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Abstract. This paper introduces the concept of rough statistical convergence in fuzzy normed
linear spaces(FNLS) and examines its fundamental properties. It is shown that the rough statis-
tical limit set in such spaces is closed and convex. In addition, the notions of rough statistical
cluster points and rough statistical limit points are defined and their relationships are established.

1 Introduction

The concept of fuzzy sets was first introduced by Zadeh [40] in 1965 which was an extension
of the classical set-theoretical concept. Later, in 1994 Cheng and Mordeson [6], extended this
idea to define fuzzy normed linear spaces, Fuzzy set deals with sets in which the membership
value of an element lies between 0 and 1. The degree of membership reflects the uncertainty or
fuzziness associated with whether an element belongs to the set. Over the years, fuzzy set theory
has found wide applications in diverse fields such as engineering, business, medical and health
sciences and the natural sciences.

In 1992, Felbin[14] introduced the concept of finite-dimensional fuzzy normed linear spaces
and studied some of its basic properties. Subsequently, a noteworthy advancement was made by
Golet [19], who expanded upon Felbin’s work by using the concept of t-norms. This extension
enriched the theoretical underpinning of fuzzy normed linear spaces.

On the other hand, in 1951 Fast [13] introduced the concept of statistical convergence and
later in 1985 it was investigated from the sequence space point of view and linked with summa-
bility theory by Fridy [18]. Further extension of statistical convergence, many researchers work
on it and do so many works, such as lacunary statistical convergence by Fridy [17], A—statistical
convergence by Mursaleen [26], deferred statistical convergence by Kiigiikaslan [21], and many
more ([7],[8]). Further the concepts of statistical limit superior and limit inferior was introduced
by Fridy and Orhan [15] in 1997. In 2004 the concepts of statistical limit points of the sequence
of fuzzy numbers were introduced by Aytar [3]. For more on statistical convergence one may
refer to [6, 16, 20, 22, 23, 27, 28, 29, 30, 25, 31, 32, 36, 37, 39]. Furthermore, in 2001 the idea of
rough convergence was first introduced by Phu [33] in finite-dimensional normed spaces. This
idea of rough convergence has motivated many authors and in 2008, the idea of rough statistical
convergence was introduced by Aytar [4]. For more on rough convergence, one may refer to
[9, 10, 11, 12, 38]. However, rough statistical convergence has not yet been studied in fuzzy
normed linear spaces. Since fuzzy normed spaces are natural extensions of normed spaces, it
is useful to investigate how rough statistical convergence behaves in this case. This forms the
main motivation of the present work. In this paper, our aim is to introduce rough statistical
convergence on fuzzy normed linear spaces and investigate some of its properties.
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2 Definitions and Preliminaries

Definition 2.1. [18] Let K C N. The natural density of K is defined by

§(K) = lim 1\{k§n:keK}|,

n—oo M

provided the limit exists.

Definition 2.2. [18] A sequence of real number (x},) is statistically convergent to [ provided that
for every € > 0 the set K(¢) = {k € N : |x, — [| > ¢} has natural density zero, i.e.,

§(K) = lim l{kgn:|;1ck—l|2,s-:} =0, neN.
n

n—oo

Definition 2.3. [24] A binary operation x : [0,1] x [0,1] — [0, 1], is said to be a continuous
t-norm if the following conditions are satisfied:

i. * is associative and commutative,
ii. * is continuous,
iii. sx1=s,forall s € 0,1],
iv. sxt < wu*v whenever s <wuandt < wv,forall s,t,u,v € [0, 1].
Example 2.4. (i) minimum t-norm is s x ¢ = min{s, ¢}
(ii) productt-norm s xt =s-t
(iii) Bukasiewicz t-norm s+t = max{0,s + ¢ — 1}.

Definition 2.5. [34] Let X be a linear space over the real field F and x is a continuous t-norm. A
fuzzy subset N on X x R is called a fuzzy norm on X if and only if z,y € X and ¢ € F,

(i) N(z,t) =0,¥t<0;
(i) N(z,t) = 1,Vt > 0iff = 0;

t
e b
el

(iv) N(z+y,t+s) > N(z,t)x N(y,s) Va,y € X;
) Jim N(z,0) = 1.

(i) N(cx,1) :N( >\¢t>0ifc;£o;

The triplet V' = (X, N, ) will be referred to as a fuzzy normed linear space.

Example 2.6. [19] Suppose (X, || - ||) be a norm space. For u,v € [0, 1], define the t-norm % and
the ux v = u.v. For A > ||u]], let

A

and for A <0, let N(u,\) = 0. Then V' = (X, N, %) is a FNS.

Let us recall the following definition based on fuzzy normed linear spaces which will be
subsequently used in our main results.

Definition 2.7. [2] Let () be a sequence in A" = (X, N, *). A sequence (xj) in X is called
convergent to o € X with respect to the fuzzy norm N if there exist ky € N, for every ¢ > 0
anda € (0,1),

N(z — xo,€) > a,forall k > k.
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Definition 2.8. [2] Let (x;) be a sequence in ' = (X, N, x). Then an element 2 € X is said to
be a statistical cluster point of the sequence (z},) with respect to the fuzzy norm N provided that
for every typ > Oand a € (0,1),

5({kENCN($k—$,t()) >1—a}) 750

In this case we say z is a sts-cluster point of the sequence (). Let I'n(xy) denotes the set of
all sts-cluster points of the sequence ().

Definition 2.9. [2] A sequence (z) in N = (X, N, ) is said to be statistically bounded if there
exists some ty > 0 and b € (0, 1) such that §({k € N : N(z,t9) > b}) = 0.

Definition 2.10. [2] Let (zj) be a sequence in (X, N, *). Then for every ¢ > 0, we define the

sets B(\l{ Y and Af\g o) by

BN,y ={be€ (0,1): 6({k : N(xx,t) > b}) # 0},

AN ={a € (0,1):5({k: N(zx,t) < a}) # 0}.

The statistical limit superior of (x)) with respect to the fuzzy norm A is defined by
N H N

sup By, it By, 79

0, if B{;/ =9

and the statistical limit inferior of (z}) with respect to the fuzzy norm N is defined by

sta-lim sup (zi) = {

ian{gk), if A{gk) £ ¢

sta-lim inf (zy) = { . ¥
1, if A(xk) =¢.

3 Main Results

In this section, using the concept of rough statistical convergence, we introduce the notion of
rough statistical convergence in fuzzy normed linear spaces. Further, we have established the
relationship between the rough statistical cluster point and the rough statistical limit set in fuzzy
normed linear spaces.

Definition 3.1. Let (X, N, x) be a fuzzy normed linear space and r be a non-negative real number.
A sequence (xy) in (X, N, *) is said to be rough statistical convergent to z* € X if for every
A > 0ande € (0,1) such that 6{k € N : N(zp — z*,r + X\) > ¢} = 0. It is denoted by

Tl M) xX.
Remark 3.2. For the case » = 0, the notion of rough statistical convergence coincides with
statistical convergence in (X, N, %), which was studied by Sencimen and Pehlivan in 2008 [35].

In general, the rough statistical limit of a sequence (xy) in (X, NV, *) may not be unique for
the roughness degree » > 0. Then the r-statistical limit set of a sequence (xzj) with respect
to the fuzzy norm N, defined as sty-LIM" () = {z* € V : 2 =% 2%}, Moreover, the
sequence () is said to be r-statistical convergent with respect to the fuzzy norm A provided
that stp-LIM" (x) # ¢. It is clear that if stz-LIM"(z) # ¢ for a sequence (z), then we
have sta-LIM" (zy) = [sta-lim sup(zg) — 7, sta-lim inf(xy) 4 7]. It can be shown that for an
unbounded sequence in (X, N, %), the rough statistical limit set st-LIM" () may not empty
although the rough limit set LIM\(z ) is empty with respect to fuzzy norm N.

Example 3.3. Let V' = R and consider a real sequence (z;,) defined by

3k, ifkis an odd square
if k is an even square

T =

O =

if k is an odd nonsquare
if k is an even nonsquare.

o=
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Let, N(.’L’k,t) = m
The above sequence is unbounded. On the other hand, it is statistically bounded with respect to
N. For this we have

§({k - N (2p,t) > b)) = 6 ({k _t s b})

St | T

o (frs 052)).

Since, 0 < b < 1, + — 1> 0. Choose t = ;2. Then ¢ > 0 and

5({k : N(xp,t) <b})
1—

b b
= : <—x——=1
0({k s farl < = x g =1})
=0({k:|zx| <1}) = le Lxyn=o0.

Hence it is statistically bounded with respect to A. Since the given sequence is unbounded,
therefore LIM/(x;) = ¢. So the concepts of rough convergence does not work here and the
sequence is not rough convergence with respect to the fuzzy norm A. But the given sequence is
statistically bounded. Now we try to find sta-LIM" (), for every ¢ > O we have.

To find BY )» we have to find those b € (0, 1) such that, forall ¢ > 0

(z
5({k : (wx,1) > b}) # 0,

Now, d({k: N(xy,t) > b})

ol ) o5

Hence, Bg . = (0,1), and sty-lim sup (2x) = 0. Similarly, it can be shown that stx--lim inf
(xk) =1.

o, r<0.5

ta-LIM" (z),) =
Sty (k) {[—7“7 1+ 7], otherwise.

Theorem 3.4. Let (X, N, x) be a fuzzy normed linear space. A sequence () in (X, N,x) is
statistically bounded iff there exists a non-negative real number r such that styr-LIM" (z,) # ¢.

Proof. Consider the sequence (xy) be statistically bounded in (X, V,x). Then for every b €
(0, 1) there exists a real number ¢y > 0 such that

(5{]€ENZN($k,t0) Zb}:O

Now define ' = sup{N(zg,t9) : k € K¢} where K = {k € N : N(xy,to) > b}. Then the
sta-LIM" (21,) contain the origin of (X, N, ). So we have sty-LIM" (z) # ¢.
Conversely, if st-LIM" (zy) # ¢ for some r > 0, then there exists 2* such that z* € sty-LIM" (x),
i.e., forevery A > 0

M{keN:N(zp—z",r+X) >e} =0.

Then we say that almost all () are contained in some ball with any radius greater than r. So
the sequence (zy) is statistically bounded in (X, IV, x). i

Theorem 3.5. If (1, ) is a nonthin subsequence of (), then styr-LIM" (x,) C star-LIM" (4, ).
Proof. The proof is trivial. So omitted. O

But the above theorem is not true for a thin subsequence.
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Example 3.6. Let V = R and consider a real sequence (x) defined by

k, k=mn?
T = .
0, otherwise.
Let, N(zg,t) = m, V z(# 0) € R. The above sequence is unbounded.
On the other hand, it is statistically bounded with respect to the fuzzy norm V.

S({k : N (an,t) > b)) =6 <{k t b})

S
t+‘l‘k|

o frmi< 052 )

Now we try to find st-LIM" (), for every ¢t > 0 we have.

To find Bg“, we have to find those b € (0, 1) such that, for all ¢ > 0
§({k : (zx,1) > b}) # 0,
Now, 6({k: N(zg,t) > b})
1—
:6({k: ! >b}> :6({k: ] < & b)}) 0.
t+ |£L’k| b

For this we have, sty-LIM" (z) = [sta-lim sup (zy)—r, sty-liminf (zg)+r] = [-r, 7+ 1]
ie.,

o, r<0.5

ta-LIM" =
Sty (k) {[—ﬁ 1+ 7], otherwise.

Now for thin subsequence (zx,) = (1,4,9,16,...) of (x}), which is clearly unbounded, so we
have stA-LIM" (zx,) = ¢, s0 sty-LIM"(zy,) € star-LIM" (), which contradicts the above

theorem.

Theorem 3.7. The set sty-LIM" (1) of a sequence (x,) in (X, N, ) is a closed set.

Proof. 1f star-LIM" (zy,) = ¢, then there is nothing to prove. Let us assume that sty -LIM" (z,) #
¢, then we can choose y* € X, for a sequence (yi) C stp-LIM" (z) with respect to the fuzzy
norm N, such that y, — y*. If we show that y* € sty-LIM"(xy), then the proof will be

complete. Now for every A > 0 and ¢ € (0, 1) there exists k; € N such that
. A
N (yk -y ,2) >¢, forallk > k.

Let us choose y,,, € sta-LIM" (x)) with m > k; such that

5{keN:N<xk—ym,r+;> 25}:().

FOI‘jE{k‘ENZN(xk—ym,TJr)\)28},

A
We have N (xj — Ym, T+ 2) > e,

[\

A
Then we have, N(z; —y*, 7+ \) > min{N (:Uj — Y, T+ 2) ,N (ym -

Hence, j e {ke N: N(zp —y*,r+ ) > e}

Now we have the following inclusion

A

*

yai

{kzeN:N(xk—ym,r—l—é)25}Q{keN:N(mk—y*,r—l—)\)za}.

2

))

3.1

> ¢



ON ROUGH STATISTICAL CONVERGENCE IN FNLS 1097

Therefore, 6{k € N: N(zy —y*,r + ) <&} gé{keN:N(xk—ym,r—l—%) > e}

Using (3.1) we get
M{keN: Nz, —y*,r+ ) <e} =0.

Therefore, y* € sty-LIM" (2% ). Which completes the proof. O

Theorem 3.8. Let (1) be a sequence in (X, N,x). Then the set styr-LIM' (zy,) with respect to
Sfuzzy norm N is convex.

Proof. Assume that yg,y; € sta-LIM" (). For convex we have to show that (1 —a)yo + ay; €
sta--LIM" (z,) for some v € (0, 1). Now for every A € (0, 1) and ¢ > 0, we define

My=<keN:N nck—yg,i >epr , My=<keN:N xk—yl,r+)\ >ep.
2(1 — ) 2a

As yo, y1 € sta-LIM" (zy,), we have §(M,) = §(M,) = 0. For k € M{NMy§ with 6(M{NM) =
1, we have

N(zk — (1 = a)yo + ayr),r + A) = N((1 — o) (zr — yo) + alzr —y1),7 + A)
> min{N((l —a)(zk — o), T),N(a(xk — 1), r —|2— A)}

_ min{N((mk ~ ), m>’N(($k — ), T;;f)} >,

H{keN: Nz — (1 —a)yo+ay),r+ ) >e} =0.

Hence, [(1 — a)yo + ayi] € sty-LIM" () i.e., sta-LIM" (2 is a convex set, which completes
the proof. O

So we have,

Theorem 3.9. Ler r > 0 and \ > 0. Then a sequence (xy) in (X, N, ) is rough statistically
convergent to x* € X with respect to the fuzzy norm N if and only if there exists a sequence (yy;)
such that star-LIM " (yx,) = x* and for every e € (0,1), {k € N: N(xy — yg, \) > e} = 0.

Proof. Assume that yj, —2's z*. Then, by Definition 3.1, for every ¢ € (0,1) and A > 0 we
have
M{keN: Ny, —a*,r+X) >e} =0.

Now we define, A={keN:N(y,—az*,r+ ) >¢e}, B={keN:N(zp—yr,\) >¢c}.
Clearly, 6(A) = 0 and §(B) = 0. From the properties of the fuzzy norm we get

Nz — 2%, 7+ 2X) > min{N (z, — yr, \), N(yx — ", r + A)}.

Thus, {keN:N(zp—a*,r+2)\) >t CAUB.
Since §(A) = 0 and 6(B) = 0, we obtain 6{k € N : N(zy — z*,r + 2X) > ¢} = 0. Therefore

T TN U
Definition 3.10. Let (x;) be a sequence in (X, N, x). An element z* € X is said to be a rough
statistical limit point of the sequence (xy) with respect to the fuzzy norm A provided that there
is a nonthin subsequence of (zy) that rough converges to z*. In this case, we say z* is a 7-st /-
limit point of sequence (x). Let A’\-(x)) denotes the set of all r-st x-limit points of the sequence

(zk)-

Definition 3.11. Let () be a sequence in (X, NV, ). An element z* € V is said to be a rough
statistical cluster point of the sequence (zj) with respect to the fuzzy norm N provided that for
every A >0and e € (0, 1),

d({keN:N(xp—a*,r+ ) <e}) #0.

In this case, we say z* is a r-star-cluster point of the sequence (x). Let 'y () denotes the set
of all r-st xr-cluster points of the sequence (zy).
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Theorem 3.12. Let I'\-(x1,) be the set of all rough statistical cluster points of a sequence (xy;)
with respect to the fuzzy norm N in (X, N,x) and r be some non-negative real number. Then,
for an arbitrary x* € T\ (x)) we have 6{k € N : N(yx — z*,r + \) < €} # 0 for all
yr € sta-LIM" (xg).

Proof. Assume on the contrary that there exists a point * € I'\;(z;) and yj, € sta-LIM" ()
for every € € (0, 1) we can write from theorem 3.9
{keN:N(zp —yr,r+ ) >e} =0forall k € N.

Now, {ke N: Nz —yg,r+ ) >e} D{k e N: N(zp — 2", \) <e}.

As z* € T'\(x1), we have 6{k € N : N(z, —2*,\) < e} # 0. Hence we get 6{k € N :
N(z — yg, v+ A) < e} # 0, which contradicts the fact y;, € sta-LIM" (). ]

Definition 3.13. Let (X, N, ) be a fuzzy normed linear space with norm A and z* € X for
some non-negative real number 7, then B, . (z) = {z € X : N(z — 2*,7) > ¢} is called an
open ball.

Definition 3.14. Let (X, N, %) be a fuzzy normed linear space with norm N and z* € X for
some non-negative real number r, then B(,..)(z) = {x € X : N(z — z*,r) > ¢} is the closure
of an open ball.

Theorem 3.15. Let (X, N, ) be a fuzzy normed linear space with norm N. If a sequence (xy;)
in (X, N,*) is rough statistically convergent to v* € X for some non-negative real number r,

thenTh(zr) = U Bel(z)

z*€l N (zk)

Proof. Letz* € |J B (x), forsomer > 0and given e € (0, 1) such that N (z —z*,7) >
z€ln (k)

e. For A > 0and x € I'y/(z), we have 6{k : N(zp —z,\) <e} #0.
Now, N(zg — 25,7+ X) > min{N(zx —z,\), N(z — 2*,7)} > e.

This implies that 6{k : N(z), — z*,7 4+ X) < €} # 0. Hence z* € I'-(x,). Therefore

U Beo(@) S Talaw). (3.2)

a* €l (k)

Again, let z* € T’y (x). Then we have to show that z* € |J B, («*). Let if possible,
z€ln (1)
z*¢ U Byele)thatis 2* ¢ B, . (z) forall z € Tar(zx). Then 6{k € N : N(x —
z* €ln (1)

z*,1) > e} = 0, then from theorem 3.12 for A > 0, we have §{k € N : N(z*—z,r+X) <e} #0,
which is a contradiction to the assumption. Therefore z* € |J B, (2).

z€ln (zk)
Hence iy (zx) € | Bpo (@) (3.3)
z€l N (1)
Combaining (3.2) and (3.3) we get I'\-(zx) = U B (2). O
z€ln (zk)

Theorem 3.16. Let (1) be a sequence in (X, N,x) then for every e € (0, 1)
(1)Ifx € FN(:Ck> then St./\/’-LIMT(Ik) - B(r75)(3§),'
(ii)StN'LIMr (xk) = ﬂ B(r,s)<x)'

z€ln (zk)

Proof. (i) Consider y* € sta-LIM" () and = € I'nr(2,). Forevery A > 0 and € € (0, 1) define
the sets
A={keN:N(zy—y*.r+3%) >¢}
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B={keN:N(zy—z,%)>c} with §(4°) = 0 and §(B°) = 0. Now k € AN B we have

A A
Ny  —z,r+X) Zmin{N (:vk—y*m—i—z) ,N(wk—x,2>} >e.

Therefore, we have B, .)(z) = {N(y* —z,r+X) > e} then y* € By, .)(x) forevery X > 0, that
implies B(,..)(z) = {N(y* —z,r) > e} then y* € B, .)(x). Hence sty-LIM" (x) C B, . (z).

(i) By previous part stx-LIM" (1) C B(,..)(x) implies sty-LIM" (z) € () B ().
z€ln ()
Assumey* € (| B .(z) then we have N (y* —x,r) > & for all € Ipr(24). This implies
z€ln (zk)
that Cnr(2x) € By, (x). Further, let y* ¢ sta-LIM" (2) then for A > 0 we have 6{k € N :
N(zr—y*,7+X) > e} # 0, which implies that a statistical cluster point x exists for the sequence
(z) with N(y* — z,7 + X) > e. Thus, Dar(zx) € Be)(2) and y* ¢ Tar(xx). This implies
that y* € D (xx) C By o) () C sta-LIM™(z) and we get (| B, () C sta-LIM" ().
z€l N (zk)
Therefore, sta-LIM" (z) = () B0 (). O
z€l N (zk)

Theorem 3.17. Let (x1.) be a sequence in (X, N, x) which is rough statistically convergent to
x € X with respect to fuzzy norm N such that sty-LIM" (xy) = B, .(z) for some r > 0.

Proof. Let A > 0. Since xj %xthenwehaveé{kGN:N(mkw,r—l—;\) >e } =0
and \
5{k eN:N (y* —x, 2) >e } = 0, Consider y* € By, () and for all A > 0

N(zp —y*,r+A) Zmin{N (xk—x,r—i—;) ,N(y*—x,é)} >e.

Therefore, we have N(z, — y*, 7 + A) > e. This implies that N(z, — y*,r) > ¢, then y* €
sta-LIM" () i.e., B(,.o)(x) C sta-LIM" (2,). Also from theorem 3.16 we have sta--LIM" (z,) C
B,.)(x). Hence sty-LIM" (1) = B, (). O

Theorem 3.18. Let (1) be a sequence in (X, N, x) which is rough statistically convergent to x
in X with respect to fuzzy norm N, such that T, (x),) = sty--LIM" (zy,) for some r > 0.

Proof. Necessary part: Suppose TSNy 3. Then I\ (zx) = {z}. By theorem 3.15, for
some r > 0 and ¢ € (0,1) we have I'y(zx) = B, (x). Also by theorem 3.17, we get
sta-LIM" (z1,) = By, o) (z). Hence I'y () = sta-LIM" (zy).

Sufficient part: Let I'y(z) = sty-LIM"(x)). From theorem 3.15 and 3.16, we have

N Bueolx) = U  Bye(x). This implies that either I'\-(x) = ¢ or I'\(x) is a
z€lN (z1) z€lN (z1)
singleton set. Then star-LIM" (z1) = T'ye(2x) = By, (z) for some & € Tnr(wy), Further by
theorem 3.17, we get sta-LIM" () = {z}. i

4 Conclusion

In this paper, we studied rough statistical convergence in fuzzy normed linear spaces. We showed
that the rough statistical limit set is closed and convex. We also introduced rough statistical
cluster points and limit points and explained their relation. In future, this study can be extended
to double sequences for further results.
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