators are reduced to the following Saigo fractional derivative operators (see [12]):

(Dg:“’o’*p’o’”f) (@) = (ngru,pf) (z), peC, (1.9
and
(prro=rv ) (@) = (D27 f) (@), peC. (1.10)
If set u = —v in (1.4), (1.5), (1.9) and (1.10), the Saigo fractional integral and derivative operators reduce to the
Riemann-Liouville fractional integral and derivative operators, which are defined as follows (see [2]):
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where v € C, R(v) > 0,m = [R(v)] + 1l and z € R*.
When p = 0in (1.4), (1.5), (1.9) and (1.10), the Saigo fractional integral and derivative operators reduce to the Erdélyi-
Kober fractional integral and derivative operators, which are defined as follows (see [3]):
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where v € C, R(v) > 0, m = [R(v)] + 1 and z € R*.
Further, the image formulas for a power function, under operators (1.1), (1.2), (1.7) and (1.8) are given by [9]

(Iu,z?,u,/l,nt)\—1> () = FNTA+n—v—v-—pTA+4—7)
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where v, U, p, f1,m € Cand R(n) > 0, R(A) > maz {0, R(v +v+p—n),RW — 4)},

m)\*l/*lj‘#?]*l, (1.19)
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where v, 7, 1, i, € Cand R(n) > 0. R(A) < 1+ maz {R(—p), R + 5 — n), R + i - n)},
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where v, 0, 1, i, € Cand R(n) > 0, R(A\) > maz {0,R(n—v —v — ), R(p—v)}
and
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where v, 0, 1, i, € Cand R(n) > 0, R(A\) < 1 + maz {R(4),R(n—v —0),R(n—v —p)}.
The Fox-Wright function is defined as [10]

di, D dp, Dp)
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where d;, Dj,ej,Ej,z € C, R(d;) > 0,R(D;) > 0,i = 1,...,p, R(es) > O,R(E;) > 0,5 =1,...,gand 1 +
R (LI, B~ X1, Di) >0.

During the study of elasticity of solid bodies, Mathieu [13] introduced and investigated the famous infinite functional
series called Mathieu series of the form

oo

S(u):;)&fﬁ-iruﬂ’ (ueR"). (1.24)

Srivastava and Tomovski defined a family of generalized Mathieu series [14] as

(v.6) o~ 2d;
S, (u,d) = u,d,t,v,6 €RT). 1.25
N Z @y ar £ER') (125)
Various applications of the Mathieu series and its generalizations in special functions, number theory, probability theory,
mathematical physics, quantum physics, etc., can be found in the book by Tomovski et al. [15]. For our present investigation,
we consider the following family of generalized Mathieu series defined by Tomovski and Mehrez [16] as:

ot 3 r
(v,€) o 2d (6)r 1 i
8,5 (u,dit) = ;:O T a2y T (u,d, e, v, € €RYS L) < 1). (1.26)

The Mittag-Leffler function and its generalization appear in special functions as a solution of fractional integro-differential
equations having the arbitrary order. The importance of such functions in applied mathematics and engineering sciences is
steadily increasing. Some interesting applications of the Mittag-Leffler function are considered in the study of quantum me-
chanics, electric network, random walks, Levy flights and kinetic equation, interested readers can refer to the recent work
of researchers [17, 18, 19, 20] and the references cited therein. Besides fractional calculus the Mittag-Leffler function also
plays an important role in several branches of science and engineering like applied physics, statistics, quantum mechanics,
mechanics, thermodynamics, telecommunications, electrical engineering and more.

In recent years, Mittag-Leffler functions have garnered significant attention in the field of special functions, prompting
numerous researchers to explore their generalizations and applications. Pathan and Bin-Saad [21] introduced and studied the

function Ei’% (z), which is defined as

n]+k

Zom a,B,2 € C,R(a) >0, R(B) > 0,5 >1,k>0. 1.27)

Very recently, Bin-Saad and Younis [22] investigated a new generalization of the arbitrary order Mittag-Leffler-type function
E]’ "3(2), which is defined as

oo
Ej,k,q 2) PEALN 1.28
aﬁw Z n!T (8 + a(n] + k) (1.28)

where o, 8,7 € C; R(a) > 0, R(8) > 0, R(y) >0andj > 1,k >0,g € (0,1) UN.

Due to the great importance of fractional calculus operators involving various types of special functions, in this work, we
establish several formulas for the Marichev-Saigo-Maeda fractional derivative and integral operators involving the product
of Mathieu-type series and generalized Mittag-Leffler function. We also consider some interesting special cases of our main
results.

2 Marichev-Saigo-Maeda Fractional Integral with the Function E” B"’W( z)
and Mathieu-Type Series

In this section, we present the Marichev-Saigo-Maeda fractional integral formulas involving the product of generalized arbi-
trary order Mittag-Leffler-type function and Mathieu-type series, expressed using the Fox-Wright function.
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Theorem 2.1. Let v, U, p, fi,n, A\, T, &, B,7, 0,w € Cwith R(\ + r7 + ok) > maz {0, R(v+v+p—n),R@—n)}

R(n) > 0, R(a) > 0, R(B) >0, R(y) > 0andv,&,,,6§ ERT, 5> 1, k>0¢g€ (0,1)UN. Letl'/'/’”’”’" be the
left-sided operator of Marichev-Saigo-Maeda fractional integral. Then

kp.—v—v4+n+At+ok—1

ot [ A—1 o(v,€) . gk, _w'r (v,€) .
(L;?f‘”" P s\ (u,d¢T)Eg#;g(thﬂ)(x)4, G S5 (u, di 2™
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(=0 —p+n+X+r7+ok,oj)
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Proof. In view of Equations (1.26) and (1.28), and then changing the orders of integration and summation, left hand side of
(2.1) becomes
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I'(v) (d““-‘,—u2 C(B+ak+anj)T(gp+A+r7+0k+onj)

=0
« F(*l;+ﬂ+)\+TT+0'k+a'nj)F(flj717*H+T]+>\+7‘T+O'k+o'nj) (Wi zoI)m
I'(—v—v+n+A+rr+ok+onj) [ (=0 —p+n+AX+r7+ock+onj) n!

Finally, using definition (1.23), we arrive at the desired formula (2.1). O

Corollary 2.2. Let v, p, p, \, 7, &, 8,7, w, 0 € Csuch that R(a) > 0, S‘E(ﬁ) >0, R(v) >0 R(v) >0 RA+rT+0k) >
max {0, R(pn — p)} and v f, t,§ ERY, j > 1,k >0, q € (0,1) UN. Then the following left fractional integral formula
holds true:

wkp—ptAtok—1
I'(v) s

(v,9), A+ rT+0ok,0j),(—p+p+A+r7+ 0k, 07)
(B +ak,aj),(—p+ A+ 71T +0k,07), v+ p+ A+ 1T+ 0k, 07)

(I()er””J [ A lS( v:€) (u, d; tT)EJ’ﬁ’q (wt”)]) (z) =

L)

x 3'¥3

(wx")j:l . (2.2)

Corollary 2.3. Let v, p, A\, T, ¢, B, v, w, 0 € C such that ®(ca) > 0, R(8) > 0, R(v) > O,R(v) > 0, R(X\ +r7 + ck) >
—R(p) and v,&,0,6 ERT, 5> 1,k >0, g € (0,1) UN. Then the following left fractional integral formula holds true:

k At+ok—1
_ , ks - wke o -
(13, [0 (w dstn) BZS (@t)]) (@) = o 59 (u,dia)
(v,9), (p+ X+ 717+ 0k,07) ,
’ A 2.3
o 2[ (B +ak,aj),(p+v+A+rT+ok,0j) (wa?) (2.3)

Corollary 2.4. Let v, \, 7, &, B, v,w, 0 € C such that R(v) > 0, R(A) > 0, R(7) > 0, R(a) > 0, R(B) > 0, R(y) > O,
R(o) >0and v,&,1,§ ERY, j > 1,k >0, g € (0,1) UN. Then the following left fractional integral formula holds true:

y B - X - wk‘z,u+)\+0k71 v .
(1. [P=55 waer 2257, )] )= 22T 00 i
(’Y’Q)z()‘+TT+Uk:0'j) j
¥ NI 2.4
X2 B+ ak,aj),(v+X+r7+0ok,0j) (wz) 24

If we take v = ¢ = 1 in the Theorem 2.1, we obtain the following new and interesting result concerning Marichev-
Saigo-Maed fractional integral operator:

Corollary 2.5. Let v, U, i, fi,m, A\, T, @, B, 0,w € Csuch that RO\ +r7+0ck) > maz {0, R +v+p—n),RE —4)},
R(n) > 0, R(a) > 0, R(B) > 0and v,&,1,6 € RT, j > 1, k > 0. Then the following left fractional integral formula
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holds true:
(I(S/J,rz?,mﬂ»”? [tk—lsfjusﬁg) (u7 d; tT) EZ[,I;; (wta)]) (1‘) _ wkm—u u+n+k+ak—]S£‘ v,&) (u’ d;mT)
o (L), AN+rT+0k,0)),(—0+ L+ X+r7+0k,0j),
474 B+ ak,aj),(i+X+r7+0k,0j),(—v —0U+n+ X+ rT+0k,0j),

(v =0 —p+n+AX+rr+ok,0j) ( xg)j:|

2.5
(=0 —p+n+A+r7+0k,onj) @3)

Corollary 2.6. [f we set j = 1 and k = 0 in the Theorem 2.1, we obtain the following known result due to Khan et al. [23]
concerning left Marichev-Saigo-Maeda fractional integral operator:

gidin [A—1 g8 ) . : _ T ) g
(1t [ =18 (u,d,tT)E;%(wt")D(:p)fWSN; (u,d; )
><4\Il4 (Vaq)v()‘+T7—70')7(_17+/>2+)‘+T7—70)7(_V_I}_/'L+77+)‘+T7_70')

Bya),(f+X+rm0),(—v—v+n+A+r7,0),(—0—p+n+A+r7,0)

wx”:| . (2.6)

Theorem 2.7. Let v, U, i, fi, ), A\, T, @, 8,7, 0,w € Cwith R\ + r7 — ok) < 1 + min {R(—pn), R(v + 0 — 1),
Rv+a—m)} R >0 Ra) >0 RB) >0 RN >0 adv,&e,d ERY, 5 >1,k>0g€ (0,1) UN. Let

IV b the right-sided operator of Marichev-Saigo-Maeda fractional integral. Then
’ . X k—v—v4n+tA—ck—1
SVl Ly — ) 4T )k, - _we 4 ;
(Izy e [t)\ 15%0 (u, d:87) B 57, (wt 0)]) (@) = L(v) Siisé) (u, dyz7)

(v, q9),(—u—=X—r74+ock+1,05),(v+v0v—n—AX—r7+0k+1,0}),

Y
x4t B+ ak,aj),(—A\—rr+ok+1,05),(v —p—X—r7+0ok+1,0}),

w+p—n—AX—rr+ok+1,0j)
v+v+p—n—A—rr+ok+1,0j)

(wx_”)j} . 2.7

Proof. In view of Equations (1.26) and (1.28), and then changing the orders of integration and summation, left hand side of
(2.7) becomes

(Iz,,),u,ﬂ,n [W'Sﬁff (u, d; 157)Ef,j5’({y (wtfa)D ()

oo

wnI Tk (V)q s fl j
— n [Vvl’,H’H»”It)H»TTfo(anrk:)f1 .
Zr' d“ﬂ“%ﬂ(ma(nﬁk»(* )@

Applying (1.20), we have
(1rorreon [A=151%) (u,dst7) Eg’f;g @t)]) @)

whgp—r—PHntA—ok— 15: 2d; (6 i Y)gn T(—p—XA—rr+ok+onj+1)
rl( d“+u2Ln:0n'Fﬁ+an]+k)) I(—A\—rr+ock+onj+1)
XF(V+z?—n—>\—r7+ok+anj+1)F(u+;l—17—)\—r7+ak+anj+l)
Frv—p—AX—rr+ok+onj+ 1)L (v+v+p—n—AX—rr+ok+onj+1)

wkp—v—vitnti—ock—1 2d§ 7‘ s

I(y) — (dp + uz

$7"7'—<7nj

F'y+gn)T'(—p—X—rr7+ock+onj+1)
r(B+ak+anj)T(—=A—rr+ock+onj+1)

M

F(u+u’—n—/\—r7+ak+anj+1)F(u+;1—77—)\—TT+Jk+Jnj+1) (Wig—oI)n
Frv—p—AX—rr+ok+onj+ 1) T (v+0+pg—n—A—rr+ok+onj+1) n!
Thus, by using (1.23), we arrive at the desired formula (2.7).

O

Corollary 2.8. Let v, pi, p, \, T, o, 3,7, w, 0 € Csuch that R(c) > 0, R(B) > 0, R(v) > 0, R(v) > 0, R(A+r7—0k) <

1+ min {R(u),R(p)} and v,&,1,8 € R, j > 1,k >0, g € (0,1) UN. Then the following right fractional integral
formula holds true:

wkx—u+)\—o'k—l

(Ii’“’p [tA_ISE;’g) (u,d;t7) Ei‘ykﬁ’qu (wt_“)]) (x) = SE?{;’&) (u,d;z7)

I'(v)
(v,9),(p=AX—r7+o0k+1,05),(p—X—r7+0k+1,0j) g
¥ 7y 2.8
3 3|: (B+ak,aj), (A —rT+ock+1,0j),v+p+p—A—rr+ok+1,0j) (wa™?) 28)

Corollary 2.9. Let p, v, \, T, o, 8,7, w, 0 € C such that R(a) > 0, R(8) > 0, R(y) > 0, R(v) >0, R(A +r7 — 0k) <
1+ R(p) andv,&,1,6 €RT, 5 > 1,k >0, q € (0,1) UN. Then the following right fractional integral formula holds true:
k A—ock—1

(K— [t’\ 'S (u,dit7) ELR (wto )D (@)= 2% S8 (u,d;2”)
(77q)7(p_)‘_7,7-+0-k+ I,O'j)

¥
x 2t B+ ak,aj),(p+v—X—rr+ok+1,0j)

(wz=)7 } : (2.9)
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Corollary 2.10. Let v, A\, 7, &, 3,7, w, o € Csuch that R(a) > 0, R(B8) > 0, R(v) > 0,0 < R(v) < 1 =R(A+r7—0k)
andv,&,1,6 ERY, j > 1,k >0, g € (0,1) UN. Then the following right fractional integral formula holds true:

v — v,§ T j. ks —o wrx v,§ T
(1, [tA 'S (u, di ) BN (wt )]) (z) = W% ) (u, ds ™)
(qu)’(7V7A7TT+O-k+17Uj) - j
¥ 7NV . 2.10
X2 2|: (B+ ak,aj), (=X —r7+ ok +1,075) (wz=7) 2.10)

If we take v = ¢ = 1 in the Theorem 2.7, we get the following new result involving the product of Mittag-Leffler
function E‘i % and Mathieu-type series:

Corollary 2.11. Let v, 0, i, f1,m, A\, T, &, B, 0, w € Cwith RO\ + r7 — ok) < 1 + min {R(— ) ?R(V +v—n),
R +4—n} Rn) >0, R(a) >0, RB) >0, and v,&,,6 € RY, j > 1, k > 0. Let I”""* " be the right-sided
operator of Marichev-Saigo-Maeda fractional integral. Then

(Ii,l},lt,ﬂ"’? { )\ ls( »E) (u,d; tT) Ei’f;} (wtfo')]> (Q?) _ wkCC7V v+n+A—ok— ls( v,§) (u7 d; Q?T)

1,6 )8

< P (L),(—p=AX=r7+0ok+1,0)),v+0v—n—A—r7+ok+1,0j),
M B+ ak,aj), (A —rT4+ck+1,0j), v —p—A—r7+0k+1,0j),
(V%ryfnf)\frﬂ'#»akJrl,aj)‘ (wxfa)j ' @11
w+rv+p—n—A—rr+ok+1,0j)

Corollary 2.12. If we set j = 1 and k = 0 in the Theorem 2.7, we get the following known result due to Khan et al. [23]:

0, [ —v—U+n+A—1
(Ii,u,u,um |: 713( v§) (u,d; ™) E;:qﬂ (wtfo—):D (z) = T SEU,&) (u,d; ™)

“e I(7) 0

(’Y:(I)7(7/"‘7)‘7TT+170)7(V+1;7777)‘7TT+laU)v(V"rﬂ*n*)‘*TT'i’l’U)

v
e 4|: Bya),(A—=rr+1,0),(v—p—A—rr+1l,0),v+v+p—n—X—r7+1,0)

3 Marichev-Saigo-Maeda Fractional Derivative with the Function EJ e (2)
and Mathieu-Type Series

Here, we present the Marichev-Saigo-Maeda fractional derivative formulas involving the product of generalized arbitrary
order Mittag-Leffler-type function and Mathieu-type series, expressed using the Fox-Wright function.

Theorem 3.1. Let v, U, i, fi,m, X, T, ¢, B, 7,0, w € Cwith R(A+r7 +0k) > maz {0, R(—v — 0 — fi + 1), R(p —v)},
R(n) >0, R(a) >0, R(B) >0, R(y) >0andv,&,,,6 e RY, 5 >1,k>0,qg€ (0,1)UN. LetDVV“‘”’bethe
left-sided operator of Marichev-Saigo-Maeda fractional derivative. Then

v . _ . - wkgvtv—ntitok—1
(DOJ; oyl [ ISE v,§) (u, d;t )E]’ﬁ‘q (wt )]) (z) =

()

v,q), A+ r7T+0ok,0j), v —pu+ X+ r7+ ok,0j),
(B+ak,aj),(—p+AX+r7+0k,0j),(v+0—n+X+r7+0k,0oj),

5% (u, d;a7)

)0

><4"P4|:

wv+rv+a—n+AX+r7+0k,0j)
v+p—n+A+rr+ok,0j)

(wx”)j]. (3.1

Proof. In view of (1.26), (1.28) and the left-hand side of (3.1), we obtain
(D(’)’f""‘l’" [tk—lsfjjf) (u,d:47) EL'5% (wt7)] ) (@)

sl n]+k

)qn (D(l)'jrl",liyﬂ77ltk+r7+a(nj+k)—I) (m)

_Zr‘ dv+u2 anon'r (B+ a(nj +k))
Now, applying (1.21), we have
(ngrﬁ,u,ﬂ,n [ —IS(U 8 (y, d; ¢7) B3R (wto)D (z)

o, B,y
k V+V n+A+ok— li 2d (6) io: “Jnj ("/)qn F()\+ak+anj)
r!(d¥ + u?)* ! T (B +a(nj+ k) T(—p+ X+ ok +onyj)

F(V—u—}—)\—}—ak-‘ranj)l"(l/-l-l?-i-;l—n+)\+ak+anj)x”+gm~
Frv+v—m+AX+ok+onj)T(v+4—n+ X+ 0ok +onj)

wkaju+1977]+>\+ak71 s zdg ((5).,4 (.IT)T' i r (’Y + qn) r (>\ +ok + Unj)
r

I'(v) o (d2 +u?)" 7! ‘o T(B+ak+anf)T (—p+ A+ ok + onj)

" FTv—p+A+ok+onj)T(v+0+4—n+ X+ 0k +onj) (wzod)n
Frv+v—m+A+ok+onj)T(v+a—n+ X+ 0ok+onj) n!

)
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which, in terms of (1.23), leads to the right side of (3.1). O

Corollary 3.2. Let v, p, p, A\, 7, o, 8,7, w,0 € C such that R(X\ + r7 + ok) > —min{0,Rv + pn+p)}, R(a) > 0,
R(B) >0R(y) >0andv,&,1,8 ERT, j > 1,k >0, q € (0,1) UN. Then the following left fractional derivative formula
holds true:

. kp+A+ok—1
(v,€) 4Ty ik o
w, d;t") E wt g)= L2
( ) aﬁ’,y( )]) ( ) F( )

t,6
P (v,q), A+rT+0ok,0j), v+ pn+p+A+rr+ok,o0j)
(B+ ak,aj), (u+ X+ r7+0ok,0j),(p+ A+ rT+0ck,07)

(ier [155 515 (w dia”)

(wa:")ﬂ} ) (3.2)

Corollary 3.3. Let p, v, X\, T, @, 8,77, w, 0 € C such that R(A\+r7 + ok) > —R(p+v), R(e) > 0, R(B) >0, R(y) >0
andv,&,1,6 ERY, j > 1,k >0, q € (0,1) UN. Then the following left fractional derivative formula holds true:

o , whgrtok=1 B
(D [P 718159) (w dst) BLRS (@t7)]) (@) = o) §%9 (u,d:a™)
(v,9), (p+v+X+7rT+0k,07) :
v V. 3.3
* 2% B+ ak,aj),(p+X+r7+ck,0j) (wz) (3.3)

Corollary 3.4. Let v, \, 7, o, 3, Vw0 € C such that R(v) > 0, R(A) > 0, R(7) > 0, R(ar) > 0, R(B) > 0, R() > O,
R(o) > 0and v, &, ¢, 5 ERY, 5> 1,k >0 g€ (0,1) UN. Then the following left fractional derivative formula holds
true:

wkxfu+)\+okfl

(Dt [P0 ) B2 @]} () = s

N Sfjg’{) (u,d; ™)

v
X 2% (B+ak,aj),(—v+AX+r7+0ok,0j

) ‘ (wxa)j:| . (3.4)

~ If we puty = ¢ = 1 in the Theorem 3.1, we get the following new result involving the product of Mittag-Leffler function
E? ’% and Mathieu-type series:

Corollary 3.5. Let v, U, p, i, 1, \, T, &, B, 0, w € Csuch that R(A\+r7+0ck) > maz {0, R(—v — 0 — g+ n),R(p —v)},

R(n) >0, R(a) >0, R(B) > 0andv,&,1,6 ERY, j > 1,k >0. Let Dgf‘“”l’" be the left-sided operator of Marichev-
Saigo-Maeda fractional derivative. Then

(D(l)/jrzﬁ,wﬂ»’fl [ h— ISE, ,€) (u, d; t'r) Eg;,kﬁ (wta)]) (1‘) whprtv— n+>\+0k_]‘s£, v,§) (’LL, d;z")
(LD, A+r7+0k,0§), (v — p+ A +r7 + 0k, 0j),

Y
XAt (B+ ak,aj),(—p+X+rT+0k,0j),v+0—n+A+rT+ 0k, 0j),

v+v+p—n+X+r7+ok,0j)
w+pg—n+X+r7+o0k,0j)

(w:v")j:l ) (3.5)

Corollary 3.6. If we set j = 1 and k = 0 in the Theorem 3.1, we obtain the following known result due to Khan et al. [23]
concerning left Marichev-Saigo-Maeda fractional derivative operator:

xu+l)—n+)\—1
I'(v)

v,q), A+ rro),v—p+AX+rro),v+r+ap—n+A+rT,0) ‘ w”:|

(Db [2150%9 (u,d:e7) BTG @t7)] ) (a) =

L?

Si?}&’& (u,d; z7)

X 4‘{14 (36)

B,a),(—u+A+rr,0),v+v—n+A+rr,o),v+ap—n+A+rT,0)

Theorem 3.7. Let v, U, i, fi,m, A\, T, @, B,7,w, 0 € Cwith R(A + r7 — ok) < 1+ min{R(4),R(—v — v +n),
R(—2 —p+n)} R(n) >0, R(a) > 0, R(B) >0, R(y) > 0andv,&,t,6 ERT, 5 >1,k>0,¢g€ (0,1) UN. Ler

DY be the right-sided operator of Marichev-Saigo-Maeda fractional derivative. Then

k:wu+1'/77]+)\70k71
I'(v)

(’Y,q),(ﬂ*)\77'7'+0'k2+1,0’]‘),(71]71?*‘1’7]7)\77’7’%»0‘]{24’l,O’j),
B+ ak,aj),(=X\—rT+ok+1,0),(—0+4—X—r7+0ck+1,0j),

(Di,u*,u,ﬂm [ A-lgv 75) (u, d; 7 )EL .q ( i a)])

[

SEUJ’E) (u, d; ™)

)

X 4‘}14

(=0 —p+n—X—rr+ok+1,0j)

oy 3.7
(,1,,,;,“+,7,)\,r7+0k+170j)‘(wx ):| 37

Proof. In view of (1.26), (1.28) and the left-hand side of (3.7), we get
(Drrtn [A 18058 (u, dst™) B2 (wt7)]) (@)

0 n]+k

)qn <Di,l?,u,ﬂ,’nt)ﬁrr‘r—a(nj+k)—l) (x)

oo
Zr‘ d“+u2LZn'F (B +a(nj +k))

r=0 n=0



902 Maged Bin-Saad and Jihad Younis

Applying (1.22), we find

(roion [2=1600) (o, tf)Ei;B’% @)]) @

o0

= Rt okfli 3 w™ (7)qn F{a—A+ok+onj+1)
r! d“Jruz)L n!T(B+amj+k) T(=A+ok+onj+1)

F(7V71?+nf)\+ak+anj+l)l"(fl?f,u,Jrnf)\JrakJroanrl)xm__an]-
I'(-v+p—A+ok+onj+ )I'(—v—v—p+n—A+ock+onj+1)

B wkpvtv—ntA—ok—1 2d§ 7' b i 'y+qn F(},’L* A+ ok +onj + 1)
I'(v) - (dUJruz I'(B+ak+anj)T(—A+ok+onj+1)

-0
« 1"(—1/—1?+7]—/\+0k+0nj+1)F(—ﬁ—u+n—)\+ak+anj+1) (wig—od)n
I(—v+p—A+ok+onj+1)I'(—v—vV—p+n—XA+ok+onj+1) n!

Now by using (1.23) in the above equation, we get the required result. O

Corollary 3.8. Let v, p, p, \, 7, o, 8,v,w,0 € C such that R(\ + r7 — ok) < 1 + min {R(—p) — m, R +p)},
m=[RW)] + 1, R(a) >0, R(B) >0, N(v) >0andv,&,t,§ ERT, j > 1,k>0¢g€(0,1) UN Then the following
right fractional derivative formula holds true:

(DV P [t/\—lsfy U (u,dt7) B (wt—a)]) z)=22

v,9),(—p—AX—r7+0ok+1,05),(v+p—X—r7+ok+1,075)

x 3
3 B+ ak,aj),(~\—r7+ck+1,0j),(—u+p—A—r7+ok+1,0j

) (w:c—f’)ﬂ} . (3.8)

Corollary 3.9. Let p,v, A\, 7, @, 3,7, w, 0 € C such that R(v) > 0, RO\ + r7 — k) < R(p +v) — [R()], R(a) > 0,
R(B) > 0, R(vy) > 0and v,&,0,6 € RY, j > 1,k >0, g € (0,1) UN. Then the following right fractional derivative
formula holds true:

wkx)\—crk—l
I'(v)

><2‘P2|: (’Yzq)’(p'FV*)‘*TT'i’o’kJ”lan)) (wx—a')j:|.

(D [P718159) (w dst7) BLRS (wt™7)]) (@) = 8159 (u, d:27)

3.
(B+ak,aj),(p—A—rT+ok+1,0j 39

Corollary 3.10. Let v, \, 7, o, B, v, w, 0 € C such that R(a) > 0, R(8) > 0, R(y) > 0, R(v) > 0, R(A+r7 — 0k) <
R(v) — [R(v)] and 7 > 1, k > 0. Then the following right fractional derivative formula holds true:
kp—v+A—ok—1

I'(v)

(v,9), v =X —r7 + 0ok +1,07) o
¥ oV |
2t |: (B+ ak,aj), (=X —rT+ck+1,07) (wz™?)

(D2 [1858) (wodst™) B2 (wt77)]) (@) =

5 e S15Y (u,dia”)

(3.10)

If we set v = g = 1 in the Theorem 3.7, we have the following new result involving the product of Mittag-Leffler
function Efx’% and Mathieu-type series:

Corollary 3.11. Let v, 0, i, f1,m, A\, T, &, B, w, 0 € C such that RO\ + r7 — ok) < 1 + min {R(4), R(—v — 0+ n),

R(—=0 — p+n)} R(n) >0, R(a) >0, R(B) > 0and v,£,1,8 € RY, j > 1, k > 0. Let DV be the right-sided
operator of Marichev-Saigo-Maeda fractional derivative. Then

(Di,zi,uyﬂy”l{ —ISE’ v,§) (u7d;tT)EQfB (wtia)])(z‘) Wk vt —ntA—ok— ISE, v,€) (u,d; z7)
< ¥ (LD, (g=—A=rr+ok+1,0j),(—v—v+n—X—r7+0ok+1,0j),
474 B+ ak,aj),(=\—rT+ok+1,0)),(—0+pf—X—r7+0ok+1,0%),

(3.11)

(=0 —p+n—X—rr+ok+1,0j) (wa—7))
(~v—0—p+n—A—rr+ock+1,05) ’

Corollary 3.12. If we take j = 1 and k = 0 in the Theorem 3.7, we obtain the following known result due to Khan et al. [23]
concerning right Marichev-Saigo-Maeda fractional derivative operator:

xu+l9—n+>\—1

(Di’l‘/’”"l’77 [ A ISE vit) (u,d;t7) EY 7% (wt_”)]) (z) = o)

)0

SL(?JS’&) (u, d; z7™)

W, (v,9),(f—A—r7+ 1L,0),(—v—v+n—A—rr7+1,0), (-0 —p+n—XA—rr+1,0) i
(Baa)v(f)‘frT+190)7(71?+ﬂ7A7TT+170)7(7V71)7/L+777>‘7TT+1’U)
(3.12)
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