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Abstract In this paper, we provide a characterization of a complex symmetric weighted
Toeplitz operator T on H?(3) with respect to the conjugation Cu A Moreover, for any con-

jugation C' and the symbol ¢ of the form ¢(z Z o(—n)z" + Z ¢(n)z", we give necessary

and sufficient conditions for the weighted Toephtz operator Ty to be complex symmetric. We
also discuss complex symmetric weighted Toeplitz operator Ty, with non-harmonic symbols on
H?(B). Finally, we study the Toeplitz graphs of some complex symmetric weighted Toeplitz
operators with finite symbols.

1 Introduction

Let B(H) denote the set of all bounded linear operators on a separable complex Hilbert space
H.

Definition 1.1. A conjugation on H is an anti-linear operator C' : H — H such that (C'f,Cg) =
(g, f) forall f,g € Hand C? = I.

Given any conjugation C, we can find an orthonormal basis {e,, }>° ; for H satisfying Ce,, =
e, foralln € NU {0} [4].

Definition 1.2. An operator T' € B(H) is complex symmetric if there exists a conjugation C' on
H suchthat T = CT*C.

Complex symmetric operators on Hilbert spaces are natural generalizations of complex sym-
metric matrices. The study of complex symmetric operators was initiated by Garcia and Putinar
[4] in the year 2006. An operator is complex symmetric if and only if it can be written as a
symmetric matrix relative to some orthonormal basis {e,,} for H. Many well-known operators
such as normal operators, Hankel operators, truncated Toeplitz operators, etc., are included in
the class of complex symmetric operators. In 2016, Ko and Lee [7] gave a characterization of
complex symmetric Toeplitz operators on the Hardy space. Recently, many authors have studied
complex symmetric Toeplitz on various spaces [2, 6, 7, 8, 9, 11]. In 2005, Lauric studied the
weighted Toeplitz operators on H?(f3). Toeplitz graphs have been introduced by G. Sierksma
and the hamiltonian properties of such graphs have been discussed by Van Dal et al. [12]. In
this paper, we concentrate on characterizing the complex symmetric weighted Toeplitz operators
on H?(B) with symbols from L>°(j3). Finally, we draw the Toeplitz graphs of some complex
symmetric weighted Toeplitz operators with finite symbols.

Definition 1.3. A Toeplitz graph is an undirected graph associated with a symmetric Toeplitz
adjacency matrix, say A, of order n. Let 0,1,2,...,n — 1 denote the distinct n diagonals of
A. The main diagonal O contains only zeroes. Let d, dp, . . ., di be the diagonals which contain
ones such that 0 < d; < dp < --- < dj. The vertex setis {1,2,...,n}, and the two vertices u
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and v are connected by an edge if and only if |u — v| € {d;, da, ..., di}. The Toeplitz graph will
be denoted by T, (d;,d, . ..,dy). If n = oo, then the Toeplitz graph is infinite.

Let 3 = (Bm)mez be a sequence of positive real numbers with 3y = 1 such that for all
méeN,
M < b < M,
ﬂm-&—l

for some 0 < M; < M, < co. Then the space L*(3) defined by

LZ(B) = {f(z) = Z amz™ | am € C, ”f”é = Z ‘am‘zﬂzn < OO}

m=—0o0 m=—0o0

is a Hilbert space [10] with the inner product given by

< i amz", i bmzm>: i amgmﬁﬁl.

m=—0o0 m=—0oo m=—0o0

The set {em(z) =2 | me Z} forms an orthonormal basis for L?(3). Also, the set H>(j3)
defined by "
HQ(ﬁ) = {f(z) = Z amz™ | am € C, Hf”%2 = Z |am|2572n < OO}
m=0 m=0
forms a subspace of L?(B3). If B, = 1, B = %,ﬁm =+vm+1lorpg, = W
m v

where v,£ € N, then H?(3) can be viewed as a Hilbert Hardy space, Bergman space, Dirichlet
space or generalized derivative Hardy space respectively [3, 9]. Again, the space L>°(3) defined
by

m=—0o0

L>(p) = {¢(2) = Y amz™|3ceRGL(B) C L*(B),lI¢flls < clflp V¥ f € Lz(ﬂ)}

is a Banach space [1] with respect to the norm defined by

Ills = inf{c | [|6f|ls < cllf]lp for all f € L*(8)}.
Moreover, if 3,,, = 1 for each m € Z and the functions considered are complex valued measur-

able functions defined over the unit circle T, then the spaces L?(3), H*() and L>(8) coincide
with the classical spaces L?(T), H?(T) and L>(T) respectively.

Let P : L*(B) — H?(3) be the orthogonal projection of L*(3) onto H?(3).
Definition 1.4. For ¢ € L°°(j3), the weighted Toeplitz operator, Ty, on H?(3) is defined by
Tyf = P(¢f) forall f € H*(B).
Now, we prove the following lemmas.

Lemma 1.5. For m,n € NU {0},

(2", 2™) = { i zfm o
0 ifm#n.

Proof. The result follows immediately from the definition of inner product defined on L*(3). O
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Lemma 1.6. For m,n € NU {0},

2
m men l‘fm 2 n
P(E":™) = 2 ’

0 ifm<n.

Proof. Let s be a non-negative integer. If s # m — n, then
(P(z"2™),2°%) = 0.
Let s = m — n. If m < n, then
(P(z"2™),2°%) = 0.
If m > n, then ,
<P(Enzm)7zm—n> _ <Enzm’zm—n> — ||zm||ﬁ — 67271
Therefore, we have
52
3 2m men
P(E":™) = —n

0 ifm < n.

ifm > n,

Theorem 1.7. Let C be a conjugation on H*(3). Then the following statements hold.

(i) The Parseval’s identity holds, i.e., Z [(f, Cem) > = Hf||éf0r every f € H*(B).

m=0

(ii) The set {Cem(z) = (;Z }forms an orthonormal basis for H*(3).

Proof. Since C is a conjugation on H?(j3), we have

1
67”6%

We first show that Parseval’s identity holds. Let Cf(z) = Y_,= @rz". Now, for any f € H*(8),

(Cen,Cem) = (em, en) (z™,2") = Omn.

15 = ICTIG = 8i*laxl’
k=0

and
(f(2), Cem(2)) = (em(2), Cf(2))
B =
o I
k=0
1 = m . m
= —am (2™, 2
5, am{ )
= Bmlm
Therefore,
= 2
Z (f, O€m>|2 = Z ﬁm2|am| = ”fHé Ve Hz(/g)
m=0 m=0
Thus, the Parseval’s identity holds. So, f = Z( f,Cem)Ce,, for every f € H?(3). Hence,
m=0

{Ce,,} forms an orthonormal basis for H?(3). ]
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Remark 1.8. If 3, = W then lemma 1.6 and theorem 1.7 become lemma 2.1

23
and theorem 2.3 respectively of [9].

In 2016, the authors in [7] gave the conjugation C), » on the Hardy space. Now, we prove the
following lemma.

Lemma 1.9. For every y and X with |u| = |\ = 1, the map C,, » : H*(8) — H?*(B) defined by

C,u,)\ f(Z) = f(Af)
is a conjugation on H*(f3).

Proof. Ttis clear that C,, » is an antilinear involutive operator on H?(S3). Let

f(z)= i amz™ and g(z) = i b 2™
m=0 m=0

be two elements of H2(3). Now,

(Cun f(2),Cung(2)) = <uf(A5), ug(A5)>

Il
/\
(e
Ql
3
>|
3
IS}
.3
[]#
=l
3
|
3
IS}
3
\/

Hence, C,, ) is a conjugation on H?(3). i

2 Complex symmetric weighted Toeplitz operators

In this section, we characterize complex symmetric weighted Toeplitz operator T, on H 2(B)

with respect to the above conjugation C,, ». Also, for any conjugation C' and the symbol ¢ of the
oo

oo
form ¢(z) = Z d(—n)z" + Z H(n)z", we give the necessary and sufficient conditions for the
n=1 n=0
weighted Toeplitz operator T to be complex symmetric.

Lemma 2.1. If P denotes the orthogonal projection of L*(3) onto H*(B), then the operators
Cu,x and P commute.

Proof. It n € Z, then

0 if n <0,
and .
)\ Z" —n
Cpuren(z) = pen(3z) = & G = en(?)

For n > 0, we have
PCyyen(z) = P (12 en(2))
= X e (2)
= Cuxen(z)

= 79 Pen(z).
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For n < 0, we have
PCyren(z) =P (uxnen(z)) =0=Cu\0=C, )\ Pe,(z).

Hence, the operators C), » and P commute. O

Theorem 2.2.If ¢ € L>(f3), then the weighted Toeplitz operator T, on H*(B) is complex
symmetric with conjugation C,, x if and only if ¢(z) = ¢(AZ).

Proof. Let T, be any weighted Toeplitz operator on H?(3). It can be easily seen that
Cux = plC ) =Crpl.
So, we have
CurTeCux = plCi\Ty pICy \ = pICy x\ pITyCr \ = Ci ATl pdITyCr \ = C1\ T4 Ch x.

From this, we see that T is complex symmetric with the conjugation C),  if and only if T} is
complex symmetric with the conjugation C », i.e.,

T¢(Z) = Cl,)\ T;(Z) Cl,)\ - 017)\ Twch)\,

By lemma 2.1, we have

CiaTyy Ciaf(2) = CiaTyy f(A2)
=Cia\P (WW)
= PCix (WW)
=P (6(X2)f(2))
=Ty(nz) f(2).

This is true for all f € H2(3). So,
C1a T Cir = Tyiom),

and hence Ty(.) = Ty(xz), i.e., (2) = ¢(\2). ]

Corollary 2.3. ([6], Theorem 2.2) Let 3, = 1 for eachn € 7 and ¢ € L>°(T), then the weighted

Toeplitz operator Ty, on H*(T) is complex symmetric with conjugation C,,  if and only if ¢(z) =

@(AZ) on |z| = 1.

Theorem 2.4. Let ¢ € L>°(8) such that ¢(z) = Z d(—n)z™ + Z d(n)z". If Ty is a Toeplitz
n=1 n=0

operator on H?(j3), then the following statements are equivalent.

(i) Ty is complex symmetric with the conjugation C, ».

(ii) ¢(2) = ¢p(A2).

(iii) p(—n) = X"¢(n) for all n € NU {0} with |\| = 1.

Proof. The equivalence of (1) and (2) follows from the theorem 2.2. Now, we prove the equiva-
lence of (2) and (3). If ¢(z) = ¢(\Z), then

S d(n)zm > b = 3 a3 dmanEn.
n=I n=0 n=I n=0

Therefore, ¢(—n) = A"¢(n) for all n € NU {0} with |\ = 1.
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Conversely, if ¢(—n) = A"@(n) for all n € NU {0} , then

85) = S Bz + 3 bln)n = 3o NG(m) z"+z¢
and - - -
p(\z) = i d(—n)A" 2" + i d(n)\"z" = i d(n)z" + i N(n)z
Therefore, ¢(z) = ;:/\lz). - - " O
Theorem 2.5. Let ¢ € L*°(f) such that ¢(z i Z" + Z &(n)z" and C be a conju-

n=

gation on H?(3). Then the operator T, on H*(3) is complex symmetrlc with conjugation C' if
and only if $(—k) = Cp(k) for all k € N U {0}.

Proof. Let f(z Zajz and Cf(z Zajzj Let ¢4 (2) = Zq@(n)z" and ¢_(z) =

n=0

Z #(—n)z™. By lemma 1.6, we have

k=0 n=0
o0 o0 2
PO- )= 3 3 b H)a"",
k=1 n=k "n—k
oo oo 2

Let C be a conjugation on H?(3) and T}, be a complex symmetric operator with conjugation C.
Now, we have

¢+ f+ P(¢- f) = CP(6: Cf) + C(o-Cf).
This equation implies that

[ oo o}

Z an n+k+ZZ 2n (Z)

k=0 n=0 k=1 n=k

—_— oo 0~

MWLM I

k=0 n=~k k=1 n=0

Comparing the constant terms, we have

Bi S(—k) ar = Bi, $(k) a,
Since ay, is arbitrary, we get ¢(—k) = Co(k) for all k € NU{0}. Conversely, if p(—k) = CH(k)
for all k£ € NU {0}, then we find that T}, is complex symmetric with the conjugation C. O

3 Complex symmetric weighted Toeplitz operators with non-harmonic
symbols

In this section, we discuss complex symmetric weighted Toeplitz operators with non-harmonic
symbols. The condition 2"2™ = 2™~ is true in H?(T). However, this is not true in H2(f3).
The following theorem gives necessary and sufficient conditions for weighted Toeplitz operators
to be complex symmetric with conjugation on non-harmonic symbols.
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Theorem 3.1. Let ¢ € L>°(8) such that ¢(z) = z:(az iy bz 5 2M) for a;,b; € C and let
=0

m; —n; = t; — s; hold. Then the weighted Toeplitz operator Ty, on H?(B3) is complex symmetric

with the conjugation C\, » if and only if ¢ is of the form

0(2) = D (sl + blz)
=0
or
oo
Zaz z i g + AT m’Zmsz)
=0
fOl" a;,b; € C.

Proof. Let us assume that m; > n; for i € N and that T is complex symmetric with the
conjugtaion C,, ». If k > malglc{mi —n;}, then
1€

oo
CHVAT¢Zk: MAp(Z( zZrn n+k+b—51 t+k)>
=0
( . ﬁ% +k ni+k—m; Bterk tidk—s;
= Op”)\ Z - O a;z" P4 Y - b;z" i
i=0 Bnﬁ—k—mi 6ti+k—si

o0 2
/Bni.i,-k; _xnitk—mi o4k, ﬂt +k ti+k—s; t tk—s,
=> uﬁziam 2™ e D i

n;+k—m; ﬂt +k—s;

and

I
3
VR
=
>|
=
™
3
+
ol

2
) _ k ﬁ P ket
- a;z m7+k n; + )\ s+ szSmLk t; )
Bmﬂrk—n, Si +k—t1,

Since T} is complex symmetric with conjugation C), », we have
m; = n; and S; = t;

for all 4 > 0. That is, ¢ is of the form

o0
=0

or
. k By : +k T
ni+ _ —m;—n; S.
— T A = —5TF 3.1
Bii-ﬁ—k—ml Si + k— ti ( )
and )
B, b/\’slziﬁmﬁ’“ a (3.2)
6t+k: Si mi+k_nil .

for all ¢ € N. By equations (3.1) and (3.2), we get
S; = Ny, ti =m; and a; = bi)\mi’_m for all ¢ > 0

and so, ¢ is of the form

oo
:Zal(zm Anl mlinlzmi)-
=0
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Conversely, if ¢ is of the form

oo
o(z) = Z a;(ZMiZ" 4 N T g M)
i=0

then

0
CMJ\ T¢ Z akzk
k=0

=0 k=0

oo oo
=Cu\P (Z Z(aiakzm"’ + aop AT Z zmﬁk))

(e’ o0 62 e o] 2
7 k Vi C— i i k p— . ). c— M
— CM)\ E E 5 nit aiakz”“rk m; + 2 : i mi+ aiakA/,LZ m,zmﬂrk n;

i=0 \k=m;—mn,; nitk—m; k=0 "mi+k—n;
= = . +k N k
itk — — ke me ke itk — — A k—m
— E E quniJraiak/\ i i itk mq,_|_§ MzmiJraiOék)\ ymatk—n;
i=0 \k=m;—n; ni+k—m; k=0 Bmﬂrkfni
and
oo
T*Cm)\ E akzk
k=0
> k
:ng pap A 2~
k=0
0o oo X
_~xk [ _n. ) M=y .
=P E IJIO‘kA (aizn12m1+k‘+aiA i zzmlzn1+k>
i=0 k=0

> > k 52 k > k ﬁz k
— 3 . — . N —_ N : — X ni—my . —m
— 2 : j : ,Ufak)\ . m;+ aizm,-&-k n; 4 § : ,Ufak)\ BZ ni+ ai)\ Zm-&—k m; |

i=0 \k=0 mi+k—n; k=m;—n; ni+k—m;
Therefore, we obtain

o0 oo
Cﬂ’,\ T¢ Z akzk = T;CH})\ Z akzk.
k=0 k=0

Hence, T, is complex symmetric with conjugation C,, x. Similarly, T is complex symmetric
with conjugation C,, y if ¢ is of the form ¢(z) = > ;o (as|2|*" + b;|z|*?). This completes the
proof. O

4 Toeplitz graph

A Toeplitz graph is an undirected graph with a symmetric Toeplitz adjacency matrix. In this sec-
tion, we provide the matrix characterization of complex symmetric weighted Toeplitz operators
with a particular class of symbols. We draw the graph of a complex symmetric Toeplitz operator
on Hardy space by considering a specific symbol ¢ from L>°(T). Again, we draw the graph of a
complex symmetric weighted Toeplitz operator by finding the indicator binary matrix (see [3]).

Let us consider a particular class of weighted Toeplitz operators Ty with symbols in the set

S = {QS | #(z) = ianén —I—ianz”} C L>=(B).

n=1 n=0
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We have seen that the operator Ty is complex symmetric with respect to the conjugation C, 1.
Clearly,

T¢€j = P(¢€j)
=P <<; apz" + nzoanz"> ;j)

J /B oo a
— Zanzijzj% + Z n ntj
/ijn ﬁ]

n=I n=0

Z Gn—j g;len-

n=j

j—1
= jn Die, v
s Bn
The matrix of this weighted Toeplitz operator, denoted by (Aij)%zo, is defined by

Aij = (Tgej, i)

Jj—1 o)
= <Z aj_n%en + Z an—j&€7la ei>
n=0 "

n=j J

ﬁ—J:aj,Z- ifi < 7,
%ai,j if 4 Z j
J
Now, the matrix representation of Ty, is given below.
ao &al &az &a3
Bo Bo Bo
ﬁ(11 ao &al &@
Bo Bi Bi
Tl =| 20, 20 0o 24
Go b B B
&03 &az @al ao
Bo Bi 165

If 5n+1

n
becomes a Toeplitz matrix given by

= k for some k£ # 0 and for all n € N U {0}, then the matrix representation of T}

ao kal kzaz k3a3
ka; ag kay  k*ay
[T¢] = k2a2 ka; ap ka

k3a3 k2a2 ka1 a

Thus, we can now draw the Toeplitz graph of the complex symmetric weighted Toeplitz operator
T, with symbols from the set S.

Example 4.1. We consider the sequence 3, = 1 forall n. Let ¢(2) = 23 + 27 + 2+ 2% ¢
L>°(T). Then the weighted Toeplitz operator T, is a complex symmetric operator with conju-
gation C), 1 (by corollary 2.3). The matrix representation of T;, with respect to the orthonormal
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basis B = {e, } is a symmetric Toeplitz adjacency matrix given by

0101 0
1010 1
01010
Tols=1 101 0 1
01010

The Toeplitz graph T (1,3) of the weighted Toeplitz operator T}, is given in figure 1. It may
be observed that the vertex 1 is of degree 2, the vertices 2 and 3 are of degree 3, and all the
remaining vertices are of degree 4.

1 2 3 4 5 6 7 8

Figure 1. The graph T (1, 3).

Example 4.2. Let ¢(2) = 3z* — 23 + 222 422 — 23 +32* ¢ Sand Bt _ k for some k # 0

n
and for all n € NU{0}. Then the weighted Toeplitz operator T is a complex symmetric operator
with conjugation C,, ;. Its matrix representation is given by

0 0 2> -k 3k* 0

0 0 0 2k* -k 3k
2k 0 0 0 2k K

[T,] = - 22 0 0 0 2k
3kY -k 22 0 0 0
0 3k —k 22 0 0

The indicator binary matrix A of T} is given below.

001110
000 1 1 1
100011

A= 1 100 01
111000
011100

The indicator binary matrix is symmetric and the Toeplitz graph of the adjacency matrix A of Ty
is given in figure 2. It may be observed that the vertices 1 and 2 are of degree 3, the vertices 3
and 4 are of degree 4 and 5 respectively, and all the remaining vertices are of degree 6.

5 Conclusion

Several authors have characterized complex symmetric Toeplitz operators on various spaces such
as Hardy Hilbert space, Bergman space, Dirichlet space, Weighted Hardy space, etc., with re-
spect to a particular conjugation or arbitrary conjugation. In this paper, we have given a char-
acterization of complex symmetric weighted Toeplitz operator over H?(3) and symbols from
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2 4 6 8 10 12 14 16

1 3 5 7 9 11 13 15

Figure 2. Graph T (2, 3, 4) of the adjacency matrix A of T.

L>(). In the last section, we have drawn the graph of a Toeplitz operator on Hardy space with
Bm = 1. The Toeplitz graph of the adjacency matrix of a complex symmetric weighted Toeplitz
operator is also produced.
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