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Abstract.

Significant areas of study in module theory include expansions of the concepts of essential
submodules and uniform modules. This paper focuses on two well-known concepts: the P-
essential submodule and the P-uniform module, which were introduced by Nada M. Al-Thani
and Maria M. Baher with Muna A. Ahmed, respectively. They did not emphasize these concepts
in their original work, as they were not central to their research.

A thorough exploration and development of the P-essential submodule is advantageous be-
cause it enables researchers to create and discover various types of modules, serving as a foun-
dation for their structures. Consequently, this paper is dedicated to advancing the understanding
of the P-essential submodule. We introduce and discuss numerous characteristics and other char-
acterizations of this type of submodule. Additionally, we provide proof under certain conditions
that the P-socle of a module, denoted as Soc, (M), is a finitely pure cogenerated and P-essential
submodule of M if and only if M is finitely pure cogenerated. Furthermore, we examined the
P uniform module structurally dependent on the P-essential submodule in greater detail. The
relationships between P-essential and P-uniform modules with semi-essential submodules and
semi-uniform modules are also investigated.

1 Introduction

A submodule N of M is called essential (briefly, N <, M), ifV K < M, the condition NNK =0
implies K = 0, [15]. A non-zero module M is named uniform if each non-zero submodule of M
is essential, [12, 15]. A submodule T of M is called pure (for short, T' <,,, M)if T'NIM = IT
for every ideal I of R, [7]. A submodule T of M is P-essential (briefly, N <,. M) if, for all
S <pu M, T NS =0, implying that S = 0, [2, 5], it is denoted by T" <, M. Al-Thani in-
troduced the concept of P-essential in 1997, but she didn’t discuss all its properties. P-essential
submodule forms the nucleus and basis for the structure of several modules, such as the pure

closed submodule which appeared in [5].

No one developed or used P-essential in their work except Maria M. Baher and Muna A.
Ahmed, [9]. They used it to introduce the notion of P-uniform module, where a non-zero mod-
ule M is P-uniform if each non-zero submodule of M is P-essential, [1, 2, 9]. Every uniform
module is P-uniform.

This paper is interested in a comprehensive study of P-essential submodules and P-uniform
modules. We will endeavour to discuss and develop these types of submodules in more detail to
answer the following question:

How can we find results about the P-essential submodule and P-uniform module correspond-
ing to those results known in the essential submodule and uniform module?



On P-essential Submodules and P-uniform Modules 905

This article consists of nine sections. Section 2 presents several features of P-essential sub-
modules that had appeared in [5]. In Section 3, more properties about P-essential submodules
are introduced, for example, if N’ is a pure relative complement of a non-zero submodule N in
M, then N& N’ <,. M, see Proposition 3.16. Other characterizations of P-essential submodules
are considered, see Propositions 3.1 and 3.19. Also, we will show in Proposition 3.25 that when
an R-module M satisfies GPSP, every P-essential R-submodule of M is finitely generated if and
only if M is Noetherian. In Section 4, the direct sum of P-essential submodules is studied, see
Propositions 4.1, 4.2, and 4.3. In Section 5, the P-socle of any module is established and studied,
see Proposition 5.3. Furthermore, under certain conditions, Theorem 5.8 proved that Soc, (M)
is a finitely pure cogenerated and P-essential in M if and only if M is a finitely pure cogenerated.
Section 6 investigates the relationship between P-essential and semi-essential submodules, see
Propositions 6.2 and 6.4. Section 7 develops the concept of a P-uniform module; for instance, the
hereditary property of P-uniform property between M and its submodules is studied, as shown
in Propositions 7.2 and 7.4. Besides that, Theorem 7.3 gives another characterization of the P-
uniform module. Additionally, the relationship between P-uniform and semi-uniform modules
is discussed, see Propositions 7.6 and 7.8.

Finally, it should be noted that in this study, the symbols R and M denote commutative rings
with unity and unitary left R-modules, respectively.

2 Preliminaries

This section investigates the main characteristics of P-essential submodules, which appeared
in [5]. Before that, let us highlight some known notes.

Remark 2.1.
1. Each module is a P-essential submodule of itself.
2. Every essential submodule is P-essential. The converse holds when M is uniform.

3. In any F-regular module, there is no difference between P-essential and essential submod-
ules, where an R-module M is F-regular if every submodule of M is pure, [13].

The following proposition appeared in [5]; we give the proof for completeness.

Proposition 2.2. ([5], Theorem 4.2)
The following statements are equivalent for any module M:
i. K <pe M.

ii. VN < Mwithh € PHr(M,N), if kerhN K = 0 then h is a monomorphism,
where PHR(M, N)={h|h: M — N such that ker h is a pure submodule of M}.

Proof.
=) is followed directly by the definition of the P-essential submodule.
<) Because each N <,,,, M is the kernel of some h € PH r(M, A) and some R-module
A, then L N K = 0, and by (ii), L is zero. Thus, K <,. M.

An R-module M has the pure intersection (pure finite intersection) property if the intersection
of any family (finite family) of a pure submodule of M is again pure ([5], Definition 2.16). It is
denoted by PIP (and we use the symbol PFIP for the pure finite intersection property).

Theorem 2.3. ([5], Theorem 4.4)
For submodules K and N of M with K < N < M, the statements below are satisfied:
a. If K <, M then N <,. M.
b. If N <,, M and K <,. M, then N <, M.
¢. Let M has PFIP and N <, M, then K <, M if and only if K <,c N&N <. M.
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Proposition 2.4. ([5], Corollary 4.5)

Assume that M has PFIP. If H is pure in M then H N K <, M if and only if H <,. M and
K <pe M forany K < M.

Remember that if T and K are submodules of M with K <,,, M, then K is called a pure
relative complement of T in M if K is the maximal submodule with the property K N'T" = 0, [5].

Remark 2.5. ([5], Proposition 4.14 and Proposition 4.15)
1. Every submodule of module M has a pure relative complement in M.

2. Given the ideals A and B of a ring R. If B is a pure relative complement of A in R, then
A® B <, R.

3 More properties of P-essential submodules

This section introduces other characteristics of P-essential submodules as analogues of those
known in the essential submodules. Firstly, we will provide another characterization of the
definition of P-essential.

Proposition 3.1. Let A be a submodule of a module M. Then A <,. M ifand only if ANL # 0
foreach 0 # L <,, M.

Proof.

=)Let0# L <,, M,toprove ANL #0.If AN L = 0then L = 0since A <,. M. But
L # 0, so we get a contradiction.

<) Let L <, M with AN L = 0, to prove L = 0. Suppose that L # 0, by assumption
AN L # 0, which is a contradiction. Thus, A <,. M.

Proposition 3.2. Let M have the PIP and B, B, are submodules of M, with A} < B; < M,
Ay < By < M. Assume that Ay <p, M and Ay <p,, M. If A\ and A, are P-essential in By and
By, respectively, then Ay N Ay <, B1 N By.

Proof. Let 0 # N < B; N B, <,, M. To show that A; N A, <,. B; N By, we must verify that
(A1NA;)NN # 0. Since A and A, are P-essential in B; and By, respectively, then A{ NN # 0
and A, N N # 0. On the other hand, 4; <,, M and N <,,,, M, as well as M has PIP therefore,
A;NN <, M. This implies that A; "N <, By, [22]. But A, <,. B, then (A;NN)N A, #0,
hence (A] n Az) NN 75 0. Thus, A; N A, Spe BN B,.

When B = B, = M, we deduce the following.

Corollary 3.3. Let M have the PIP. If the pure submodules A, and A, are P-essential in M, then
ANA, <pe M.

Recall that a ring R is called regular if, for each r € R there exists x € R such that r = rzr,
[15].

Corollary 3.4. Let M be a module over a regular ring R, and let By and B, be submodules of
M with Ay < By < M, Ay < B, < M. If Ay and A; are P-essential in By and By, respectively,
then Ay N Ay <pc Bi N Ba.

Proof. Since R is aregular ring, then M is F- regular ([22], Remark 1.2(2), P.29). This means
every submodule of M is pure; in particular, both A; and A, pure. Hence, the result follows from
proposition 3.2.

Remember that M is a multiplication module if each T" < M can be written as T=IM, [8, 20].
It is known that every multiplication module has the PIP, so we have the following.

Corollary 3.5. Let M be a multiplication module, By and B, are submodules of M with A} <
By <M, Ay < By, < M. Assume that Ay <p, M and Ay <,, M. If A\ and A, are P-essential
in By and By, respectively, then Ay N Ay <,. B1 N By.
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Recall that any monomorphism f : N — M is P-essential monomorphism whenever f(N) <,.
M, [5]. The proof of the remark below is obvious, so it is omitted.

Remark 3.6. N <,. M if and only if the inclusion i : N — M is a P-essential monomorphism.

Remark 3.7. If A <, B and R <,. S then in general A + R ﬁpe B + S as shown in the
example below.

Example 3.8. Consider the Z-module M = Z @ (Z/2Z), assume that A = R = Z(2,0),
B =Z(1,0)and S = Z(1,1). Note that A <,,. B and R <, S, while A+R is not P-essential in
B+S. Take Z(0, 1). One can show that the submodule Z(0, 1) is pure in B+S. Since A+ R = A,
then AN Z(0,1) =0. Thus A+ R £,. B+ S.

Proposition 3.9. Given two P-essential submodules S and T of M. If S +T <, M, then
S+T <, M.

Proof. We have S < S+T < M. Since S+T1" <, M then by Theorem 2.3(b), S+1" <. M.

A module M has "pure sum property" (for short, PSP) if the sum of any two pure submodules
of M is again pure, [4]. This property is applicable as follows.

Proposition 3.10. If a module M has PSP, then the sum of any two P-essential submodules of M
is also P-essential.

To generalize Proposition 3.10, we introduce the following.

Definition 3.11. A module M has a “generalized pure sum property” (simply, GPSP) if the sum
of any number (finite or infinite) of pure submodules of M is again pure.

Proposition 3.12. Take a module M that satisfies GPSP. The sum of any number (finite or infi-
nite) of P-essential submodules of M is P-essential.

Proof. Take a family of P-essential submodules {N};c; of M, where I is the index set of
numbers. Since M satisfies GPSP, }_._; N; is pure. So, we have N; < >°. . N, < M. By
Theorem 2.3(b), >, ; Ni <pe M.

el i€l

We need the following lemma.

Lemma 3.13. ([19], Remark 1.4, P.37)
Let K <T < M withT <p, M, then T/K is pure in M /K.

Proposition 3.14. Let M be an R-module, K < M, withw : M — M /K a natural epimorphism.
IfT/K <pe M/K, thenT <, M YT < M.

Proof. Take L <,, M with TN L = 0, to prove that L = 0. We can easily show that
mn(I'NL)=(TNL)/K=T/KNL/K. BuuTNL =0, thus T/KNL/K = 0. On the
other hand, L <,, M, so by Lemma 3.8, L/K is pure in M /K. Since T/K <,. M/K, then
L/K =0,hence L =0. Thatis T' <,. M.

Proposition 3.15. Let T and V be non-zero submodules of M with a pure submodule V. If V is a
pure relative complement of T in M, then (T ® V)V <, M/V.

Proof. Consider the natural epimorphism f : M — M/V and a pure relative comple-
ment V of T in M. Take a non-zero A/V <,,, M/V such that (T'& V)/V) N A/V = 0. So
(T®V)NA=1V,andby modular Law, (TN A) +V = V. This implies that TN A < V as well
asTNA<T,hence:

In contrast, V is a pure relative complement of T; thus, 7NV = 0, so by (*), TN A = 0. But
V is the maximal pure submodule with TNV = 0, therefore A = V, hence A/V = 0. That is
(TeV)V <pe M/V.
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Proposition 3.16. Given an R-module and 0 # V < M. If V' is a pure relative complement of
VinM, then VeV <,, M.

Proof. Take the projection homomorphism = : M — M/ V'. Since V' is a pure relative
complement of V in M, then by Proposition 3.15, (V& V' )/V  <,. M/V ', and by Proposition
304, VoV <, M.

Proposition 3.17. Let M be an R-module, V < M. If ker f NV # 0 for each homomorphism f
from M to any R-module M, then V <. M.

Proof. Given 0 # P <,, M, and take the projection homomorphism 7 : M — M/P. By
hypothesis, kerm NV # 0, hence PNV # 0. Thus, V' <, M.

Proposition 3.18. For any isomorphism f : M — M . If V <, M then f(V) <p. M .

Proof. Take 0 # P <, M'. fisan epimorphism implies 0 # f~!(P) <,, M, [14]. Since
V <pe M, then V N f~1(P) # 0. But f is a monomorphism, therefore f(V') N P # 0. That is
J(V) Spe M.

Next, another characterization of the P-essential submodule is introduced by using elements.

Proposition 3.19. A submodule U of an R-module M is P-essential if and only if, for all V <,
M, (V#0),3veVandr € RwithQ+# rv el.

Proof. Assume that U <, M,soUNV # 0,V <,, M. This implies0 #v € UNYV,
which means v € U and v € V. Therefore, we found r = 1 € Rwith0 # l.v = v € U.
Conversely, suppose V is a non-zero pure submodule and there exists z € V and r € R such
that 0 # rx € U. Since r and x belong to R and V, respectively, rx € V. This implies that
O0#4rzcUNV.Hence UNV #0, thus, U <, M.

Compare the following theorem with ([11], Theorem 2.13).

Theorem 3.20. Let M be a finitely generated, faithful, and multiplication module. A submodule
N <,e M if and only if there is a P-essential ideal I of R with N = I M.

Proof. For the first direction, suppose that N <,. M, so there exists / < R such that
N = IM. We must show that I <, R. Assume that I N B = 0 for some B <,,, R. Now, by
([11], Theorem 1.6):
0=({INB)M=IMNBM =NnNBM

Hence N N BM = 0. Now, B <,,,, R implice BM <,,, M ([6], Theorem 1.4(2), P. 67). On
the other hand, N <, M, therefore BM = 0. But M is faithful, thus B = 0. That is, I <, R.
Conversely, assume there is £ <, R with N = EM, and take a pure submodule K of M such
that FM N K = 0. M is multiplication, which implies K = C'M for some ideal C of R. By
([11], Theorem 1.6):

0=FEMNK=EMNCM=(ENnC)M

Hence (E N C)M = 0. Because M is faithful, then £ N C = 0. In contrast, K is a pure
submodule and M is faithful; therefore, C is pure [6]. Since E <. R, then C = 0, hence K = 0.
Thus, EM <, M.Put EM = N,so N <,. M.

Proposition 3.21. Given a non-zero multiplication module M having only one maximal submod-
ule TIf T #0, thenT <,, M.

Proof. Assume that P <,, M with PNT = 0. If P = M,then M NT = 0, hence T' =0
which is a contradiction. Otherwise, P is a proper submodule. M is a non-zero multiplication
module implies that P is contained in some maximal submodule of M ([11], Theorem 2.5). But
M has only one maximal submodule T, so P C T’; thus, P = 0.

Proposition 3.22. Take a finitely generated module M having only one non-zero maximal sub-
module T, then T' <, M.
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Proof. Since M is finitely generated, then as in the same proof of Proposition 3.16, using
([21], Proposition 1.6, P. 7) instead of ([11], Theorem 2.5), we obtain T" <, M.

An R-module M satisfies the ascending chain condition (simply, ACC) if all ascending chains
of submodules of M are stationary. For a P-essential submodule, we introduce the following:

Definition 3.23. An R-module M satisfies the ascending chain condition on P-essential sub-
modules if any ascending chain of P-essential submodules:

Vish<Vz<--V, <.
is stationary.

Proposition 3.24. Given a module M satisfying GPSP. If each P-essential submodule of M is
finitely generated, then M satisfies ACC on P-essential submodules.

Proof. Suppose that:
Vish<Vz<-Vp<-ee

It is an ascending chain of P-essential submodules in M. Put ., V; = V. Since M satisfies
GPSP, then by Proposition 3.12, V' <, M, and by assumption, V is finitely generated, so there

is a finite set Iy of I with V' = Zie 1, Vi Hence, the chain is stationary.

Any module is Noetherian if all its submodules are finitely generated, equivalently, any mod-
ule is Noetherian if it satisfies ACC [16].

Proposition 3.25. Let M be an R-module satisfying GPSP. Every P-essential R-submodule of M
is finitely generated if and only if M is Noetherian.

Proof. The necessity follows from Proposition 3.24. For the converse, since M is a Noethe-
rian module, then every submodule of M is finitely generated, hence every P-essential submodule
is finitely generated.

4 Direct sum of P-essential submodules

This section investigates and discusses the direct sum of P-essential submodules.

Proposition 4.1. Consider M = M, & M,, where M, and M, are submodules of M. Take the
submodules K| and K, of M, and M, respectively. If K & K, <, M; & M, then K (K3) <pe
M, (M), provided that each pure submodule of M(M,) is also pure in M.

Proof. Take P, <,, M; with K; N P; = 0. One can easily show that (K; ® K;) N P, = 0.
Since Py <, M|, then by assumption, P; <,,, M. Besides that K| & K, <,. M, Thus, P, = 0.
This means K <, M;. Use a similar proof for K.

Recall that a non-zero module M is fully P-essential if every P-essential submodule is essen-
tial [10].

Proposition 4.2. Consider the fully P-essential module M = M, @& M,, where M| and M,
are submodules of M. Suppose that Ty < M, and T, < M. If Ty ® T, <pe My & M, then
T] Spe M1 and T2 gpe MZ.

Proof. M is a fully P-essential module implying 71 & 75 <. M; & M,. By ([7], Proposition
5.16, P74 ), T1 <. M; and T, <. M;. But every essential submodule is P-essential. Therefore,
the desired is achieved.

Proposition 4.3. Given M = M, & M,, where M, and M, are fully P-essential submodules of
M. Assume that Ty < My and D, < M. If Ty <pe My and Ty <, My then Ty ®T <pe M B M.

Proof. Because M| and M, are fully P-essential modules, then both 7 and 75 are essential
in My and M, respectively. Thus, 17 @ T <. M; @ M, ([7], Proposition 5.20(2), P.75). But
each essential is P-essential, so T} & 1T <,. M| ® M.
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Corollary 4.4. Suppose that M = M, & M,, where all submodules of M are fully P-essential.
Given Ty < My and T, < M. Then Ty @ T <, M| & M, if and only if T\ <,. M; and
T2 Spe M2 .

Proof. M is a submodule of itself, so it is fully P-essential, and the necessity follows directly
from Proposition 4.2. For sufficiency, since M; and M, are submodules of M, then they are
entirely essential, and the result obtained from Proposition 4.3.

5 P-Socle of modules
This section studies in detail the intersection of all P-essential submodules.

Definition 5.1. Let M be an R-module. We call the set (\{K \ K <, M}
P-socle of M. It is denoted by Soc, (M ).

Remarks and Examples 5.2.
1. Soc,(M) # ¢ and it is a submodule of M.
2. Socy(Z) =0, Soc,(Zi0) = Zio, Socy(Z12) = 2Z5,.
3. Socy(Zy=) = (4 + 2).
4. Soc,(M) C Soc(M).
5. L C M implies Soc,(L) C Soc,(M).
6. If Ris aregular ring, then Soc, (M) = Soc(M).

A module M is pure split if every pure submodule of M is a direct summand [5].

Proposition 5.3. For any R-module M the implications (1) = (2) = (3) hold:
1. Soc,(M)= M.
2. M has no proper P-essential submodule.
3. M is pure split.

Also, (3) = (1) when R is a regular ring.

Proof.

(1) = (2). Take L <, M. Since Soc, (M) = ({K \ K <,. M}, then Soc, (M) C L. On
the other hand, Soc, (M) = M, therefore, M = L.

(2) = (3). Given N < M. Let N' be a pure relative complement of N; by Proposition
3.16, No N’ <pe M. But if M has no proper P-essential submodule, then N & N' = M.
Thus, N is a direct summand of M.

(3) = (1). Suppose that R is a regular ring, so there is no difference between a pure and
any other submodule. By (3), every submodule of M is a direct summand. This implies that
Soc(M) = M, ([15], P.26). Since R is regular, so by Remark 5.2(6), Soc,(M) = Soc(M).
Hence Soc,(M) = M.

An R-module M is called finitely cogenerated if, for every set {A; \ ¢ € I'} of submodules A;
of M with (;.; A; = 0, there is a finite subset {4; \ i € Ip} with (;c; A; =0 (@.e. Ip C I and
1y is finite), ([16], Definition 2.3.14, P.29). This motivates us to introduce the concept below.

Definition 5.4. A module M is finitely pure cogenerated if for every set {A; \ ¢ € I'} of a pure
submodules A; of M with (.., A; = 0, there is a finite subset { 4, \ ¢ € Iy} of a pure submodules
with (), Ai = 0.

icl

Proposition 5.5. Let M be a module that has PFIP. If Soc,(M) is a finitely pure cogenerated
and P-essential submodule of M, then M is a finitely pure cogenerated.
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Proof. Assume that Soc, (M) is a finitely cogenerated submodule and Soc, (M) <,. M. Let
T = {A; \ i € I} be a set of submodules of M with (,.; A; = 0, then (., {A; N Soc, (M) \
i€ I} =0. Now, A; N Soc,(M) C Soc,(M) and Soc, (M) is finitely cogenerated, so there
exists a finite set Iy C I with (,c; {A; N Soc,(M)} = 0. Hence (¢ , Ai) N Soc,(M) = 0.
Because A; is pure Vi € Iy and M has PIFP, then (), el A; is a pure submodule of M. Moreover,
Soc,(M) <, M, therefore N, 1, Ai = 0. Thus, M is a finitely pure cogenerated.

It is known that the intersection of two P-essential submodules may not be P-essential. For
the following result, we need to provide the following.

Condition 5.6. The intersection of any number of P-essential submodules is again P-essential.

Proposition 5.7. Given a module that satisfies condition 5.6. If M is a finitely pure cogenerated,
then Soc, (M) is a finitely pure cogenerated and Soc,(M) <, M.

Proof. Assume that M is a finitely pure cogenerated. It is clear that any submodule (es-
pecially, Soc,(M)) of a finitely pure cogenerated module is also finitely pure cogenerated. To
prove that Soc,(M) <,. M, take a pure submodule K of M with Soc, (M) N K = 0. By defini-
tion of Soc,(M), 3 Uy, Uy, ......... ,Un <pe M such that (U NUs,......... ,NU,) N K =0.
Since M satisfies condition 5.6, then Uy N Us, ......... ,NU,, <pe M, hence K = 0.

The following is obtained from Proposition 5.5 and Proposition 5.7.

Theorem 5.8. Take module M, which has PFIP and satisfies condition 5.6. Then S ocp(M ) <pe
M and a finitely pure cogenerated in M if and only if M is a finitely pure cogenerated.

6 P-essential and semi-essential submodules

This section discusses the relationship between P-essential and semi-essential submodules,
where a submodule N of M is semi-essential if N N L # 0 for each prime submodule Lo f M
[18]. An R-module M is called torsion-free if T'(M) = 0, where T(M) = {m € M|rm = 0,
for some non-zero r € R}, [15]. And module M is prime if anng(M) = anng(N) for every
non-zero submodule N of M, [3].

Firstly, we need the following lemma.
Lemma 6.1.

1. Given a torsion-free module M, a proper submodule T of M is pure if and only if it is prime
and (T: M) =0/[17].

2. Given a prime R-module M, a proper submodule T of M is pure if and only if it is a prime
and (T: M) = anng(M) [3].

Proposition 6.2. Let M be a non-zero torsion-free R-module. A submodule T of M is P-essential
if and only if T is a semi-essential submodule, provided that (T: rkM) = 0.

Proof. Suppose that T <, M, so T NL # 0 VL <,, M. Since M is torsion-free as well
as (T': gM) = 0, by Lemma 6.1(1), every pure submodule T of M is prime. Thus, TN L # 0
for each prime submodule L of M, and T is a semi-essential submodule. In the same way, the
converse can be done.

Corollary 6.3. Take a faithful and multiplication module M. Any submodule T of M is P-essential
if and only if T is semi-essential, provided that (T: rM) = 0.

Proof. M is a faithful and multiplication module implies that M is torsion-free ([11], Lemma
4.1, P. 773), and the result follows from Proposition 6.2.

Proposition 6.4. Let M be a non-zero prime R-module. A submodule T of M is P-essential if
and only if T is a semi-essential submodule, provided that (T: RM) = anng(M).

Proof. Assume that 7" <,. M, thismeans TN L # 0V L <,, M. Because M is a prime
module and (T: gkM) = anng(M), then every pure submodule is prime by Lemma 6.1(2).
Therefore, T'N L # 0 for each prime L < M.
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7 P-uniform Modules

As mentioned earlier, a P-uniform module is a non-zero module in which all non-zero sub-
modules are P-essential. This section aims to develop this category of modules.

Proposition 7.1. If M /T is a P-uniform module for any R-module M, then M is P-uniform.

Proof. Take 0 # L < M. L/T is a non-zero submodule of M/T. Because M/T is P-
uniform, so L/T <,. M/T. By Proposition 3.14, L <,. M; therefore, M is a P-uniform
module.

It is known that any submodule of a uniform module is uniform. As an analogue to this idea,
we introduce the following.

Proposition 7.2. Every pure submodule of a P-uniform module is P-uniform.

Proof. Given a pure submodule N of M, assume that 0 # K < N. Since K < M and M is
P-uniform, then K <, M. But N <,,,, M, therefore K <,. N, [5]. Thus, N is P-uniform.

In the following, we give another characterization of the P-uniform module.

Theorem 7.3. An R-module M is P-uniform if and only if any non-zero submodule N of M
satisfies NN L # 0 for any 0 # L <,,, M.

Proof. Let M be a P-uniform module and 0 # N < M. Take 0 # L <,,,, M with NN L # 0.
IfNNL=0,then N ﬁpe M, hence M is not P-uniform. But this is not true; thus, N N L # 0.
For the converse, suppose that 0 # N < M and take L <,, M with NN L = 0. If L # 0 then
by assumption; N N L # 0. But this contradicts our assumption; therefore, L = 0. This implies
N <, M, hence M is P-uniform.

As a consequence of Theorem 7.3, we have the following.

Corollary 7.4. Let M be an R-module having PIP, and N is a pure and essential submodule of
M. If N is a P-uniform submodule, then M is a P-uniform module.

Proof. Given non-zero submodules L and K of M with L <,, M. Since N is essential,
NNK # 0and NNL # 0. Since N is pure and M has PIP, then NNL <,,, N. On the other hand,
N is P-uniform and both N N K, N N L belong to N, so by Theorem 7.3 (NNK)N(NNL) #0,
hence NN (K NL)#0.But N <, M then K N L # 0. Again, by Theorem 7.3, we obtain that
M is a P-uniform module.

Next, the relationships between P-uniform and the two concepts of uniform and semi-uniform
modules are given in the following two propositions.

Proposition 7.5.

1. Any module M is a P-uniform module and fully P-essential if and only if M is a uniform
module.

2. Any module M is a P-uniform and F-regular if and only if M is a uniform module.

Proof.

1. For the sufficiency, take 0 # 7" < M. Because M is a P-uniform module, then T" <, M.
But M is fully P-essential; therefore, 7" <. M. That is, M is uniform. The necessity is
obvious.

2. It is similar to point (1), except replacing the concept fully P-essential with F-regular and
using Remark 2.1(3).

Proposition 7.6. Let M be a non-zero torsion-free R-module and (T: gM) = 0 for each sub-
module T of M. Then M is a P-uniform module if and only if M is a semi-uniform module.
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Proof. Given 0 # T < M. Because M is a P-uniform module, then 7" <, M. But M is
a torsion-free R-module and (T': g M) = 0, so by Proposition 6.2, T <., M, hence M is a
semi-uniform module. The other direction is done similarly.

It is known that any faithful and multiplication module is torsion-free. This fact helps us to
obtain the following.

Corollary 7.7. Any faithful and multiplication module M that satisfies (T: M) =0 VT < M,
is a semi-uniform module if and only if M is a P-uniform module.

Proposition 7.8. Given a non-zero prime module M and (T: RM) = anng(M) VT < M.
Then M is a semi-uniform module if only if M is a P-uniform module.

Proof. For the necessity, take 0 = 7' < M. Because M is semi-uniform, then T <., M.
But M is a prime R-module and (T: gM) = anng(M), so by Proposition 6.4, T <,. M.
Hence, M is a P-uniform module. The sufficiency is proved similarly.

8 Results and Discussion

Proposition 3.2 determined the condition under which the intersection of two P-essential sub-
modules is P-essential. Proposition 3.16 presents the important result that the direct sum of any
non-zero submodule with its pure relative complement is a P-essential submodule. Besides, it has
illustrated in Propositions 3.19 and 7.3 other characterizations of the definitions of P-essential
submodules and P-uniform modules, respectively. In the same context, we found the connec-
tion between P-essential submodules and P-essential ideals if they satisfy certain conditions, and
these conditions exist in Theorem 3.20. Based on Proposition 4.1, Propositions 4.2 and 4.3, we
explain how the finite direct sum of the P-essential submodules is P-essential and vice versa if
they have specific criteria. Moreover, we introduced P-socal of modules and show in Theorem
5.8, that if a module M has PFIP and satisfies condition 5.6, then Soc, is a finitely pure cogener-
ated and P-essential in M if and only if M is a finitely pure cogenerated. Also, we found the link
between the P-uniform module and both uniform and semi-uniform modules, where they were
equivalent under a certain condition, which is clarified in Propositions 7.5, 7.6, and Proposition
7.8.

9 Conclusions

Nada M. Al-Thani first proposed P-essential submodules in 1997, while P-uniform modules
were first proposed by Maria M. Baher and Muna A. Ahmed in their work in 2023. In this paper,
these important notions were studied in more detail. The reason that motivated us to study these
kinds of modules is their important role in module theory, as we mentioned at the beginning of
this paper. This study answered several questions related to the characteristics of P-essential sub-
modules and P-uniform modules. Many results, analogous to those in essential submodules and
uniform modules, were discussed. P-Socle of any R-module was given and established. Other
characterizations of these concepts were explored. In addition, the relationships of P-essential
and P-uniform with semi-essential submodules and semi-uniform modules, respectively, were
considered.

Acknowledgement: We thank the reviewers for their valuable comments and suggestions.

References
[1] M.A. Ahmed, Almost Monoform Modules and Related Concepts, Palestine Journal of Mathematics, 13
(4), 170-180, 2024.
[2] M.A. Ahmed and D.A. Hasan, Monoform Modules Relative to a Pure Property, Iraqi J. Sci., 66 (5), 2025.
[3] B.H. Al-Bahraany, A Note on Prime Modules and Pure Submodules, IraqiJ. Sci., 37 (4), 1431-1442, 1996.
[4] B.H. Al-Bahraany and A.G. Naoum, Modules with Pure Sum Property, Iraqi J. Sci, 43.D (3), 39-51, 2002.
[5] N.M. Al-Thani, Pure Baer Injective Modules, Int. J. Math. Math. Sci., 20 (3), 529-538, 1997.



914

Muna Abbas Ahmed

(6]

(7]
(8]
(9]

[10]
[11]

[12]
[13]

[14]

[15]

[16]
[17]
[18]

[19]

[20]

[21]
[22]

M.M. Ali and D.J. Smith, Pure Submodules of Multiplication Modules, Beitrage Zur Algebra Geom., 45
(1), 61-74, 2004.

F.W. Anderson, Fuller K.R. Rings and Categories of Modules, Second Edition, Springer, 1992.
A. Barnard, Multiplication Modules, J. Algebra, 71 (1), 174-178, 1981.

M.M. Baher and M.A. Ahmed, Fully Polyform Modules and Related Concepts,Iraqi J. Sci., 65(6),
3313-3330, 2024.

M.M. Baher and M.A. Ahmed, P-Rational Submodules, Iraqi J. Sci., 65 (2), 878-890, 2024.

Z.A. El-Bast and P.F. Smith, Multiplication Modules, Commun. Algebra Mult. Modul., 16 (4), 755-779,
1988.

M. Davoudian, On Pseudo-Uniform Modules, Palestine Journal of Mathematics, 8 (2), 15-21, 2019.

D.J. Fieldhouse, Pure Simple and Indecomposable Rings, Canadian Mathematical Bulletin, 13 (1). 71-78,
1970,

Th.Y. Ghawi, Purely Quasi-Dedekind Modules and Purely Prime Modules, AL-Qadisiya J. Sci., 16 (4),
30-45, 2011.

K.R. Goodearl, Ring Theory, Nonsingular Rings and Modules, Marcel Dekker, Inc., New York, Basel,
1976.

F. Kasch, Modules and Rings, Academic Press, New York, 1982.
C.P.Lu, Prime submodules of modules. Comment. Math. Univ. sancti pauli, 33 (1), 61-69 1984.

A.S. Mijbass and N.K. Abdullah, Semi-Essential Submodules and Semi-Uniform Modules, Kirkuk Univ.
Journal-Scientific Stud., 4(1), 48-58, 2009.

7.T. Salman, On Purely Extending Modules, M.Sc. Thesis, College of Science, University of Baghdad,
2005.

PF. Smith, Fully Invariant Multiplication Modules, Palestine Journal of Mathematics, 4 (Spec 1), 462—
470, 2015.

D.W. Sharpe and P. Vamos, Injective Modules, Cambridge University Press, 1972.
S.M. Yaseen., F-Regular Modules, M.Sc. Thesis, University of Baghdad, Baghdad, Iraq, 1993.

Author information

Muna Abbas Ahmed, Department of Mathematics, College of Science for Women, University of Baghdad,
Baghdad, Iraq,.
E-mail: munaaa_math@csw.uobaghdad.edu.iq



	1 Introduction
	2 Preliminaries
	3 More properties of P-essential submodules
	4 Direct sum of P-essential submodules
	5 P-Socle of modules
	6 P-essential and semi-essential submodules
	7 P-uniform Modules
	8 Results and Discussion
	9 Conclusions 

