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Abstract. Let K be a commutative field of characteristic zero, K9 its algebraic closure
assumed to be commutative, and r(K) the set of linear recurrent sequences with coefficients and
values in K. This paper discusses some properties of braided sequences 14 ,u, where d € N*,
o is a permutation of the set {0, 1, ...,d — 1} and u € r(K), these are the images of the bijective
braided applications 14 , from r(K) to r(K). In particular, we provide a result on determining
the characteristic polynomial of the braided sequence 14 »u and the determination of the minimal
characteristic polynomial of a sequence in (K ). We then give a characterization of a periodic
sequence in r(K) and the determination of its primitive period and primitive numeric, followed
by the determination of the period and numeric of the braiding ¢4 ,u.

1 Introduction

Let K be a commutative field with zero characteristic, (Car(K) = 0), and r(K) be the set of
linear recurrent sequences on K with constant coefficients, K9 be the algebriac closure of K
assumed to be commutative with Car(K%9) = 0 and S(K%9) be the K*9-Hadamard algebra
sequences with values in K9,

First of all, we recall the definitions of a shift, a decimation and a nesting and the definition of a
bijective braiding application [1, 2, 7, 8, 10, 11]. Then, recalling the definition of the canceling
ideal of a sequence of r(K) and the kernel lemma, we determine a polynomial characteristic of
a recurrent linear braiding sequence (see proposition(3.1) and proposition (3.4)), we determine
the minimal characteristic polynomial of a sequence of 7(K) (see proposition(3.7)). Then by
recalling the definition of a periodic numerical sequence ng, of a purely periodic sequence, we
characterize the periodic sequences of r(K) (see proposition(3.10)) and we determine the period
primitive and the primitive numerical of a periodic sequence of r(K) (see proposition(3.13))
and finally we determine a period and a numerical of a recurring linear braiding sequence (see
proposition(3.17)).

2 Preliminary results

Definition 2.1. Let K be a commutative field with zero characteristic and K9 its algebraic
closure. The map T : S(K9) — S(K%9) which assigns to any sequence u the sequence Tu,
defined by :

vn €N, Tu(n) =u(n+1), 2.1

is called shift.
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Definition 2.2. Let d € N*. The map ¢4 : 7(K) — 7(K) which assigns to any sequence u the
sequence pqu, defined by :
Vn € N, pqu(n) = u(dn), (2.2)

is called decimation.

Definition 2.3. Let d € N*. The map E; : 7(K)? — r(K) which assigns to any d-tuple
(ug,uy,...,uqg—1) the sequence Eq(ug,uy, ..., uq_1), defined by :

Vje{0,1,...,d—1},Vn € N, Eq(ug, ui,...,ug—1)(dn + j) = u;j(n), (2.3)
is called nesting.

Definition 2.4. Let d € N* and ¢ is a permutation of the set {0, 1,...,d — 1}. The map
a0+ 7(K) — r(K) which assigns to any sequence u the sequence 4 ,u, defined by:

Vi€ {0,1,....d—1},¥n € N, v u(dn + j) = u(dn + o(j)), 2.4)
is called braiding map.
Remark 2.5. The braiding map ¢4 - is bijective and ¢4 ,u is called braiding sequence. (see[l]).

Definition 2.6. if u € S(K%9) and P(X) € K“9[X] with P(X) = Y  a; X" then :
vn eN, (P(X).u)(n) = Zaiu(n +1).

Definition 2.7. Let u € r(K). The ideal Anngx|(u) = {p(X) € K[X] / p(X).u = 0} of
K[X] is called canceler of .

Definition 2.8. Let u € r(K), t € N* and ng € N.
1. We say that the sequence u is periodic with period ¢ and numeric ny if and only if :

X™(Xt—1) € Anngx)(u), (2.5)

in other words :
X"”(Xt —1au=0. (2.6)

2. We say that the sequence w is purely periodic if and only if ny = 0. If w is periodic then
its smallest period is called primitive period and the smallest numeric of w is called primitive
numeric.

Lemma 2.9 (Kernel lemma). Let K be a commutative field with zero characteristic and K alg jtg
algebraic closure, T the shift map and P(X) = [[;Z" P;j(X), where P(X), Py(X), ..., Pu(X)
are polynomials of K*9[X| pairwise prime. So :

j=m
KerP(T) = €P KerP;(T). (2.7)
j=1

Lemma 2.10. Let u € S(K%9). Then u is a sequence of v(K) if and only if there exists
Q(X) € K(X), Q(X) unitary, such that Q(X) € Ann gx(u).

3 Main results

3.1 Determination of a polynomial characteristic of the image of a sequence of r(K)
by a bijective braiding map

Proposition 3.1. Let d € N*, o be a permutation of the set {0,1,....d — 1}, u € r(K) and
P,(X) = H;”:l (X — ;)% a characteristic polynomial of the sequence u with o; € K9
Then the polynomial H;n: I (X d_ a?) *is a characteristic polynomial of the braiding sequence

a,ou, where the of are distinct.
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Proof. Letr € {0,1,...,d — 1} and v = 94 ,u and for all k € N we pose :

ve(k) = v(dk +r) = u(dk + o(r)),
we have : Vp € N, T? € End(S(K®9)), consequently :
Vw € S(K), Vn € N, TP (w)(n) = w(n + p).

Hence : P,(T)(u) = 0, in other words, u € KerP,(T) and according to the kernel lemma (2.9)
we have :

@Ke?“ T a]IdS(Kazg)) %

j=1
Thus : Vn € N, u(n) = X', Pj(n)aj, where Pj(X) € K*[X] et degP;j(X) < s; — 1.
Consequently :

vk €N, vp(k) =Y Pj(dk + o(r))al" 7 ZQJ k)
j=1

where Q;(X) € K*9[X] and degQ;(X) < s; — l and af € K‘”Q. Since
UL {(k%a@)ren / ¢ € {0,1,...,s; — 1}} is a basis of @7, Ker (T — alldg(xos))” then
vy € @;n:l Ker (T - a?IdS(Kazg))Sj, that is to say v, € Ker(f), where

f = (T = aflds(sce)™ 00 (T = g Idsscers)) ™

We pose : Q(X) = [/~ (X — a?)™, Q(X) is unitary and Q(X) € K[X] because its coef-
ficients are expressed in terms of the coefficients of P,(X). We have : Q(X).v, = 0 because
Q(T)(v,) = 0, therefore v, € r(K) and Q(X) is one of its characteristic polynomials of degree
hwith h =377 s;
We pose :
R(X)=QX") =] (X~

j=1
R(X) is unitary and R(X) € K[X] with degR(X) = hd.
xdt

Let Q(X) =0 b, X" and R(X) = Y0, b, X9 with b, = 1 and n € N such thatn = dk+7
where r € {0, 1,...,d — 1}. Then :
(R(X)v)(n) = (X™0)(n)+ (b: X% 0) (n)
t
h—1
= wv(n+dh)+ Z biv(n + dt)
=0

>
_

I
o

= v(d(h+k)+7) thv (t+Fk)+r)

h—1
= o(k+h)+> by (k+1)
t=0
= (Q(X).v)(k)=0.
So:Vn €N, (R(X).v) (n) = 0. Consequently, R(X).v = 0 that is to say R(X) € Anngx(v)
and R(X) is a characteristic polynomial of the sequence v, in other words of the sequence
wd,au- ]

Remark 3.2.
1. P,(X) divides [T/, (X4 — ad)™ of which the set of distinct roots is :

{a;0°)(G,e) € {1,...m} x {1,....d}}, with 0= I.
2. Forall j € {1,...,m}, s; is the order of multiplicity of the roots a;6° withe € {1, ...,d}.
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Example 3.3. let d = 3, 0 = (0, 1) be a permutation of the set {0, 1,2}, 13 , the bijective braid-
ing map and u € r(R) such that : Vn € N, u(n+2) = 3u(n+ 1) — 2u(n), u(0), (1) are given.
It is clear that P, (X) = X2 — 3X + 2 is a characteristic polynomial of the sequence w.

Let v = 94,u and P,(X) be a characteristic polynomial of the sequence v obtained from the
polynomial P, (X) whose roots are 1,2. Therefore P,(X) = (X°—1)(X3-23) = X6-9X3+8
and we have :

Vn e N, v(n+6) =9v(n+3) —8v(n), 3.1
where :
v(0) = wu(l), »(1) = u(0),
v(2) = 3u(l) —2u(0), v(3) = 15u(1) — 14u(0),
v(4) = Tu(l) —6u(0), v(5) =31u(l) — 30u(0).
Let’s calculate v(6). On the one hand, by using the equality (3.1), we find :

v(6) = 9v(3) — 8v(0) = 127u(1) — 126u(0),
And in the other hand, by the definition(2.4) we find :
v(6) = u(6 4+ (0)) = u(7) = 127u(1) — 126u(0).

Proposition 3.4. Let d € N*, o be a permutation of the set {0, 1,...,d — 1}, u € r(K),
P,(X) = H;nzl (X — ;)™ a characteristic polynomial of the sequence u, where j € {1,2,...,m},
oj € K9 and M(X) = PPCM( (X = af)™, (X —af)™ .., (X — o)™ ). Then M(X*)

is a characteristic polynomial of the braiding sequence 1 ,u.

Proof.

- Suppose that af, of,..., aZ, are distinct. Then, on the one hand , according to the proposi-
tion(3.1), T/, (X9 - a?)™ is a characteristic polynomial of the braiding sequence 14,,u and
on the other hand, we have M (X) =[]/~ (X — af)”. Consequently :

= H (x4 -
j=1
Thus M (X?) is a characteristic polynomial of the braiding sequence 14 ,u.
- Suppose that af, af,..., o, are not distinct. We pose : v = ¢4, 5u, M (X) = [T/_, (X - afj)%
d

with o4 ad of are distinct, so we have :

710 Sigote
Va € {ar,a, ..y} — {ag, gy, o, b, 3 € {1,200, p} al = afﬂ.

Letr € {0,1,...,d — 1}. Forall k € N, we pose : v,.(k) = v(dk + r) = u(dk + o(r)), and
according to the proposition(3.1) we have :

Vn e N:u(n) = ZPj(n)a§L7

where P;(X) € K [X] and degP;j(X) < s; — 1, consequently :

m

Wk € N, v, ZP (dk + o(r))ali o ZQ% ()k

where Q;; (X) € K“9[X] with degQ;; (X) < 's;; — L and o, af....., af are in the field K.

27 *
Since _ {(k%a")ren/q € {0,1,..., si; — 1}} is a basis of @J " Ker (T - ai‘jjfds(xum)) g
then _
i=p .
vy € @Ker (T — afjfds(Kalg)) ,
j=1
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and according to the kernel Lemma (2.9), we have v, € Ker(f), where :

[ = (T~ o Hds(aeo)™ 00 (T = o, Ids(scor)

Therefore f(v,) = 0, thus M (X).v, = 0. Consequently, M (X) is a characteristic polynomial
of the sequence v,..

Finally, by the same steps used in the proposition (3.1)), we show that M (X ?) is a characteristic
polynomial of the braiding sequence 14, ,u. O

Sip

Sij

Remark 3.5. P, (X) divise []]_, (Xd — ai)
Example 3.6. let d = 4, 0 = (0, 1,2) be a permutation of the set {0, 1,2,3}, u € r(C) such that
u(0),u(1),u(2) and u(3) are given, and:

Vn € N, u(n+4) —3u(n +2) —4u(n) =0,

Weposev = ths ;u. We have P, (X) = (X —2)(X +2)(X —i)(X +1). Since 2* = (-2)* = 16,
i* = (—i)* = 1, then M (X) = X?>— 17X + 16, consequently, X® —17X* 416 is a characteristic
polynomial of the braiding sequence 4 ,u, we have :

Vn € N:v(n+8) = 17v(n +4) — 16v(n), (3.2)
where :
0(0) = wu(l), v(l) =u(2), v(2) =u(0), v(3)=u(3),
v(4) = 3u(3)+4u(l), v(5) =3u(4) +4u(2),
v(6) = 3u(2)+4u(0), v(7) = 13u(3) + 12u(l).

Let’s calculate v(8).
By the equality (3.2), we find : v(8) = 17v(4) — 16v(0).
And by the definition (2.4), we find : v(8) = u(9) = 51u(3) + 52u(1) = 170(4) — 16v(0).

3.2 Minimum characteristic polynomial of a sequence of r(K)

Proposition 3.7. Let u € r(X) and Py (X) be the minimal characteristic polynomial of the
sequence u. Then, we have

2. If f(X) € AnnK[X (u) u # 0 and f(X) unitary such that f(X) is irreducible, then

F(X) = Py (X).
Proof.
1. If u = O the equality (3.7) is true.
Suppose that u # 0. Since Py (X) € Anngx(u), then we have :
Anngeix)(u) 2 (Par(X)), (3.3)
Let f(X) € Anngx(u). There exists (Q(X), R(X)) € K[X]? such that :
f(X) = Q(X) Py (X) + R(X),

with degR(X) < degPp(X). Since R(X).u = 0, u # 0 and Py (X) is the minimum charac-
teristic polynomial of the sequence u, then R(X) = 0. Consequently, f(X) € (Py (X)) and
therefore :

Anngx)(u) € (Pu (X)), (3.4)

From (3.3) and (3.4), we conclude that Ann gx)(u) = (Pu(X)).
2. If f(X) € Anngx)(u) then Py (X) divides f(X) and since f(X) is irreducible in K[X]

and u # 0 then there exists A € K* such that f(X) = APy (X). As f(X) and Py (X) are
unitary, then we conclude that f(X) = Py (X). i

Example 3.8. Let u € r(R) such that :
VneN un+2)+un+1)+un) =0,40)=1,u(l) =2.

Itis clear that X>+ X +1 is a characteristic polynomial of the sequence v and that it is irreducible
in R[X]. Then X2 + X + 1 is the minimum characteristic polynomial of the sequence .
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3.3 Periodicity of a sequence of the rational K-Hadamard algebra (r(K), +,., Q)

Reminder: Letu € r(K), t € N* and ny € N. We say that the sequence u is periodic with
period ¢ and numeric ng if and only if :

VneN—-{0,1,...n9— 1}, u(n +1t) = u(n).
We say that the sequence w is purely periodic if and only if ng = 0.
Example 3.9. Let u € (R) such that :
vneN, u(n+2)+un+1)+un)=0.

We have : Anngx)(u) = (X* 4+ X + 1), where X? + X + 1 is the characteristic polynomial
minimal of the sequence u.

Since X — 1 € Annpy](u) because X* + X + 1 divides X — 1 then (¢,n9) = (3,0). Therefore
u is purely periodic with period 3.

Characterization of periodic sequences of r( K)

Proposition 3.10. Let u € r(K), u non-stationary, ng € N, t € N* and Py (X) the minimum
characteristic polynomial of the sequence u.

1. If u is periodic with period t and numeric ng then each non-zero root of Py (X) is simple and
of finite order in the multiplicative group K9 — {Ox}.

2. If each non-zero root of Py (X) is simple and of finite order in the multiplicative group
K9 — {0k} then there exists (so,t0) € N x N* such that u is periodic with period t, and
numeric Sg.

Proof.
1. Suppose that v is periodic of period ¢ and numeric ng. Then we have :

X"(X" = 1) € Anngx)(u),

consequently, Py (X) divides X™(X* — 1). Since, on the one hand, X* — 1 admits ¢ simple
roots in K9 — {0} then the non-zero roots of Py (X ) are simple and on the other hand, the
set of roots of the polynomial X* — 1 provided with multiplication is a cyclic subgroup of order
t of the group K9 — {0k }. So, the order of each non-zero root of Py;(X) divides ¢, in other
words each non-zero root of Py, (X) is of finite order.
2. Let D* be the set of non-zero roots of Py;(X ) and suppose that each of them is simple and of
finite order in the group K9 — {0x}. We pose ty = ppcm(o(x))zep=-
-If PA{(OK) 75 Og then :

Ya € D*, o' — 1 = 0.

Hence Py/(X) divides X* — 1 which means that X* — 1 € Anngy)(u). Consequently, u is
periodic with period ¢y and numeric 0. (so = 0)

-If Ppr(0x) = Ok then Py (X) divides X% (X% — 1), where s is the order of multiplicity of
the root O . Consequently w is periodic with period ¢y and numeric s. O

Remark 3.11. Part 1 of the proposition (3.10) shows a necessary condition for a sequence of
r(K) to be periodic and part 2 shows a sufficient condition.

Example 3.12. Let u € r(R) such that :
VneN, u(n+4)+u(n+3)+2u(n+2)+un+1)+uln) =0,
with u(3) = =2, u(2) = 2, u(1) = —1, u(0) = 1. It is clear that
Pu(X)=(X2+1)(X*+ X +1).

The roots of Py (X) in C are : i, —i, j, j> which are simple and not zero then, according to the
proposition (3.10) part 2, the sequence u is purely periodic with period ¢y such that :

to = ppem(o(i), o(—i),0(5), 0(;2)) = 12, where j € C,and j° = 1.

Indeed : (X —1)(X3+1)(X* = X?+1)Py(X) = X'?—1by sequence X'? — 1 € Annpx|(u),
this means that the sequence u is purely periodic with period 12.
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Determination of the primitive period and the primitive numeric of a periodic sequence of
r(K)

Proposition 3.13. Ler u € r(K), u be non-stationary, such that v is periodic with period t and
numeric ny, to its primitive period, s its primitive digital, D the set of roots of the minimal
characteristic polynomial Py;(X) in the commutative field K 9.

1. If Ok ¢ D, then ty = ppcmgep(o(x)) and so = 0, where o(z) is the order of x.

2. If Ok € D, then to = ppcmgep—qo,1(0(x)) and s is the order of multiplicity of the root O.

Proof.

1. Suppose Ox ¢ D. The roots of P,(X) are non-zero, simple and of finite order in the
group K9 — {0}, therefore, for all x € D, o(z) divides the number ¢. By posing t; =
ppemgep(o(2)),

we have : ¢; divide the number ¢ and for all z € D, 2%t — 1 = O this means that Py, (X) divided
z" — 1 and therefore X" — 1 € Anngx)(u). So, t; is the smallest period of » and 0 is the
primitive numeric of u, in other words ty = ¢; = ppemep(o(x)) and so = 0.

2. Suppose Ok € D. Since u is non-stationary, then D — {Ox } # ¢ and for all z € D — {0k},
o(x) divides the number ¢ because Py (X ) divides X™ (X' — 1).

By posing ty = ppcmgep—qo,3(0(2)), we have ¢, divide the number ¢ on the other hand :

P]\/[(X):Xmo H (X—.Z’),
zeD—{0k}

where my is the order of multiplicity of the root Ox. So, Pys(X) divides X™ (X% —1), therefore,
Xm0 (X" — 1) € Anngx)(u), that is to say t, is the smallest period of w, thus :

to =1t = PpcmzeD—{OK}(O(x))-

Since Py (X) divides X™ (X* — 1) and X™ is prime with X* — 1, then X™0 divides X™.
So, my < ny which means that mg is the numeric primitive of u, therefore : sy = my, and in
other words, s is the order of multiplicity of the root Og. m|

Remark 3.14.

-If Py(0k) # Ok, then sp = 0 and ¢, is the smallest divisor of ¢ such that P;(X) divides
Xt — 1,

-If Pps(0x) = Ok, then sq is the order of multiplicity of O and ¢ is the smallest divisor of ¢
such that Q(X) divides X% — 1, where Q(X) is the quotient of Py;(X) by X*®.

Example 3.15. Let u € r(C) such that :
vneN, u(n+3) = (V2 +idu(n+2) — (1 +ivV2)u(n+ 1) + iu(n),

where u(0) = 1, u(1) =14+, u(2) = —1.
We have Py (X) = X3 — (V2 +i)X? + (1 +iv2)X —i. Py/(X) admits in C three non-zero,
simple roots which are : 1, %(1 +1), %(1 — 1), such that:

o(i)=4, o (2(1—1—1)) =o (2(1 —z)) =8.

So, u is purely periodic with primitive period 8.

Example 3.16. Let v € r(R), such that : Vn € N, u(n +4) + u(n + 3) + u(n + 2) = 0, with
w(0) =1,u(l) =2,u(2) = -3,u(3) = —1.
We verify that the sequence u is periodic with primitive period 3 and primitive numeric 2.

3.4 Periodicity and muneric of a braiding sequence

Proposition 3.17. Let d € N*, o be a permutation of the set {0, 1, ...,d — 1}, ¢4 , the bijective
braiding map and v € r(K). If u is periodic with period t and numeric ny, then the braiding
sequence g ,u is periodic with period ppcm(t, d) and numeric dny.
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Proof. We pose v = 14,,. By hypothesis, we have :
Vn € N, u(n+no +t) = u(n + no).

We pose M = ppemi(t, d). So, there exists (o, ) € N? such that, M = ¢ = da.

Let n € N. The Euclidean division of n by d gives the existence of (¢,r) € N2, such that
n+dng =dq+r.

Consequently : n + dng + M = d(q+ «) +r with r € {0,1,...,d —1}. So:

vin+dng+ M) = wu(d(g+a)+oa(r))
u(dg + Bt +o(r))

= u(dg+o(r))

= wv(n+dng),
therefore : Vn € N, v(n + dng + M) = v(n + dny).
In other words, we have : ¥n > dng, v(n + M) = v(n), this means that the sequence v is
periodic with period M and numeric dng. In other words, the sequence 14 ,u is periodic with
period ppcm(t, d) and numeric dny. o

Example 3.18. Let u € #(R), such that : Vn € N, u(n+4) +u(n+2) +u(n) =0

with w(0) = 1, u(l) = -1, u(2) = 2, u(3) = —2.

The minimal characteristic polynomial Py, (X) of the sequence w is given by :

Py (X) = X*+ X? + 1, which admits in C four distinct non-zero roots, These roots are

js §% —j, —j% where j = =Y3 and o(j) = o(j%) = 3 and o(—j) = o(—j%) = 6 in the
multiplicative group C*. So, the sequence w is periodic with period 6 and numeric 0.

Letd = 3 and 0 = (0, 1,2), o is a permutation of the set {0, 1,2}, 3 , the bijective braiding
map. According to the previous proposition (3.13), the sequence 3 ,u is periodic with period 6
and numeric 0.

Indeed : one of the characteristic polynomials of the sequence 3 ,u is the polynomial X% — 1.
Therefore : Vn € N, 3 ;u(n + 6) = 3 ,u(n), this shows that 6 is a period of 3 ,u and the
primitive numeric of ¢35 ,u is 0.

Let ¢ be the primitive period of the sequence 13 ,u. The minimum characteristic polynomial of
Y3,0uis (X +1) Py (X), since ¢ is the smallest divisor of 6 such that X" —1 € Anng|x (3 ou),
then ¢y = 6 and the primitive numeric of 5 ,u is 0.

Example 3.19. Let j = “5“[ and u € r(C), such that : Vn € Nyu(n +4) + j2u(n +2) =0
with u(0) = 1, u(l) = —1, u(2) =2, u(3) = 2.

The sequence u is periodic with primitive period 12 and primitive numeric 3. Let d = 3 and
o = (2,1,0), o is a permutation of the set {0, 1,2}, the sequence 13 ,u is periodic with period
12 and numeric 6, its primitive period 12, its primitive numeric is 3.

4 Conclusion remarks

In this work, we have investigated certain properties of braided linear recurrent sequences, fo-
cusing in particular on the determination of their characteristic polynomial and the analysis of
their periodicity. This study was based on the orders of the roots of their minimal characteristic
polynomials, which divide the associated characteristic polynomials.
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