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Abstract. Let K be a commutative field of characteristic zero, Kalg its algebraic closure
assumed to be commutative, and r(K) the set of linear recurrent sequences with coefficients and
values in K. This paper discusses some properties of braided sequences ψd,σu, where d ∈ N∗,
σ is a permutation of the set {0, 1, ..., d− 1} and u ∈ r(K), these are the images of the bijective
braided applications ψd,σ from r(K) to r(K). In particular, we provide a result on determining
the characteristic polynomial of the braided sequence ψd,σu and the determination of the minimal
characteristic polynomial of a sequence in r(K). We then give a characterization of a periodic
sequence in r(K) and the determination of its primitive period and primitive numeric, followed
by the determination of the period and numeric of the braiding ψd,σu.

1 Introduction

Let K be a commutative field with zero characteristic, (Car(K) = 0), and r(K) be the set of
linear recurrent sequences on K with constant coefficients, Kalg be the algebriac closure of K
assumed to be commutative with Car(Kalg) = 0 and S(Kalg) be the Kalg-Hadamard algebra
sequences with values in Kalg.
First of all, we recall the definitions of a shift, a decimation and a nesting and the definition of a
bijective braiding application [1, 2, 7, 8, 10, 11]. Then, recalling the definition of the canceling
ideal of a sequence of r(K) and the kernel lemma, we determine a polynomial characteristic of
a recurrent linear braiding sequence (see proposition(3.1) and proposition (3.4)), we determine
the minimal characteristic polynomial of a sequence of r(K) (see proposition(3.7)). Then by
recalling the definition of a periodic numerical sequence n0, of a purely periodic sequence, we
characterize the periodic sequences of r(K) (see proposition(3.10)) and we determine the period
primitive and the primitive numerical of a periodic sequence of r(K) (see proposition(3.13))
and finally we determine a period and a numerical of a recurring linear braiding sequence (see
proposition(3.17)).

2 Preliminary results

Definition 2.1. Let K be a commutative field with zero characteristic and Kalg its algebraic
closure. The map T : S(Kalg) −→ S(Kalg) which assigns to any sequence u the sequence Tu,
defined by :

∀n ∈ N, Tu(n) = u(n+ 1), (2.1)

is called shift.
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Definition 2.2. Let d ∈ N∗. The map φd : r(K) −→ r(K) which assigns to any sequence u the
sequence φdu, defined by :

∀n ∈ N, φdu(n) = u(dn), (2.2)

is called decimation.

Definition 2.3. Let d ∈ N∗. The map Ed : r(K)d −→ r(K) which assigns to any d-tuple
(u0, u1, ..., ud−1) the sequence Ed(u0, u1, ..., ud−1), defined by :

∀j ∈ {0, 1, ..., d− 1},∀n ∈ N, Ed(u0, u1, ..., ud−1)(dn+ j) = uj(n), (2.3)

is called nesting.

Definition 2.4. Let d ∈ N∗ and σ is a permutation of the set {0, 1, ..., d− 1}. The map
ψd,σ : r(K) −→ r(K) which assigns to any sequence u the sequence ψd,σu, defined by:

∀j ∈ {0, 1, ..., d− 1},∀n ∈ N, ψd,σu(dn+ j) = u(dn+ σ(j)), (2.4)

is called braiding map.

Remark 2.5. The braiding map ψd,σ is bijective and ψd,σu is called braiding sequence. (see[1]).

Definition 2.6. if u ∈ S(Kalg) and P (X) ∈ Kalg[X] with P (X) =
∑k

i=0 aiX
i then :

∀n ∈ N, (P (X).u)(n) =
k∑

i=0

aiu(n+ i).

Definition 2.7. Let u ∈ r(K). The ideal AnnK[X](u) = {p(X) ∈ K[X] / p(X).u = 0} of
K[X] is called canceler of u.

Definition 2.8. Let u ∈ r(K), t ∈ N∗ and n0 ∈ N.
1. We say that the sequence u is periodic with period t and numeric n0 if and only if :

Xn0(Xt − 1) ∈ AnnK[X](u), (2.5)

in other words :
Xn0(Xt − 1).u = 0. (2.6)

2. We say that the sequence u is purely periodic if and only if n0 = 0. If u is periodic then
its smallest period is called primitive period and the smallest numeric of u is called primitive
numeric.

Lemma 2.9 (Kernel lemma). Let K be a commutative field with zero characteristic and Kalg its
algebraic closure, T the shift map and P (X) =

∏j=m
j=1 Pj(X), where P1(X), P2(X), ..., PM (X)

are polynomials of Kalg[X] pairwise prime. So :

KerP (T ) =
j=m⊕
j=1

KerPj(T ). (2.7)

Lemma 2.10. Let u ∈ S(Kalg). Then u is a sequence of r(K) if and only if there exists
Q(X) ∈ K(X), Q(X) unitary, such that Q(X) ∈ AnnK[X](u).

3 Main results

3.1 Determination of a polynomial characteristic of the image of a sequence of r(K)
by a bijective braiding map

Proposition 3.1. Let d ∈ N∗, σ be a permutation of the set {0, 1, ..., d − 1}, u ∈ r(K) and
Pu(X) =

∏m
j=1 (X − αj)

sj a characteristic polynomial of the sequence u with αj ∈ Kalg.
Then the polynomial

∏m
j=1

(
Xd − αd

j

)sj is a characteristic polynomial of the braiding sequence
ψd,σu, where the αd

j are distinct.
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Proof. Let r ∈ {0, 1, ..., d− 1} and v = ψd,σu and for all k ∈ N we pose :

vr(k) = v(dk + r) = u(dk + σ(r)),

we have : ∀p ∈ N, T p ∈ End(S(Kalg)), consequently :

∀w ∈ S(Kalg), ∀n ∈ N, T p(w)(n) = w(n+ p).

Hence : Pu(T )(u) = 0, in other words, u ∈ KerPu(T ) and according to the kernel lemma (2.9)
we have :

u ∈
j=m⊕
j=1

Ker
(
T − αjIdS(Kalg)

)sj
.

Thus : ∀n ∈ N, u(n) =
∑m

j=1 Pj(n)αn
j , where Pj(X) ∈ Kalg[X] et degPj(X) ≤ sj − 1.

Consequently :

∀k ∈ N, vr(k) =
m∑
j=1

Pj(dk + σ(r))α
dk+σ(r)
j =

m∑
j=1

Qj(k)(α
d
j )

k,

where Qj(X) ∈ Kalg[X] and degQj(X) ≤ sj − 1 and αd
j ∈ Kalg. Since⋃m

j=1{(kqαdk
j )k∈N / q ∈ {0, 1, ..., sj − 1}} is a basis of

⊕m
j=1 Ker

(
T − αd

j IdS(Kalg)

)sj then
vr ∈

⊕m
j=1 Ker

(
T − αd

j IdS(Kalg)

)sj , that is to say vr ∈ Ker(f), where

f =
(
T − αd

1IdS(Kalg)

)s1 ◦ · · · ◦
(
T − αd

mIdS(Kalg)

)sm
.

We pose : Q(X) =
∏m

j=1

(
X − αd

j

)sj , Q(X) is unitary and Q(X) ∈ K[X] because its coef-
ficients are expressed in terms of the coefficients of Pu(X). We have : Q(X).vr = 0 because
Q(T )(vr) = 0, therefore vr ∈ r(K) and Q(X) is one of its characteristic polynomials of degree
h with h =

∑m
j=1 sj .

We pose :

R(X) = Q(Xd) =
m∏
j=1

(
Xd − αd

j

)sj
,

R(X) is unitary and R(X) ∈ K[X] with degR(X) = hd.
LetQ(X) =

∑h
t=0 btX

t andR(X) =
∑h

t=0 btX
dt with bh = 1K and n ∈ N such that n = dk+r

where r ∈ {0, 1, ..., d− 1}. Then :

(R(X).v) (n) =
(
Xdh.v

)
(n) +

h−1∑
t=0

(
btX

dt.v
)
(n)

= v(n+ dh) +
h−1∑
t=0

btv(n+ dt)

= v
(
d(h+ k) + r

)
+

h−1∑
t=0

btv
(
d(t+ k) + r

)
= vr

(
k + h

)
+

h−1∑
t=0

btvr
(
k + t

)
= (Q(X).vr) (k) = 0.

So : ∀n ∈ N, (R(X).v) (n) = 0. Consequently, R(X).v = 0 that is to say R(X) ∈ AnnK[X](v)
and R(X) is a characteristic polynomial of the sequence v, in other words of the sequence
ψd,σu.

Remark 3.2.
1. Pu(X) divides

∏m
j=1

(
Xd − αd

j

)sj of which the set of distinct roots is :

{αjθ
ε/(j, ε) ∈ {1, ...,m} × {1, ..., d}}, with θd = 1K .

2. For all j ∈ {1, ...,m}, sj is the order of multiplicity of the roots αjθ
ε with ε ∈ {1, ..., d}.
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Example 3.3. let d = 3, σ = (0, 1) be a permutation of the set {0, 1, 2}, ψ3,σ the bijective braid-
ing map and u ∈ r(R) such that : ∀n ∈ N, u(n+ 2) = 3u(n+ 1)− 2u(n), u(0), u(1) are given.
It is clear that Pu(X) = X2 − 3X + 2 is a characteristic polynomial of the sequence u.
Let v = ψd,σu and Pv(X) be a characteristic polynomial of the sequence v obtained from the
polynomial Pu(X) whose roots are 1, 2. Therefore Pv(X) = (X3−1)(X3−23) = X6−9X3+8
and we have :

∀n ∈ N, v(n+ 6) = 9v(n+ 3)− 8v(n), (3.1)

where :
v(0) = u(1), v(1) = u(0),
v(2) = 3u(1)− 2u(0), v(3) = 15u(1)− 14u(0),
v(4) = 7u(1)− 6u(0), v(5) = 31u(1)− 30u(0).

Let’s calculate v(6). On the one hand, by using the equality (3.1), we find :

v(6) = 9v(3)− 8v(0) = 127u(1)− 126u(0),

And in the other hand, by the definition(2.4) we find :

v(6) = u(6 + σ(0)) = u(7) = 127u(1)− 126u(0).

Proposition 3.4. Let d ∈ N∗, σ be a permutation of the set {0, 1, ..., d− 1}, u ∈ r(K),
Pu(X) =

∏m
j=1 (X − αj)

sj a characteristic polynomial of the sequence u, where j ∈ {1, 2, ...,m},

αj ∈ Kalg and M(X) = PPCM
( (
X − αd

1

)s1 ,
(
X − αd

2

)s2 , ...,
(
X − αd

m

)sm ). Then M(Xd)

is a characteristic polynomial of the braiding sequence ψd,σu.

Proof.
- Suppose that αd

1 , αd
2 ,..., αd

m are distinct. Then, on the one hand , according to the proposi-
tion(3.1),

∏m
j=1

(
Xd − αd

j

)sj is a characteristic polynomial of the braiding sequence ψd,σu and
on the other hand, we have M(X) =

∏m
j=1

(
X − αd

j

)sj . Consequently :

M(Xd) =
m∏
j=1

(
Xd − αd

j

)sj
.

Thus M(Xd) is a characteristic polynomial of the braiding sequence ψd,σu.

- Suppose that αd
1 , αd

2 ,..., αd
m are not distinct. We pose : v = ψd,σu,M(X) =

∏p
j=1

(
X − αd

ij

)sij
with αd

i1
, αd

i2
,..., αd

ip
are distinct, so we have :

∀α ∈ {α1, α2, ..., αm} − {αi1 , αi2 , ..., αip},∃µ ∈ {1, 2, ..., p} : αd = αd
iµ .

Let r ∈ {0, 1, ..., d − 1}. For all k ∈ N, we pose : vr(k) = v(dk + r) = u(dk + σ(r)), and
according to the proposition(3.1) we have :

∀n ∈ N : u(n) =
m∑
j=1

Pj(n)α
n
j ,

where Pj(X) ∈ Kalg[X] and degPj(X) ≤ sj − 1, consequently :

∀k ∈ N, vr(k) =
m∑
j=1

Pj(dk + σ(r))α
dk+σ(r)
j =

p∑
j=1

Qij (k)
(
αd
ij

)k
,

where Qij (X) ∈ Kalg[X] with degQij (X) ≤ sij − 1 and αd
i1

, αd
i2

,..., αd
ip

are in the field Kalg.

Since
⋃p

j=1{(kqαdk
ij
)k∈N/q ∈ {0, 1, ..., sij − 1}} is a basis of

⊕j=p
j=1 Ker

(
T − αd

ij
IdS(Kalg)

)sij
,

then

vr ∈
j=p⊕
j=1

Ker
(
T − αd

ijIdS(Kalg)

)sij
,
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and according to the kernel Lemma (2.9), we have vr ∈ Ker(f), where :

f =
(
T − αd

i1
IdS(Kalg)

)si1 ◦ · · · ◦
(
T − αd

ipIdS(Kalg)

)sip
.

Therefore f(vr) = 0, thus M(X).vr = 0. Consequently, M(X) is a characteristic polynomial
of the sequence vr.
Finally, by the same steps used in the proposition (3.1)), we show that M(Xd) is a characteristic
polynomial of the braiding sequence ψd,σu.

Remark 3.5. Pu(X) divise
∏p

j=1

(
Xd − αd

ij

)sij
.

Example 3.6. let d = 4, σ = (0, 1, 2) be a permutation of the set {0, 1, 2, 3}, u ∈ r(C) such that
u(0), u(1), u(2) and u(3) are given, and:

∀n ∈ N, u(n+ 4)− 3u(n+ 2)− 4u(n) = 0,

We pose v = ψ4,σu. We have Pu(X) = (X−2)(X+2)(X− i)(X+ i). Since 24 = (−2)4 = 16,
i4 = (−i)4 = 1, thenM(X) = X2−17X+16, consequently, X8−17X4+16 is a characteristic
polynomial of the braiding sequence ψd,σu, we have :

∀n ∈ N : v(n+ 8) = 17v(n+ 4)− 16v(n), (3.2)

where :
v(0) = u(1), v(1) = u(2), v(2) = u(0), v(3) = u(3),
v(4) = 3u(3) + 4u(1), v(5) = 3u(4) + 4u(2),
v(6) = 3u(2) + 4u(0), v(7) = 13u(3) + 12u(1).

Let’s calculate v(8).
By the equality (3.2), we find : v(8) = 17v(4)− 16v(0).
And by the definition (2.4), we find : v(8) = u(9) = 51u(3) + 52u(1) = 17v(4)− 16v(0).

3.2 Minimum characteristic polynomial of a sequence of r(K)

Proposition 3.7. Let u ∈ r(X) and PM (X) be the minimal characteristic polynomial of the
sequence u. Then, we have :
1. AnnK[X](u) = ⟨PM (X)⟩.
2. If f(X) ∈ AnnK[X](u), u ̸= 0 and f(X) unitary such that f(X) is irreducible, then
f(X) = PM (X).

Proof.
1. If u = 0 the equality (3.7) is true.
Suppose that u ̸= 0. Since PM (X) ∈ AnnK[X](u), then we have :

AnnK[X](u) ⊇ ⟨PM (X)⟩, (3.3)

Let f(X) ∈ AnnK[X](u). There exists (Q(X), R(X)) ∈ K[X]2 such that :

f(X) = Q(X)PM (X) +R(X),

with degR(X) < degPM (X). Since R(X).u = 0, u ̸= 0 and PM (X) is the minimum charac-
teristic polynomial of the sequence u, then R(X) = 0. Consequently, f(X) ∈ ⟨PM (X)⟩ and
therefore :

AnnK[X](u) ⊆ ⟨PM (X)⟩, (3.4)
From (3.3) and (3.4), we conclude that AnnK[X](u) = ⟨PM (X)⟩.

2. If f(X) ∈ AnnK[X](u) then PM (X) divides f(X) and since f(X) is irreducible in K[X]
and u ̸= 0 then there exists λ ∈ K∗ such that f(X) = λPM (X). As f(X) and PM (X) are
unitary, then we conclude that f(X) = PM (X).

Example 3.8. Let u ∈ r(R) such that :

∀n ∈ N, u(n+ 2) + u(n+ 1) + u(n) = 0, u(0) = 1, u(1) = 2.

It is clear thatX2+X+1 is a characteristic polynomial of the sequence u and that it is irreducible
in R[X]. Then X2 +X + 1 is the minimum characteristic polynomial of the sequence u.
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3.3 Periodicity of a sequence of the rational K-Hadamard algebra (r(K),+, .,⊗)

Reminder: Let u ∈ r(K), t ∈ N∗ and n0 ∈ N. We say that the sequence u is periodic with
period t and numeric n0 if and only if :

∀n ∈ N− {0, 1, ..., n0 − 1}, u(n+ t) = u(n).

We say that the sequence u is purely periodic if and only if n0 = 0.

Example 3.9. Let u ∈ r(R) such that :

∀n ∈ N, u(n+ 2) + u(n+ 1) + u(n) = 0.

We have : AnnR[X](u) = ⟨X2 + X + 1⟩, where X2 + X + 1 is the characteristic polynomial
minimal of the sequence u.
Since X3 −1 ∈ AnnR[X](u) because X2 +X+1 divides X3 −1 then (t, n0) = (3, 0). Therefore
u is purely periodic with period 3.

Characterization of periodic sequences of r(K)

Proposition 3.10. Let u ∈ r(K), u non-stationary, n0 ∈ N, t ∈ N∗ and PM (X) the minimum
characteristic polynomial of the sequence u.
1. If u is periodic with period t and numeric n0 then each non-zero root of PM (X) is simple and
of finite order in the multiplicative group Kalg − {0K}.
2. If each non-zero root of PM (X) is simple and of finite order in the multiplicative group
Kalg − {0K} then there exists (s0, t0) ∈ N × N∗ such that u is periodic with period t0 and
numeric s0.

Proof.
1. Suppose that u is periodic of period t and numeric n0. Then we have :

Xn0(Xt − 1) ∈ AnnK[X](u),

consequently, PM (X) divides Xn0(Xt − 1). Since, on the one hand, Xt − 1 admits t simple
roots in Kalg − {0K} then the non-zero roots of PM (X) are simple and on the other hand, the
set of roots of the polynomial Xt − 1 provided with multiplication is a cyclic subgroup of order
t of the group Kalg − {0K}. So, the order of each non-zero root of PM (X) divides t, in other
words each non-zero root of PM (X) is of finite order.
2. Let D∗ be the set of non-zero roots of PM (X) and suppose that each of them is simple and of
finite order in the group Kalg − {0K}. We pose t0 = ppcm(o(x))x∈D∗ .
- If PM (0K) ̸= 0K then :

∀α ∈ D∗, αt0 − 1 = 0K .

Hence PM (X) divides Xt0 − 1 which means that Xt0 − 1 ∈ AnnK[X](u). Consequently, u is
periodic with period t0 and numeric 0. (s0 = 0)
- If PM (0K) = 0K then PM (X) divides Xs0(Xt0 − 1), where s0 is the order of multiplicity of
the root 0K . Consequently u is periodic with period t0 and numeric s0.

Remark 3.11. Part 1 of the proposition (3.10) shows a necessary condition for a sequence of
r(K) to be periodic and part 2 shows a sufficient condition.

Example 3.12. Let u ∈ r(R) such that :

∀n ∈ N, u(n+ 4) + u(n+ 3) + 2u(n+ 2) + u(n+ 1) + u(n) = 0,

with u(3) = −2, u(2) = 2, u(1) = −1, u(0) = 1. It is clear that

PM (X) = (X2 + 1)(X2 +X + 1).

The roots of PM (X) in C are : i,−i, j, j2 which are simple and not zero then, according to the
proposition (3.10) part 2, the sequence u is purely periodic with period t0 such that :

t0 = ppcm(o(i), o(−i), o(j), o(j2)) = 12, where j ∈ C, and j3 = 1.

Indeed : (X−1)(X3 +1)(X4 −X2 +1)PM (X) = X12 −1 by sequence X12 −1 ∈ AnnR[X](u),
this means that the sequence u is purely periodic with period 12.
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Determination of the primitive period and the primitive numeric of a periodic sequence of
r(K)

Proposition 3.13. Let u ∈ r(K), u be non-stationary, such that u is periodic with period t and
numeric n0, t0 its primitive period, s0 its primitive digital, D the set of roots of the minimal
characteristic polynomial PM (X) in the commutative field Kalg.
1. If 0K /∈ D, then t0 = ppcmx∈D(o(x)) and s0 = 0, where o(x) is the order of x.
2. If 0K ∈ D, then t0 = ppcmx∈D−{0K}(o(x)) and s0 is the order of multiplicity of the root 0K .

Proof.
1. Suppose 0K /∈ D. The roots of Pu(X) are non-zero, simple and of finite order in the
group Kalg − {0K}, therefore, for all x ∈ D, o(x) divides the number t. By posing t1 =
ppcmx∈D(o(x)),
we have : t1 divide the number t and for all x ∈ D, xt1 −1 = 0K this means that PM (X) divided
xt1 − 1 and therefore Xt1 − 1 ∈ AnnK[X](u). So, t1 is the smallest period of u and 0 is the
primitive numeric of u, in other words t0 = t1 = ppcmx∈D(o(x)) and s0 = 0.
2. Suppose 0K ∈ D. Since u is non-stationary, then D − {0K} ≠ ϕ and for all x ∈ D − {0K},
o(x) divides the number t because PM (X) divides Xn0(Xt − 1).
By posing t2 = ppcmx∈D−{0K}(o(x)), we have t2 divide the number t on the other hand :

PM (X) = Xm0
∏

x∈D−{0K}

(X − x),

wherem0 is the order of multiplicity of the root 0K . So, PM (X) dividesXm0(Xt2−1), therefore,
Xm0(Xt2 − 1) ∈ AnnK[X](u), that is to say t2 is the smallest period of u, thus :

t0 = t2 = ppcmx∈D−{0K}(o(x)).

Since PM (X) divides Xn0(Xt − 1) and Xm0 is prime with Xt − 1, then Xm0 divides Xn0 .
So, m0 ≤ n0 which means that m0 is the numeric primitive of u, therefore : s0 = m0, and in
other words, s0 is the order of multiplicity of the root 0K .

Remark 3.14.
- If PM (0K) ̸= 0K , then s0 = 0 and t0 is the smallest divisor of t such that PM (X) divides
Xt0 − 1.
- If PM (0K) = 0K , then s0 is the order of multiplicity of 0K and t0 is the smallest divisor of t
such that Q(X) divides Xt0 − 1, where Q(X) is the quotient of PM (X) by Xs0 .

Example 3.15. Let u ∈ r(C) such that :

∀n ∈ N, u(n+ 3) = (
√

2 + i)u(n+ 2)− (1 + i
√

2)u(n+ 1) + iu(n),

where u(0) = 1, u(1) = 1 + i, u(2) = −1.
We have PM (X) = X3 − (

√
2 + i)X2 + (1 + i

√
2)X − i. PM (X) admits in C three non-zero,

simple roots which are : i,
√

2
2 (1 + i),

√
2

2 (1 − i), such that:

o(i) = 4, o

(√
2

2
(1 + i)

)
= o

(√
2

2
(1 − i)

)
= 8.

So, u is purely periodic with primitive period 8.

Example 3.16. Let u ∈ r(R), such that : ∀n ∈ N, u(n + 4) + u(n + 3) + u(n + 2) = 0, with
u(0) = 1, u(1) = 2, u(2) = −3, u(3) = −1.
We verify that the sequence u is periodic with primitive period 3 and primitive numeric 2.

3.4 Periodicity and muneric of a braiding sequence

Proposition 3.17. Let d ∈ N∗, σ be a permutation of the set {0, 1, ..., d − 1}, ψd,σ the bijective
braiding map and u ∈ r(K). If u is periodic with period t and numeric n0, then the braiding
sequence ψd,σu is periodic with period ppcm(t, d) and numeric dn0.
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Proof. We pose v = ψd,σ. By hypothesis, we have :

∀n ∈ N, u(n+ n0 + t) = u(n+ n0).

We pose M = ppcm(t, d). So, there exists (α, β) ∈ N2 such that, M = tβ = dα.
Let n ∈ N. The Euclidean division of n by d gives the existence of (q, r) ∈ N2, such that
n+ dn0 = dq + r.
Consequently : n+ dn0 +M = d(q + α) + r with r ∈ {0, 1, ..., d− 1}. So :

v(n+ dn0 +M) = u(d(q + α) + σ(r))

= u(dq + βt+ σ(r))

= u(dq + σ(r))

= v(n+ dn0),

therefore : ∀n ∈ N, v(n+ dn0 +M) = v(n+ dn0).
In other words, we have : ∀n ≥ dn0, v(n + M) = v(n), this means that the sequence v is
periodic with period M and numeric dn0. In other words, the sequence ψd,σu is periodic with
period ppcm(t, d) and numeric dn0.

Example 3.18. Let u ∈ r(R), such that : ∀n ∈ N, u(n+ 4) + u(n+ 2) + u(n) = 0
with u(0) = 1, u(1) = −1, u(2) = 2, u(3) = −2.
The minimal characteristic polynomial PM (X) of the sequence u is given by :
PM (X) = X4 +X2 + 1, which admits in C four distinct non-zero roots, These roots are
j, j2, −j, −j2, where j = −1+i

√
3

2 and o(j) = o(j2) = 3 and o(−j) = o(−j2) = 6 in the
multiplicative group C∗. So, the sequence u is periodic with period 6 and numeric 0.
Let d = 3 and σ = (0, 1, 2), σ is a permutation of the set {0, 1, 2}, ψ3,σ the bijective braiding
map. According to the previous proposition (3.13), the sequence ψ3,σu is periodic with period 6
and numeric 0.
Indeed : one of the characteristic polynomials of the sequence ψ3,σu is the polynomial X6 − 1.
Therefore : ∀n ∈ N, ψ3,σu(n + 6) = ψ3,σu(n), this shows that 6 is a period of ψ3,σu and the
primitive numeric of ψ3,σu is 0.
Let t0 be the primitive period of the sequence ψ3,σu. The minimum characteristic polynomial of
ψ3,σu is (X+1)PM (X), since t0 is the smallest divisor of 6 such thatXt0 −1 ∈ AnnR[X](ψ3,σu),
then t0 = 6 and the primitive numeric of ψ3,σu is 0.

Example 3.19. Let j = −1+i
√

3
2 and u ∈ r(C), such that : ∀n ∈ N, u(n+ 4) + j2u(n+ 2) = 0

with u(0) = 1, u(1) = −1, u(2) = 2, u(3) = −2.
The sequence u is periodic with primitive period 12 and primitive numeric 3. Let d = 3 and
σ = (2, 1, 0), σ is a permutation of the set {0, 1, 2}, the sequence ψ3,σu is periodic with period
12 and numeric 6, its primitive period 12, its primitive numeric is 3.

4 Conclusion remarks

In this work, we have investigated certain properties of braided linear recurrent sequences, fo-
cusing in particular on the determination of their characteristic polynomial and the analysis of
their periodicity. This study was based on the orders of the roots of their minimal characteristic
polynomials, which divide the associated characteristic polynomials.
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