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Abstract This paper investigates the existence of weak solutions of the following Dirichlet
(p1, ..., pN )−polyharmonic Kirchhoff problem.{

Mi(
∫

Ω

1
pi
|DLui|pidx)∆L

pi
ui = λFui

(x, u1, u2, ...., uN ) + µGui
(x, u1, u2, ..., uN ), in Ω,

Dαui = 0, on ∂Ω,

for each mult-index α, with |α| ≤ L − 1, L ∈ N∗, 1 ≤ i ≤ N and N ∈ N∗. To the best of
our knowledge, this paper is one of the initial contributions to the study of the p-polyharmonic
operator. By using a recent three critical points theorem obtained by B. Ricceri, we give a result
of the existence of at least three weak solutions.

1 Introduction

Recently, there has been substantial interest in studying partial differential equations associated
with variational problems involving constant or variable exponents, as noted in [9], [27].
Interest in the study of these problems has been stimulated by their applications in physics,
non-Newtonian fluid mechanics, such as electrorheological fluids, and elasticity theory, which
supports image construction and restoration.
Our purpose is to study the following elliptic problem involving the (p1, ..., pN )−polyharmonic
operator,

Mi(ti)∆
L
pi
ui = λFui

(x, u1, u2, ...., uN ) + µGui
(x, u1, u2, ..., uN ), in Ω,

Dαui = 0, on ∂Ω.
(1.1)

Where, ti =
∫

Ω

1
pi
|DLui|pidx. Ω ⊆ RN , (N ≥ 1) is a bounded domain with a Lipschitz

boundary, with |α| ≤ L− 1, L ∈ N∗. The pi−polyharmonic operator is defined by:

∆
L
pi
u =

{
−div{ ∆j−1(|DLu|pi−2DLu)} L = 2j − 1,

∆j(|DLu|pi−2DLu) L = 2j,

pi >
N
L , i = 1, ..., N which becomes the usual pi−Laplacian for L = 1. With

DLu =

{
∇∆j−1u if L = 2j − 1,

∆ju if L = 2j.

Note that DL is an N -vectorial operator when L is odd and N > 1, while it is a scalar operator
when L is even.

This type of system represents a natural extension of classical Kirchhoff problems, incor-
porating non-local terms that model physical phenomena in which diffusion or tension depends



Multiplicity of Solutions for (p1, ..., pN )−polyharmonic system 1073

on the global behavior of the solution (see, for example, Kirchhoff’s original model for elastic
strings in [16], as well as its modern generalizations in [7], [22]). Such nonlocal effects are rele-
vant in various contexts, including elasticity, population dynamics, and electrorheological fluids
[25].

Moreover, the presence of the polyharmonic operator ∆L
pi

allows the modeling of higher-
order anisotropic behaviors, which are crucial in the study of thin plates, composite materials,
and other complex media (see [12], [23]). The coupling introduced by the nonlinear terms F and
G also reflects realistic interactions between multiple fields or components, which makes the
problem analytically rich and poses significant challenges from the point of view of variational
analysis and critical point theory [26], [28].

Throughout this paper, we suppose the following assumptions: Lpi > N i = 1, ..., N , the
functionals F,G : Ω×RN → R are measurable with respect to x ∈ Ω for every (t1, t2, ..., tN ) ∈
RN and are of class C1 with respect to (t1, t2, ..., tN ) ∈ RN for a.e. x ∈ Ω, Fui and Gui denotes
the partial derivatives of F and G with respect to ui. Moreover, F and G satisfy the following:

• (F1) for every M > 0 and every 1 ≤ i ≤ N ,

sup
|(t1,t2,...tN )|≤M

∣∣∣Fti(x, t1, ..., tN )
∣∣∣ ∈ L1(Ω).

• (F2) F (x, 0, 0, .., 0) = 0 for a.e. x ∈ Ω.

• (G) for every M > 0 and every 1 ≤ i ≤ N,

sup
|(t1,t2,...tN )|≤M

∣∣∣Gti(x, t1, ..., tN )
∣∣∣ ∈ L1(Ω).

• (M0) M(t) : R → (m0,+∞) is a continuous and increasing function, with m0 > 0.

• (M1) The exists 0 < θ < 1, such that M̃(t) ≥ (1 − θ)M(t)t, for t ≥ 0.

Where, M̃(t) =
∫ t

0 M(s)ds.
Kratochvil and Necas introduced the p-biharmonic operator in [10, 15, 17] to study physical

equations. It will be the p−biharmonic operator for L = 2 and the polyharmonic operator for
p = 2.

In [5] N. Tsouli et al were studying the eigenvalue nonlinear problem

−∆pu = λ|u|p−2u in Ω,

|∇u|p−2 δu

δν
+ β|u|p−2u = λ|u|p−2u x ∈ ∂Ω,

where ν denotes the unit exterior normal, 1 < p < ∞ and ∆pu = div(|∇u|p−2∇u) indicates
the p-Laplacian, Ω ⊂ RN is a bounded domain with smooth boundary where N ≥ 2 and
β ∈ L∞(∂Ω) with β− := infx∈∂Ω β(x) > 0. By applying the Ljusternik-Schnirelman the-
ory, they prove the existence of a nondecreasing sequence of positive eigenvalues, and the first
eigenvalue is simple and isolated. Moreover, they prove that the second eigenvalue coincides
with the second variational eigenvalue obtained via the Ljusternik-Schnirelman principal.
In [8] F. Colasuonno and P. Pucci establish the existence of an unbounded sequence of solutions
for a class of quasilinear elliptic p-polyharmonic Kirchhoff equations, including the new degen-
erate case. They use the symmetrical mountain passage theorem of Ambrosetti and Rabinowitz.
They prove the existence of infinitely many solutions to Dirichlet problems involving the p-
polyharmonic operators.

−M(φ(u))∆L
p u = f(x, u) in Ω,

Dαu(x) = 0 x ∈ ∂Ω, for each mult-index α, with |α| ≤ L− 1.

where Ω is a bounded domain with a Lipschitz boundary.
Afrouzi et al in [4], established the existence of at least three weak solutions for the system:{

−∆piu+ ai(x)|ui|pi−2ui = λFui(x, u1, u2, ...., uN ) + µGui(x, u1, u2, ..., uN ), in Ω,
∂ui

∂ν = 0, on ∂Ω.
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For 1 ≤ i ≤ N , where Ω ⊂ RN , (N ≥ 1) is a nonempty bounded open domain with a smooth
boundary ∂Ω. ∆pi

ui := div
(
|∇ui|pi−2∇ui

)
is the pi−Laplacian operator, pi > N , ai ∈ L∞(Ω)

with ess infΩ ai > 0, for 1 ≤ i ≤ N , λ and µ are two positive parameters.
In [6], A. Bousgheiri and A. Ourraoui establish the existence of at least three weak solutions for
a p(x)−Biharmonic and p(x)−Laplacian Kirchhoff problem:

M1(

∫
Ω

1
p(x)

|∆u|p(x)dx)∆2
p(x)u−M2(

∫
Ω

1
p(x)

|∇u|p(x)dx)∆p(x)u = λf(x, u) + µg(x, u) in Ω,

∆u = u = 0, x ∈ ∂Ω,

where Ω is a bounded domain in RN , N ≥ 1. with smooth boundary ∂Ω.
Many authors consider the existence of nontrivial solutions for some fourth-order problems

such as [11, 20, 21], which represent a generalization of the classical p−biharmonic operator
obtained in the case when p is a positive constant.

Jaafri in [14] studies bi-nonlocal elliptic problem involving p(x)−Biharmonic operator. By
applying variational methods and under adequate conditions, he proves the existence of nontriv-
ial weak solutions to the following problem:

M
(∫

Ω

1
p(x)

|∆u|p(x)dx
)

∆
2
p(x)u =

[ ∫
Ω

F (x, u)dx
]r

on Ω,

∆u = u = 0 on ∂Ω.

(1.2)

Where, Ω ⊂ RN (N > 1) is bounded smooth domain, f : Ω × R −→ R and M : R+ −→ R+

are continuous functions, F (x, u) =
∫ u

0 f(x, s)ds, λ ∈ R,r > 0.
Ourraoui in [21] establish the existence of a solution for a class of Robin problem involving

fourth order operator:

∆
2
p(x)u = f(x, u) on Ω,

|∆u|p(x)−2 ∂u

∂ν
+ β(x)|u|p(x)−2u = 0 on ∂Ω.

(1.3)

Mazan in [19] investigates the existence of a weak solution to a class of nonlocal problems
involving the variable exponent and concave-convex nonlinearities to the following problem:

M
(∫

Ω

1
p(x)

|∇u|p(x)dx
)
(−∆p(x)u) = fλ(x, u) on Ω,

u = 0 on ∂Ω.

(1.4)

Where, fλ = λ(mq(x)|u|q(x)−2u+mh(x)|u|h(x)−2u), Ω ⊂ RN (N ≥ 2) is bounded smooth
domain, p is Lipschits continuous on Ω, mq,mh ∈ C+(Ω), mq,mh > 0.

This work is mainly motivated by the study of the multiplicity of solutions for the p-polyharmonic
elliptic in [8], the survey of eigenvalue problems for the p-Laplacian in [18] by An Lê, and the
study of multiple solutions of the (p1, ..., pN )−system in [4]. However, it considers a nonlinear
elliptic system involving (p1, ...pN )−polyharmonic operator, aiming at investigating the exis-
tence of at least three weak solutions. The approach is based on a recent three critical points
theorem obtained by B. Ricceri [24].

Before presenting our results, we define weak solutions for Problem (1.1). For this purpose,
we denote by X the space WL,p1

0 (Ω)×WL,p2
0 (Ω)× ......×WL,pN

0 (Ω) and define the norm ∥.∥Xi

of Xi = WL,pi

0 (Ω) by the formula

∥ui∥Xi
= (

∑
|α|≤L

∥Dαui∥pi
pi
)

1
pi ,

where ∥.∥pi denotes the standard Lpi(Ω)-norm, 1 ≤ i ≤ N . It is well known that if 1 < pi < ∞
then (Xi, ∥.∥Xi

) is a separable and reflexive Banach space.
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The space X equipped with norm:

∥u∥ =
N∑
i=1

∥ui∥Xi
, u = (u1, .., uN ),

is a separable reflexive Banach space.
The paper is organized as follows. In Section 2, we present the basic preliminary results

and mention some useful lemmas concerning the Lebesgue and Sobolev spaces. In Section 3,
we define what is a weak solution of the problem (1.1), and give some propositions which are
important for the proofs of our main results. Finally, we prove the main Theorem 3.2.

2 Preliminary notes

In order to deal with the problem, we need some theory of Sobolev Spaces. For convenience,
we briefly recall some basic facts which will be used later, suppose that Ω ⊂ RN is a bounded
domain with smooth boundary ∂Ω.
Define the Lebesgue space Lpi(Ω),

Lpi(Ω) = { u : Ω −→ R mesurable :
∫

Ω

|u|pidx < ∞} .

Then Lp(Ω) endowed with the norm :

∥u∥pi = (

∫
Ω

|u|pidx)
1
pi , (2.1)

becomes a Banach separable and reflexive space.

For any positive integer L. Define the Sobolev space WL,pi(Ω):

WL,pi(Ω) = { u ∈ Lpi(Ω) : Dαu ∈ Lpi(Ω), |α| ≤ L} ,

where Dαu = ∂|α|

∂α1x1.......∂
αN xN

, with α = (α1, .....;αN ) is a multi-index, and |α| =
∑N

i=1 αi.

Then WL,pi(Ω) endowed with the norm :

∥u∥WL,pi (Ω) = (
∑

|α|≤L

∥Dαu∥pi)
1
pi ,

becomes a Banach separable and reflexive space.
The space WL,pi

0 (Ω) denotes the completion of C∞
0 with respect to the standard norm of WL,pi(Ω),

that is ∥u∥WL,pi (Ω) =
∑

|α|≤L ∥Dαu||pi
, where ∥.∥pi

denotes the standard Lpi-norm. Let DL,pi(Ω)

be the completion of C∞
0 (Ω), with respect to the norm

∥u∥DL,pi (Ω) = (
∑
|α|=L

∥Dαu∥pi
)

1
pi .

Then, by Poincaré inequality, see [2], there exists a positive constant k = k(N, pi,Ω) such that

∥u∥WL,pi (Ω) ≤ k∥u∥DL,pi (Ω), for all u ∈ WL,pi

0 (Ω).

Hence, the two norms ∥.∥WL,pi (Ω) and ∥.∥DL,pi (Ω) are equivalent, so that two completions of
C∞

0 (Ω), with respect to these norms, coincide.
For N > 1, we endow the vectorial space [Lpi(Ω)]N with the norm

∥v∥pi
= (

N∑
i=1

∥vi∥pi
pi
)

1
pi ,
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where v = (v1, v2, ....., vN ). With abuse of notation, we shall use the same symbol ∥.∥pi
to

denote both the standard Lp-norm in the scalar space Lpi(Ω) and the norm defined in (2.1) in
the vectorial space [Lpi(Ω)]N .
It is well known that for L = 2, 1 < pi < ∞ and Ω bounded, by a consequence of the Caldéron-
Zygmund inequality, see [13], there exists a constant k2 = k2(N, pi) > 0 such that

∥u∥D2,pi (Ω) ≤ k2∥∆u∥pi
= k2∥D2u∥pi

, for all u ∈ W 2,pi

0 (Ω).

It can be shown that for all L = 1, 2, ..... and 1 < pi < ∞ there exists kL = kL(N, pi) > 0 such
that

∥u∥DL,pi (Ω) ≤ kL∥DLu∥pi
, for all u ∈ WL,pi

0 (Ω).

Let introduce the Sobolev critical exponent p∗iL defined by:

p∗iL =

{
Npi

N−Lpi
if N > Lpi,

∞ if N ≤ Lpi.

By the Rellich-Kondrachov theorem(see [3], Theorem 6.3) we have the following proposition.

Proposition 2.1. The embedding WL,pi

0 (Ω) ↪→ Lh(Ω), i = 1, 2, ....N is compact for 1 ≤ h <
p∗iL , in particular it is continuous and so there exist kh = kh(N, p, L,Ω) > 0 such that

∥u∥h ≤ kh∥u∥WL,pi
0

, for all u ∈ WL,pi

0 (Ω).

From now on we endow WL,pi

0 (Ω) with the norm ∥.∥WL,p
0 (Ω) = ∥DL.∥pi

which is equivalent

to the standard Sobolev norm and the space X with the norm ∥u∥ =
∑N

i=1 ∥DLui∥pi
, for all

u = (u1, ..., uN ) ∈ X .

Proposition 2.2. [29] Let f : M ⊆ X → R be a function on the convex closed set M of the
B−space X . Then f is weakly sequentially lower semicontinuous if one of the following three
conditions is satisfied:

(i) f is continuous and convex.

(ii) f is is lower semicontinuous and convex.

(iii) f is G−differentiable on M and f ′ is monotone on M .

Theorem 2.3. [24] Let X be a real reflexive Banach space, ϕ : X → R be a continuously
Gâteaux differentiable and sequentially weakly lower semicontinuous functional whose Gâteaux
derivative admits a continuous inverse on X∗, bounded on each bounded subsets of X , Ψ : X →
R a continuously Gâteaux differentiable functional whose Gâteaux derivative is compact such
that

ϕ(0) = Ψ(0) = 0.

Assume that there exists r > 0 and ũ ∈ X with , ϕ(ũ) > r, such that

(I1)
supϕ(u)≤r Ψ(u)

r < Ψ(ũ)
ϕ(ũ) .

(I2) The functional I = ϕ− λΨ coercive, for each λ ∈ Λr :=] ϕ(ũ)
Ψ(ũ) ,

r
supϕ(u)≤r Ψ(u) [.

Then, for each compact interval [a, b] ⊂ Λr, there exist ρ > 0, for every λ ∈ [a, b] and for
each C1 functional J : X → R with compact derivative, there exists δ > 0 such that, for each
µ ∈ [0, δ], the equation

ϕ′(u)− λΨ
′(u)− µJ ′(u) = 0,

has at least three solutions in X whose norms are less than ρ.

In the upcoming section, we shall present the definition of a weak solution to the problem
(1.1), along with the pertinent lemmas essential to deduce our principal results.
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3 Main results.

In this section, we begin by defining the weak solution to the problem (1.1).

Definition 3.1. Let u = (u1, u2, ...uN ) ∈ X , u is called a weak solution of the Problem (1.1) if

N∑
i=1

Mi(ti)

∫
Ω

|DLui|pi−2DLuiDLvidx− λ

∫
Ω

N∑
i=1

Fui
(x, u)vidx− µ

∫
Ω

N∑
i=1

Gui
(x, u)vidx = 0,(3.1)

for all v = (v1, v2, ..., vN ) ∈ X , where (x, u) = (x, u1, u2, ...., uN ).

We now present our main result as follows:

Theorem 3.2. Assume that the conditions (F1), (F2), (G) are satisfied, and there exist a positive
constant r and a function w = (w1, w2, .....wN ) ∈ X such that

(i)
∑N

i=1 M̃i(
∥DLwi∥

pi
pi

pi
) > r.

(ii) r
∫

Ω
F (x,w1,w2,...,wN )dx∑N
i=1 M̃i(

∥DLwi∥
pi
pi

pi
)

−
∫

Ω
sup(t1,t2,....,tN )∈Γ(cr) F (x, t1, t2, ..., tN )dx > 0,

(iii) lim sup(|t1|,...,|tN |)−→(+∞,....,+∞)
F (x,t1,...,tN )∑N

i=1
|ti|

pi

pi

≤ 0.

Let r1 =
∑N

i=1(Π
N
j=1,j ̸=ipj)∥DLwi∥

pi
pi(

ΠN
i=1pi

) ∫
Ω
F (x,w1,w2,...,wN )dx

and r2 = r∫
Ω

sup(t1,t2,..tN )∈Γ(cr) F (x,t1,...tN )dx
be such that

Γ(γ) = { (t1, ..., tN ) ∈ RN :
∑N

i=1
|ti|pi
pi

≤ γ} . Then, for each compact interval [a, b] ⊂ Λ =

]r1, r2[, there exists ρ > 0, for every λ ∈ [a, b], there exists δ > 0 such that for each µ ∈ [0, σ],
system (1.1) admits at least three weak solutions in X whose norms are less than ρ.

Define on X the functionals

ϕ(u) =
N∑
i=1

M̃i(

∫
Ω

1
pi
|DLui|pidx), (3.2)

Ψ(u) =

∫
Ω

F (x, u1, ..., uN )dx, (3.3)

and
J(u) =

∫
Ω

G(x, u1, ..., uN )dx. (3.4)

To derive the Theorem 3.2 we need the following results.

Proposition 3.3. Consider ϕ and Ψ the two functionals defined as in (3.2) and (3.3), then

(i) ϕ is bounded on each bounded subset of X and ϕ, Ψ are continuously Gâteaux differen-
tiable functionals.

(ii) ϕ is sequentially weakly lower semi-continuous.

(iii) ϕ′ admits a continuous inverse ϕ′−1 on X∗.

Proof. (i) It is well known that ϕ and Ψ ∈ C1(X,R) with the derivatives given by

⟨ϕ′(u), v⟩ =
N∑
i=1

Mi(ti)

∫
Ω

|DLui|pi−2DLuiDLvidx, (3.5)

⟨Ψ′(u), v⟩ =
N∑
i=1

∫
Ω

Fui
(x, u1, u2, ..., uN )vidx, (3.6)

for all v = (v1, ...vN ) ∈ X .
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(ii) First, let us verify that ϕ′ is monotone. Suppose, (u, v) ∈ X2, then

⟨ϕ′(u)− ϕ′(v), w⟩ = ⟨ϕ′(u), w⟩ − ⟨ϕ′(v), w⟩

=
N∑
i=1

Mi(ti)

∫
Ω

[
|DLui|pi−2DLuiDL(wi)− |DLvi|pi−2DLviDL(wi)

]
dx

=
N∑
i=1

Mi(ti)

∫
Ω

(
|DLui|pi + |DLvi|pi − |DLui|pi−2DLuiDLvi

)
dx

−
N∑
i=1

Mi(ti)

∫
Ω

|DLvi|pi−2DLviDLuidx

=
N∑
i=1

Mi(ti)
(
∥DLui∥pi

pi
+ ∥DLvi∥pi

pi

)

−
N∑
i=1

Mi(ti)

∫
Ω

(
|DLui|pi−2DLuiDLvi + |DLvi|pi−2DLviDLui

)
dx.

Where, w = u− v and wi = ui − vi. Using Hölder’s inequality, we obtain

∫
Ω

|DLui|pi−2DLuiDLvidx ≤
(∫

Ω

|DLui|pidx
) pi−1

pi
(∫

Ω

|DLvi|pidx
) 1

pi

≤ ∥DLui∥pi−1
pi

∥DLvi∥pi
.

(3.7)

Similarly, we have

∫
Ω

|DLvi|pi−2DLviDLuidx ≤
(∫

Ω

|DLvi|pidx
) pi−1

pi
(∫

Ω

|DLui|pidx
) 1

pi

≤ ∥DLvi∥pi−1
pi

∥DLui∥pi
.

(3.8)

According to assumption (M0) and since 1 < pi < ∞ for all i = 1, . . . , N , we apply
Young’s inequality (see [29]) to obtain:

⟨ϕ′(u)− ϕ′(v), u− v⟩ ≥ m0

N∑
i=1

(
∥DLui∥pi

pi
+ ∥DLvi∥pi

pi

)

−m0

N∑
i=1

(
∥DLui∥pi−1

pi
∥DLvi∥pi

+ ∥DLvi∥pi−1
pi

∥DLui∥pi

)

≥ m0

N∑
i=1

(∥DLui∥pi−1
pi

− ∥DLvi∥pi−1
pi

)(∥DLui∥pi − ∥DLvi∥pi)

≥ 0.

Drawing on item (i) of Proposition 3.3, in conjunction with Proposition 2.2, it follows
that the functional ϕ possesses the property of being sequentially weakly lower semi-
continuous.

(iii) At this point, it is necessary to establish the coercivity of ϕ′. Let u = (u1, ..uN ) ∈ X such
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that ∥u∥ ≥ 1. Then

⟨ϕ′(u), u⟩ =
N∑
i=1

Mi(ti)

∫
Ω

|DLui|pi−2DLuiDLuidx

=
N∑
i=1

Mi(ti)

∫
Ω

|DLui|pidx

≥ m0(1 − θ)

pM

N∑
i=1

∥DLui∥pi
pi
,

(3.9)

where, pM = max{ pi, i = 1, ..., N} . Hence, lim∥u∥→+∞⟨ϕ′(u), u⟩ = +∞. Therefore,
since ϕ′ is coercive by using Theorem 26.A[29] ϕ′ admits a continuous inverse ϕ′−1 in X∗.

Proof of Theorem 3.2

According to Proposition 3.3, ϕ′ admits a continuous inverse on X∗. Moreover,

ϕ(0) = Ψ(0) = 0.

Alternatively, by choosing ũ = w, we obtain ϕ(ũ) > r.
Let ui ∈ WL,pi(Ω). Since Lpi > N and according to the compact embedding WL,pi(Ω) in

to C(Ω)(see [1]), there exists a constant c > 0 such that

sup
x∈Ω

|ui|pi ≤ c∥DLui∥pi
pi
, (3.10)

for 1 ≤ i ≤ N . Hence,

sup
x∈Ω

N∑
i=1

|ui|pi

pi
≤ c

N∑
i=1

∥DLui∥pi
pi

pi
, (3.11)

for each u = (u1, .., uN ) ∈ X . Let r > 0 we have

ϕ−1
(
(−∞, r]

)
= { u = (u1, u2, ..., un) ∈ X : ϕ(u) ≤ r}

= { u = (u1, u2, ..., un) ∈ X :
N∑
i=1

M̃i(
∥DLui∥pi

pi

pi
) ≤ r}

⊆ { u = (u1, u2, ..., un) ∈ X :
N∑
i=1

M̃i(
|DLui|pi

pi
) ≤ cr} ,

where, δ = cr
m0(1−θ) . Hence,

sup
u∈ϕ−1((−∞,r])

Ψ(u) = sup
u∈ϕ−1((−∞,r])

∫
Ω

F (x, u1, ..., uN )dx

≤
∫

Ω

sup
{ u∈X:supx∈Ω

∑N
i=1 M̃i(

∥DLui∥
pi
pi

pi
)≤cr}

F (x, u1, ..., uN )dx

≤ r

∫
Ω
F (x,w1, w2, ..., wN )dx∑N

i=1 M̃i(
∥DLwi∥

pi
pi

pi
)

,

≤ r

∫
Ω
F (x,w1, w2, ..., wN )dx∑N

i=1 M̃i(
∥DLwi∥

pi
pi

pi
)

≤ r
Ψ(w)

ϕ(w)
.
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Thanks to assumption iii) in Theorem 3.2, the function I = ϕ − λΨ is coercive, for every λ.
Therefore, I is coercive for each λ ∈ Λr :=] ϕ(w)

Ψ(w) ,
r

supϕ(u)≤r Ψ(u) [. Moreover, since G : Ω×RN →
R is a measurable function with respect to x ∈ Ω for every (t1, t2, ..., tN ) ∈ RN and is (C1) with
respect to (t1, t2, ...tN ) ∈ RN for a.e. x ∈ Ω satisfying condition (G), the functional

J(u) =

∫
Ω

G(x, t1, t2, ...tN )dx,

is well defined and continuously Gâteaux differentiable on X with a compact derivative, and

⟨J ′(u), v⟩ =
N∑
i=1

∫
Ω

Gui
(x, u1, u2, ..., uN )vidx,

for all u = (u1, u2, ..., uN ) ∈ X and v = (v1, v2, ..., vN ) ∈ X . Thus, all the hypotheses of
Theorem 2.3 are satisfied. Therefore, the problem (1.1) admits at least three weak solutions.

Corollary 3.4. Let f : R → R be a continuous function and g : Ω×R → R be an L1−Carathéodory
function. Put F (t) =

∫ t

0 f(ξ)dξ for each t ∈ R. Assume that there exist two positive constants θ
and τ , with θ < τ such that

(i) maxt∈[−θ,θ] F (t) ≤ 0.

(ii) θp

c
F (τ)
τp > 0.

(iii) lim|t|−→+∞
F (t)
|t|p ≤ 0.

Then setting, Λ :=] τp

pm(Ω)F (τ) ,
θp

maxt∈[−θ,θ] F (t) [, for each compact interval K = [a, b] ⊆ Λ there
exist ρ > 0, for every λ ∈ K, there exist δ > 0 such that, for each µ ∈ [0, δ] the problem{

∆L
p u = λFu(u) + µGu(u), in Ω,

Dαu = 0, on ∂Ω.

admits at least three weak solutions in WL,p(Ω) whose norms are less than ρ.

Proof. Let w(x) = τxL, for every x ∈ Ω ⊂ R. Then we have:

If L = 2j − 1,

DLw = ∇∆
j−1w =

{
τL if j = 1
τLxL−1 if j > 1.

Hence,
N∑
i=1

∥DLwi∥pi
pi

pi
=

1
p
∥w∥pp =

1
p

{
τLm(Ω) if j = 1,
τL|x|p if j > 1.

If L = 2j, then we have

DLw = ∆
jw = L(L− 1).....(L− j)xL−j .

Therefore,
∑N

i=1
∥DLwi∥

pi
pi

pi
= 1

p∥w∥
p
p = L(L−1).....(L−j)xL−jτ

p |x|(L−j)p.

Choosing, r = min{ 1
pτLθ

p, L(L−1).....(L−j)τ
p θ(L−j)p} . Then, we get i) in Theorem 3.2.

Also, we have

r

∫
Ω
F (x,w1, w2, ..., wN )dx∑N

i=1
∥DLwi∥

pi
pi

pi

= rp

∫
Ω
F (w(x))dx

∥DLw(x)∥pp

=
pθp

∥DLw(x)∥pp

∫
Ω

F (LτxL)dx. (3.12)

According to (ii) in Corollary 3.4 and (3.12) implies ii) in Theorem 3.2. Thus, all the assump-
tions of Theorem 3.2 are satisfied and the proof is complete.



Multiplicity of Solutions for (p1, ..., pN )−polyharmonic system 1081

References
[1] R. A. Adams, J. J. F. Fournier, Sobolev spaces, 2nd edition, Academic press, 2003.

[2] R. Adams, Sobolev Spaces, Academic Press, NewYork, 1975.

[3] RA. Adams, JJ.F. Fournier, Sobolev Spaces, second ed., in: Pure and Applied Mathematics, vol. 140,
Elsevier/Academic Press, Amsterdam, 2003.

[4] G. A. Afrouzi, N. T. Chung, A. Hadajian, Three solutions for a class of Neumann doubly eigenvalue
boundary value system driven by a (p1, p2, ..., pn)−Laplacian operator, LE MATEMATICHE, vol. 67,
pp. 43-55, 2012.

[5] A. Anane, N. Tsouli, On the second eigenvalue of the p-Laplacian, Nonlinear Partial Differential Equa-
tions , Pitman Research Notes Mathematics Series, vol. 343, Longman, Harlow, pp. 1–9. 1996.

[6] A. Bousgheiri, A. Ourraoui, Multiple Solutions for a nonlinear nonlocal problem with variable exponent,
Bol, vol. 41, pp. 1-8, 2024.

[7] H. Brézis. F. E. Browder. Strongly nonlinear elliptic boundary value problems. Annali della Scuola Nor-
male Superiore di Pisa - Classe di Scienze, Série 5, Vol. 3, pp. 587–603, 1978.

[8] F. Colasuonno, P. Pucci, Multiplicity of solutions for p(x)˘polyharmonic elliptic Kirchhoff equations,
Nonlinear Anal, vol. 74, pp. 5962-5974. 2011.

[9] F. Colin, Existence result for a class of nonlinear elliptic systems on punctured unbounded domains,
Bound. Value Probl. Art. ID 175409, vol. 15, 2010.

[10] P. Drabek, M. Otani, Global Bifurcation Result for the p-Biharmonic Operator. Electronic Journal of
Differential Equations, pp. 1-19. 2001.

[11] A. R. El Amrouss and A. Ourraoui, Existence of solutions for a boundary problem involving
p(x)−biharmonic operator, Bol. Soc. Paran. Mat.(3s.), vol. 1(31), pp. 179-192, 2013.

[12] F. Gazzola, H. C. Grunau, G. Sweers, Polyharmonic Boundary Value Problems: Positivity Preserving and
Nonlinear Higher Order Elliptic Equations in Bounded Domains. Springer, Lecture Notes in Mathematics,
Vol. 1991, 2010.

[13] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Classics in Mathemat-
ics, Springer, Berlin. Reprint of the 1998 edition. 2001.

[14] F. Jaafri, A. Ayoujil, M. Berrajaa, multiple solutions for a bi-nonlocal elliptic problem involving
p(x)−biharmonic operator, Palestine Journal of Mathematics, vol. 12, pp. 197-203, 2023.

[15] A., E. Khalil, S. Kellati, and A. Touzani, On the Spectrum of the p-Biharmonic Operator. Electronic
Journal of Differential Equations, vol. 9, pp. 161-170. 2002.

[16] G. Kirchhoff. Vorlesungen über Mechanik. Teubner, Leipzig, 1876.

[17] A. Kratochvil, J. Necas, The Discreteness of the Spectrum of a Nonlinear Strum-Liouville Equation of
Fourth Order. Commentations Mathematicae Universitatis Carolinae, vol. 12, pp. 639-653. 1971.

[18] A. Lê, Eigenvalue problems for the p-Laplacian. Nonlinear Anal, vol. 64 , no. 5, pp. 1057-1099. 2006.

[19] H. Mazan, Existence results for a p(x)−Kirchhoff equation with a concave–convex nonlinearities, Pales-
tine Journal of Mathematics, Vol. 13, pp. 1183-1195, 2024.

[20] A. Ourraoui, Some Results for Robin type problem Involving p(x)−Laplacian, FILOMAT, Vol.36, pp.
2105-2117, 2022.

[21] A. Ourraoui, On a class of a boundary value problems involving p(x)−Biharmonic operator, PROYEC-
CONES, Vol.38, pp.955-967, 2019.

[22] K. Perera, R. P. Agarwal, D. O’Regan, Existence results for a class of nonlocal elliptic problems via the
sub-supersolution method. Nonlinear Analysis: Theory, Methods and Applications, Vol. 75, Issue 4, pages
2198–2206, 2012.

[23] P. Pucci, J. Serrin, The Maximum Principle. Birkhäuser Basel, Progress in Nonlinear Differential Equa-
tions and Their Applications, Volume 73, 2007.

[24] B. Ricceri, A further refinement of a three critical points theorem, Nonlinear Anal. vol. 74, pp. 7446-7454,
2011.

[25] P. Sheng, W. Wen, Electrorheological Fluids: Mechanisms, Dynamics, and Microfluidics Applications.
Annual Review of Fluid Mechanics, Vol. 44, pp. 143–174, 2012.

[26] M. Struwe, Variational Methods: Applications to Nonlinear Partial Differential Equations and Hamilto-
nian Systems. Springer, Ergebnisse der Mathematik und ihrer Grenzgebiete, Vol. 34, 4th edition, 2008.

[27] A. Szulkin, Ljusternik-Schnirelmann theory on C1-manifolds, Analyse non lin´eaire, Ann. Inst. Henri
Poincaré, vol. 5(2), pp. 119-139, 1988.

[28] M. Willem, Minimax Theorems. Birkhäuser Boston, Progress in Nonlinear Differential Equations and
Their Applications, Vol. 24, 1996.



1082 Abdelhak Bousgheiri and Anass Ourraoui

[29] E. Zeidler, Nonlinear Functional Analysis and its Applications, vol. II/B, Berlin Heidelberg-New York,
1990.

Author information
Abdelhak Bousgheiri, University Mohammed I, FSO,
Department of Mathematics, Oujda, Morocco.
E-mail: abdelhak1993bousgheiri@gmail.com

Anass Ourraoui, University Mohammed I, FSO,
Department of Mathematics, Oujda, Morocco.
E-mail: a.ourraoui@gmail.com

Received: 2024-11-11

Accepted: 2025-06-12


	1 Introduction
	2  Preliminary notes
	3 Main results.

