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Abstract This study explores the approximation properties of periodic functions within var-
ious Zygmund spaces, including Z, Z(,, ), Z“)and the weighted Zygmund class W(anw))
for » > 1, in the context of conjugate Fourier series. The analysis of these function spaces is
crucial in emerging fields such as engineering and information technology, particularly in dig-
ital filtering and signal analysis. The primary objective of this paper is to estimate the order
of convergence of conjugate Fourier series within the weighted Zygmund class W(Zﬁ“)) using
almost Norlund means. Several new results are established, generalizing various known findings
in Fourier approximation theory.

1 Introduction and Preliminaries

Summability methods have broad applications across various branches of mathematics. In func-
tion theory, they aid in the analytic continuation of holomorphic functions and the study of the
boundary behavior of power series. In applied analysis, these methods play a crucial role in
developing iterative techniques for solving systems of equations and enhancing convergence in
approximation theory. Furthermore, summability methods are significant in probability theory,
such as in the study of Markov chains, and in number theory, where they contribute to results
like the Prime Number Theorem.

The approximation analysis of signals (functions) is particularly valuable in science and en-
gineering due to its wide-ranging applications in signal analysis, system design, telecommunica-
tions, radar, and image processing. In recent decades, there has been increasing interest in error
estimation for functions within spaces such as Lipschitz, Holder, Zygmund, and Besov spaces,
utilizing various summability techniques for Fourier series. The concept of almost convergence
extends traditional convergence to broader sequence spaces, including the space of bounded se-
quences. Functions within L, spaces (r > 1) are particularly useful in signal analysis, with Ly,
L, and L, spaces frequently employed by engineers in designing digital filters.

The weighted Zygmund class W(Zﬁw)) (r > 1) generalizes several function classes, includ-
ing 7, Z(0), Z(a),r and Z («). The Zygmund class z (r > 1) has been extensively studied by
Leindler [14], Méricz [17], Moéricz and Németh [18]. More recently, Das et al. [4] established
results on function approximation within the weighted Zygmund class using Euler-Hausdorff
product summability means of Fourier series. Further developments in this area were made by
Pradhan and Rao [23], who examined the degree of approximation of functions associated with
Hardy-Littlewood series within weighted Zygmund classes using Euler-Hausdorff summability
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means.

In 1966, King [11] introduced the concepts of almost convergence and almost regularity of
a matrix A, and almost Euler summability while proving the almost regularity of these summa-
bility methods. Later, Batt and Deshpande [2] established results on weak convergence and
weak compactness in the space of almost periodic functions on the real line. More recently, in
2020, Sharma [25] investigated error approximation of conjugate Fourier series within weighted
classes using almost Riesz means. Subsequently, in 2023, Sharma and Dumka [26] studied the
convergence of conjugate functions in Zygmund spaces via almost Norlund transformations. For
further recent contributions in this direction, see [1], [3], [5], [71, [8], [9], [10], [16], [20], [21],
[22], [24], [27] and [28].

To have advance research and achieve optimal approximation, this paper investigates the de-

gree of approximation for functions within the weighted Zygmund class W(Zﬁ“)) using almost
Norlund means of conjugate Fourier series.

Let f(x) be a 2w-periodic function and Lebesgue integrable on [0, 27]. The Fourier series of
the function f(z) is given by

1 o0 ) o0

f(z) ~ an—l—;(ancosnx—l—bn sinnz) :Z()un(ac) (1.1)
with nth partial sum s(f;x), where a,, and b,, are the Fourier coefficients of f. The conjugate
series of Fourier series (1.1) is given by

f(x) ~ Z(an cosnx — by, sinnzx) = Z v () (1.2)
n=1 n=0

with nth partial sum
s

1 -
s(fi0) =~ [ fla+t)Dat)it,
where ( 1)
- cos(n + 3)t
Dn(t) - 273
sin

The L, norm of a function f is defined by

1
(ﬁ 027r \f(x)|’“dx) Tl<r<oo

€s5SUPg <oy | f ()] (r = 00).

1f1lr =

The degree of approximation of a function f : R — R by a trigonometric polynomial ¢,, of order
n under || - ||, norm is defined as

[tn = (@)l = sup [tn(x) = f(2)],
z€R
and let a function f € L, its degree of approximation E,,(f) is given by
Ea(f) = min |t~ 1.
Next, we recall the Zygmund modulus of continuity [30] of f is defined by

w(f,h) = sup_ |f(z+1t)+ flx —1)].

Let Cy, denote the Banach space of all 27-periodic continuous functions defined on [0, 27]
under the supremum norm. For 0 < a < 1, the function space

Ziey ={f € Con s [f(x+ 1) + f(z = 1) = O(|t|")}
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is a Banach space under the norm || - ||, is defined by

z+t)+ flxa—1t
£l = sup [£(x)]+ sup LEHOLICZ 0]
0<z<2r @,t40 [t]

For f € L,[0,2x],7 > 1, the integral Zygmund modulus of continuity is defined by

1

0<t<h

w,(f.h) = sup {;TAWIf(wHHf(w—t)I’”dx}

Moreover, for f € C,,; and r = oo,

woo (fh) = sup max |f(x+1) + f(z —1)|.

0<t<h %

Also, it is known that w..(f, h) — 0 asr — 0.

We now define,

T

27
Z(a)7r = f S LT.[O,ZTF} : <A |f(a: +t) + f(l‘ - t)%ix) = O(‘t|a)

The space Z,) ., > 1,0 < a < 1 is a Banach space under the norm || - ||, and that,

IfC+8)+FC =)l
£ '

Hf”(a)}r = ||fHT =+ sup
40

The class of function Z“) is defined as
7 = {f € Cor : |[f(w+1) + f(z — )| = O(w(t))},

where w is the Zygmund modulus of continuity, that is, w is positive, non-decreasing continuous
function with the sub linearity property, that is,

(i) w(0) =0
(i) w(ts +1t2) < w(t1) +w(t2).

Let w : [0,27] — R be an arbitrary function with w(¢t) > 0 for 0 < ¢ < 27 and let
lim;_,o+ w(t) = w(0) = 0, define

Zﬁ“’):{feerlgrSoo,sup I C+8 + =Dl <oo}7

40 w(t)
where (40 + £ = 1)
)+ =)
f'sw): f7‘+su arzl'
1) = 17+ sup LEEE S
Clearly || - | is a norm on Z\). As we know L, (r > 1) is complete, the space Z\ is also

complete. Hence, we can say 7“) is a Banach space under the norm || - ng)‘

Now we define the weighted Zygmund class as

W(Zﬁw)) — fEW(Zq(f”)) 1 <7< oo,sup ||(f('+t)+f('7t))5in6(')”r <oob, (1.3)
140 w(t)
where L
LA = 1+ sup IWCEDFTC ZO) SOl 5 ) (1.4)
40

w(t)
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(@) (w)

Clearly, || - || )is a norm of Z). The space Z, "~ is complete because L,, r > 1 is com-

(@)

plete. Hence, we can say that W (Z ,(« )) is complete. As Z,;*’ is a Banach space under || - |\£f”), SO

W (Z™“)) is also a Banach space under || - |’ norm.

We now present a remark that our defined weighted Zygmund class W(Zﬁw)) reduces to
different simple classes.

Remark 1.1. If we put 8 = 0 in W(Z, (‘“)) class, then it reduces to Z\*) class Moreover as
7 — o0, the class Z\) reduces to Z(«). Additionally, if we take w(t) = t* in Z) Class, then it
reduces to Z(,) ,. class. Finally, when w(t) = t*, the Z@) class reduces to Z(q) Class.

w(t)

Here, w(t) and v(¢) denote the Zygmund moduli of continuity, where ( 0] ) is positive and

non-decreasing. Under this condition, we have

() w(2m) @)
171 < max( , U(2W)> 171 < 0o

This implies the inclusion relation
zZW czWCL, (r>1).

r

Consequently, we obtain
W(Z¥)) CW(Z") S W(Ly,w(t)).
We now recall the following definition.

Definition 1.2. (see [6]) Let > u, be an infinite series with the sequence of nth partial sums
{sn}. A bounded sequence {s, } is said to be almost convergent to a finite number [, if

converges uniformly in p.

In the context of convergence theory, almost convergence generalizes the concept of usual
convergence. It is evident that every usually convergent sequence is almost convergent; however,
the converse does not necessarily hold.

Now, we present the following definition.

Definition 1.3. Let {p,, } be a sequence of positive constant such that py > 0 and p,, > 0 for all
n with
Po=potpi+--+pn, P-i=p_1=0.

The conjugate Fourier series of a function is said to be almost Norlund summable to [, if

- 1 <&
Tnp = *an K8rp =lasn — oo (1.5)
™ k=0
uniformly in p,
where
k+p
Ser = T 2.5 (1.6)

It is important to note that 7, ,, is also a trigonometric polynomial. The Norlund mean 7, ,,
is regular if and only if 55, , = [.
We use the following notations throughout the paper.

Y(a,t) = fle+t)+ flz—1)

and

AN _ 1 ZP cos(v +2j 4 1)L sin(v ~|—1)%'
" 2w P, (v+1)sin* £
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2 Main Result

The main objective of this paper is to prove the following theorem.

Theorem 2.1. Let f : [0,27] — R be a 27 periodic, Lebesgue integrable function belonging

to the weighted Zygmund class W(fo”)). Then, the degree of approximation of | under almost
Norlund means of the conjugate Fourier series (1.2) is

En(f) = Tnp — Flls =0< 1 /7 ;ﬁ;)) dt (n=0,1,2,..), 2.1)

n—+y

where w(t) and v(t) denotes the Zygmund moduli of continuity such that

[ sa-o()

To prove the above theorem, we first establish four lemmas as follows.

Lemma 2.2. K2V (t) = O(n +j), for 0 <t < =

Proof. For0 <t < |cost| <1, sin(%) > (T), we have

T
- 1 cos(v+2j+1)% s1n( +1)5
|IC:L1N’ == 2 P an v 2
LR bt (v 4 1) sin?
| sin(v + 1) {COS(U—FZ‘]—FI)*—COS 1
- an " =
27 P, (v + 1) sin? £ 3
1l sin(v + 1) {2 sin (“Hzﬂz) sin (%) %}
= Prn— -
2rP | = " (v+1)sin® £
1| (v+1)sini {2 sin (”+22j+2> sin (%) %}
= Pn—v N
2nPy (4= (v+1)sin* L
1 2(v+2]+2 \sm t|| sin (v-;Zj) (%)|
- 27P, ;pn—v | sin §|

= 271'P {an v} n+2]+2)
= O(n+j)5 an v

= O(n+j).

Lemma 2.3. K2V (t) = O () for 5 <t <
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Proof. For —— <t <, sin(n+ 1)t <1, sin(t/2) > (¢/7)and supy<,, = N, we have

RAN| = 1 ZP cos(j+v+1)5sin(v+ 1)L
" 2P, T (v+1)sin®
< Z cos(j+ (v+1)/2)tsin((v+1)/2)t
B 27TP P (v+1)sin* £
< Pn—v 1

Lemma 2.4. (see [13]) Let f € z), then for 0 < t <,

(i) [, D)l = Ow(?))

(W) 100 +3,8) +9( -y Dl = {8228)))

(iii) If w(t) and v(t) defined as in Theorem 2.1, then

I+ 9,8) + 0 — g 0)]lr = O (my)“’(’?) ,

v(t

where

U(z,t) = flx+t)+ flz—1).
Lemma 2.5. | (4 + y, 1) + ¥(- = 9, ) sin (), = O (#0(y) (44))

Proof. Following Lemma 2.4, |sinﬂ t < t8 and for v is positive, nondecreasing, t < y, we

i:’“ ))
()

||(7/f(+yat)+1/)( _yvt))Sinﬁ(')HT = O(tﬁ (

= o
< ot

is positive, non-decreasing, if t > y, then << )) >

HWC+%)+¢( y,0)sin” (), = O(t’w(y))

- ofru ()

AA
<

Further, smce (

3 Proof of Main Result

Proof of Theorem 2.1

Let 54 (f; x) denotes the kth partial sum of the series (1.2) and following Titechmalch [29], we

have
cos (k+1/2)t
5k(f;2) / »(z Sin(t/2) — . (3.1
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Applying (1.6) and the notion of almost summability of a sequence, we obtain

k+j

cos,u—i—l/Z)
5u(fi2) — Flx) kHZ{%/qp t/z)dt}. (3.2)

Now, under the almost Norlund transform 7;71, of 51(f;x), we get

Tanle) = 101 = 3 pucs{ o [T vtz et 2]
" k=0

- /Tr (s t)KAN (t)dt.
0

Let
Lo(x) =Tnp— f2) = /7r (3 t) KN dt. (3.3)
0
Then
Lalo ) + Lol ) = | @+ i) + e — ) KAV dr. (3.4)
Now,

(Lol +y) + Lal- —y))sin”() —/OW ((w(-ﬂ/, t)+¢(-—y:t))sin ())KAth (3.5)
Clearly, we can write
1(Cn (- +9) + La(- =) sin” ()l = /Oﬂ 1 +yst) + (- —yst)) sin® ()| LNt

- / TN+ st) + (- — i) sin (), KN de

[ @0+ )+ 0~ g0 sin® (O KV

n+1

=1+ I (say). (3.6)

Furthermore, the function f € W (Z\)) implies v € W (Z) and applying Lemma 2.2, Lemma

2.4 and monotonicity of “’(( )) with respect to ¢, we have

1

Lo /n+j (- +y3t) + (- —yst ))sinﬁ(~)||r/€det
0

= 0 (n+j)_Bv(y)v(7L;r)>. (3.7)



1012 A. Satapathy, B. B. Jena, T. Pradhan and S. K. Paikray

Next, using Lemma 2.3 and Lemma 2.5, we get

L = /Tr (- + yst) + (- — y:t) sin” ()] KN dt

B T tPwt), .
_ 0( / o) ) 2dt>

= 0 <(n)_lv(y) /i tﬁj(;u)(t)dt>. (3.8)

n+l

Thus, using (3.6), (3.7) and (3.8), we can write

I(Ln( + )+ Lal- =) sin” Ol = o<<n+j>—ﬂ v<y>‘“(”“)>

Therefore, we have

sup 1£nC+9) & Lal =) sin” Ol _ O<<n+j)ﬁw<nil>>

y#0 v(]yl)

Clearly,
(xst) = [f(z+1) + flz —1)].
Now applying Minkowski’s inequality, we have
[(@s D)l = [If(z + 1) + flz =) 3.11)
Thus, under Lemma 2.5, it yields

IEa)sin Ol < </+ /) (1)) sin” ) 2

O <(n—|—j) /OTH t"w(t)dt> +0 <(n)l /; tﬁzw(t)dt>

- ofeeaiziy [ ru)ro(o [ 85

n+j

= 0 ((n +j)ﬁw(njrj)> +0 ((n)l /; ﬂdt) : (3.12)

==

Consequently, from (3.10) and (3.12), we obtain

HEaED S OIE = (£l sin (Ol +sup Lenl 1)+ Lnl = ) st
y#0 v(y)

_ o(<n+j)—ﬂw(nl+j)>+o((n)—‘/T ;(fgdt>

n+j

@) [T P 2(t)
+o<(n+3) ﬁv(ll)>+o((n) /% o dt)

n+ n+j
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Next, we write J; in terms of J5 and further J,, J3 in terms of Jjy.

In view of monotonicity of v(¢) for 0 < ¢t < 7, we have

w®) = 29 o) < om Wy = 0 (”“U for0 <t <.

v(t) v(t) v(t)
Therefore, we can write for t = (n + j) =
Ji=0(Js). (3.14)
Again, by using monotonicity of v(t),
[T P20 » /’T tP=2w(t)
= R A < R A
Jr = (n) / v < e [, e
™ B2
< (n)fl/ t w(t)dt
o w(t)
= O(Jy). (3.15)

Now (%) being positive and non-decreasing, we have

n=t L > (ny1 2L R

& v v(5r7) S
e
= (TL) ) (n _|_j)[3—1

> (n+j)‘ﬁw(”1+f) ( " __0(1)>. (3.16)

v(755) n+y
This implies
J3 = O(Jy). (3.17)
Now combining (3.13) and (3.17), we get
T B2
)i’ =0 (4 [ ). (3.18)
()
Hence,
™ B2
En(f) = inf |[(£a(-)) sin” ()] = O <(n+j)“ / 1 W‘”) : (3.19)

This completes the proof of Theorem 2.1.

4 Concluding Remarks and Observations

In this study, we explored the approximation of functions in the weighted Zygmund class W(Zﬁw) ),
r > 1, using almost Norlund means of the conjugate Fourier series. Our analysis demonstrated
that this method effectively enhances the convergence and approximation properties of conju-
gate series in weighted function spaces. These findings contribute to a deeper understanding
of function approximation in harmonic analysis, extending the scope of existing summability
techniques. Furthermore, we highlighted the significance of our main result, Theorem 2.1, by
providing additional remarks and insights into the various findings presented. Future research
may focus on refining these methods further and exploring their applications in both mathemat-
ical and engineering contexts.
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Remark 4.1. (see [19]) If we replace Euler-Hausdorff mean by (F, 1)(C, 1) mean in Theorem
2.1, then the degree of approximation of a function f € W (Z¥) by (E, 1)(C, 1) mean of cojugate
Fourier series is given by

En(f) =0 (/ﬂ Wdt). @1

Remark 4.2. (see [15]) If we replace Euler-Hausdorff mean by (E, q)(IV, p, ¢, ) mean in Theo-
rem 2.1, then the degree of approximation of a function f € W(Z¥) by (E,q)(N, pn, g») mean
of cojugate Fourier series is given by

E.(f)=0 (/T Wdt) . 4.2)

n+j

Remark 4.3. (see [12]) If we replace Euler-Hausdorff mean by Hausdorff mean in Theorem 2.1,
then the degree of approximation of a function f € W(Z¥) by Hausdorff mean of cojugate
Fourier series is given by

B 1 TP w(t)
En(f)_0<(n+j) /L 0 dt). 4.3)

n+j
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