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Abstract In this paper, we characterize quasi-∗-A (n, k) composition operators on 𝐿2 space.
We give an example for quasi-∗-A (n, k) composition operator. Also we obtained a necessary
and sufficient condition for quasi-∗-A (n, k) weigted composition operators on 𝐿2 space. More
over, we characterize quasi-∗-A(n, k) composition operators on Fock space.

1 Introduction

Let 𝐵(H) denote the algebra of all bounded linear operators on an infinite dimensional complex
Hilbert space H . An operator 𝑇 ∈ 𝐵(H) is said to be hyponormal if 𝑇∗𝑇 ≥ 𝑇𝑇∗ where 𝑇∗ is the
adjoint of 𝑇 . 𝑇 ∈ 𝐵(H) is said to be p-hyponormal if (𝑇∗𝑇) 𝑝 ≥ (𝑇𝑇∗) 𝑝 (0 < 𝑝 ≤ 1), class A
if |𝑇2 | ≥ |𝑇 |2 [7] and ∗-class A if |𝑇2 | ≥ |𝑇∗ |2 [5] where |𝑇 | = (𝑇∗𝑇) 1

2 . An operator 𝑇 ∈ 𝐵(H)
is said to be paranormal if | |𝑇𝑥 | |2 ≤ ||𝑇2𝑥 | | and n-paranormal if | |𝑇𝑥 | |𝑛+1 ≤ ||𝑇𝑛+1𝑥 | | | |𝑥 | |𝑛 for
every 𝑥 ∈ H and for 𝑛 ∈ N . One of the recent interest in operator theory is to study the extension
of hyponormal operators (see for instance [16, 18, 19, 20]). An operator For 𝑛 ≥ 2 , 𝑘 ≥ 0,
𝑇 ∈ 𝐵(H) is called quasi-∗-A(n, k) if 𝑇∗𝑘 |𝑇𝑛 |𝑇 𝑘 ≥ 𝑇∗𝑘 |𝑇∗ |𝑛𝑇 𝑘 [19].

Let (𝑋,ℱ, 𝜇) be a 𝜎-finite measure space and the map 𝑇 : 𝑋 → 𝑋 be such that 𝑇−1(𝑆) ∈ ℱ

for all 𝑆 ∈ ℱ. A measurable transformation T is said to be nonsingular if 𝜇(𝑇−1(𝑆)) = 0
whenever 𝜇(𝑆) = 0 for all 𝑆 ∈ ℱ. If 𝑇 is a nonsingular measurable transformation on (𝑋,ℱ, 𝜇)
and if the Radon-Nikodym derivative 𝑑𝜇𝑇−1

𝑑𝜇
, denoted by ℎ, is essentially bounded, then the

composition operator 𝐶 on 𝐿2(𝜇) induced by 𝑇 is given by 𝐶 𝑓 = 𝑓 ◦𝑇 for every 𝑓 ∈ 𝐿2(𝜇). For
𝑘 ∈ N we have 𝐶𝑘 𝑓 = 𝑓 ◦ 𝑇 𝑘 for 𝑓 ∈ 𝐿2(𝜇). We denote ℎ𝑘 as the Radom-Nikodym derivative
of 𝜇 ◦ (𝑇−1)𝑘 .

If 𝑇−1(ℱ) ⊂ ℱ, then there exists an operator 𝐸 : 𝐿 𝑝 (ℱ) → 𝐿 𝑝 (𝑇−1
ℱ) called conditional

expectation operator which is uniquely determined by the following conditions : 𝐸 ( 𝑓 ) is𝑇−1(ℱ)
measurable and if 𝑆 is any 𝑇−1(ℱ) measurable set for which

∫
𝑆
𝑓 𝑑𝜇 converges, then

∫
𝑆
𝑓 𝑑𝜇 =∫

𝑆
𝐸 ( 𝑓 )𝑑𝜇. It is known that for 𝑓 , 𝑔 ∈ 𝐿2(𝜇), 𝐸 (𝑔) = 𝑔 if and only if 𝑔 is 𝑇−1(ℱ) measurable,

if 𝑔 is 𝑇−1(ℱ) measurable, then 𝐸 ( 𝑓 𝑔) = 𝐸 ( 𝑓 )𝑔, 𝐸 ( 𝑓 𝑔 ◦𝑇) = (𝐸 ( 𝑓 )) (𝑔 ◦𝑇) and 𝐸 (𝐸 ( 𝑓 )𝑔) =
𝐸 ( 𝑓 )𝐸 (𝑔), 𝐸 (1) = 1 hold for eachℱ-measurable 𝑔. 𝐸 is the identity operator in 𝐿2(𝜇) if and only
if 𝑇−1(ℱ) = ℱ, and 𝐸 is the projection operator from 𝐿2(𝜇) onto 𝐶 (𝐿2(𝜇)). For more details
see [10, 12, 17]. The adjoint 𝐶∗ of the composition operator 𝐶 is given by 𝐶∗ 𝑓 = ℎ𝐸 ( 𝑓 ) ◦ 𝑇−1

and 𝐶∗𝑘 𝑓 = ℎ𝑘𝐸 ( 𝑓 ) ◦ 𝑇−𝑘 for 𝑘 ∈ N.
A detailed study of weighted composition operators on 𝐿2(𝜇) for quasi-class A has been done

by Emamalipour, Jabbarzadeh and Moayyerizadeh [6]. Jabbarzadeh and Azimi characterized
weighted composition operators for some weaker p-hyponormal and paranormal classes [11] .
Composition operators for (𝑛, 𝑘) quasi class 𝑄 on Fock space was studied by Braha, Ilmi Hoxha,
and Estaremi [1]. The class-𝑝-𝐴(𝑠, 𝑡) composition operators has been studied by Prasad [14].
The characterization of (𝑚, 𝑛) class 𝑄 and (𝑚, 𝑛) class 𝑄∗ composition operators on 𝐿2 space
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can be found in [16].
In this paper we study the measure-theoretic characterization of quasi-∗-𝐴(𝑛, 𝑘) composi-

tion operators and weighted composition operators on 𝐿2 space and discuss quasi-∗-𝐴(𝑛, 𝑘)
composition operator on Fock space.

2 Quasi-∗-𝑨(𝒏, 𝒌) composition operators

In this section, we characterize quasi-∗-𝐴(𝑛, 𝑘) composition operators on 𝐿2(𝜇). We begin with
the following lemma.

Lemma 2.1. [21] Let 𝐶 be the composition induced by 𝑇 on 𝐿2(𝜇) and 𝑃 be the projection from
𝐿2(𝑋,ℱ, 𝜇) onto 𝑅(𝐶). Then for every 𝑓 ∈ 𝐿2(𝜇), the following holds:

(i) 𝐶𝐶∗ 𝑓 = (ℎ ◦ 𝑇)𝑃 𝑓 , 𝐶∗𝐶 𝑓 = ℎ 𝑓 .

(ii) (𝐶𝐶∗)𝑘 𝑓 = (ℎ ◦ 𝑇)𝑘𝑃 𝑓 for each 𝑘 ∈ N.

(iii) (𝐶∗𝐶)𝑘 𝑓 = ℎ𝑘 𝑓 for each 𝑘 ∈ N.

Theorem 2.2. Let 𝐶 be the composition operator on 𝐿2(𝜇). Then 𝐶 is a quasi-∗-A(n, k) operator
if and only if ℎ𝑘𝐸 ((ℎ𝑛)

1
2 ) ≥ ℎ𝑘𝐸 ((ℎ ◦ 𝑇) 𝑛

2 ) ◦ 𝑇−𝑘 , where 𝐸 is the conditional expectation
operator from 𝐿𝑝 (ℱ) to 𝐿𝑝 (𝑇−1(ℱ)).

Proof. 𝐶 is quasi-∗-A(n,k) if and only if

⟨𝐶∗𝑘 |𝐶𝑛 |𝐶𝑘 − 𝐶∗𝑘 |𝐶∗ |𝑛𝐶𝑘 𝑓 , 𝑓 ⟩ = ⟨𝐶∗𝑘 (𝐶∗𝑛𝐶𝑛) 1
2𝐶𝑘 − 𝐶∗𝑘 ((𝐶𝐶∗) 1

2 )𝑛𝐶𝑘 𝑓 , 𝑓 ⟩ ≥ 0, (2.1)

for 𝑓 ∈ 𝐿2(𝜇). Now,

𝐶∗𝑘 (𝐶∗𝑛𝐶𝑛) 1
2𝐶𝑘 𝑓 = 𝐶∗𝑘 (𝐶∗𝑛𝐶𝑛) 1

2 ( 𝑓 ◦ 𝑇 𝑘)

= 𝐶∗𝑘ℎ
1
2
𝑛 ( 𝑓 ◦ 𝑇 𝑘)

= ℎ𝑘𝐸 (ℎ
1
2
𝑛 ( 𝑓 ◦ 𝑇 𝑘)) ◦ 𝑇−𝑘

= ℎ𝑘𝐸 (ℎ
1
2
𝑛 ) 𝑓 .

Also,

𝐶∗𝑘 ((𝐶𝐶∗) 1
2 )𝑛𝐶𝑘 𝑓 = 𝐶∗𝑘 ((𝐶𝐶∗) 1

2 )𝑛 ( 𝑓 ◦ 𝑇 𝑘)

= 𝐶∗𝑘 (ℎ ◦ 𝑇) 𝑛
2 𝐸 ( 𝑓 ◦ 𝑇 𝑘)

= ℎ𝑘𝐸 ((ℎ ◦ 𝑇)
𝑛
2 𝐸 ( 𝑓 ◦ 𝑇 𝑘)) ◦ 𝑇−𝑘

= ℎ𝑘𝐸 ((ℎ ◦ 𝑇)
𝑛
2 )𝐸 ( 𝑓 ◦ 𝑇 𝑘) ◦ 𝑇−𝑘

= ℎ𝑘𝐸 ((ℎ ◦ 𝑇)
𝑛
2 ) ◦ 𝑇−𝑘 𝑓 .

Hence,
𝐶∗𝑘 (𝐶∗𝑛𝐶𝑛) 1

2𝐶𝑘 − 𝐶∗𝑘 ((𝐶𝐶∗) 1
2 )𝑛𝐶𝑘 ≥ 0

if and only if
ℎ𝑘𝐸 (ℎ

1
2
𝑛 ) − ℎ𝑘𝐸 ((ℎ ◦ 𝑇)

𝑛
2 ) ◦ 𝑇−𝑘 ≥ 0

.
Thus 𝐶 is quasi-∗-A(n,k) if and only if ℎ𝑘𝐸 (ℎ

1
2
𝑛 ) ≥ ℎ𝑘𝐸 ((ℎ ◦ 𝑇)

𝑛
2 ◦ 𝑇−𝑘 .

Example 2.3. Let 𝑋 = N with counting measure and 𝑇 : 𝑋 → 𝑋 be defined by

𝑇 (𝑛) =
{

1 for 1 ≤ 𝑛 ≤ 9
𝑘 + 1 for 𝑛 = 10𝑘 + 𝑚, 𝑘 ≥ 1 and 0 ≤ 𝑚 ≤ 9.
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.
Then

ℎ(𝑘) =
{

9 for 𝑘 = 1
10 for 𝑘 > 1

and

ℎ2(𝑘) =
{

89 for 𝑘 = 1
100 for 𝑘 > 1.

Hence ℎ(ℎ2)
1
2 ≥ ℎ2. Thus 𝐶 is a quasi-∗-𝐴(2, 1) operator.

Theorem 2.4. Let𝐶 be the composition operator on 𝐿2(𝜇). Then𝐶∗ is a quasi-∗-A(n, k) operator
if and only if (ℎ𝑛 ◦ 𝑇𝑛) 1

2 𝐸 (ℎ𝑘) ◦ 𝑇 𝑘 ≥ (ℎ 𝑛
2 ℎ𝑘) ◦ 𝑇 𝑘 .

Proof. By definition, 𝐶∗ is quasi-∗-A(n,k) if and only if

⟨𝐶𝑘 (𝐶𝑛𝐶∗𝑛) 1
2𝐶∗𝑘 − 𝐶𝑘 ((𝐶∗𝐶) 1

2 )𝑛𝐶∗𝑘 𝑓 , 𝑓 ⟩ ≥ 0 for all 𝑓 ∈ 𝐿2(𝜇). (2.2)

For 𝑓 ∈ 𝐿2(𝜇), we have

𝐶𝑘 (𝐶𝑛𝐶∗𝑛) 1
2𝐶∗𝑘 𝑓 = 𝐶𝑘 (𝐶𝑛𝐶∗𝑛) 1

2 ℎ𝑘𝐸 ( 𝑓 ) ◦ 𝑇−𝑘

= 𝐶𝑘 (ℎ𝑛 ◦ 𝑇𝑛) 1
2 𝐸 (ℎ𝑘𝐸 ( 𝑓 ) ◦ 𝑇−𝑘)

= [(ℎ𝑛 ◦ 𝑇𝑛) 1
2 𝐸 (ℎ𝑘𝐸 ( 𝑓 ) ◦ 𝑇−𝑘)] ◦ 𝑇 𝑘

= (ℎ𝑛 ◦ 𝑇𝑛) 1
2 𝐸 (ℎ𝑘) ◦ 𝑇 𝑘 𝑓 .

Also,

𝐶𝑘 ((𝐶∗𝐶) 1
2 )𝑛𝐶∗𝑘 𝑓 = 𝐶𝑘 ((𝐶∗𝐶) 1

2 )𝑛ℎ𝑘𝐸 ( 𝑓 ) ◦ 𝑇−𝑘

= 𝐶𝑘ℎ
𝑛
2 ℎ𝑘𝐸 ( 𝑓 ) ◦ 𝑇−𝑘

= ℎ
𝑛
2 ℎ𝑘 ◦ 𝑇 𝑘 𝑓 .

Thus,

𝐶𝑘 (𝐶𝑛𝐶∗𝑛) 1
2𝐶∗𝑘 − 𝐶𝑘 ((𝐶∗𝐶) 1

2 )𝑛𝐶∗𝑘 ≥ 0

if and only if
(ℎ𝑛 ◦ 𝑇𝑛) 1

2 𝐸 (ℎ𝑘) ◦ 𝑇 𝑘 ≥ ℎ
𝑛
2 ℎ𝑘 ◦ 𝑇 𝑘 .

3 Quasi-∗-𝑨(𝒏, 𝒌) Weighted composition operators on 𝑳2(𝝁)

In this section, we study the weighted composition operators on 𝐿2 space for quasi-∗-𝐴(𝑛, 𝑘)
operators. Let (𝑋,ℱ, 𝜇) be a 𝜎-finite measure space. The weighted composition operator
𝑊𝜋,𝑇 induced by a measurable transformation 𝜋 and 𝑇 is given by 𝑊𝜋,𝑇 𝑓 = 𝑊 𝑓 = 𝜋 · 𝑓 ◦ 𝑇
for 𝑓 ∈ 𝐿2(𝜇). We have, 𝑊 𝑘 𝑓 = 𝜋𝑘 · 𝑓 ◦ 𝑇 𝑘 for 𝑘 ∈ N, where 𝜋𝑘 = 𝜋 · 𝜋 ◦ 𝑇 · · · 𝜋 ◦ 𝑇 𝑘−1.
The adjoint 𝑊∗ of 𝑊 is given by 𝑊∗ 𝑓 = ℎ · 𝐸 (𝜋̄ · 𝑓 ) ◦ 𝑇−1. For 𝑓 ∈ 𝐿2(𝜇), we have
𝑊∗𝑘 𝑓 = ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) ◦ 𝑇−𝑘 , (𝑊∗𝑊) 𝑓 = ℎ𝐸 ( |𝜋 |2) ◦ 𝑇−1 𝑓 = 𝐽 𝑓 , (𝑊𝑊∗ 𝑓 ) = 𝜋(ℎ ◦ 𝑇)𝐸 (𝜋̄ 𝑓 ),
𝑊∗𝑘𝑊 𝑘 𝑓 = ℎ𝑘𝐸 ( |𝜋𝑘 |2) ◦ 𝑇−𝑘 𝑓 = 𝐽𝑘 𝑓 , and (𝑊 𝑘𝑊∗𝑘 𝑓 ) = 𝜋𝑘 (ℎ𝑘 ◦ 𝑇 𝑘)𝐸 (𝜋𝑘 𝑓 ) ([3, 6, 11]).

Theorem 3.1. The weighted composition operator on 𝐿2(𝜇), 𝑊 is quasi-∗-A(n,k) if and only if
ℎ𝑘𝐸 [𝜋𝑘 (𝐽𝑛)

1
2 𝜋𝑘] ◦ 𝑇−𝑘 ≥ ℎ𝑘𝐸 [𝜋𝑘 (𝜋(ℎ ◦ 𝑇)𝐸 (𝜋̄)

𝑛
2 )𝜋𝑘] ◦ 𝑇−𝑘 .
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Proof. By definition, 𝑊 is quasi-∗-A(n,k) if and only if

⟨𝑊∗𝑘 (𝑊∗𝑛𝑊𝑛) 1
2𝑊 𝑘 −𝑊∗𝑘 ((𝑊𝑊∗) 1

2 )𝑛𝑊 𝑘 𝑓 , 𝑓 ⟩ ≥ 0 ∀ 𝑓 ∈ 𝐿2(𝜇)

For 𝑓 in 𝐿2(𝜇), we have

𝑊∗𝑘 (𝑊∗𝑛𝑊𝑛) 1
2𝑊 𝑘 𝑓 = 𝑊∗𝑘 (𝑊∗𝑛𝑊𝑛) 1

2 𝜋𝑘 ( 𝑓 ◦ 𝑇 𝑘)

= 𝑊∗𝑘 (𝐽𝑛)
1
2 𝜋𝑘 ( 𝑓 ◦ 𝑇 𝑘)

= ℎ𝑘𝐸 [𝜋𝑘 (𝐽𝑛)
1
2 𝜋𝑘 ( 𝑓 ◦ 𝑇 𝑘)] ◦ 𝑇−𝑘

= ℎ𝑘𝐸 [𝜋𝑘 (𝐽𝑛)
1
2 𝜋𝑘] ◦ 𝑇−𝑘 𝑓 .

Now,

𝑊∗𝑘 ((𝑊𝑊∗) 1
2 )𝑛𝑊 𝑘 𝑓 = 𝑊∗𝑘 ((𝑊𝑊∗) 1

2 )𝑛𝜋𝑘 ( 𝑓 ◦ 𝑇 𝑘)

= 𝑊∗𝑘 [𝜋(ℎ ◦ 𝑇)𝐸 (𝜋̄)] 𝑛
2 𝜋𝑘 ( 𝑓 ◦ 𝑇 𝑘)

= ℎ𝑘𝐸 [𝜋𝑘 (𝜋(ℎ ◦ 𝑇)𝐸 (𝜋̄))
𝑛
2 𝜋𝑘 ( 𝑓 ◦ 𝑇 𝑘)] ◦ 𝑇−𝑘

= ℎ𝑘𝐸 [𝜋𝑘 (𝜋(ℎ ◦ 𝑇)𝐸 (𝜋̄)
𝑛
2 )𝜋𝑘] ◦ 𝑇−𝑘 𝑓 .

Thus 𝑊 is quasi-∗-A(n,k) if and only if

ℎ𝑘𝐸 [𝜋𝑘 (𝐽𝑛)
1
2 𝜋𝑘] ◦ 𝑇−𝑘 ≥ ℎ𝑘𝐸 [𝜋𝑘 (𝜋(ℎ ◦ 𝑇)𝐸 (𝜋̄)

𝑛
2 )𝜋𝑘] ◦ 𝑇−𝑘 .

Theorem 3.2. 𝑊∗ is quasi-∗-A(n,k) if and only if

⟨𝜋𝑘 ◦ 𝑇 𝑘 [𝜋𝑛 (ℎ𝑛 ◦ 𝑇𝑛)𝐸 (𝜋𝑛)]
1
2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) − 𝜋𝑘 ◦ 𝑇 𝑘 (𝐽) 𝑛

2 ℎ𝑘𝐸 (𝜋𝑘 𝑓 ), 𝑓 ⟩ ≥ 0

for every 𝑓 ∈ 𝐿2(𝜇).

Proof. By definition, 𝑊∗ is quasi-∗-A(n,k) if and only if

⟨(𝑊 𝑘 (𝑊𝑛𝑊∗𝑛) 1
2𝑊∗𝑘 −𝑊 𝑘 (𝑊∗𝑊) 𝑛

2 𝑊∗𝑘) 𝑓 , 𝑓 ⟩ ≥ 0 forall 𝑓 ∈ 𝐿2(𝜇).

We have,

𝑊 𝑘 (𝑊𝑛𝑊∗𝑛) 1
2𝑊∗𝑘 𝑓 = 𝑊 𝑘 (𝑊𝑛𝑊∗𝑛) 1

2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) ◦ 𝑇−𝑘)

= 𝑊 𝑘 [𝜋𝑛 (ℎ𝑛 ◦ 𝑇𝑛)𝐸 (𝜋𝑛)]
1
2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) ◦ 𝑇−𝑘)

= 𝜋𝑘{[𝜋𝑛 (ℎ𝑛 ◦ 𝑇𝑛)𝐸 (𝜋𝑛)]
1
2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) ◦ 𝑇−𝑘)} ◦ 𝑇 𝑘

= 𝜋𝑘 ◦ 𝑇 𝑘 .[𝜋𝑛 (ℎ𝑛 ◦ 𝑇𝑛)𝐸 (𝜋𝑛)]
1
2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ).

Also,

𝑊 𝑘 (𝑊∗𝑊) 𝑛
2 𝑊∗𝑘 𝑓 = 𝑊 𝑘 (𝑊∗𝑊) 𝑛

2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) ◦ 𝑇−𝑘)

= 𝑊 𝑘 (𝐽) 𝑛
2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) ◦ 𝑇−𝑘)

= 𝜋𝑘 [(𝐽)
𝑛
2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) ◦ 𝑇−𝑘)] ◦ 𝑇 𝑘

= 𝜋𝑘 ◦ 𝑇 𝑘 (𝐽) 𝑛
2 ℎ𝑘𝐸 (𝜋𝑘 𝑓 ).

Thus 𝑊∗ is quasi-∗-A(n,k) if and only if

⟨𝜋𝑘 ◦ 𝑇 𝑘 .[𝜋𝑛 (ℎ𝑛 ◦ 𝑇𝑛)𝐸 (𝜋𝑛)]
1
2 (ℎ𝑘𝐸 (𝜋𝑘 𝑓 ) − 𝜋𝑘 ◦ 𝑇 𝑘 (𝐽) 𝑛

2 ℎ𝑘𝐸 (𝜋𝑘 𝑓 ), 𝑓 ⟩ ≥ 0

for every 𝑓 ∈ 𝐿2(𝜇).
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4 Quasi-∗-𝑨(𝒏, 𝒌) composition operators on Fock-space

In this section, we characterize quasi-∗-𝐴(𝑛, 𝑘) composition operators on Fock-space with 𝑛 = 2𝑙
and 𝑘 = 1.

The Hilbert space of all holomorphic functions on C𝑚 with inner product

⟨ 𝑓 , 𝑔⟩ = 1
(2𝜋)𝑚

∫
C𝑚

𝑓 (𝑧)𝑔(𝑧)𝑒 −1
2 |𝑧 |2𝑑𝜈(𝑧),

where 𝜈 denote the Lebesgue measure on C𝑚 is called Fock space and is denoted by ℱ
2
𝑚. The

functions 𝑘𝑤 (𝑧) = 𝑒
⟨𝑧,𝑤⟩

2 , with ⟨𝑧, 𝑤⟩ =
𝑚∑︁
1

𝑧 𝑗𝑤 𝑗 are the reproducing kernel function for the Fock

space ℱ
2
𝑚. The composition operator 𝐶𝜙 : ℱ2

𝑚 → ℱ
2
𝑚 is defined by 𝐶𝜙 ( 𝑓 ) = 𝑓 ◦ 𝜙, 𝑓 ∈ ℱ

2
𝑚,

where 𝜙 : C𝑚 → C𝑚 is a given holomorphic mapping . For an entire function 𝑢 on ℱ
2
𝑚, the

multiplication operator 𝑀𝑢 induced by 𝑢 is defined as 𝑀𝑢 𝑓 (𝑧) = 𝑢(𝑧) 𝑓 (𝑧) for an entire function
𝑓 .

Lemma 4.1. [4] If 𝜙(𝑧) = 𝐴𝑧 + 𝐵 where A is an 𝑚 × 𝑚 matrix having | |𝐴| | ≤ 1 and B is an
𝑚 × 1 vector, and if |𝐴𝜁 | = |𝜁 | for some 𝜁 ∈ C𝑚, then ⟨𝐴𝜁, 𝐵⟩ = 0. So that 𝐶𝜙 is bounded and
𝐶∗

𝜙
= 𝑀𝑘𝐵𝐶𝜏 where 𝜏(𝑧) = 𝐴∗𝑧 and 𝑀𝑘𝐵 is the multiplication by the kernel function 𝑘𝐵.

Theorem 4.2. For 𝑛 = 2𝑙, the composition operator 𝐶𝜙 on Fock space is quasi-∗-𝐴(2𝑙, 1) if and
only if

⟨𝑀𝑢𝑏𝐶𝜏 (𝑀𝑢𝑏𝑀𝑢𝑏◦𝜏 · · ·𝑀𝑈𝑏◦𝜏2𝑙−1𝐶𝜙2𝑙◦𝜏2𝑙 ) ( 𝑓 ◦ 𝜙) − (𝑀𝑢𝑏𝐶𝜏)𝑙+1 𝑓 , 𝑓 ⟩ ≥ 0

for every 𝑓 ∈ ℱ
2
𝑚.

Proof. The composition operator 𝐶𝜙 on Fock space is quasi-∗-𝐴(2𝑙, 1) if and only if

⟨(𝐶∗
𝜙 (𝐶∗2𝑙

𝜙 𝐶2
𝜙𝑙)

1
2𝐶𝜙 − 𝐶∗

𝜙 (𝐶𝜙𝐶
∗
𝜙)

2𝑙
2 𝐶𝜙) 𝑓 , 𝑓 ⟩ ≥ 0.

For 𝑓 ∈ ℱ
2
𝑚 we have

𝐶∗
𝜙 (𝐶∗2𝑙

𝜙 𝐶2𝑙
𝜙 )

1
2𝐶𝜙 𝑓 = 𝐶∗

𝜙 (𝐶∗2𝑙
𝜙 𝐶2𝑙

𝜙 )
1
2 ( 𝑓 ◦ 𝜙)

= 𝐶∗
𝜙 (𝑀𝑢𝑏𝑀𝑢𝑏◦𝜏 · · ·𝑀𝑈𝑏◦𝜏2𝑙−1𝐶𝜙2𝑙◦𝜏2𝑙 ) ( 𝑓 ◦ 𝜙)

= 𝑀𝑢𝑏𝐶𝜏 (𝑀𝑢𝑏𝑀𝑢𝑏◦𝜏 · · ·𝑀𝑈𝑏◦𝜏2𝑙−1𝐶𝜙2𝑙◦𝜏2𝑙 ) ( 𝑓 ◦ 𝜙).

Also,

𝐶∗
𝜙 (𝐶𝜙𝐶

∗
𝜙)

𝑛
2 𝐶𝜙 𝑓 = 𝐶∗

𝜙𝐶𝜙 (𝐶∗
𝜙𝐶𝜙)𝑙−1𝐶∗

𝜙𝐶𝜙 𝑓

= (𝐶∗
𝜙𝐶𝜙)𝑙+1 𝑓

= (𝑀𝑢𝑏𝐶𝜏)𝑙+1 𝑓 .

This completes the proof.

5 Conclusion remarks

In this paper, we studied measure-theoretic characterization of quasi-∗-𝐴(𝑛, 𝑘) composition
operators and weighted composition operators on 𝐿2 space. Also we obtained characterization
of quasi-∗-𝐴(𝑛, 𝑘) composition operator on Fock space.
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