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Abstract This study presents a mathematical analysis of the spread of two major COVID-
19 variants: Delta and Omicron. The population of infected individuals is divided into three
compartments, Delta-infected, Omicron-infected, and generally COVID-19-infected. First, a
compartmental model is formulated using differential equations. Then, we investigate the exis-
tence, uniqueness, and basic qualitative properties of the model. The basic reproduction number
R0 is derived using the next-generation matrix method. It is shown that if R0 ≤ 1, the disease-
free equilibrium is locally asymptotically stable. Local stability is examined via the Jacobian
matrix, while global stability is analyzed using a Lyapunov function. For numerical simulations,
both classical and fractional approaches are employed. The fractional model is solved using the
Grunwald-Letnikov method, and the classical model is addressed using a Nonstandard Finite
Difference (NSFD) scheme.

1 Introduction

Modeling for infectious diseases is a very hot topic of research in recent decades. Modeling for
epidemics was introduced by McKendrick and Kermack [1]. Following that, a new compartment
named Exposed (E) was established for a group of people who are not contagious and have not
yet shown any symptoms. An SEIR model has been utilized to represent a variety of infectious
diseases using this compartment [2]. Vaccination models [3, 4], models that take into account
isolated individuals [5, 6], and even extremely detailed SIDDARTHE models [7, 8], where S
stands for susceptibility, I for infected population, D for discovered, A for poor health, R for
recovered, T for under treatment, H for hospitalized, and E for exposed population, have also
been developed. These models are also tailored to specific disease scenarios.
In 2019, a case report in Wuhan, China, was identified as the coronavirus. On March 11, 2020,
the World Health Organization (WHO) announced the new coronavirus (COVID-19) outbreak to
be a global pandemic [9]. Khajanchi et al. modified the SEIR model for COVID-19 to take hospi-
talization plans and contact tracing into consideration while addressing COVID-19 transmission
[10]. By the end of September 2020, they used model simulations to show that COVID-19 cases
in India followed a power law maintained based on data from five states in the country. Samui
et al. used their COVID-19 model to forecast the trajectory of infections and demonstrated the
efficacy of illness rate of transmission mitigation on the fundamental reproduction number [11].
The primary goal of earlier research on epidemics [12, 13, 14] was to estimate the number of
infected people based on the tactics and conditions of transmission unique to each nation.
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SARS-CoV-2 transforms over time, and some of these modifications can result in new types. In
order to prioritize global surveillance, study, and eventually inform the ongoing response to the
COVID-19 pandemic, certain variants of concern (VOCs) had to be identified in late 2020 due
to the introduction of variants that posed an enhanced risk to public health worldwide. There
are five SARS-CoV-2 variants that the WHO designated as VOCs by May 31, 2021. On March
15, 2023, the WHO updated its tracking system and working definitions of VOCs, VOIs (Variant
of Interest), and VUM (Variant Under Monitoring) [15]. The Omicron variant first appeared in
South Africa on November 24, 2021, and it carried numerous unique genetic changes, particu-
larly in the protein spike.
Several researchers have lately developed several kinds of models for COVID-19 using differ-
ent fractional calculus techniques. In this context, very useful models have been constructed.
[16].Therefore, fractional order models are more comprehensive for studying global dynamics
problems in the real world. It is getting harder and harder to find exact analytical solutions
for fractional-order systems. As a result, different numerical approaches have been devised in
the literature for the best approximate solutions. The relevant strategies have received excel-
lent evaluations for classical models. However, the aforementioned techniques have also been
applied extensively in the situation of fractional differential equations. The non-standard finite
difference (NSFD) scheme, the Euler method, and the Adam Bashforth approach are some of
these schemes. Among the approaches discussed, the NSFD method is one of the most effective
for estimating fractional order model solutions; see [17], [15], [16], [17], and [18] for more in-
formation.Usually, some kind of numerical procedure is employed to build a numerical system.
A nonstandard finite difference scheme has been employed in this instance. This has been ac-
complished by applying the difference technique in this instance, which calls for the derivative to
be discredited first. Furthermore, we note that a fractional differential equation’s solution rarely
exists in terms of a finite set of primitive functions. Therefore, in order to evaluate approximation
solutions using difference schemes or other alternative methods in a realistic manner, numerical
methods must be devised [18, 19, 20, 21, 22, 23, 24, 25].

2 Model Formulation

2.1 Hypotheses

To formulate COVID-19 the following assumptions are necessary.

• Human-to-human transmission occurs when symptomatic and asymptomatic infected per-
sons come into direct or indirect contact with one another.

• There are six compartments in the infection development model at each time t. Thus, six
compartments with different densities are S, E , ID, IC , IM and R equal to the total popu-
lation of density M(t).

M(t) = S + E + ID + IC + IM +R

• Deaths are not a part of the chain that spreads disease: Provided that deaths caused by
COVID-19 are appropriately handled up to burial, then it is reasonable to assume that they
are no longer a part of the chain that spreads the epidemic.

• Here does not exist immunity [1, 4]: those who have recovered revert to the vulnerable
group following a brief period of immunity.



1104 Zia Ullah, Muhammad Shoaib Arif, Rahim Ud Din and Ikram Ullah

d1

S

ID

IM

d1

d1+ d2

Figure 1. Diagrammatical presentation (2.1).

Based on the aforementioned assumptions, the following equations are used to explain the dy-
namics of COVID-19 propagation with different variants:

dS
dt

= γ − gSI − d1S,

dE
dt

= gSI − (µ+ d1)E ,

dID
dt

= eµE − (λ1 + d1)ID,

dIC
dt

= (1 − e− f)µE − (λ2 + d1 + d2)IC ,

dIM
dt

= fµE − (λ3 + d1)IM,

dR
dt

= λ1ID + λ2IC + λ3IM − d1R.

(2.1)

Where I = ID + IC + IM . The above equations are draw through a flow chart given below
1. Parameters, which show the transmission rate of different phenomena in above system are
present in the following Table (1).

3 Boundaries, Positivity, and Feasible Region

We, get the following equation from adding all equations of model (2.1),

M(t) = S(t) + E(t) + ID(t) + IC(t) + IM(t) +R(t),

after one has
dM(t)

dt
= γ − d1M− d2IC . (3.1)

≤ γ − d1M,

from (3.1), We’ve got

M(t) =
γ

d1
+

(
M0 −

γ

d1

)
ed1t. (3.2)

Whenever t belong to the set of positive integers.
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Parameters A physical meaning in model

S Susceptible individuals
E Exposed individuals
ID Delta infected individuals
IC Covid-infected individuals
IM Omicron’s infected individuals
R Recovered individuals
γ New population emergence
d1 Natural death rate
λ1 Recovered from Delta infected
λ2 Recovered from Covid-infected
λ3 Recovered from an infection with Omicron
d2 The death rate resulting from Covid-infected
e Rate of infection by Delta virus
µ Rate have been Exposed
f Rate of infection by Covid-infected
g Rate of contact

Table 1. Description of parameters and compartments used in the model (2.1).

As a result, every solution started with the system (2.1). It remains positive if and only if
t = 0. Therefore, we say that the model (2.1) is mathematically well-posed.
By which, we get the following region in which solution of the system lies.

ϒ = (S, E , ID, IC , IM,R) : 0 ≤ S + E + ID + IC + IM +R ≤ γ

d1
.

Disease-free Equilibrium (DFE)
The disease free equilibrium (DFE) is represent by E0, which is equal to

E0 = (S0, 0, 0, 0, 0, 0).

That is to follow

E0 =

(
γ

d1
, 0, 0, 0, 0, 0

)
. (3.3)

Endemic equilibrium (EE)
Here, the endemic equilibrium (EE) is represent by E∗, which is calculated as

S∗(t) =
γ

gI∗ + d1
,

E∗(t) =
gγI∗

(gI∗ + d1)(µ+ d1)
,

I∗
D(t) =

geµγI∗

(gI∗ + d1)(µ+ d1)(λ1 + d1)
,

I∗
C(t) =

(1 − e− f)gγI∗

(gI∗ + d1)(µ+ d1)(λ1 + d1)(λ2 + d1 + d2)
,

I∗
M(t) =

gfµγI∗

(gI∗ + d1)(µ+ d1)(λ1 + d1)(λ3 + d1)
,

R∗(t) =
λ1I∗

D + λ2I∗
Cλ3I∗

M
d1

.
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4 Expression for R0

The concept of the next generation matrix is used for the calculation of the basic reproduction
number. From the basic reproduction number, we determine how the disease is spread through
the population. When the basic reproduction number is less than or equal to 1, we say that the
disease can be controlled. Let ϒ = (E , ID, IC , IM), after that, form the system (2.1), We’ve got

dY
dt

= H− U .

Where

H =


f(gSI)

0
0
0

 ,

and

U =


−(µ+ d1)E

−eµE + (λ1 + d1)ID
−(1 − e− f)µE − (λ2 + d1 + d2)IC

fµE − (λ3 + d1)IM

 .

The Jacobian H at the DFE point

H =


0 gS0 gS0 gS0

0 0 0 0
0 0 0 0
0 0 0 0

 .

Moreover, for the DFE, Jacobian for the given matrix U ,

U =


µ+ d1 0 0 0
−eµ λ1 + d1 0 0

−(1 − e− f)µ 0 λ2 + d1 + d2 0
−fµ 0 0 λ3d1

 .

Thus, R0 the spectral radius of HU−1 calculated as

R0 =
gfµ

(λ3 + d1)(µ+ d1)
+

geµ

(λ1 + d1)(µ+ d1)
+

g(1 − e− f)µ

(λ2 + d1 + d2)(µ+ d1)
.

Thus, R0 includes three parts, The first fraction shows exchanges between the infected popula-
tion. Fraction in the middle shows the relation between delta infected and susceptible individ-
uals, and the population infected with Covid-19 is shown in the last fraction part. The general
population can be protected against COVID-19 infection when the valve of R0 ≤ 1, Conversely,
the infection will spread throughout the population if R0 > 1.
The dynamics of R0 in our model are present in the following figure 2, by using the numerical
data from Table (2).

In next section, we briefly elaborated the stabilities of the model (2.1). Local and global
stability, whenever R0 > 1 as well R0 < 1, in an equilibrium free from disease.

Theorem 4.1. “(i) For the system (2.1), there is no positive equilibrium, if R0 ≤ 1.
(ii)There is a clear unique positive equilibrium E∗ = (S∗, E∗, I∗

D, I∗
C , I∗

M,R∗), which is also
known as an endemic equilibrium develops, if R0 > 1.”
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Figure 2. 3D plot of R0.

5 Stability Analysis

Here, in this part have local and global stability of the model (2.1). For, given endemic and
disease free equilibrium points, we investigated stability of the system.

5.1 Local Stability

By using R0 < 1, and at disease free equilibrium E0 local stability for the system (2.1) is dis-
cussed in the very next theorem.

Theorem 5.1. “If R0 < 1, COVID-19 infection model is locally and asymptotically stable at
DFE E0."

Proof. The stability solution was derived by using the Jacobian Matrix as E0 is given here.

N =



−d1 0 0 0 0 0
0 −(d1 + µ) 0 0 0 0
0 eµ −(λ1 + d1) 0 0 0
0 (1 − e− f)µ 0 −(λ2 + d1 + d2) 0 0
0 fµ 0 0 −(λ3 + d1) 0
0 0 λ1 λ2 λ3 −d1


That Jacobian matrix’s characteristic polynomial at DFE has been obtained by det(N 0−αI) = 0,
in which α represent the eigenvalue of the system, and I is stand for the identity matrix, which
is 6 by 6. So, N the eigenvalues provided by

α1 = −d1,

α2 = −(µ+ d1),

α3 = −(λ1 + d1),

α4 = −(λ2 + d1 + d2),

α5 = −(λ3 + d1),

α6 = −d1.

α1, α2, α3, α4, α5 and α6 are strictly negative. Thus, Local asymptotically stability corresponds
to disease free stability (DEF) is achieved.
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5.2 Global Stability

Global stability of the system (2.1) is investigated through Lyapunov function. By using R0 ≤ 1
and at disease free equilibrium state E0, In next theorem the global stability is presented.

Theorem 5.2. “ If R0 ≤ 1, then the system (2.1) is globally asymptotically stable at E0. ”

Proof. To calculate global stability of model (2.1), we used Lyapnuov function concept, which
is construct as

V = K1(S − S0) +K2(E − E0) +K3(ID − ID0) +K4(IC − IC0) +K5IM. (5.1)

This K1, K2, K3 , K4 and K5 consist of a few constants. Now, take derivative w.r.t “t” of the
equation above.

V̇ = K1Ṡ +K2Ė +K3İD +K4İC +K5 ˙IM.

Using the values from (2.1)

V̇ = K1
˙γ − f(gSI)− d1S +K2

˙f(gSI)− (µ+ d1)E +K3
˙eµE + (λ1 + d1)ID

+ K4
˙(1 − e− f)µE + (λ2 + d1 + d2)IC +K5fµE + (λ3 + d1)IM.

With some basic calculations

V̇ = f(gSI)(K2 −K1) + eµE(K3 −K4) + µE(K4 −K2) + fµE(K5 −K4)

− (K1d1S −K1γ)−K2d1E −K3λ1ID −K3d1ID −K4λ2IC −K4d1IC −K4d2IC −K5λ3IM −K5d1IM.

assumed that K1 = K2 = K3 = K4 = K5 = 1.
which implies

V̇ = −(d1S − γ)− d1E − λ1ID − d1ID − λ2IC − d2IC − λ3IM − d1IM < 0

Which show that the model (2.1) is asymptotically globally stable, whenever R0 ≤ 1, which
follow conclusion.

6 A Discussion and Numerical Results

We consider the cases of infection that have been reported globally. Daily assessments of the
infection are conducted with the use of a unit per day. Let suppose developed the natural birth
and death rates for our model 0.0155432, to determine the average death age in 2020 − 21,
through the defined model (2.1), just two out of the 12 parameters. The procedures M(0) = γ

d1
.

Whenever figuring out the birth rates, That M(0) represents the total population. Let sup-
posed M(0) = 60140000 population is estimated for our model. S(0) = 60069540 when
the disease does not appear in an individual member of the uninfected group of people, and
E(0) = 0.062million, ID(0) = 0.008million, IC(0) = 100, and IM(0) = 360 is the people
listed here, with R(0) = 0 having the original set of parameters susceptible to fit the data in.
Assume that there has been no progress in recovery from the infection. The Non standard finite
difference scheme (NSFD) method is applied to adapt the system to the provided numerical data
at the time frame mentioned earlier. The experiments were conducted until the model fitting
accuracy reached the necessary level. At this point the NSFD system is constructed [32] over the
model we are considering. So have a look at the first equation of (2.1) when

dS(t)
dt

= γ − f(gSI)− d1S. (6.1)

Here the NSFD mechanism enters in

Si+1 − Si

h
= γ − gSiAi − d1Si. (6.2)
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Nomenclature Numerical values

S 6.0069540 x 106

E 0.062000 x 106

ID 0.008000 x 106

IC 0.000100 x 106

IM 0.000360 x 106

R 0 x 106

γ 0.2553
d1 0.00425
λ1 0.8447
λ2 0.200
λ3 0.6746
d2 0.0015
f 0.0101
µ 0.8999
e 0.9566
g 0.8999

Table 2. Numerical values of parameters and compartments used in the model (2.1).

such a way (6.2), Then use the NSFD approach to present the model. (2.1) whenever

Si+1 = Si + h

(
γ − gSiSi − d1Si

)
,

Ei+1 = Ei + h

(
gSiAi − (µ+ d1)Ei

)
, (6.3)

IDi+1 = Ai + h

(
eµEi − (λ1 + d1)IDi

)
(6.4)

IC i+1 = Ui + h

(
(1 − e− f)µEi − (λ2 + d1 + d2)IC i

)
, (6.5)

IMi+1 = Ri + h

(
fµEi − (λ3 + d1)IMi

)
,

Ri+1 = Ri + h

(
λ1IDi + λ2IC i + λ3IMi − d1Ri

)
.

Designing the NSFD scheme [32], We represented the model with a plot (2.1). Understanding
the system’s dynamics demands, For simulation, we used global general data. First, we use
real data from [33], to estimate the transmission rates for each strain using Non standard finite
difference scheme NSFD. Using Table(2), we determine their graphical analysis for every strain
based on the obtained transmission rate. The above figures (3-8) highlight the dynamical behav-
ior of the system (2.1). We suggest that, preventive actions like social distance, immunization,
and COVID-19 patient testing and treatment are included in the three strategies to over come
this disease. Since there are two strains in our model, delta and Omicron, we can examine the
effectiveness of each method for each strain independently. We used MATLAB to carry out the
simulation.

7 Scheme of NSFD for Fractional Order Model (2.1)

We provide some fractional concepts for model (2.1), in this part of our paper . We applied the
Grunwald-Letnikov approach, that has been used the authors in [34, 35]. We used this method to
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Figure 3. NSFD numerical scheme plot for corresponding dynamic behaviors of the model of
susceptible compartment.
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Figure 4. NSFD numerical scheme plot for corresponding dynamic behaviors of the model of
exposed compartment.

present the dynamical behavior of the system (2.1). To investigate stabilities of the system (2.1)
under disease free and endemic equilibrium point and small interval of h support this fractional
method. The Euler, RK2, and RK4 methods were the most commonly utilized techniques by re-
searchers; however, this numerical method has advantages over them. compared to the RK2 and
RK4 methods, this specific numerical scheme is less difficult and more accurate. This numerical
method gives effective numerical results over a long period of time, which gives it an impressive
advantage over different methods.

Definition 7.1. “Non-integer order integral γ > 0 having a particular function S : [0,∞) → R is
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Figure 5. NSFD numerical scheme plot for corresponding dynamic behaviors of the model of
COVID infected compartment.

time t (days)

0 5 10 15 20 25 30 35 40 45 50

D
e
lt
a

 I
n
fe

c
te

d
 c

la
s
s

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

alpha = 1.0

Figure 6. NSFD numerical scheme plot for corresponding dynamic behaviors of the model of
delta virus infected compartment.

described as

Aσ
t Y(t) =

1
ϒ(β)

∫ t

0

Y(θ)
(t− θ)1−β

dθ,
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Figure 7. NSFD numerical scheme plot for corresponding dynamic behaviors of the model of
omicron virus infected compartment.
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Figure 8. NSFD numerical scheme plot for corresponding dynamic behaviors of the model of
recovered compartment.

assume the integral is present at the right sides.” Moreover, by definition of Caputo, we have

Dβ
0+Y(t) =


1

ϒ(1 − β)

∫ t

0
(t− µ)−βY

′
(µ)dµ, 0 < β ≤ 1,

dY
dt

, β = 1.
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From Riemann Liouville integral operator of a certain fractional order as

Aβ
ϒ(t) =

1
Γ(β)

∫ t

0
(t− τ)β−1

ϒ(θ)dθ, β > 0. (7.1)

After the process which used the author in [36],We’ve got

kDβ
ϒ(t) =

m+1∑
i=0

Mβ
i ϒn−i+1, m = 0, 1, 2, ..., (7.2)

in which M0 = 1
hβ , Mi =

(
i−1−β

i

)
Mβ

i−1, i = 1, 2, 3, .... It’s interesting in this case when

m = 0,
From, we have (7.2)

kDβ
ϒ(t) =

ϒ1 − βϒ0

hβ
.

Consider {
kDβ

ϒ(t) = f(t,ϒ(t)), t ∈ [0, T ], 0 < T < ∞,

ϒ(t0) = ϒ0.
(7.3)

Using equation (7.2) to discretion (7.3) as

m+1∑
i=0

Mα
i ϒm−i+1 = f(tm+1,ϒ(tm+1)), m = 0, 1, 2, ..., (7.4)

We’ve got

ϒm+1 =
1

Mβ
0

[
−

m+1∑
i=1

Mβ
i ϒm−i+1 + f(tm+1,ϒ(tm+1))

]
, where m = 0, 1, 2, ..., (7.5)

in which Mβ
0 =

[
1

σ(h,ω)

]β
, Mβ

i =

[
i−1−β

i

]
Mβ

i−1, i = 1, 2, 3, .... Let’s say σ(h, ω) obtained

h + O(h2). Several functions provide the stability rule, such as sin h, cos h, h, etc. We now
present our counseling system (2.1) as instead of non-integral order 0 < β ≤ 1 as follows



kDβS(t) = γ − (gSI)− d1S,
kDβE(t) = (gSI)− (µ+ d1)E ,
kDβID(t) = eµE − (λ1 + d1)ID,
kDβIC(t) = (1 − e− f)µE − (λ2 + d1 + d2)IC ,
kDβIM (t) = fµE − (λ3 + d1)IM,

kDβR(t) = λ1ID + λ2IC + λ3IM − d1R.

(7.6)

Considering of (7.5) and by the use of the Grunwald-Letnikov discrimination method, for system
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(7.6), We introduce a numerical method here for non-integral order.

S(tm+1) =
1

Mβ
0

[
−

m+1∑
i=1

Mβ
i S(tm+1−i) + γ − gS(tm)A(tm)− d1S(tm)

]
,

E(tm+1) =
1

Mβ
0

[
−

m+1∑
i=1

Mβ
i E(tm+1−i) + gS(tm)A(tm)− (µ+ d1)E(tm)

]
,

ID(tm+1) =
1

Mβ
0

[
−

m+1∑
i=1

Mβ
i ID(tm+1−i) + eµE(tm) + (λ1 + d1)ID(tm)

]
,

IC(tm+1) =
1

Mβ
0

[
−

m+1∑
i=1

Mβ
i IC(tm+1−i) + (1 − e− f)µE(tm) + (λ2 + d1 + d2)IC(tm)

]
,

IM (tm+1) =
1

Mβ
0

[
−

m+1∑
i=1

Mβ
i IM (tm+1−i) + fµE(tm) + (λ3 + d1)IM(tm)

R(tm+1) =
1

Mβ
0

[
−

m+1∑
i=1

Mβ
i R(tm+1−i) + λ1ID(tm) + λ2IC(tm) + λ3IM(tm)− d1R(tm)

]
.

(7.7)

Figures here (8-14), We use different fractional orders to graphically represent the dynamical
behaviors of different classes.
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Figure 9. Fractional numerical scheme plot for corresponding dynamic behaviors of the model
of susceptible compartment.

Using Grunwald-Letnikov method, we present the dynamical behavior of system (2.1). Nu-
merical data used from from Table 2, the figures (3-8), show fractional graphical analysis of the
system.

8 Conclusion

In this paper, we provide a mathematical model that takes into account several strains and sim-
ulates optimal control by choosing widely used tactics like social separation, immunisation, and
testing-treatment. Three equilibrium points disease-free equilibrium, variant 1 endemic equi-
librium, and variant 2 endemic equilibrium as well as the positivity and boundedness of the
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Figure 10. Fractional numerical scheme plot for corresponding dynamic behaviors of the model
of exposed compartment.
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Figure 11. Fractional numerical scheme plot for corresponding dynamic behaviors of the model
of COVID infected compartment.

outcome were taken into consideration when establishing the model.
In summary, at each stage, the number of infected people with the Omicron virus (IM ) is sub-
stantially more than that of the Delta virus (ID). Furthermore, less individuals will become
infected and exposed to the virus if controls are more tight. The top rises from the mild to
ordinary level, suggesting that there would be ample time to get ready before it peaks. This
has the effect of delaying both the peak number of afflicted people and the infectious disease’s
elimination. However, when the control method is applied strictly, there is a certain amount of
reduction. This indicates that effective social distancing strategies advance the endemic’s end-
point by significantly lowering the number of affected people, going beyond just flattening the
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Figure 12. Fractional numerical scheme plot for corresponding dynamic behaviors of the model
of delta virus compartment.
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Figure 13. Fractional numerical scheme plot for corresponding dynamic behaviors of the model
of omicron infected compartment.

infection curve.
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