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Abstract In this paper, we characterize quasi-*-A (n, k) composition operators on L? space.
We give an example for quasi-*-A (n, k) composition operator. Also we obtained a necessary
and sufficient condition for quasi-*-A (n, k) weigted composition operators on L? space. More
over, we characterize quasi-#-A(n, k) composition operators on Fock space.

1 Introduction

Let B(H) denote the algebra of all bounded linear operators on an infinite dimensional complex
Hilbert space H. An operator T € B(H) is said to be hyponormal if 7*T > TT* where T* is the
adjoint of T. T € B(H) is said to be p-hyponormal if (T*T)? > (TT*)? (0 < p < 1), class A
if |T?| > |T|? [7] and *-class A if |T?| > |T*|* [5] where |T| = (T*T)%. An operator T € B(‘H)
is said to be paranormal if ||Tx||> < ||T?x|| and n-paranormal if ||Tx||"*! < [|T"*!x||||x||" for
every x € H and for n € N . One of the recent interest in operator theory is to study the extension
of hyponormal operators (see for instance [16, 18, 19, 20]). An operator Forn > 2, k > 0,
T € B(H) is called quasi-*-A(n, k) if 7*¥|7"|T* > T**|T*|"T* [19].

Let (X, %, 1) be a o-finite measure space and the map 7 : X — X be such that 7-'(S) € &
for all § € %. A measurable transformation T is said to be nonsingular if u(T-1(S)) = 0
whenever u(S) = 0 for all S € . If T is a nonsingular measurable transformation on (X, %, u)

d’;rl, denoted by £, is essentially bounded, then the
¥

composition operator C on L?(u) induced by T is given by Cf = f o T for every f € L*(u). For
k € N we have C*¥f = f o T* for f € L?>(11). We denote /. as the Radom-Nikodym derivative
of po (T™hHk,

If T-'(%) c &, then there exists an operator E : LP (%) — LP(T~'%) called conditional
expectation operator which is uniquely determined by the following conditions : E(f)is T~ (%)
measurable and if S is any 7~! (%) measurable set for which fS Jfdu converges, then fs fdu =

/S E(f)du. It is known that for f,g € L>(u), E(g) = g if and only if g is 7' (%) measurable,

if g is T~' (%) measurable, then E(fg) = E(f)g, E(fgoT) = (E(f))(goT) and E(E(f)g) =
E(f)E(g), E(1) = 1hold foreach & -measurable g. E is the identity operatorin L () if and only

if T-'(%) = %, and E is the projection operator from L?(u) onto C(L2(u)). For more details
see [10, 12, 17]. The adjoint C* of the composition operator C is given by C* f = hE(f) o T~!
and C** f = hyE(f) o T~* for k € N.

A detailed study of weighted composition operators on L? () for quasi-class A has been done
by Emamalipour, Jabbarzadeh and Moayyerizadeh [6]. Jabbarzadeh and Azimi characterized
weighted composition operators for some weaker p-hyponormal and paranormal classes [11] .
Composition operators for (1, k) quasi class Q on Fock space was studied by Braha, Ilmi Hoxha,
and Estaremi [1]. The class-p-A(s, t) composition operators has been studied by Prasad [14].
The characterization of (m,n) class Q and (m,n) class Q* composition operators on L? space

and if the Radon-Nikodym derivative
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can be found in [16].

In this paper we study the measure-theoretic characterization of quasi-*-A(n, k) composi-
tion operators and weighted composition operators on L? space and discuss quasi-#-A(n, k)
composition operator on Fock space.

2 Quasi-*-A (n, k) composition operators

In this section, we characterize quasi-*-A(n, k) composition operators on L?(u). We begin with
the following lemma.

Lemma 2.1. [21] Let C be the composition induced by T on L*(u) and P be the projection from
L*(X, %, 1) onto R(C). Then for every f € L*(u), the following holds:

(i) CC*f = (hoT)Pf,C*Cf = hf.
(ii) (CC*)*f = (hoT)*Pf for each k € N.
(iii) (C*C)* f = h* f for each k € N.

Theorem 2.2. Let C be the composition operator on L*> (). Then C is a quasi-+-A(n, k) operator
if and only if th((hn)%) > hE((hoT)?) o T~*, where E is the conditional expectation
operator from L, (F) to LP(T’1 (F)).

Proof. C is quasi-+-A(n,k) if and only if
(CHICMC = CHETCRf f) = (CHEmEm I CE - (e L £y 2 0. @)
for f € L?(u). Now,
crk(cmemackf = et (e ey (f o T
= C*i (f o TH)
= WEh:(f oTX)) o T
— WeE(h) .
Also,
cHk((CCh)Chf = CR((CCrR)(f o TH)
=C*(hoT)3E(foT")
= E((hoT)SE(foT¥)oT*
= hE((hoT))E(foT*) oT™*
= heE((hoT)?) o T7*f.

Hence,
C*k(c*ncn)%ck _ C*k((cc*)%)nck >0
if and only if
heE(h3) ~ heE((hoT)) o T 20

. . )
Thus C is quasi-*-A(n,k) if and only if hxE(h2) > hi E((hoT)Z o T,

Example 2.3. Let X = N with counting measure and T : X — X be defined by

T(n) lfor1 <n<9
n) =
k+1forn=10k+m, k>1and0<m <9.
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Then

10fork > 1

Iy (k) = 89 fork =1
2100 fork > 1.

h(k):{9fork:1 and

Hence h(hz)% > h?. Thus C is a quasi-*-A(2, 1) operator.

Theorem 2.4. Let C be the composition operator on L*> (). Then C* is a quasi-+-A(n, k) operator
ifand only if (hy o T")2E (hy) o T* > (h% hy) o TX.

Proof. By definition, C* is quasi-*-A(n,k) if and only if
(ck(cncmyz etk — ck((CrC)2)"CHr f, £) > Oforall £ e L2(u). 2.2)
For f € L?>(u), we have
ckcremyictf = CHCn e i E(f) o T
= C*(hy o T")E(hE(f) o T7X)
= [(hy o T")RE(hkE(f) o T™¥)] o T
= (hy o T") E(hi) o T f.

Also,

Ck(C*O)2)"C f = CH((C*C) )" Wi E(f) o T7F
= C*hE e E(f) o T7K
=hThoTkf.

Thus,
Ck(CnC*n)%C*k _ Ck((cxc)%)nc*k >0
if and only if

(hy o T")2E(hy) o T* > h% hy o TX.

3 Quasi-*-A (n, k) Weighted composition operators on L (u)

In this section, we study the weighted composition operators on L? space for quasi-#-A (7, k)
operators. Let (X, #,u) be a o-finite measure space. The weighted composition operator
Wy r induced by a measurable transformation 7 and 7 is given by Wy rf = Wf =nm- foT
for f € L?>(u). We have, WXf = mp - foT* fork € N, where ngy = m-moT---mo Tk,
The adjoint W* of W is given by W*f = h- E(7 - f) o T™'. For f € L?(u), we have
W = E(if) o T, (WW)f = hE(In]*) o T~ f = Jf, (WW*f) = n(h o T)E(Zf),
WHAWEf = i E(|ni|?) o T™5f = Jif, and (WW*K f) = 7 (hy o TR)E (71 f) ([3, 6, 11]).

Theorem 3.1. The weighted composition operator on L*(u1), W is quasi-+-A(n,k) if and only if
ME[ (1) mi] o T% 2 heE i (x(h o TVE(®) mi] o T,
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Proof. By definition, W is quasi-*-A(n,k) if and only if
(W W W IWE - W ((WW D' WEFLF) 20V f e L2 ()
For f in L?(u), we have
W*k(W*an)%ka _ W*k(W*an)%n_k(f o Tk)
= W) i (f o TF)
= hE [ () i (f 0 T 0 T
= heE [ (Jn) i mi) o T7F .
Now,
WHE((WW2Y"WE f = WHE(WW*) ) i (f 0 TF)
= W*[x(ho T)E(®)] % mi(f o T)
= hiE[mir(n(h o T)E (7)) mi(f o TF)] o T7F
= W E[mx(n(h o T)E(7)3)mi] o TF f.
Thus W is quasi-*-A(n.k) if and only if

heE [ (1) 2 mi] o T™* > e E [ (x(h o TVE(7) #)mi] o T

Theorem 3.2. W* is quasi-+-A(n,k) if and only if
(i o T [y (hy © T"E(5,) 12 (i E (i f) = mic o TH() B i E 7t f). f) 2 0

forevery f € L*(u).
Proof. By definition, W* is quasi-*-A(n,k) if and only if

(WEWmWm) 2wk — WE(W*W)E W) £, £) > 0 forall £ € L*(p).

We have,
WEW WS Wk f = WEW W™ (b E (i f) 0 T7F)
= WK [tn (h 0 T")E (50)12 (hi E (i f) 0 T %)
= 101 [7tn (b © TV E (55) 12 (hk E (i f) 0 T™5)} o T
= 1 o T*. [T (hy © T")E(75)2 (hi E (751 f) .
Also,

WEW*W) s W™ f = WK(W*W)2 (hE (75 f) o T%)
= WK% (hiE (i f) o T7)
= 1. [()) 2 (W E (i f) o TF)] o T
= 1 o TR() 2 he E (7T f).
Thus W* is quasi-*-A(n,k) if and only if
(i o TX. [ (h © T E (1) 12 (Wi E (1 f) = 7 0 T* (D) 2y (i f). f) 2 0

for every f € L*(u).
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4 Quasi-*-A (n, k) composition operators on Fock-space

In this section, we characterize quasi-*-A (n, k) composition operators on Fock-space with n = 2/
and k = 1.
The Hilbert space of all holomorphic functions on C™ with inner product

1
(2m)™

(f.8)= /c F@g@e Fav(a),

where v denote the Lebesgue measure on C™ is called Fock space and is denoted by %2. The
m

. {z,w) . — . .
functions k,(z) = e 2 , with(z,w) = Z zjwj are the reproducing kernel function for the Fock
1

space 2. The composition operator Cy: F2 — F2is defined by Co(f)=fod, f€ F2,
where ¢ : C™ — C™ is a given holomorphic mapping . For an entire function u on %2, the
multiplication operator M,, induced by u is defined as M,, f(z) = u(z) f (z) for an entire function

f.

Lemma 4.1. [4] If $(z) = Az + B where A is an m X m matrix having ||A|| £ 1 and B is an
m X 1 vector, and if |Al| = |{| for some { € C™, then (A{, B) = 0. So that Cy is bounded and
C:Z = My, Cr where 1(z) = A*z and My, is the multiplication by the kernel function kp.

Theorem 4.2. For n = 21, the composition operator C4 on Fock space is quasi-*-A(21, 1) if and
only if

<MubCT(MubMuboT T MUboﬂl*quSzlorﬂ)(f °¢)— (MubCT)l+1f’ fr=0
for every f € F2.
Proof. The composition operator C4 on Fock space is quasi-#-A(2/, 1) if and only if
* * 1 * Ny}
(CH(CHICDICy = Cy(CyCy) 2 Cy) f+ f) 2 0.
For f € %7 we have
* (v 1 P L
Ci(CHIC)Cof = CH(CHIC (f o 9)
= Cj;) (MubMubOT e MU[,,OTQI*I C¢210T2[)(f o ¢)
=M, C:(My,My,or MUbO.,2171C¢210T21)(f o ¢).

Also,
Ci(CsCl)2Cof = CyCy(CCy) ' CYCo f
— (CZC¢)I+lf
= (M,,C-)""'f.
This completes the proof. O

5 Conclusion remarks

In this paper, we studied measure-theoretic characterization of quasi-#-A(n, k) composition
operators and weighted composition operators on L> space. Also we obtained characterization
of quasi-*-A(n, k) composition operator on Fock space.
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