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Abstract This study proposes a nonlinear mathematical model to analyze tuberculosis (TB) in-
fection dynamics, incorporating two-time delays. The model’s fundamental properties are first
examined, focusing on the stability of the disease-free and TB-endemic equilibria. The local
stability analysis reveals that the disease-free equilibrium remains stable when the basic repro-
duction number Ry < 1, while the endemic equilibrium becomes stable when Ro > 1. Notably,
the two-time delays induce Hopf bifurcation under specific conditions, leading to periodic solu-
tions and oscillations in the system. These findings highlight the significant impact of time delays
on the system’s stability, with potential implications for understanding TB transmission dynam-
ics. Numerical simulations are conducted to validate the theoretical predictions, demonstrating
how variations in delay parameters can influence the system’s behavior and stability, providing
important insights for controlling TB outbreaks.

1 Introduction

Tuberculosis (TB) is a widespread infectious disease that affects both humans and animals,
caused by bacteria from the Mycobacterium tuberculosis complex, primarily M. tuberculosis
and related species, with M. tuberculosis being known as Koch’s bacillus. Although tuberculosis
predominantly affects the lungs, it can occasionally target other organs and systems in the body.
Mycobacterium tuberculosis is transmitted through airborne droplets when an infected person
speaks, coughs, or sneezes. In most cases, the bacterium leads to latent infection, where the
disease is inactive and asymptomatic. However, approximately one in ten latent infections even-
tually progress to active tuberculosis. According to 2021 data, TB remains the leading cause
of death from a single infectious agent, affecting approximately 10 million people annually and
resulting in about 1.5 million deaths globally [1].

Despite being treatable and preventable, the widespread prevalence of tuberculosis underscores
the need for a deeper understanding of its transmission dynamics. Mathematical modeling plays
a fundamental role in this process, serving as a crucial tool for analyzing and controlling the
spread of the disease. Techniques such as ordinary differential equations (ODEs), partial differ-
ential equations (PDEs), and time-delay equations are commonly employed to predict infection
dynamics and design effective control strategies for diseases like tuberculosis.

Extensive mathematical work has been conducted using ODEs in epidemiology, particularly in
modeling infectious diseases such as tuberculosis. ODEs are essential for understanding disease
transmission dynamics, as they provide a framework to describe transitions between different
population states, such as susceptible, infected, recovered, and re-susceptible (SIRS). One of
the foundational models for tuberculosis transmission was proposed by Waaler and Anderson
in 1962, marking a significant advancement in the study of TB dynamics [2]. Later, Yang et
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al. expanded upon these models, contributing further to the mathematical framework for under-
standing the transmission of tuberculosis [3]. Ullah et al. focused on TB models incorporating
incomplete treatment, providing critical insights into how treatment gaps affect disease progres-
sion [4]. Dany Moualeu-Ngangue et al. analyzed a tuberculosis model with multiple latent
classes, offering a deeper understanding of TB dynamics in populations with various stages of
latent infection [5]. Other researchers, such as Das and the other authors, also refined tubercu-
losis models, improving our ability to predict transmission patterns and influence public health
strategies [6]. ODE-based models have proven crucial for predicting the spread of tuberculosis
and designing effective control measures [7, 8].

In addition to these foundational studies, substantial research has focused on the use of linear
systems in tuberculosis modeling. Researchers like Carlos Castillo-Chavez [9, 10] have incorpo-
rated nonlinear incidence and treatment functions into TB transmission models, adding realism
to the models. While these models explain disease spread effectively, they fall short in account-
ing for the historical progression of tuberculosis. As such, the inclusion of delay differential
equations (DDEs) is essential for a more accurate representation of disease dynamics, as delays
account for the temporal aspects of disease progression and intervention effects. The introduc-
tion of delays, including fractional delays, has been explored by researchers such as Mohammed
A. Almalahi et al. [11], highlighting the importance of these delays in improving the predictive
accuracy of models [12] also see [13].

The paper’s novelty lies in incorporating two time delays into the tuberculosis transmission
model. This adds realism by acknowledging the time lag between the onset of symptoms and
treatment. The study’s bifurcation analysis offers valuable insights into the dynamic behavior of
the disease under different conditions, which is a significant contribution to the field.

Building on the work mentioned above, we propose a mathematical model for tuberculosis infec-
tion that incorporates two time delays, T and 7, . The novelty of this study lies in examining the
dynamics of tuberculosis transmission with these two delays, which enhances our understand-
ing of the disease’s progression. Our goal is to analyze how these delays affect the stability
and behavior of the system, ultimately informing better strategies for controlling TB spread. To
investigate the model’s qualitative behavior, we apply stability theory for nonlinear differential
equations [14, 15], which helps us understand the impact of incorporating time delays on the
system’s stability and tuberculosis transmission dynamics. This research underscores the impor-
tance of mathematical epidemiology in managing and understanding tuberculosis.

The structure of this paper is as follows: Section 2 presents a nonlinear mathematical model
that includes two delays, along with a discussion on the existence of its solutions. Section 3
focuses on determining the equilibrium points. Section 4 investigates the local stability of the
equilibrium points and provides a detailed analysis of Hopf bifurcation, identifying conditions
under which periodic solutions may arise. Section 5 presents numerical simulations to support
the analytical results and to illustrate the emergence of oscillatory behavior in the system.

2 Model formulation

To analyze the kinetics of TB infection transmission, we present a three-dimensional deter-
ministic nonlinear mathematical model utilizing delay differential equations. In order to create
the model, the total population N (t) is divided into three sub-populations: the susceptible popu-
lation S(t), the Tuberculosis-infected individuals I1(t), and the recovered individuals R(t), such
that N(t) = S(t) + I(t) + R(t). TB infection spreads more gradually than many other diseases,
so the incidence rate must be used in the analysis. The force of infection for TB is expressed by
the formula %ﬁf(;) where (3| represents the contact rate with infected individuals, and o is a
parameter that measures the inhibitory effect on transmission, reflecting the saturation effect.
When individuals do not receive prompt TB infection detection, a time delay occurs. To account
for this delay, we introduce the parameter |, which represents the time between infection and the
onset of symptoms. This delay reflects the incubation period during which infected individuals

may unknowingly transmit the disease. Consequently, the force of infection is adjusted to:
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This model illustrates that although the number of infected individuals may increase, the infec-
tion rate does not grow indefinitely due to behavioral changes and other factors affecting the
spread of the disease.

Individuals transition from the population infected with the tuberculosis virus to the recovered
population at a rate of 3, with a delay T, in receiving immediate treatment. The parameter T,
reflects the time between symptom onset and the initiation of treatment, accounting for delays in
diagnosis and treatment initiation. This transition is represented as B2I(t — ;). Subsequently,
they move to the susceptible population S(t) at a rate of o after recovering from tuberculosis.
Finally, II is the recruitment rate, |1 is the natural death rate, and py is the TB-induced death
rate.

The mathematical model can be constructed using the information provided, along with the
assumptions. The delay differential equations are expressed in the following form:

dS(t) BiS(t —m)I(t — )

S =1 - P us(0) + o R(),

art) _ 6151<i—a . f(t;)ﬂ) — (et pr + B2 (1), (&1
WO — it ) — (0 + )RO)

the initial conditions for system (2.1) take the form
S(p) =v1(p) >0, I(p) = a2(p) > 0, R(p) = ¥3(p) >0onp € [-7,0],  (22)

where 7 = max {11, 72} and (¢1,%,¢3)" € C (max[~7,0],R?) as a Banach space of continu-
ous function from [—7, 0] into R3.

2.1 Non-negativity and boundedness of solutions

In this section, we delve into the investigation of the existence, non-negativity and bounded-
ness of solutions within the context of system (2.1)-(2.2). Our primary objective at the outset is to
determine whether a viable solution exists for this particular system. To facilitate our analysis,
we express system (2.1)-(2.2) in the following form

X

T AX(t) + F(X.(t) = G(X(t), X-(t)), (2.3)
where
5(t)
X(t)=|[1(t) |, X-(t) = X(t—7),

R(t)

— 0 o I — S S(t - )

A= 0 —(u+m+p) 0 |, FXA(0)=| {£imbs(t—m)
0 0 —(u+o0) BoI(t — )

and there exists L > 0 such that
|F(X17(8)) = F(Xar(1)] < LI X1 (8) = Xo,(8)],
with
1Xi7(t) = Xor (O)] = [S17(t) — S27(O)] + [117(t) — L7 (8)| + | Ru7 () — Rar (1)1,
Moreover, we get

|G(X1(t), Xi1- (1) — G(Xa(t), Xor (1)) | < K (| X1 (t) — Xa(t)] + | X7 () — Xor (1)),
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where K = max{||A||,L} < +oo Thus, it follows that the function G is uniformly Lipschitz
continuous. Then the system (2.1)-(2.2) has unique solution.

To ensure the positivity and boundedness of the solution and from a biological perspective, we
examine system (2.1)-(2.2) within the practical domain

Q:{(S,I,R)eRi:SHJngZ}. (2.4)

To establish the non-negativity and boundedness of solutions, we can apply the approach pre-
sented in the article [16], where it is shown that the system solutions remain non-negative and
bounded within the practical domain defined by equation (2.4). This ensures that all solutions of
our model stay biologically feasible (i.e., non-negative and bounded) for all T, > 0.

3 Existence of equilibrium points

In this section, we determine the conditions under which the equilibrium point of the system
(2.1)-(2.2) exists in the absence of two delay times, 11 and . The mathematical model has two
equilibrium points, the first is the disease-free equilibrium E° which exists in the absence of any
disease and other the corresponds to TB infection state E*.

In the absence of TB infection (I = 0), the disease-free equilibrium E° of system (2.1)-(2.2)
provided by

E° = (S°1° R") = (Z,o,o). 3.1)

In epidemiology, the basic reproduction number of the disease, denoted Ry, is the number of
secondary infections resulting from a single primary infection in an otherwise susceptible pop-
ulation. Mathematically, Ry is looked on as a threshold, depending on epidemiological param-
eters of the model, that ensures or not the stability of an equilibrium point called disease-free
equilibrium when the latter exists. By using the next-generation matrix approach [17, Chapter
9], the basic reproduction number R of system (2.1)-(2.2), is given by

RO:BI—H
p(p+ pr + B2)

Remark 3.1. The parameters « and o do not appear in the expression of the basic reproduction
number Ry, as it quantifies new infections generated by a single infected individual in a fully
susceptible population. However, the saturation rate « and the rate o, which represents the return
of recovered individuals to the susceptible class due to loss of immunity following recovery from
tuberculosis, influence the epidemic dynamics at later stages.

(3.2)

Next, we consider the case where TB infection is present. Let E* = (S*,I*, R*) be an equilib-
rium point of system (2.1)-(2.2). Then, it must satisfy

I*S*
B lﬂl‘i‘a&j[* _MS*+UR*:07
I*S*
15;&]**(“4_/”"'52)]*:0’ (3-3)
Bal* — (p+o)R* =0.
Then,
1)
S* =

o+ (a (Bt pr o)+ B+ Biopr + (B + ao) (B + pr) + Bio) i’

I — p(o 4+ pw)(p+ pr+ B2)(Ro — 1) 3.4)
apd + (a(By+pr+o0)+Bi) 2+ Biopr + (B + ao) (Bo + pr) + Bio) w’ '

R pulp 4 pr + 52)B2(Ro — 1)
apd + (a(Bo+ pr +0) + Bi) p? + Biopr + ((B1 + ao) (B2 + pr) + o) '
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where § > 0, and is given by

0 =(la+28+ 0+ 2pur) i + i + (Lo (B + ) + Bopur + 4id) o+ (B + pr)
+ B3 4 (4 By + 2pur) 0 + 2Bapug + p3 + B3) .

We now present the following result regarding the existence of equilibrium points of system (2.1)-
2.2)

Theorem 3.2. For system (2.1)-(2.2) there always exists a disease-free equilibrium point E° =
(%, 0,0); and if Ry > 1, then there also exists an endemic equilibrium point E* = (S*, I*, R*).

4 Local stability and Hopf bifurcations

In this section, our primary focus is to thoroughly examine the dynamics of the solution tra-
jectories in the vicinity of two key equilibrium points: the disease-free equilibrium point E° and
the endemic equilibrium point E*, as defined in (3.4). To accomplish this, we will delve into the
local stability and Hopf bifurcation of these equilibrium points. This analysis will be conducted
by studying the characteristic equation of the linearized system around its equilibrium points.

4.1 Local stability of the disease-free equilibrium E°

Within this section, we investigate the local stability of the disease-free equilibrium point E°
of system (2.1)-(2.2). To do so, we begin by introducing the following perturbation variables

S(t) = S(t)— S° I(t)=1(t), R(t) = R(t).

Next, we can express the linearized system of system (2.1)-(2.2) around the disease-free equilib-
rium point E° in the following manner

% — _uS() - 51%1?(15 — )+ oR(t),
dil(tt):,Blfj(t—ﬂ)_(M“‘MI“‘BZ)I_(t)’ “.D
RO _ (e~ ) — (0 +-0)R)

Furthermore, by considering the exponential solutions S(t) = z1e*, I(t) = xeM, R(t) =
x3eM, we substitute them into the linear system (4.1). This allows us to write the characteristic
equation at the disease-free equilibrium E°, as follows

At 51%€_>‘T' —0
0 At g+ By — Biife A 0 =0. (4.2)
0 —Bre= AT A+ p+o0)
Thus I
(/\+u)(A+a+u)(/\+u+u[+52—Blge*”'):0. (4.3)

Here, we will consider two cases. If 1 = 0, then equation (4.3) becomes as follows
I
(/\+u)(>\+a+u)(/\+u+uz+ﬁz—ﬁ1;):O. (4.4)

Note that, equation (4.4) has three different roots which are given by \j = —p, Ay = —(0 + 1)
and Nz = —(p+pr+62)+06 % It is evident to observe that all roots \;, j = 1,2,3 have negative
real parts, if Ro < 1, while the third root )3 is a positve root wherever Rog > 1. Therefore, the
disease-free equilibrium point is locally asymptotically stable if Ry < 1 and unstable if Ro > 1
form =0.
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Next, we jump to treat the case when 71 > 0. In this case, the roots of equation (4.3) are given
by \i = —p, Ay = —(0 + 1) and the third one denoted by ); is determined by the solution of the
following equation

fQ) = (>\+M+u1+ﬁz—51%6_’\7') = 0. 4.5)

Note that, for A real, it is readily seen that )\lim J(A) = +o0, and f(0) = (p+pr+52)(1-Ro) <
— 00

0, if Ry > 1. Hence, with the help of Intermediate Value Theorem [18, Theorem 4.23, page 93],
it follows that equation f(\) = 0 has a positive real root if Ry > 1.

Now, if Ry < 1, we suppose that R(X) > 0, then by taking the real part of equation (4.5), we get

R(\) = 5y %e—“wﬂ cos(SA)71) = (u + ur + B2) (4.6)

<(p+pr+5)Ro—1)<0,

which is a contraduction with R(\) > 0. Then, we can deduce that X is a root of equation (4.5)
with negative real part, if Ry < 1.

Remark 4.1. According to [19, Theorem 2, P.76 ], the local stability or instability of a linearized
system leads to the local stability or instability of a nonlinear system.

Thus, the following theorem summarizes the above discussion.

Theorem 4.2. The disease-free equilibrium E° of system (2.1)-(2.2) is locally asymptotically
stable if Ry < 1 and unstable if Ry > 1.

Remark 4.3. In epidemiology, Theorem 4.2 implies that TB disease can be eliminated from the
population whenever the basic reproduction number R < 1, if the initial sizes of the population
of the model are in the basin of attraction of the disease-free equilibrium E°.

Remark 4.4. From above discussion, we can note that the local stability of the disease-free
equilibrium does not depend on the time delays 7; and 7.

4.2 Local stability of the endemic equilibrium point E*

In this part, we follow a similar approach to [20], to study the local stability and Hopf-
Bifurcation of the endemic equilibrium point E* of system (2.1)-(2.2). To begin, we introduce
the following perturbation variables

S(t)=S(t)—S* I(t)=1I(t)—I*, R(t) = R(t) — R,

where S*, I'* and R* are given in (3.4). Then, the linearized system around the endemic equilib-
rium E* = (S*, I*, R*) can be expressed as follows

dS(t ~ ~ g _
% = anS(t — 7'1) + algS(t) —|—a13[(t — 7'1) + CL14R(2§)7
di(t ~ . N
%:CLQIS(thl)—i‘azQI(t*Tl)+a231(t), (47)
dLOf) = a31f(t — 7’2) —|—a32}~%(t)7
dt
where
Y L A o/ ¢ A
1 (+aly o2 Hs Q13 (+al P M=% 9=y

_ BST _ _ _
a22_(1+a[*)2’ a3 =—(p+pr+p), an=p0, an=-—(u+o).
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Further, setting S(t) = y1e™, I(t) = y2eM and R(t) = yse . By substituting these variables
into system (4.7), it yields that the characteristic equation of linear system (4.7) can be written
as follows

A —ape M —ap —ajze —a4
—a21€_)“r‘ A — agze_)‘” — an3 0 =0. 4.8)
0 —a31€_)‘7—2 A —az

Thus, we could get

(X 40X+ b A +bo) + (mid+mg)e 7 + (caA? + et d o) e A +pe M) = 0, (4.9)

where
by = —ap — ax — a3, by = apax + apazy + axsazo,
by = —apaxasy, mp = —azax + ajjazn,
Mo = —a11622a32 + A32013G21, C2 = —a1] — A2,

€1 = a11a23 + a11632 + a2a22 + ax0a32,
Co = —@11a230A32 — A12022G32, P = —Q14021043].

Next, before going on, we multiply both ends of equation (4.9) by e*™, resulting in
(A 4+ 02X+ b A+ bo) e + (mid +mo)e M + (A + A +co) +pe ™ =0. (4.10)

At this stage, we will consider four different cases for the time delays T\ and 1, as follows:

Case 1: 71 = 7 = 0. In this case, the characteristic equation (4.10) becomes
M+ a N+ oA +q =0, (4.11)
where
q=c2+by, @ =c1+b+mi, g3g=co+bo+mo+p.

The Routh-Hurwitz Criterion [21], helps determine that equation (4.11) admits roots with nega-
tive real parts if the following condition, denoted as CO0, is satisfied.

C0.q1 >0, q3 > 0 and QP — q3 > 0.

In this case, we have the following conclusion regrading the local stability of the endemic equi-
librium point E*.

Theorem 4.5. The endemic equilibrium point E* of system (2.1)-(2.2) is locally asymptotically
stable if CO holds.

Remark 4.6. Theorem 4.5 indicates that TB disease will be able to start spreading through the
population when condition CO holds, if the initial sizes of the model population are in the basin
of attraction of the endemic equilibrium E*.

Case 2: 71 = 0 and ™ > 0. Here, the characteristic equation (4.10) is gevin by
X+ N+ u+ g+ pe =0, (4.12)
where
up =3 + by, up = c1 + by +my, ug = co + by + my.

Now, in order to investigate this case, we suppose that equation (4.12) has purely imaginary root
of the form \ = iwy, with wy > 0. Then, by substituting it into equation (4.12) and by taking its
real and imaginary parts, we can find

)

{ — wpw3 + ug + pcos(wam) = @13

0
3 : _
— w3 + wwy — psin(wym) = 0.
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Next, by squaring and adding both equations of (4.13), we obtain
wd + (ud — 2up)wi + (uF — 2upug)ws + uf — p* = 0. (4.14)
Later, setting z = w3, then equation (4.14) can be rewritten as follows
0(2) = 22 4 (ud — 2u)2? + (u} — 2upug)z + uf — p* = 0. (4.15)
Note that the derivative of the function {,(z) is given by
0(2) = 322 +2(u3 — 2uy)z + (ud — 2uaug).
To treat this case, let us set

Cl.u} —p* >0, Ay = 4((u3 —2up)? = 3(u? — 2upup)) < 0;

7(u%72u1)+\/(u%72u1)273(u%72u2u0)

C2.u(2)—p220,Ag;>O,z*: . < 0;

C3.u3 —p* >0, Ay >0,2" >0, £1(2*) > 0;
Choud —p? > 0, Ay > 0,2* >0, £4(2*) < 0;
C5. uf — p* < 0.

With the help of Lemma .1 (see Appendix A.), if either condition C4 or condition C5 is satisfied,
then the equation ¢1(z) = 0 must have a positive root z that satisfies w, = +./z.

To ensure the existence and positivity of w,, without loss of generality, we assume that equation
(4.15) has three positive real roots, denoted by z;, j = 1,2,3. Then, it implies that equation
(4.14) has also three real roots which are given by wy; = \/z;, j = 1,2,3.

Now, we proceed to determine the critical value of the time delay 1. To this end, from the first
equation of system (4.13), we can get

1 wpwl, —u 2k
5. = —— arccos 2 0 = (4.16)
7wy p W)
withj = 1,2,3, k =0,1,2---. Therefore, when 7, = Tzkj, j=1,2,3my = jg}igg{rgj} and

wao = Wy, then equation (4.12) has a pair of purely imaginary roots, denoted by tiw,;.

Next, for this value of T, we go to establish the transversality condition of Hopf bifurcation [22,
Theorem 1.1, P. 1362] of system (2.1)-(2.2). To do that, let us set

)\(Tz) = CV(TQ) + Z"LU(Tz).
Then, do to the fact that X is root of equation (4.12), we have
(6 (Tzo) = 0, w (7'20) = wy(. (417)

At this time, using Implicit Function Theorem [23, Theorem 6.8.1, P. 158] and by differentiating
both sides of equation (4.12) with respect to 1, we obtain

a Ape

dr  3X2 42\ + up — mpe= AT

Hence, we have

! 302+ 2up) + ™
— =— - = (4.18)
dm AN+ w2 +u A +ug) A
Further, substituting A = iwyo and by taking the real part of previous expression (4.18), we
obtain

—1
?R( d\ ) _ 3w§0 + (2u0u2 — 4u1)w%0 + u% — 2uyg @.19)
)\:iIUQO

dr (w3y — uwa)? + (ug — upwy)?
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Obviously, we have

-1
sign{ diN) } = sign%{ <d)\> }
dm dm i

ey
(w3 — w1w0)? + (up — upwyy)? S’

where
g1(wa0) = 3wy + (2uous — duy ) w3y + ui — 2ug.
~1
Therefore, it results that it (%) > 0 whenever gy (wng) > 0; which implies that gy (wy) >

A:iwzg
0 is an essential condition for the occurrence of Hopf bifurcation of system (2.1) if m = 0 and

T > 0.
To summarize the above discussion in Case 2, we state the following theorem.

Theorem 4.7. If conditions C4 or C5 holds, then there exists a critical value of the delay time
T, such that E* is locally asymptotically stable when 1 < Ty and unstable when T, > .
Moreover, if g1 (wag) > 0, then a Hopf-bifurcation is exhibited by system (2.1)-(2.2) at T, = 7.

Remark 4.8. This result reveals the critical role of the delay parameter 7 in shaping the system’s
dynamic behavior. The occurrence of a Hopf bifurcation at the threshold value 7 indicates the
transition from a stable endemic equilibrium to sustained oscillatory dynamics, corresponding
to periodic outbreaks of tuberculosis. From a disease control perspective, such oscillations are
undesirable, as they signify recurring waves of infection. Therefore, understanding the bifur-
cation conditions enables public health policymakers to identify and avoid parameter regimes
particularly delay related factors such as diagnostic or treatment delays that lead to instability.
Consequently, these findings provide a theoretical foundation for designing intervention strate-
gies aimed at maintaining disease stability and preventing recurrent epidemics.

Case 3: 71 > 0 and 7 = 0. In this case, the characteristic equation (4.10) turn into
N+ e d+ o+ p+ (N + 02X + A +bo)e + (miA+ mg)e ™ =0. (4.20)

Now, suppose that the previous equation has a pure imaginary root A = iwy with w; > 0. Then,
by inserting it into (4.20) and by taking its real and imaginary parts, we could get

Cz’w% - (CO +p) = ( - b2w% +bo + mO) COS(wlTl) + (w? — bwy + mlwl) sin(wln),

—clwy = ( — U}? + bjw; + mlwl) COS(’wlT]) + ( — bzw% + by — m()) Sin(wln).
Furthermore, from the previous system, we obtain

Quwi + Qw4+ Qo
w? + S]4’LU‘1‘ + Slzw% + 510,

cos(wmy) =

4.21)
Q25w + Qu3wi + Qorwy
w? + 51411)‘1‘ + S]Qw% + SIO,

sin(wyy) =
where
Qus =c1 — by, Q2= (bg —mg)ca + ba(co + p) — c1by + cimy,
Q10 = —(co + p)(bo — myg), S1a = b3 — 2by, S12 = —2baby + bi — m1,
Sio = b5 —mg, Qs =ca, Qa3 = —bicr —micr — (co +p) + cib,
Q21 = (co+p) (b1 +my) — c1by — cimy.

After that, by squaring equations of system (4.21) and combining them, we get

w112 + h]ow%o + hgwiS + hg’w? + h4w? + hz’w]z + ho =0, (4.22)
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where

hio = 2514 — @3,

hg = Sty + 2512 — 2Q25Q23 — Qs

he = 2510 + 2514512 — @33 — 2Q25Q21 — 2Q14Q12,
ha = ST, + 2514510 — 2Q23Q21 — Q, — 2Q1sQ10,
hy = 2512510 — Q31 — 2Q12Quo,

ho = 5120 - Q%o-

At this point, by setting 21 = w?, equation (4.22) can be expressed as follows
Oa(z1) = 28 + hioz] + hs2} + he2i + hazt + haz + ho = 0. (4.23)

Next, through the use of Intermediate Value Theorem, if hy < 0, then equation (4.23) has a
positive root z1 satisfying w; = £,/z].

Without loss of generality, we assume that equation {3(z1) = 0 has serval positive real roots
denoted by z;, j = 1,2,---6, which implises that equation (4.22) also has multiple real roots

wyj = /le’j: 1’2’... ’6_

Latterly, we pass to establish the critical value of time delay 11o. To do this, from the first
equation of system (4.21), it yields that

4 2
™ = B arccos ( Qi + Quw; + Qo > + %J, (4.24)
J w1 w?j + Smwzltj + Slzw%j + Sio Wi

with j = 1,2,---,6, k = 1,2---. Therefore, when 1 = lej, ji=12,--,6, with 1o =
_ }‘nzin 6{7'&-} and wig = wij, the equation (4.20) admits a pair of purely imaginary roots
J=12,--.
Fiwy; -

For the bifurcation analysis, the time delay T, is chosen as the bifurcation parameter and we will
show that there exists at least one root with positive real part for T > Tyo.

With help of Implicit Function Theorem [23, Theorem 6.8.1, P. 158] and by differentiating equa-
tion (4.20), it leads to obtain

( d\ > Qe+ ) + B2+ 2A + b)) 4 mye AT I
D)

dry - . 425
dri (A3 4+ 1 A? + o+ p)er™ = 2A(miA + mg)e T A (4.25)

Moreover, if we replace A with iwo and extract the real component from the preceding equation
(4.25), we can get

—1
dA g2(wo)
)\:iwlo 1 2

where

g2(w]0) = CS'U)?Q + C4w?0 + CSU)?() + Cz’w]z() + Clw107 4.27)
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with,
Cs =3¢y sin(wyoT),
G4 = =265 + (3c1 — 2e2b2) cos(wiori) + 6my (cos*(wiorr)) — sinz(wlon)),
G =(2¢1by + 5¢smy — 3(co + p) — bica) sin(wioT)
+ (8myby — 12myg) cos(wior) sin(wioT),
G =~ +2¢(co +p) — 2mF + (4bymo — 2myby) (sin*(wiomi) — cos*(wioTi))
+ (= 3mici — biey 4 4eamg + 2b2(co + p)) cos(wiom),
¢ =(2ciymo — mi(co + p) + bi(co + p)) sin(wiori) + 4bymg cos(wior) sin(wioT ),
& = — crwly — 2mywl, cos(wiom) + 2mowig sin(wiom ),
& = — cawiy + 2mywiy sin(wiort) + (co + p)wio + 2mowig cos(wior ).

Thus, an essential condition for the occurrence of Hopf-bifurcation which is ga(w1o) > 0.
From above, we can conclude the follwing result.

Theorem 4.9. Let hy given in (4.22), If hy < 0 is satisfied, then there exists a critical value of
the time delay Ty, such that the endemic equilibrium E* is locally asymptotically stable when
71 < Ti9 and it is unstable if 1 > T19. Moreover, if g2(wi9) > 0, then Hopf-bifurcation is
exhibited by the system at T\ = Tyy.

Case 4: 7 = 11 = 7 where 7 > 0. In this case, equation (4.10) becomes as follows
(A 4+ 02X+ biA 4+ bo) e + (A +mo +p)e ™ + A + X+ ¢ = 0. (4.28)

Proceeding in the same way as before. First, we suppose that X\ = iw, (w > 0) is a root of
equation (4.28), then we could obtain

—cw? 4 icqw + o + ( —iw’ — bhw® + ibjw + bo)em”' + (imlw + (mo —|—p))e’“’” =0.
Next, we take the real and imaginary parts of previous equations, to get the following system

(= bow? + by + mo + p) coswr + (W’ — byw +myw) sinwr = c;w? — ¢y,

4.29)
( —w + byw + mlw) coswT + ( — b2w2 + by — (mo —i—p)) sinwr = —cjw.
Further, from system (4.29), we find
COS(U)T) _ Bl4w4 + Blzwz + BIO
w4 At 4+ Apw? 4+ Ay’
(4.30)
. 325w5 + ngw3 + Byjw
sin(wr) =

wo 4+ Apgw* + Apw? + Ay’

where
Bis = —c2by +¢1, Bip = e2(bo — (mo + p)) + coba + bici + cimy,

Bio = co(bg — (mo +p)), As = b3 —2by,

App = b} —m} — 2bgby, Ajg = b5 — (mo + p)?,
Bys = 3, By = —co+ c1by — ca(by + my),
Bay = —boer — c1(mo +p) + co(br +ma).

Later, we square and we add the equations of system (4.30), we arrive at

w'? + k}]owlo + kg’ws + k6w6 + k4w4 + k‘zU)Q + ko =0, 4.31)
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where )
kio = 2A14 — By,

ks = Afy + 2412 — 2BsBos — By,
ke = 2A10 + 2A14A1, — B3y — 2Bas By — 2By Bia,
ky = A%, +2A14A10 — 2B23 Bay — B}, — 2B14Bho,
ky = 2A14A10 — B3, — 2B12 By,
ko = A3y — B,.
At this stage, we consider that z4 = w*> and we obtain
03(24) = 28 + k023 + kgzg + kezi + kazd + kozg + ko = 0. (4.32)

By using Intermediate Value Theorem again, we can show that equation (4.32) has a positive
real root zy satisfying w = +./zs. Without loss of generality, we assume that {3(z4) = 0 has six
positive real roots zs5, j = 1,2, ,6, which implies that equation (4.31) also has six real roots

wj:1/24j,j:1,2,-~- , 6.

Now, from the first equation of system (4.30), we obtain

1 Byw? + Bpw? + B 2k
’7'.71-C — — arccos ( 6 — 4 e 2 - ) 77(7 (433)
wj wj + Apwi + Apw; + Ao wj
withj = 1,2,---,6,k = 0,1,2,---. Therefore, iw; is a pair of purely imaginary roots of
equation (4.28), when T = Tj’-“, with g = {r%in 6{7']0} and wy = wj,.
J=h2,

To determine the condition of Hopf-Bifurcation occurs for the critical value of T, we will use the
derivative equation (4.28) concerning T; we obtain

an —)\(()\3+bz)\2+b1)\-l-bo)e)‘T—(m[)\-l-mo—i-p)e_)‘T)
dr (262)\+Cl)+(3/\2+2b2/\+b1)6)‘T+m1€_)‘7—+7'(()\3+b2/\2+b1)\‘i‘bo)@)‘T—(ml)\—‘rmo—f—p)@_)‘T) ’
which leads to

(d/\) T @odta) + BN H20A +b)eN Hme™ 7 434)
dr M A2 DA+ b)er — (i +mo +ple>T) A ’
Next, substituting A = iwg in (4.34), and by taking its real part, we can get
-1
dX
?R() = 9§(w°)2, (4.35)
dr i ST
where
93(wo) = 3wl + nsw} + nawg + n3wd + nawg + mw, (4.36)
with,

75 2302 sin(on),
Ny =—2c + (3¢1 — 2e2by) cos(wot) + 6y (cosz(wﬁ)) - sinz(wlT)),
73 :(chbz + S5¢comq — 3¢y — b1c2) sin(wor) + (8m1b2 — 12(m0 +p)) COS(on) Sil’l(’LU()T)7

M = — ¢} +2cac — 2mi + (4ba(mo + p) — 2myby) ( sin®(wor) — cos? (woT))
+ ( —3mycy — biep + 4Cz(m0 +p) + 262(00 +p)) COS(U)()T),

m =(2c1(mo + p) — mico + bico) sin(wor) + 4b1 (mo + p) cos(woT) sin(woT),
&G =— clwé — 2m1w8 COS(’LUOT) + 2mowig sin(on),

&y = — czw%o + 2m1w(2) sin(woT) + (co + p)wo + 2mowg cos(woT).
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Hence, we can conclude that if 1y = 7 = 7, the occurrence of Hopf bifurcation in system (2.1)-
(2.2) requires the essential condition of g3(wo) > 0. This condition is supported by the fact that

-1
%(‘(ﬁ;\) > 0 holds true in such cases. The following result describes the conditions for
)\=in

Hopf bifurcation at the endemic equilibrium.

Theorem 4.10. For 1y = 7 = 7 (7 > 0), if ko, which is given in equation (4.31), satisfies
ko < O, then there exists a critical value of delay time Ty, such that the endemic equilibrium point
E* is locally asymptotically stable for T < 7y and is unstable for T > 7y. Also, if g3(wg) > 0,
Hopf-bifurcation is exhibited by the system at T = 1.

5 Numerical simulation

We numerically solve the system using the parameter values from Table 1 in order to validate
the analytical results.

Table 1: Parameters values.

Parameter Value Unit source
7 20 day~! [24]

B 0.001 day™! variable
B 0.3 day~! variable
L1 0.1 day™! [24]

I 0.02 day~! [24]

o 0.1 day™! variable
Q 0.4 day™! variable

The initial conditions are taken as S(0) = 200, I(0) = 75, and R(0) = 55. For these values,
the disease-free equilibrium point is computed as E° = (1000, 0, 0). It is not difficult to calculate
the value of Ry, which is Ry = 0.4200. Since Ry is less than 1, the roots of equation (4.3) have
negative real parts. Therefore, E° is locally asymptotically stable for Ry < 1 with T, 7 > 0.
Additionally, Figure 1 confirms the Remark 4.4 that the stability of the disease-free equilibrium
point does not depend on the time delays 1| and 1.
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Figure 1: Graphical Analysis of Local Asymptotic Stability for Disease-Free Equilibrium Point
Ey = (1000, 0, 0), with Ro = 0.4200 < 1, under Varying 71 Values.

Case 1: For the case of 11 = 1 = 0, we select the parameters (31, 32, and o as follows

B1=0.06, p,=0.01 and o =0.001. (5.1

When we substitute these values, we find that Ry = 7.8000 > 1. This condition is crucial for
. . . g . % 277420 209545 14

the existence and nonnegativity of the endemic equilibrium point E* = ( ;;130, (1)2225, 22?;5 )

Additionally, it should be noted that with the values provided by (5.1), the condition CO q; =

0.3158 > 0, ¢z = 9.0173 x 10~* > 0, and q1¢op — q3 = 0.0146 > 0 are all satisfied. There-

fore, based on Theorem 4.5, we can conclude that the endemic equilibrium point E* is locally

asymptotically stable when 71 = 7 = 0 (see Figure 2 ).
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Figure 2: Graphs justifying the local asymptotic stability of endemic equilibrium point with absence of delay
times 71 and 7.

Case 2: When 1y = 0 and 7, > 0. To invistegate this case, we choose
£ =0.00162, (3, =06, oc=06 and o =0.0001. 5.2)

Consequently, Ro = 1.1664 > 1 and the endemic equilibrium point E* is given by E* =
2191000 387500 375000).

4891 7 4891 » 4891

By solving the equation (4.15) we find that —0.3693, 0.0714, —0.0758 are the roots. Thus we

obtain one positive roots of equation (4.14), w = 0.2672. Consequently, o = 10.8916. Since

Ty = _n}i1213{7'23 }, we have then 7oy = 10.8916. Figure 3 provides evidence for the local stability
J=12,

of the endemic equilibrium point when 7, = 10, which is less than 9. On the other hand, Figure
4 illustrates the instability when T = 11, surpassing my.
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Figure 3: The graphs demonstrate that the endemic equilibrium point £ exhibits local asymptotic stability
when 7 < 7.
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Figure 4: Graphs justifying that the endemic equilibrium point E* is unstabl when 75 > 2.

Case 3: the case when 71 > 0,7, = 0, we choose 5, = 0.013, 5, = 0.001, ¢ = 0.01 and
a = 0.3. then we obtain that Ry = 1.5730 > 1, it means the endemic equilibrium point E* exist
which is B = (20 1953185 1B - Moreover, the condition hg = —4.4772 x 10718 < 0 is
satisfied at the positive equilibrium point E* and with simple calculation we get 710 = 58.6921.
Then the endemic equilibrium point E* is locally asymptotically stable when 7y < 190 = 56 and
it is unstable when 1| > 9 = 60, which is consistent with Theorem 4. Figure 5a and Figure 5b

as show that.
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Figure 5: Graphs justifying the local asymptotic stability of E* when 71 = 13 < 719 (a). (b) When
71 = 14.2 > 710, E* is unstable.
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60
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Figure 6: 3-dimensional visualization of the solution trajectory.

Case 4: 71 = 7 = T, we choose 5, = 0.06, 5, = 0.02, 0 = 0.2 and o = 0.6, we get
Ry = 8.4.00-0 and tﬁe equilibrium Point E* = (Y180 3%3(2)%07 2039). We is calculate that the
characteristic equation for the matrix J* evaluated at E* is

0.0648)\> 4 0.0235) + 0.002 + (A* + 0.38A> + 0.038X 4 6.16 x 10~ )7
+ (0.0043) 4 6.7753 x 107 %)e=*" = 0.

suppose that the characteristic equation has a purely imaginary root A = iw After separating
real and imaginary parts and substituting z4 = w?* in equation (4.32)

28 +0.132625 +0.0032zF +2.3851 x 10723 + 1.8032 x 107%27 —2.9340 x 107%2,

—9.2545 x 107 = 0.

(5.3)
The condition ko < 0 is satisfied, and the roots of equation (5.3) are —0.1224, —0.0050 +
0.0439i, —0.0050 — 0.0439:, —0.0036, 0.0034. Then we get 1o = 10.6575. From Figure 7a, it
can be observed that for T = 10, the trajectories corresponding to S(t), 1(t), and R(t) initially
vary before converging towards the respective components of the equilibrium point E*. Figure
7b illustrates how the solution trajectory, starting from the initial condition, converges towards
(258.11690, 121.80170, 11.07288). While for T = 11, the solution trajectories begin oscillating
continuously around the equilibrium point, which supports the existence of Hopf-bifurcation. We
can witness E* is unstable behavior for T = 11. further from Figure 8, we can see the unstable
behavior of E* for T = 11. Thus, the endemic equilibrium point E* is locally asymptotically
stable for T € [0,10.6575) and becomes unstable for T > 10.6575.
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Figure 7: Graphs justifying the local asymptotic stability of the endemic equilibrium point E* when 7 = 10.
(b) 3-dimensional visualization of the solution trajectory.
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Figure 8: (c) When 7 = 11 > 79, E™ is unstable. (d) 3-dimensional visualization of the solution trajectory.

Now, To confirm the results obtained in Remark 4.3, we can demonstrate them through numer-
ical simulation. We show how Ry relates to parameters B, and (. Figure 9a show the direct
proportion relationship between Ry and (51 we find that as (| increases, Ry increases too, and
as shown in Figure 9b the inverse relationship between R and B,. Moreover, when we choose
w=0.02, uy = 0.1, (81, 52) €[0,0.9]x[0,0.9], as shown in Figure 10 we conclude the relation-
ship among Ry, 51, [a. It demonstrates that as (5, increases and B, decreases, Ry is gradually
increasing. High frequency of exposure between vulnerable individuals and low recovery rates
and sick people make epidemic diseases more likely to spread.
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(a) The relationship between Ry and f;. (b) The relationship between Ry and (3.
Parameters: p = 0.02, 4 = 0.1, 8, = 0.3. Parameters: p = 0.02, 4y = 0.1, 81 = 0.2.

Figure 9: The relationship between R and parameters.

Figure 10: The relationship among Ry, S1, and .

6 Conclusion

This paper analyses a mathematical model used to study tuberculosis infection, focusing on

two distinct time delays. The first delay, denoted as T\, represents the period between the appear-
ance of symptoms and the diagnosis of the disease. The second delay, T, refers to the interval
before initiating appropriate treatment. Both delays play crucial roles in the transmission dy-
namics of tuberculosis. Ty is vital for early diagnosis, which directly impacts the effectiveness of
intervention measures. In contrast, T pertains to the delay in starting treatment, which is key to
controlling the spread and progression of the disease.
Additionally, we examined the effects of these time delays in the framework of bifurcation anal-
ysis. The time delays 1| and T, are instrumental in defining the conditions under which Hopf
bifurcation occurs, influencing the stability of the disease-free state and the endemic equilibrium
of tuberculosis in the population. Our results highlight the importance of these delays in shaping
the overall dynamics and stability of tuberculosis transmission.
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The study has great potential for real-world application in public health, particularly in opti-
mizing tuberculosis control strategies. The incorporation of time delays in the model mirrors the
real-world delay in diagnosis and treatment. The findings could help health authorities under-
stand how delays impact the stability of tuberculosis transmission and guide interventions aimed
at reducing such delays.

In conclusion, this study’s findings underscore the critical importance of early diagnosis and
timely treatment in managing tuberculosis. Prompt detection of symptoms and the rapid initia-
tion of appropriate therapy are essential for reducing the disease burden and preventing further
transmission and progression. These results emphasize the necessity for efficient public health
strategies that promote early diagnosis and swift treatment, aiming to reduce the overall impact
of tuberculosis on public health.
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Appendix A

Lemma .1.
(i) If C1, C2 or C3 holds, then equation (4.15) has no positive real roots.

(ii) If C4 or C5 holds, then equation (4.15) has at least one positive real root.

Proof. Firstly, we need to show that under the conditions stated in C1, C2 or C3, the function
¢1(z) = 0 given by (4.15) does not have any positive real roots.

Let’s consider the derivative ¢ (z) and analyze its behavior. If (z) > 0 for all z > 0, then ¢, (z)
is strictly increasing and cannot have any positive real roots. Indeed, from the condition C1, it
follows that ¢{(z) > 0 for all z > 0 which implies that function ¢, (z) is strictly increasing for all
z > 0 (see Figure 11).

ti(z) 0(2)
u(z) —p?
z \ z
/‘
0 0

Figure 11: u3 — p> > 0, Afﬁ <0.

By the same way as before, we can easily see that function ¢;(z) does not admit a positive root
for all z > 0 under the condition C2 (see Figure 12).

(2) 0

Figure 12: u3 — p? > 0, Az; >0, 2" <0.

Now, if the condition C3 is satisfied, then the fucntion ¢; is increasing on (0, 2*) and goes from
0,(0) = ud —p* > 0to £1(z*) > 0; however, the function /; () is decreasing for all z > 2*. This
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t (=) t(z)
uﬁ —p?
\
NVA I

Figure 13: u3 — p? > 0,Ay >0,2" >0, l1(2%) > 0.

means that function ¢; does not have any positive root for all z > 0 (see Figure 13).

To prove the condition C4, we consider the given conditions ug — p* > 0, Ay > 0, z* > 0 and
¢1(z*) < 0. The function ¢, (z) transitions from ¢,(0) > O at z = 0 to ¢;(2*) < 0 at z*. Since
¢1(z) is increasing on [0, z*), it must cross the z-axis at least once in this interval, ensuring the
existence of a positive root z, € (0,2*). For z > z*, ¢,(z) is decreasing and remains negative,
implying no additional positive roots exist. Hence, ¢;(z) has exactly one positive root (Figure
14).

The last condition C5 can be proven using the intermediate value theorem. If u3 — p?> < 0 and

4 (2) 6(2)

Figure 14: u3 — p> > 0, Ag >0,2*>0,0(z*) <O0.

lim ¢;(z) = 400, then the condition is satisfied (see Figure 15).
z—+00
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4 (z)

Figure 15: u3 — p* < 0.
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