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Abstract This paper investigates the existence of weak solutions of the following Dirichlet
(p1, ..., N )—polyharmonic Kirchhoff problem.

Ml(fg i\DLui pldz)AIﬁuz = A\F,, (w,ul,uz, ....,UN) + uGy, (:c, uy, Uy, ...,UN), in Q,
D%u; =0, on 90Q,

for each mult-index «, with || < L — 1, L € N*, 1 < i < N and N € N*. To the best of
our knowledge, this paper is one of the initial contributions to the study of the p-polyharmonic
operator. By using a recent three critical points theorem obtained by B. Ricceri, we give a result
of the existence of at least three weak solutions.

1 Introduction

Recently, there has been substantial interest in studying partial differential equations associated
with variational problems involving constant or variable exponents, as noted in [9], [27].
Interest in the study of these problems has been stimulated by their applications in physics,
non-Newtonian fluid mechanics, such as electrorheological fluids, and elasticity theory, which
supports image construction and restoration.

Our purpose is to study the following elliptic problem involving the (p1, ..., pi ) —polyharmonic
operator,

M;(t)AL ;g = AFy, (2, ur, w2, ooy un) + pGo, (@, ur, 2, .o up ), in Q

D%u; =0, on 0Q.
Where, t; = fg ﬁ\DLu,» Pide. Q C RN, (N > 1) is a bounded domain with a Lipschitz

boundary, with |«| < L — 1, L € N*. The p;,—polyharmonic operator is defined by:

AL { —div{ N7V(|Dpu[Pi2Du)}  L=2j-1,

(1.1)

Pt = N (|DpulP D) L=2j,

pi > %, i =1, ..., N which becomes the usual p;—Laplacian for L = 1. With

VA~ 1y if L=2j-1,
DLu == . . 3
Ny if L=2j.
Note that Dy, is an N-vectorial operator when L is odd and N > 1, while it is a scalar operator

when L is even.

This type of system represents a natural extension of classical Kirchhoff problems, incor-
porating non-local terms that model physical phenomena in which diffusion or tension depends
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on the global behavior of the solution (see, for example, Kirchhoff’s original model for elastic
strings in [16], as well as its modern generalizations in [7], [22]). Such nonlocal effects are rele-
vant in various contexts, including elasticity, population dynamics, and electrorheological fluids
[25].

Moreover, the presence of the polyharmonic operator Azﬁ_ allows the modeling of higher-
order anisotropic behaviors, which are crucial in the study of thin plates, composite materials,
and other complex media (see [12], [23]). The coupling introduced by the nonlinear terms F' and
G also reflects realistic interactions between multiple fields or components, which makes the
problem analytically rich and poses significant challenges from the point of view of variational
analysis and critical point theory [26], [28].

Throughout this paper, we suppose the following assumptions: Lp; > N ¢ = 1,..., N, the
functionals F, G : Q x RN — R are measurable with respect to z € Q for every (t1,13,....tx5) €
R and are of class C'' with respect to (t1,t2,..,tN) € RN forae. x € Q, F,, and G, denotes
the partial derivatives of I’ and G with respect to u;. Moreover, F' and G satisfy the following:

o (Fy) forevery M > 0Oandevery 1 <i <N,

sup
[(t1,t2,.. tN)| <M

Fti (xatlv 7tN)‘ € LI(Q)

* (F») F(2,0,0,..,0) =0forae. z € Q.
* (G) forevery M > 0andevery 1 <i < N,

sup ‘Gti(.’lf,tl,...,tN)‘ GLI(Q)
[(t1,t2,...tN)| <M

* (Mo) M(t) : R — (myo, +o0) is a continuous and increasing function, with mgy > 0.
* (M) The exists 0 < 6 < 1, such that M (t) > (1 — 6)M(t)t, for t > 0.

Where, M (t) = [} M(s)ds.

Kratochvil and Necas introduced the p-biharmonic operator in [10, 15, 17] to study physical
equations. It will be the p—biharmonic operator for L = 2 and the polyharmonic operator for
p=2.

In [5] N. Tsouli et al were studying the eigenvalue nonlinear problem

—Apyu = NulP?u inQ,
0
|Vu\p*26—u + BluP~u = Au|P2u x € 09,
v

where v denotes the unit exterior normal, 1 < p < oo and Ayu = div(|Vu|P~2Vu) indicates
the p-Laplacian, Q@ C R" is a bounded domain with smooth boundary where N > 2 and
B € L*(0Q) with 8~ := inf,cg0 B(z) > 0. By applying the Ljusternik-Schnirelman the-
ory, they prove the existence of a nondecreasing sequence of positive eigenvalues, and the first
eigenvalue is simple and isolated. Moreover, they prove that the second eigenvalue coincides
with the second variational eigenvalue obtained via the Ljusternik-Schnirelman principal.

In [8] F. Colasuonno and P. Pucci establish the existence of an unbounded sequence of solutions
for a class of quasilinear elliptic p-polyharmonic Kirchhoff equations, including the new degen-
erate case. They use the symmetrical mountain passage theorem of Ambrosetti and Rabinowitz.
They prove the existence of infinitely many solutions to Dirichlet problems involving the p-
polyharmonic operators.

—M(p(w)Abu = flz,uw) inQ,
D%u(xz) =0 =z €0Q, foreach mult-index o, with || < L —1.

where Q is a bounded domain with a Lipschitz boundary.
Afrouzi et al in [4], established the existence of at least three weak solutions for the system:

{—Apiu + a; (2)|ug| P 2us = AFy, (2, u1, ug, ooy un ) + pG, (2, u1, U, ..., uy), in Q,

Ou; _
F2L =0, on 0Q.
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For 1 < i < N, where Q c RV, (N > 1) is a nonempty bounded open domain with a smooth
boundary 0Q. Ay, u; == div(|Vui
with essinfg a; > 0, for 1 <7 < N, A and p are two positive parameters.

In [6], A. Bousgheiri and A. Ourraoui establish the existence of at least three weak solutions for
a p(z)—Biharmonic and p(z)—Laplacian Kirchhoff problem:

Pi‘ZVui> is the p;—Laplacian operator, p; > N, a; € L*(Q)

1
p(x)
Au=u=0, z€0Q,

1
Ml(/ —|Au|p(x)dx)A§(m)u — Mz(/ |Vu|p(”)dx)Ap(w)u =M (z,u) + pg(z,u) inQ,
Q

o ()

where Q is a bounded domain in RN, N > 1. with smooth boundary 0.

Many authors consider the existence of nontrivial solutions for some fourth-order problems
such as [11, 20, 21], which represent a generalization of the classical p—biharmonic operator
obtained in the case when p is a positive constant.

Jaafri in [14] studies bi-nonlocal elliptic problem involving p(x)—Biharmonic operator. By
applying variational methods and under adequate conditions, he proves the existence of nontriv-
ial weak solutions to the following problem:

1 T
M /—Au”(z)dm Azmu: /Famu dx on Q,
( o p(m) ) p() [ o Fu) } (12)
Au=u=0 on0Q.

Where, Q € RY (N > 1) is bounded smooth domain, f : Q x R — Rand M : Rt — R*
are continuous functions, F'(z,u) = [ f(z,s)ds, A € R,r > 0.

Ourraoui in [21] establish the existence of a solution for a class of Robin problem involving
fourth order operator:

Ai(w)u = f(z,u) onQ,

L ou (1.3)

o
Mazan in [19] investigates the existence of a weak solution to a class of nonlocal problems
involving the variable exponent and concave-convex nonlinearities to the following problem:

|AufP 7220+ B(@)|ul" P Pu =0 on 0Q.

M(/ L|Vu|p(””)dx)(—Ap(m)u) = fa(z,u) onQ,

o p(z) (1.4)

u=0 ono9Q.
Where, f = A(mg(2)|u|?®) =2y + my, (2)u)"®)~24), Q € RY (N > 2) is bounded smooth

domain, p is Lipschits continuous on Q, m,, my, € C+(Q), m,, my > 0.

This work is mainly motivated by the study of the multiplicity of solutions for the p-polyharmonic
elliptic in [8], the survey of eigenvalue problems for the p-Laplacian in [18] by An L€, and the
study of multiple solutions of the (py, ..., px)—system in [4]. However, it considers a nonlinear
elliptic system involving (p, ...pn)—polyharmonic operator, aiming at investigating the exis-
tence of at least three weak solutions. The approach is based on a recent three critical points
theorem obtained by B. Ricceri [24].

Before presenting our results, we define weak solutions for Problem (1.1). For this purpose,
we denote by X the space Wy "' (Q) x W (Q) x ..... x W PN (Q) and define the norm || x,

of X; = W}""(Q) by the formula

e
)

X; — ( Z HDaui

la|<L

[

where |.||,, denotes the standard L (Q)-norm, 1 <4 < N. It is well known that if 1 < p; < oo
then (X, |.||x,) is a separable and reflexive Banach space.
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The space X equipped with norm:

N
lull =D luillxi, = (ur,euy),

i=1

is a separable reflexive Banach space.

The paper is organized as follows. In Section 2, we present the basic preliminary results
and mention some useful lemmas concerning the Lebesgue and Sobolev spaces. In Section 3,
we define what is a weak solution of the problem (1.1), and give some propositions which are
important for the proofs of our main results. Finally, we prove the main Theorem 3.2.

2 Preliminary notes

In order to deal with the problem, we need some theory of Sobolev Spaces. For convenience,
we briefly recall some basic facts which will be used later, suppose that Q c R is a bounded
domain with smooth boundary 0Q2.
Define the Lebesgue space LPi(Q),

LPi(Q) ={u:Q — R mesurable : / |ulPdx < oo} .
Q
Then L?(Q) endowed with the norm :

lu

1
= (/ |ul?dz), (2.1)
Q
becomes a Banach separable and reflexive space.

For any positive integer L. Define the Sobolev space W1-Pi (Q):
WEPi(Q) ={uec LPi(Q): D% e LF(Q),|a| <L},

where D%u = ol —, witha = (ay,....;ay) is a multi-index, and |a| = >N

o 0N TN AN

Then WEPi(Q) endowed with the norm :

s
lullwemi@) = (D I1Dullp,) 7,

la|<L

becomes a Banach separable and reflexive space.

The space WOL 74 (Q) denotes the completion of C§° with respect to the standard norm of W1-7: (Q),
thatis ||ullyz.r: ) = 220 <r, I1D%ullp,, Where || ||, denotes the standard LP*-norm. Let DLPi(Q)
be the completion of C§°(Q), with respect to the norm

1
Pz‘)pi'

lullprsi@) = (D D%

|a|=L
Then, by Poincaré inequality, see [2], there exists a positive constant k = k(IV, p;, Q) such that
ullwrwi ) < Ellullpe s g, forallu € WP (Q).

Hence, the two norms |||y z.»:(q) and ||.|lpz.»;(q) are equivalent, so that two completions of
Cg° (€2), with respect to these norms, coincide.
For N > 1, we endow the vectorial space [LPi (Q)]" with the norm

N
i (Z Hvl
i=1

1
)7

[v
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where v = (vy,v2,.....,un). With abuse of notation, we shall use the same symbol ||.||,,, to
denote both the standard LP-norm in the scalar space LPi(Q) and the norm defined in (2.1) in
the vectorial space [LPi (Q)]V.

It is well known that for L =2, 1 < p; < oo and  bounded, by a consequence of the Caldéron-
Zygmund inequality, see [13], there exists a constant k, = ky (N, p;) > 0 such that

lullperi @) < kallAully, = kol Daully,, for all u € Wy ().

It can be shown that forall L = 1,2, ..... and 1 < p; < oo there exists kz, = kr (N, p;) > 0 such
that
[ullpers @) < kLllDpullp,, forall u € Wy (Q).

Let introduce the Sobolev critical exponent p;, defined by:

N i s
pik _ N*Zzpi if N > Lp“
‘ 00 if N < Lp;.

By the Rellich-Kondrachov theorem(see [3], Theorem 6.3) we have the following proposition.

Proposition 2.1. The embedding WOL"’” (Q) — L"Q), i = 1,2,....N is compact for | < h <
p;,, in particular it is continuous and so there exist ky, = kn(N,p, L,Q) > 0 such that

llulln < kh||u||WOL,pi7f0r allu € WOLJn (Q).

From now on we endow WOL’pi (Q) with the norm ||. HWL,p(m = ||Dr.||p, which is equivalent
0
to the standard Sobolev norm and the space X with the norm |ju|| = Zf\i | 1D ||, , for all

w=(up,....,un) € X.

Proposition 2.2. [29] Let f : M C X — R be a function on the convex closed set M of the
B—space X. Then f is weakly sequentially lower semicontinuous if one of the following three
conditions is satisfied:

(i) f is continuous and convex.
(1) f is is lower semicontinuous and convex.

(i3i) f is G—differentiable on M and f' is monotone on M.

Theorem 2.3. [24] Let X be a real reflexive Banach space, ¢ : X — R be a continuously
Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gateaux
derivative admits a continuous inverse on X*, bounded on each bounded subsets of X, ¥ : X —
R a continuously Gdteaux differentiable functional whose Gdteaux derivative is compact such
that

#(0) =¥(0) = 0.

Assume that there exists v > 0 and @ € X with, ¢(@) > r, such that

=

SUP (w)<r ¥(u) Y(a
(h) =25 < 5@y

(Ip) The functional I = ¢ — A\ coercive, for each A € A, :=| fff(g, m B

Then, for each compact interval [a,b] C A,, there exist p > 0O, for every A\ € [a,b] and for
each C! functional J : X — R with compact derivative, there exists § > 0 such that, for each
w € [0,6], the equation

¢ (u) = AW (u) — pJ'(u) =0,

has at least three solutions in X whose norms are less than p.

In the upcoming section, we shall present the definition of a weak solution to the problem
(1.1), along with the pertinent lemmas essential to deduce our principal results.
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3 Main results.
In this section, we begin by defining the weak solution to the problem (1.1).

Definition 3.1. Let u = (uj, up, ...un) € X, u is called a weak solution of the Problem (1.1) if

N N N
ZMl(tl) / |Dpui|P~>Dpu; Dpvida — )\/ ZF“ (z,u)vidx — ,u/ ZG“i (z,u)v;dr = 0,(3.1)
pary Q QT Qo1

forall v = (vy,v2,...,un) € X, where (z,u) = (z,u1,up, ..., un).
We now present our main result as follows:

Theorem 3.2. Assume that the conditions (F), (F>), (G) are satisfied, and there exist a positive
constant r and a function w = (wy,ws, ... wy) € X such that

. ~ IDpw;lp
(i) SN, i (1Peedesy

.. Jo Flz,wi,wg,...,wN)de
() 227 PRILTER = JaSUP b, tw)er(en) F (@5t t2s o E)dz > 0,

i=1 M s

ooy qe F(z,t1,...,tN)
(Z’LZ) hmsup(ltl‘)“,"tNDHHOOW,,ﬁLOO) TN [t 1Pi <0.
i=1 " p;
Z»{il(né\lzl,j#ipj)”DLu}iHg;
(Hfi]])i) Jo F(z,wi,wy,...; wN )da
P;

T(y) ={ (t1,....,ty) € RV : Zf\il % < v} . Then, for each compact interval [a,b] C A =

|71, 72|, there exists p > 0, for every X € [a,b], there exists § > 0 such that for each p € [0, 0],
system (1.1) admits at least three weak solutions in X whose norms are less than p.

Let ry =

and r, = r be such that
2 Ja SUP(¢),ty,..t 5 ) ET(cT) F(z.ty,...tx)dz

Define on X the functionals

Y 1

= M; —|Dru;lPidx), 3.2
o) = 3 [ 10w 62
‘I’(u)z/F(x7ul,...,uj\/)al:r7 (3.3)

Q

and

J(u):/G(x,ul,...,uN)dx. (3.4)

o

To derive the Theorem 3.2 we need the following results.

Proposition 3.3. Consider ¢ and ¥ the two functionals defined as in (3.2) and (3.3), then

(i) ¢ is bounded on each bounded subset of X and ¢, ¥ are continuously Gateaux differen-
tiable functionals.

(ii) ¢ is sequentially weakly lower semi-continuous.
(iii) @' admits a continuous inverse ¢'~' on X*.
Proof. (i) Itis well known that ¢ and ¥ € C'(X,R) with the derivatives given by

N

(qb/(u), U> = Z Ml(tz)/ |DLui|p’i_2DLuiDLvidx, (35)
i=1 Q
N
(W' (u),v) = Z/ Fu. (z,ur,up, ..., un )vide, (3.6)
Q

i=1

forallv = (vy,..on) € X.
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(ii) First, let us verify that ¢’ is monotone. Suppose, (u,v) € X2, then

(¢'(u) = ¢'(v),w) = (¢'(u),w) — (¢ (v),w

N

— ZMl(tZ /{ DLulDL(wz) DLleL(wZ)]dx
i=1
N
— (. . |Pi
;Ml(tl)/QODLul DLulDL’Ul)d
N
—ZMZ‘ ti /|DL7}i|p"’_2DLUiDLUid{E
i=1 Q
N
= Yt )( 5)
N
=5 e )/Q( “2Dpu; Dpv; DDy ) da.

Where, w = v — v and w; = u; — v;. Using Holder’s inequality, we obtain

pi—1 1

/|DLui‘Pi—2DLuiDLvid:c < (/ |DLUi|p'idx) P (/ |DLUi|pid‘T)E
Q o R
< 1Dyl Dl
3.7)
Similarly, we have
2i] 1
/|DL’UZ'|pi_2DL’UiDLuZ‘d$ S (/ |DLUz|pld(E) Pq (/ ‘DL’U,Z‘|pid{E) D
Q o A
< IDLvillB Dl lp, -
(3.8)
According to assumption (M) and since 1 < p; < oo forall ¢ = 1,..., N, we apply

Young’s inequality (see [29]) to obtain:

N

(@)= ¢ (@)u-v) = my (

i=1

Pi
Ppi

—moz (1D2wsll: = 1 DLvilly, + | Drvillzi~ Dol )

N

> mo Yy (IIDpui|B" —

i=1

ph)(

pi — 1DLvi

Zh’)
> 0.

Drawing on item (i) of Proposition 3.3, in conjunction with Proposition 2.2, it follows

that the functional ¢ possesses the property of being sequentially weakly lower semi-

continuous.

(iii) At this point, it is necessary to establish the coercivity of ¢'. Let u = (uj,..un) € X such
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that ||u|| > 1. Then

<¢,(u)a u> = Z M DLulDLUZdI
= ZMz(tl)/ |Drug|Ptdz
i=1 Q

Y

1— N
mo(pM 9 > IDzwily,
i=1
(3.9)

where, py = max{ p;,i = 1,..., N} . Hence, limj,|— o0 (¢’ (u), u) = +oo. Therefore,
since ¢’ is coercive by using Theorem 26.4[29] ¢’ admits a continuous inverse ¢’ ! in X*.
O

Proof of Theorem 3.2

According to Proposition 3.3, ¢’ admits a continuous inverse on X *. Moreover,
6(0) = W(0) = 0.

Alternatively, by choosing @ = w, we obtain ¢() > r.
Let u; € WEPi(Q). Since Lp; > N and according to the compact embedding Wi (Q) in
to C'(Q)(see [1]), there exists a constant ¢ > 0 such that

Pi< el Dyl (3.10)

sup |u;
z€Q

for 1 <¢ < N. Hence,

supz 275 (3.11)

:L’EQl 1 i=1 Pi

for each u = (uy,..,un) € X. Let r > 0 we have

qﬁ*l((—oo,r]) = {u=(u1,u2,.,upn) € X : ¢(u) <r}

N
= {u=(u1,u2, ., Up) GX:ZMi(

N | Dpu;i|P
c {’LL = (’LL],’U,Q,...,’LLn) €X: ZMl(#

J— CT
where, § = 1=y Hence,

sup Y(u) = sup / F(z,uq,...,uy)dx
u€gp=!((—oo,r]) u€dp—!((—oo,r]) JQ
< sup F(z,uy,...,uy)dx
{ u€X:sup,cq Zl M (%)<cr}

- fQ T, W, W2, ey WN )T
= TN, (e
- fQ Ty WL, W2, ey WN )T
= S (LR

_
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Thanks to assumption i77) in Theorem 3.2, the function I = ¢ — AW is coercive, for every .

Therefore, I is coercive for each A € A, ::]%, m[.

R is a measurable function with respect to = € Q for every (¢1, 1, ...,tx) € RV and is (C!) with
respect to (t1,ta,...ty) € RN fora.e. » € Q satisfying condition (G), the functional

= / G(l‘,tl,tz, ...tN)dx,
Q

is well defined and continuously Gateaux differentiable on X with a compact derivative, and

N

- E / Gui(x,Uhuz,...,UN)Uidﬂ},
. Q
i=1

for all w = (up,uz,...,un) € X and v = (vy,v2,...,vy) € X. Thus, all the hypotheses of
Theorem 2.3 are satisfied. Therefore, the problem (1.1) admits at least three weak solutions.

Moreover, since G : Q x RN —

Corollary 3.4. Let f:R —> R be a continuous function and g : QxR — R be an L' —Carathéodory

Sunction. Put F(t fo &)d¢ for each t € R. Assume that there exist two positive constants 0
and T, with 0 < 7 such that

(i) maXte[—e 0] F(t) <0.
(i) XD 5 o,
(i) im0 g7 < 0.
Then setting, A : ]pm(g‘g;F(T)’ maxte[f:,e] ) b Jor each compact interval K = [a,b] C A there
exist p > 0, for every A € K, there exist § > 0 such that, for each p € [0, 8] the problem

Alu = AFy(u) + pGyu(u), in Q,
D% =0, on 0Q.

admits at least three weak solutions in WL-P(Q) whose norms are less than p.

Proof. Letw(z) = ral, for every z € Q C R. Then we have:

L =2j—1,
] L ifj =

Diw=VAN lw=1"
L v {TLle ifj>1.

Hence,

1 1 |7Lm(Q) ifj=1,
— - Jully = { .
i=1

If L = 24, then we have
Dpw = ANw=L(L—1)...(L — j)a"*.

i|1pe y —J .
Therefore, - | 122wl Ujuflp = LE=Dee (Lj)e" 71 (L=)p,

Dpi p
(L=1).....(L=j)7 (L
p

Choosing, r = min{ ]%TLQ;D, L —7)P} . Then, we get i) in Theorem 3.2.

Also, we have

Jo F(z,wi,wa, .cywy)de fQ
N ||Dpwilp: a D
Ziﬂ# || Lw( )”p
po? / L
= P p(Lreb)da (3.12)
D@ Jo )

According to (74) in Corollary 3.4 and (3.12) implies i7) in Theorem 3.2. Thus, all the assump-
tions of Theorem 3.2 are satisfied and the proof is complete. O
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