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Abstract. We aim to study a nonlinear epidemic model coupling direct and indirect trans-
mission of infectious disease by using Caputo’s fractional derivatives. This non-local operator
takes into account the history of the dynamic system and grants it a memory effect. After rig-
orous mathematical study, we calculate the basic reproduction number R0 and determine the
equilibrium points. We demonstrate the uniqueness of the equilibrium point according to the R0
value. We further demonstrate that the local and global dynamics of the system are related to
the basic reproduction. Our model generalizes various disease models, including those for HIV,
Zika virus, H1N1, and many others. Using the Adam-Bashforth-Moulton method and Python
version 3.7, we present numerical simulations depending on the fractional order to support the
theoretical demonstration.

1 Introduction

The mathematical modeling of phenomena is essential in the field of applied science. In
physics, chemistry, biology, and many other fields, mathematical models are the pillars of a
rigorous scientific study, enabling predictions about observed phenomena. Infectious diseases
are increasingly becoming a major focus of mathematical modeling. HIV, Zika virus, avian in-
fluenza, H1N1, Malaria, Dengue [38, 40], Ebola virus disease,
schistosomiasis, COVID-19 [14, 39] are among many other infectious diseases that are regularly
the subject of mathematical studies [18, 19, 26]. A. Guiro et al. [10] analysed a mathematical
model of the spread of the coronavirus disease 2019 (COVID-19) in Burkina Faso. B. Ivorra
et al. [14] worked on a mathematical modeling of the spread of the coronavirus disease 2019
(COVID-19), taking into account the undetected infections (the case of China). In the modelling
of schistosomiasis, A. Guiro et al. [11] worked on stability analysis of a model with delays. In
recent years, fractional order calculus has been found to be more appealing in modeling [2, 12]
for real-world problems in comparison to classical integer order calculus, as it provides a tool
for the description of memory effects and genetic properties of various materials.
In 2023, Shah et al [28] studied a fractional order dynamical system of viral infection disease un-
der piecewise derivative. In their work, they stated on a fractional order dynamics in the Caputo
sense of the deadly disease Nipah virus (NiV). In 2024, Eiman et al [9] proposed a two-strain
model of Covid-19 transmission governed by conformable fractional order derivatives. In the
same year, Shah et al [29] proposed a fractal-fractional hybrid model with reinfection. The men-
tioned model was considered to deduce the qualitative theory and numerical aspects. Also, in

https://orcid.org/0000-0001-9337-632X
https://orcid.org/0009-0004-8652-8726


1144 Y. YODA, D. OUEDRAOGO, I. IBRANGO and M. BARRO

the paper [30], Shah et al using piecewise modified ABC fractional order derivative proposed a
model on rotavirus infectious disease. In their model, they considered susceptible, vaccinated,
infected, and recovered (SVIR) classes. Some qualitative conclusions have been established for
the complicated pediatric disease epidemic model of rotavirus, which travels through a popula-
tion at an inconsistent rate. The model has been fitted with piecewise equations of non-singular
kernel-type derivatives in the modified Atangana-Balaneu-Caputo (mABC) sense.
Entomological studies revealed that mosquitoes don’t feed randomly on human blood, but they
use their prior experience on human location and human defensiveness to select the host to feed
[3]. Thus, in some transmissions of diseases like dengue, Zika virus, and HIV, a future state does
depend on the history of the transmission. Hence, the fractional order differential equation is
found to be the best approach to model the transmission.

In this paper, we propose an epidemic model coupling both direct and indirect
transmission mechanisms of infectious diseases using fractional order differential equations. We
subdivide all the elements involved in the transmission into three compartments x, y and z. Our
model has potential applications in the study of various diseases. For example, it generalizes the
HIV model where x, y and z correspond to uninfected cells, infected cells and virus, respectively.
In the study of Zika virus, we let x, y, z be the uninfected individuals, infected individuals, and
infected mosquitoes, respectively. When we apply our model to analyze the epidemic waves
of H1N1 and seasonal influenza, x and y still denote uninfected and infected individuals, re-
spectively, while z stands for the contaminated environment such as classrooms, buses, theaters,
or other public places. We could also use our model to study the cross transmission of avian
influenza among migratory birds and domestic poultry, where x, y, z denote the uninfected mi-
gratory birds, infected migratory birds, and infected domestic poultry, respectively.

Our paper is organized as follows. In Section 2, we present some important definitions about
the fractional derivatives. In Section 3, we present the system of fractional order differential
equations after briefly presenting the work of Shu Hongying et al. [32]. In Section 4, we make
sure that our mathematical model is well defined. Indeed, we exhibit the mathematical properties
of the model, calculate the equilibrium points and the basic reproduction number. We then study
in Section 5 the stability of the equilibrium points. We numerically simulate the model with
some real data and some estimated data using Python version 3.7 in Section 6.2 and we conclude
in Section 7.

2 Preliminaries on fractional derivative

The idea of fractional calculus was first triggered by Leibniz in 1695. For the past three centuries,
fractional calculus has been renowned among mathematicians, mainly in the pure branch. Only
in the last few years, this has been drawn to several applied fields of engineering and sciences,
since fractional order model can give a more realistic interpretation of the real problem [8, 25,
27]. There are several different definitions of fractional derivative in the literature [8]. In this
paper, the Caputo derivative approach has been used due to its advantages in applied problems.
The main advantage of using Caputo’s approach is that the initial conditions for a fractional
order differential equation with Caputo derivative are the same as those of an integer differential
equation, avoiding solvability issues.

Definition 2.1. ([41]) A gamma function Γ :]0;+∞[→ R is defined by

Γ(α) =

∫ ∞

0
xα−1e−xdx.

Definition 2.2. ([22]) The Riemann-Liouville’s fractional integral of order α for a function f is
defined by

Iαf(t) =
1

Γ(α)

∫ t

0

f(s)

(t− s)1−α
ds, α > 0, t > 0.

Definition 2.3. ([22]) The Caputo fractional derivative of order α for a function f is defined by

C
t0
Dα

t f(t) = In−α [fn(t)] =
1

Γ(n− α)

∫ t

t0

f (n)(s)

(t− s)α−n+1 ds if n− 1 < α < n.
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Definition 2.4. ([22]) The Laplace transform for the Caputo fractional derivative of the function
f is

L[Ct0
Dα

t f(t)] = sαF (s)−
n−1∑
k=0

sn−k−1f (k)(0), n ∈ N, n− 1 < α < n (2.1)

Definition 2.5. ([7]) The Mittag-Leffler is defined by

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
α, β > 0 (2.2)

Eα(z) = Eα,1(z) =
∞∑
k=0

zk

Γ(αk + 1)
α > 0 (2.3)

E1(z) =
∞∑
k=0

zk

Γ(k + 1)
=

∞∑
k=0

zk

k!
= ez (2.4)

and the Laplace transform for the Mittag-Leffler function is

L[1 − Eα(∓dtα)] =
d

sα ± d

and

L[Eα(∓dtα)] =
sα−1

sα ± d
.

Theorem 2.6. ([7, 8]) Consider the two-parameter α, β > 0 for Mittag-Leffler function Eα,β(z).
The power series defining Eα,β(z) is convergent for all z ∈ C. In order words, Eα,β(z) is an
entire function.

3 Mathematical model

The model we propose is a Caputo fractional order derivative model of the problem developed
by Shu Hongying and Wang Xiang-Sheng [32] :



ẋ(t) = b− β1
x(t)y(t)

x(t) + y(t)
− β2x(t)z(t)− µx(t),

ẏ(t) = β1
x(t)y(t)

x(t) + y(t)
+ β2x(t)z(t)− γy(t),

ż(t) = py(t)− δz(t)

(3.1)

with the initial conditions x(t0) = x0 > 0, y(t0) = y0 > 0, z(t0) = z0 > 0.
The variables x, y denote the susceptible and infected population sizes respectively and the con-
stants µ, γ are their death rates. b is a constant birth rate. The disease could transmit directly
via a standard incidence function β1

xy

x+ y
and indirectly via a mass-action infection term β2xz,

where z accounts for the vector of the indirect transmission. It assume in the third equation that
the growth of disease vector is proportional to the number of infected individuals, and its decay
rate is a constant δ. The units of parameters β1, µ, p, δ are the same as the reciprocal of time unit,
but the unit for b is the unit of β1 multiplied by the population size/density unit, while the unit of
β2 is the unit of β1 divided by the population size/density unit.
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Thus, our model take into account both direct and indirect transmission of the disease. It gener-
alizes various disease models on HIV, Zika virus, avian influenza and H1N1.

Our aim is to propose a fractional approach to the model (3.1) using Caputo’s derivatives of

fractional order with directly standard incidence function β1
x(t)y(t)

x(t) + y(t)
and indirectly standard

incidence function β2
x(t)z(t)

x(t) + y(t)
.

We assumed in the formulation of our model :

• the humans are assumed to be born susceptible, no natural protection;

• β1 is the transmission rate of humans directly infected by the disease;

• β2 is the transmission rate of humans indirectly infected by the disease;

• µ and η are respectively the natural death rate and the death rate due to the disease in the
population ; p is the growth rate of the disease vectors. This number is proportional to the
number of infected individuals y;
δ is the decay rate of the vectors.

It is eminent that memory is strongly involved in the dynamics of mosquitoes-borne infections.
Memory there in host population is related with individual awareness, which lowers the rate of
interaction between hosts and vectors, whereas vectors use prior experience on host position,
blood choice, color, and human defense policy to choose a host being to feed [4, 36]. In recent
decades, many physical problems have been modeled using the fractional calculus. The main
reasons given for using fractional derivative models are that many systems show memory, his-
tory, or non-local effects, which can be difficult to model using integer order derivatives.

Globally, fractional order derivative provides a memory effect and the biological elements of
our system have it. By following Boulaaras et al. [2] and Hamdan et al. [12], we proposed
fractional order model as follows:



C
t0
Dα

t x(t) = b− βα
1

x(t)y(t)

x(t) + y(t)
− βα

2
x(t)z(t)

x(t) + y(t)
− µαx(t),

C
t0
Dα

t y(t) = βα
1

x(t)y(t)

x(t) + y(t)
+ βα

2
x(t)z(t)

x(t) + y(t)
− (ηα + µα)y(t),

C
t0
Dα

t z(t) = pαy(t)− δαz(t)

(3.2)

with the initial conditions x(t0) = x0 > 0, y(t0) = y0 > 0, z(t0) = z0 > 0, α ∈ (0; 1].
The fractional derivatives used in the model (3.2) are all in the Caputo sense and α is the order
of the fractional derivative.

4 Properties of the mathematical model

In this section, we have discussed about the existence, uniqueness, non-negativity and bounded-
ness of the solutions of the fractional order system (3.2).

4.1 Existence and uniqueness

To prove the existence and uniqueness of system (3.2) solutions, we need the following lemma.

Lemma 4.1. ([21]) Consider the system

C
t0
Dα

t θ(t) = f(t, θ), t ⩾ t0 (4.1)
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with initial condition θ(t0) = θ0, where α ∈ (0, 1], f : [t0,∞)× Ω → Rn,Ω ∈ Rn.
If f(t, θ) satisfies the locally lipschitz condition with respect to θ, then there exists an unique
solution of the system (4.1) on Ω.

Proposition 4.2. Let be Γ the following set :
Γ = {θ(t) = (x(t), y(t), z(t)) ∈ R3 / x(t) + y(t) ̸= 0 ∀ t ∈ R+}. For each initial condition
θ(t0) = θ0 = (x0, y0, z0) ∈ Γ, there exists an unique solution θ of system (3.2) which is defined
for all t ⩾ t0.

Proof.
Let θ = (x, y, z) and Γ = {θ(t) = (x(t), y(t), z(t)) ∈ R3 / x(t) + y(t) ̸= 0 ∀ t ∈ R+}.
The initial conditions problem with respect to system (3.2) reads as follows

C
t0
Dα

t θ(t) = G(θ(t)),

θ(t0) = θ0,
(3.1)

where the function G is the right hand side of system (3.2). Since G is C∞, then it is also C1. It
follows that G is locally Lipschitzian . Therefore, the existence and the uniqueness of the Cauchy
problem (3.1) maximal solution is ensured by Cauchy-Lipschitz’s theorem [21] with the initial
condition (t0, θ0) ∈ R+ × Γ.

4.2 Non-negativity and boundedness

To prove the non-negativity of solutions, we state the following lemma.

Lemma 4.3. ([23]) Let f ∈ C[a, b] and C
t0
Dα

t f(t) ∈ C[a, b] for 0 < α ⩽ 1. Therefore :

1) If C
t0
Dα

t f(t) ⩾ 0,∀t ∈ (a, b), then f(t) is no decreasing.

2) If C
t0
Dα

t f(t) ⩽ 0,∀t ∈ (a, b), then f(t) is no increasing.

Lemma 4.4. The system (3.2) is invariant in R3
+.

Proof. We have :

C
t0
Dα

t x
∣∣
x=0 = b ⩾ 0,

C
t0
Dα

t y
∣∣
y=0 = βα

2 z(t) ⩾ 0,

C
t0
Dα

t z
∣∣
z=0 = pαy(t) ⩾ 0.

Then it follows that according to the lemma 4.3, R3
+ is an invariant set for model (3.2).

Proposition 4.5. The solutions θ of the system (3.2) are bounded and belong to the region

Ω =

{
θ = (x, y, z) ∈ R3

+/0 ⩽ x, y, z ⩽
bpα

δαµα

}
.

Proof. In the model (3.2), by adding the first two lines, we obtain :

C
t0
Dα

t (x+ y)(t) = b− µαx− (ηα + µα)y. (4.2)

From Eq.(4.2), we get

C
t0
Dα

t (x+ y)(t) + µα(x+ y)(t) ⩽ b. (4.3)

Taking Laplace transform [7, 17] on both side, we have :

sαL[(x+ y)(t)]− sα−1(x+ y)(0) + µαL[(x+ y)(t)] ⩽ b.
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Namely,

L[(x+ y)(t)](sα + µα) ⩽ b+ sα−1(x+ y)(0),

then

L[(x+ y)(t)] ⩽
b

sα + µα
+ (x+ y)(0)

sα−1

sα + µα

⩽
µαb

µα(sα + µα)
+ (x+ y)(0)

sα−1

sα + µα
.

Applying Laplace inverse on both sides, we get :

(x+ y)(t) ⩽
b

µα
L−1

[
µα

sα + µα

]
+ (x+ y)(0)L−1

[
sα−1

sα + µα

]
.

Using the definition of Mittag-Leffler function (2.5), we can write

(x+ y)(t) ⩽
b

µα

(
1 − Eα(−µαtα)

)
+ (x+ y)(0)Eα(−µαtα)

⩽
b

µα
−
(

b

µα
− (x+ y)(0)

)
Eα(−µαtα)

⩽
b

µα
− ξEα(−µαtα).

Consequently,

(x+ y)(t) ⩽
b

µα
,

with ξ =

(
b

µα
−(x+y)(0)

)
. According to Theorem (2.6), the quantity Eα,1(−µαtα) is bounded

for all t ⩾ 0. This implies that (x+ y) is bounded. The components x, y are therefore bounded :

0 ⩽ x, y ⩽
b

µα

.
Using the third line of the system (3.2) and the boundedness of the component y, we have

C
t0
Dα

t z(t) + δαz(t) = pαy(t)

⩽
pαb

µα
.

By the same method (Laplace transform [7, 17] ), we get :

z(t) ⩽
pαb

δαµα
.

It follows that

0 ⩽ x(t), y(t), z(t) ⩽
pαb

δαµα
.

We can conclude now that all solutions θ = (x, y, z) of the model (3.2) belong to the set Ω. That
means Ω is an attractive set of (3.2) and constitutes our domain biologically feasible.
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5 Equilibria and stability analysis

Definition 5.1. Consider the Caputo fractional dynamic system ([21])

C
t0
Dα

t θ(t) = f(t, θ) (5.1)

with initial condition θ(t0), where α ∈ (0, 1), f : [t0,∞]× Ω → Rn is piecewise continuous in t
and locally Lipschitz in θ on [t0,∞]×Ω, and Ω ⊂ Rn is a domain that contains the origin θ = 0.
The constant θe is an equilibrium point of Caputo fractional dynamic system (5.1) if and only if
f(t, θe) = 0.

Remark 5.2. (see [21]) When α ∈ (0, 1), it follows that the Caputo fractional dynamic system
(5.1) has the same equilibrium points as the integer-order system θ̇(t) = f(t, θ).

5.1 Equilibrium points

In this sub-section, we determine the equilibrium points of (3.2) and established its dynamic
behavior. Let us consider K = (x, y, z) an equilibrium point of model (3.2). On the point K it
follows that

b− βα
1

x(t)y(t)

x(t) + y(t)
− βα

2
x(t)z(t)

x(t) + y(t)
− µαx(t) = 0, (5.2)

βα
1

x(t)y(t)

x(t) + y(t)
+ βα

2
x(t)z(t)

x(t) + y(t)
− (ηα + µα)y(t) = 0, (5.3)

pαy(t)− δαz(t) = 0. (5.4)

From equations (5.2)-(5.4), we get

y =
b− µαx

ηα + µα
, z =

(b− µαx)pα

(ηα + µα)δα
. (5.5)

Let θ0 and θ∗ be respectively the disease free equilibrium (DFE) point and the endemic equilib-
rium point of model (3.2). At the disease free equilibrium point, there is any infectious person
(y = 0). By substituting y, z by 0 in (5.2) and (5.4), we get θ0 given by:

θ0 = (
b

µα
, 0, 0). (5.6)

At endemic equilibrium point θ∗(y ̸= 0), we have

θ∗ = (x∗, y∗, z∗) (5.7)

where

y =
b− µαx∗

ηα + µα
, z =

(b− µαx∗)pα

(ηα + µα)δα
. (5.8)
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5.2 Basic reproduction number R0

The basic reproduction number R0 is an important threshold parameter that governs the spread
of a disease in a population. It helps to describe the stability of the disease-free equilibrium
(DFE) of the model corresponding to the peak and final size of an epidemic. It is defined as the
expected number of secondary cases of infection that will occur when a single infectious indi-
vidual is introduced into a completely susceptible population. The basic reproduction number
R0 is obtained using the next generation operator method described in [33].

Proposition 5.3. The basic reproduction number R0 of model (3.2) is given by :

R0 =
βα

1
ηα + µα

+
βα

2 p
α

(ηα + µα)δα
. (5.9)

Proof. We use the next-generation matrix method ([33]) to calculate the reproduction number
R0 of model (3.2). Let F and V , the transmission and flow matrix between the infectious com-
partments IRH

, IDH
and IV :

F =

(
F1

F2

)
, F =

 βα
1

x(t)y(t)

x(t) + y(t)
+ βα

2
x(t)z(t)

x(t) + y(t)
0


and

V =

(
V1

V2

)
, V =

(
−(ηα + µα)y(t)

pαy(t)− δαz(t)

)
.

On the disease free equilibrium θ0 = (
b

µα
, 0, 0), we obtain:

F = DF =

 βα
1 βα

2

0 0


and

V = DV =

(
−(ηα + µα) 0

pα −δα

)
.

Then, we get

V −1 =


− 1
ηα + µα

0

−pα

δα(ηα + µα)
− 1
δα

 ,

and

−FV −1 =

 βα
1

ηα + µα
+

βα
2 p

α

(ηα + µα)δα
βα

2
δα

0 0


The basic reproduction number R0 ([33]) is defined as the dominant eigenvalue of the matrix
−FV −1. Therefore

R0 =
βα

1
ηα + µα

+
βα

2 p
α

(ηα + µα)δα

=
δαβα

1 + βα
2 p

α

(ηα + µα)δα
.
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Remark 5.4. .
If β1 = 0 (namely, there is no direct transmission), the system (3.2) reduces to the classical

HIV model [24], where x, y, z represent the densities of target cells, infected cells and the virus,
respectively. It well know that the global dynamics of this reduced system is fully determined
by the basic reproduction number ([6, 33])

Ri
0 =

βα
2 p

α

(ηα + µα)δα
(5.10)

Here, the superscript i means indirect disease transmission.
On the other hand, if the indirect transmission is ignored (that means β2 = 0), then the

third equation of (3.2) can be withdrawn and the remaining system (first and second equation of
(3.2) with β2 = 0) is the same as the Kermack-McKendrick epidemic model [16] with standard
incidence function, while the infected class is assumed to be removed from the social activity
after being recovered/quarantined (see [37]). The basic reproduction number for the reduced
direct-transmission-only model is given by ([6, 33])

Rd
0 =

βα
1

ηα + µα
(5.11)

where the superscript d corresponds to the direct disease transmission.
Then, we can define the basic reproduction number of this coupled system as the sum of Ri

0
and Rd

0 :
R0 = Ri

0 +Rd
0 . (5.12)

Theorem 5.5.

i) If R0 < 1, then the system (3.2) has an unique disease free equilibrium point θ0.

ii) If R0 > 1, then the system (3.2) has an unique endemic equilibrium point θ∗.

Proof.
Using the last two equations of (3.2) around point the equilibrium point K = (x, y, z), we have:

βα
1

xy

x+ y
+ βα

2
xz

x+ y
= (ηα + µα)y; (5.13)

z =
pα

δα
y. (5.14)

Using (5.14) and replacing x with
b

µα
− ηα + µα

µα
y, we get :

βα
1

µα

b− ηαy

(
b

µα
− ηα + µα

µα
y

)
δα

pα
z + βα

2
µα

b− ηαy

(
b

µα
− ηα + µα

µα
y

)
z = (ηα + µα)

δα

pα
z.

Let

Ψ(y) = βα
1

µα

b− ηαy

(
b

µα
− ηα + µα

µα
y

)
δα

p
+ βα

2
µα

b− ηαy

(
b

µα
− ηα + µα

µα
y

)
− (ηα + µα)δα

pα
.

It follows that

lim
y→0

Ψ(y) = βα
1
δα

pα
+ βα

2 − (ηα + µα)δα

pα

=
(ηα + µα)δα

pα

(
βα

1
ηα + µα

+
βα

2 p
α

(ηα + µα)δα
− 1
)

=
pα

(ηα + µα)δα

(
R0 − 1

)
.
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For (x̄, ȳ, z̄) = (x,
b

ηα + µα
, z), we have Ψ(ȳ) = −(ηα + µα)δα

pα
< 0.

When R0 < 1, we have lim
y→0

Ψ(y) < 0. That means there isn’t any y∗ > 0 such that Ψ(y∗) = 0.

The system (3.2) has therefore an unique disease-free equilibrium θ0 when R0 < 1.
We have lim

y→0
Ψ(y) > 0 when R0 > 1. That implies there exists y∗ > 0 such that Ψ(y∗) = 0.

That means the system (3.2) has therefore an unique endemic equilibrium θ∗ when R0 > 1.

In the following subsections, we explore the behavior of the fractional dengue model (3.2) de-
pending on the value of R0.

5.3 Stability analysis of the disease free equilibrium (DFE) point θ0

Theorem 5.6.
When R0 < 1, the disease free equilibrium θ0 = (

b

µα
, 0, 0) of the system (3.2) is locally asymp-

totically stable.

For the proof of the Theorem, we state the following lemma.

Lemma 5.7. (Theorem 7.20, page 158 of [8])
Consider the fractional-order system

C
t0
Dα

t θ(t) = f(t, θ(t)) t0 > 0 (5.15)

with initial condition θ(t0) = θ0, where α ∈ (0, 1], f ∈ Rn. The system is locally asymptotically
stable around a point Θ if and only if all the eigenvalues λi of Jacobian Matrix J(Θ) satisfy∣∣∣∣arg(λi)

∣∣∣∣ > απ

2
.

Proof of Theorem 5.6. The Jacobian matrix of the system (3.2) evaluated at the disease free
equilibrium point θ0 is :

J(θ0) =



−µα −βα
1 −βα

2

0 −(ηα + µα) βα
2

0 pα −δα


and the characteristic polynomial is

∣∣J(θ0)− λI
∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

−λ− µα −βα
1 −βα

2

0 −λ− (ηα + µα) βα
2

0 pα −λ− δα

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−λ− µα)

(
(λ+ ηα + µα)(λ+ δα)− βα

2 p
α

)
∣∣J(θ0)− λI

∣∣ = (−λ− µα)

(
λ2 + (ηα + µα + δα)λ+ (ηα + µα)δα − pαβα

2

)
.
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The eigenvalues are such that

λ1 = −µα < 0,

λ2 + λ3 = −(ηα + µα + δα) < 0,

λ2λ3 = (ηα + µα)δα − pαβα
2 ,

= (ηα + µα)δα
(

1 −
pαβα

2
(ηα + µα)δα

)
> 0,

λ2λ3 = µαδα
(

1 −Ri
0

)
> 0 since Ri

0 < 1,

because of R0 < 1.

From (5.16), (5.16) and (5.16), the eigenvalues λ1, λ2 and λ3 are all negative. All the eigenvalues
λ we have

|arg(λ)| = π >
απ

2
where

α ∈
(
0, 1
]
.

From the Lemma 5.7, we conclude that the disease free equilibrium point θ0 is locally asymp-
totically stable when R0 < 1.

Theorem 5.8. The disease free equilibrium θ0 of the system (3.2) is globally asymptotically sta-
ble, when R0 < 1.

Proof. To demonstrate this theorem, we use the Varga Lemma in [34] and the standard
comparison theorem in [20]. Let us consider the infected classes y and z. By the equations
corresponding to these states, we have the following system :


C
t0
Dα

t y(t) = βα
1

x(t)y(t)

x(t) + y(t)
+ βα

2
x(t)z(t)

x(t) + y(t)
− (ηα + µα)y(t),

C
t0
Dα

t z(t) = pαy(t)− δαz(t).

(5.16)

Since 0 <
x

x+ y
⩽ 1, we have :


C
t0
Dα

t y(t) ⩽ βα
1 y(t) + βα

2 z(t)− (ηα + µα)y(t),

C
t0
Dα

t z(t) ⩽ pαy(t)− δαz(t)

(5.17)

or (
y

z

)
⩽

 βα
1 y(t) + βα

2
b

µα
z(t)− (ηα + µα)y(t)

pαy(t)− δαz(t)

 . (5.18)

That means :

(
y

z

)
⩽

(
βα

1 − (ηα + µα) βα
2

pα −δα

)(
y

z

)
(5.19)
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(
y

z

)
⩽ (F + V )

(
y

z

)
. (5.20)

We consider the equation

(
ȳ

z̄

)
= (F + V )

(
ȳ

z̄

)
. (5.21)

We remark that F ⩾ 0 and V is an asymptotic stable Metzler inversible matrix.
Since R0 = ρ(−FV −1) < 1, using the Varga’s Lemma in [34] we get M = F + V is asymp-
totically stable. That means the system (5.21) is asymptotically stable at origin (0, 0). In others
words

(ȳ(t), z̄(t)) → (0, 0) when t → +∞.

By Lakshmikantham standard comparison theorem in [20], (y, z) → (0, 0) as t → +∞. We
substitute y, z into the system (3.2) by 0 and we get x → x0 when t → +∞. It follows that when
R0 < 1,

(x(t), y(t), z(t)) → (
b

µα
, 0, 0) as t → +∞.

θ0 is therefore globally asymptotically stable if R0 < 1.

5.4 Analysis stability of the endemic equilibrium (EE) point θ∗

We establish the global dynamics of the endemic equilibrium point θ∗.

Lemma 5.9. (see [35])
Let u ∈ R+ be a derivable function. Then, for any time instant t ⩾ t0

C
t0
Dα

t

(
u(t)− u∗ − u∗ ln

u(t)

u∗

)
⩽
(

1 − u∗

u(t)

)
C
t0
Dα

t u(t), u
∗ ∈ R+, α ∈ (0, 1).

Theorem 5.10. (see [1, 5])
Let x = 0 be an equilibrium of fractional order system

C
t0
Dα

t x(t) = f(t, x), x(t0) = x0,

let Ω ⊆ Rn be a domain containing x = 0.
Let V (t, x) : [t0,∞]× Ω → R be continuously differentiable function such that

W1(x) ≤ V (t, x) ≤ W2(x)

and
C
t0
Dα

t V (t, x) ≤ −W3(x), for t ≥ 0, x ∈ Ω,

where W1(x), W2(x) and W3(x) be continuous positive definite functions on Ω and V is a
Lyapunov candidate function, then x = 0 is globally asymptotically stable.

Lemma 5.11. Let consider the following function g define by :

g(I) = I − I∗ − I∗ ln
(

I

I∗

)
I, I∗ ∈ R+.

We have that : g(I) ⩾ 0.
Indeed, by limited development we get :

g(I) = g(I∗) + g′(I∗)(I − I∗) +
1
2
g′′(ξ)(I − I∗)2

=
1
2
I∗

I2 (I − I∗)2

g(I) ⩾
1
2

I∗(
b

µ

)2 (I − I∗)2
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where ξ is a point between I and I∗.

Theorem 5.12.
If p ⩽ η, sgn(x∗ − x) = sgn(y∗ − y) = sgn(z∗ − z) and R0 ⩾ 1 then the endemic equilibrium
θ∗ of the system (3.2) is globally asymptotically stable.

Proof. At the endemic equilibrium point θ∗, by summing the three equation of the system (3.2)
we get :

b = µαx∗ − (ηα + µα − pα)y∗ − δαz∗.

Consider the Lyapunov function candidate :

V (θ(t)) = (x+ y + z)− (x∗ + y∗ + z∗)− (x∗ + y∗ + z∗) ln
(

x+ y + z

x∗ + y∗ + z∗

)
.

•V (θ∗(t)) = 0.

•V (θ(t)) > 0, ∀ θ ̸= θ∗.

• Let us differentiate V (θ(t)) with respect to the state θ(t) with the derivative order α ∈
(0, 1). Using the lemma 5.9, we get :

C
t0
Dα

t V (θ(t)) ⩽
(

1 − x∗ + y∗ + z∗

x+ y + z

)
C
t0
Dα

t (x+ y + z)

⩽
1

x+ y + z

(
(x+ y + z)− (x∗ + y∗ + z∗)

)
C
t0
Dα

t (x+ y + z)

⩽
1

x+ y + z

(
(x− x∗) + (y − y∗) + (z − z∗)

)
×(b− µαx− (ηα + µα − pα)y − δαz)

⩽
1

x+ y + z

(
(x− x∗) + (y − y∗) + (z − z∗)

)
×
(
(µαx+ (ηα + µα − pα)y + δαz)− (µαx∗ + (ηα + µα − pα)y∗ + δαz∗)

)
⩽

1
x+ y + z

(
(x− x∗) + (y − y∗) + (z − z∗)

)(
µα(x∗ − x)

+(ηα + µα − pα)(y∗ − y) + δα(z∗ − z)

)
⩽

1
x+ y + z

((
µα(x∗ − x)(x− x∗) + (ηα + µα − pα)(y∗ − y)(x− x∗)

+δα(z∗ − z)(x− x∗)

)
+

(
µα(x∗ − x)(y − y∗) + (ηα + µα − pα)(y∗ − y)

×(y − y∗) + δα(z∗ − z)(y − y∗)

)
+

(
µα(x∗ − x)(z − z∗) + (ηα + µα − pα)

×(y∗ − y)(z − z∗) + δα(z∗ − z)(z − z∗)

))



1156 Y. YODA, D. OUEDRAOGO, I. IBRANGO and M. BARRO

⩽ − 1
x+ y + z

((
µα(x∗ − x)2 + (ηα + µα − pα)(y∗ − y)(x∗ − x)

+δα(z∗ − z)(x∗ − x)

)
+

(
µα(x∗ − x)(y∗ − y) + (ηα + µα − pα)(y∗ − y)2

+δα(z∗ − z)(y∗ − y)

)(
µα(x∗ − x)(z∗ − z) + (ηα + µα − pα)(y∗ − y)

×(z∗ − z) + δα(z∗ − z)2
))

C
t0
Dα

t V (θ(t)) ⩽ − 1
x+ y + z

((
µα(x∗ − x)2 + (ηα + µα − pα)(y∗ − y)2 + δα(z∗ − z)2

)
+

(
(2µα + ηα − pα)(x∗ − x)(y∗ − y) + (δα + µα)(x∗ − x)(z∗ − z)

+(δα + ηα + µα − pα)(z∗ − z)(y∗ − y)

))

Since p ⩽ η and sgn(x∗ − x) = sgn(y∗ − y) = sgn(z∗ − z) , we get

C
t0
Dα

t V (θ(t)) ⩽ 0.

By the same operations, we get for α = 1,

V̇ (θ(t)) = − 1
x+ y + z

((
µα(x∗ − x)2 + (ηα + µα − pα)(y∗ − y)2 + δα(z∗ − z)2

)
+

(
(2µα + ηα − pα)(x∗ − x)(y∗ − y) + (δα + µα)(x∗ − x)(z∗ − z)

+(δα + ηα + µα − pα)(z∗ − z)(y∗ − y)

))
,

V̇ (θ(t)) = 0 if and only if x = x∗, y = y∗ and z = z∗.

It follows that
{
θ(t) = (x(t), y(t), z(t)) ∈ R3

+ / V̇ (θ(t)) = 0
}
= {θ∗} .

Then, by the theorem (5.10)([1, 5]) and the Lasalle Invariance Principle (Lemma 4.6 in [13]),
the endemic equilibrium point θ∗ is globally asymptotically stable.

6 Algorithm and numerical simulations

6.1 The algorithm

For numerical simulations, we discretize our model using the Adam-Bashforth-Moulton (ABM)
method. Let [t0, T ] be the simulation range that we subdivide by n discretization points. h =
(T − t0)/n is the discretization step, ti = T + ih, i ∈ {1, 2, ..., n − 1} the discretization points
and α ∈ (0; 1]. By applying the ABM method on the model, we obtained the predictor values
and the corresponding corrector values as follows :
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xn+1 = x(0) +
hα

Γ(α+ 2)

(
b− βα

1
xp
n+1y

p
n+1

xp
n+1 + ypn+1

− βα
2

xp
n+1z

p
n+1

xp
n+1 + ypn+1

− µαxp
n+1

)

+
hα

Γ(α+ 2)

n∑
j=0

aj,n+1

(
b− βα

1
xjyj

xj + yj
− βα

2
xjzj

xj + yj
− µαxj

)
,

yn+1 = y(0) +
hα

Γ(α+ 2)

(
βα

1
xp
n+1y

p
n+1

xp
n+1 + ypn+1

+ βα
2

xp
n+1z

p
n+1

xp
n+1 + ypn+1

− (ηα + µα)ypn+1

)

+
hα

Γ(α+ 2)

n∑
j=0

aj,n+1

(
βα

1
xjyj

xj + yj
+ βα

2
xjzj

xj + yj
− (ηα + µα)yj

)
,

zn+1 = z(0) +
hα

Γ(α+ 2)
(
pypn+1 − δzpn+1

)
+

hα

Γ(α+ 2)

n∑
j=0

aj,n+1 (pyj − δzj) ,

xp
n+1 = x(0) +

1
Γ(α)

n∑
j=0

bj,n+1

(
b− βα

1
xjyj

xj + yj
− βα

2
xjzj

xj + yj
− µαxj

)
,

ypn+1 = y(0) +
1

Γ(α)

n∑
j=0

bj,n+1

(
βα

1
xjyj

xj + yj
+ βα

2
xjzj

xj + yj
− (ηα + µα)yj

)
,

zpn+1 = z(0) +
1

Γ(α)

n∑
j=0

bj,n+1 (pyj − δzj)

where

aj,n+1 =


nα+1 − (n− α)(n+ 1)α, if j = 0,
(n− j + 2)α+1 + (n− j)α+1 − 2(n− j + 1)α+1, if 0 ≤ j ≤ n,

1, if j = 1,

bj,n+1 =
hα

α
((n+ 1 − j)α − (n− j)α) , 0 ≤ j ≤ n.

6.2 Numerical simulations

The purpose of the numerical simulation is to examine the influence of order change on the
dynamic action of the system. For this reason, we use predictor-corrector method developed
by Adam-Bashforth-Moulton (see [15]) based on the iterative scheme of fractional derivative in
Caputo sense ([31]).

Now, we have performed some numerical simulations to corroborate the theoretical work in the
disease-free case and in the endemic case.
Depending on whether the number of basic reproduction is less or greater than unity, the dynam-
ics of the different states are observed using the Python version 3.7 programming software.
For the case of R0 < 1, the values of the others parameters are estimated : b = 14, β1 =
0.01, β2 = 0.003, µ = 0.1, η = 0.2, p = 0.1 and δ = 0.9. With theses values, we obtained the
following curves :
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Figure 1. Susceptible humans x when R0 < 1.

Figure 2. Infected humans y when R0 < 1.
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Figure 3. Infected humans z when R0 < 1.

The figures 1, 2, 3 show the evolution of the population of susceptible individuals (x), infected
individuals (y), infected vectors (z) respectively when the basic reproduction number is less
than 1 with the fractional order values α = 0.6, 0.7, 0.8, 0.9, 1.
In each figure 1, 2, 3 we have a comparison of states dynamics under different orders. We can
see clearly from the images that the state of the system depends on the fractional order. Indeed,
for different orders, each state variable shows the same change trend. However, the time to
converge to the equilibrium point is slightly different. With the increase of the order, the model
converges to the equilibrium point faster. For example, it can be see in figure 2 that when
α = 0.9, 1 the compartment y converges to zero faster than when α = 0.6, 0.7, 0.8. That means
the fractional order operator shows interesting properties of convergence that the integer order
operator doesn’t have, and it can predict the model more accurately.
Theses different curves point out that the disease tends to disappear in the population. Indeed,
the individual and vector infectious classes y, z are getting closer and closer to zero with the
evolution of time t. This implies the disappearance of the disease in the population when
R0 < 1 for all the fractional order.

For the case of R0 > 1, the values of the others parameters are estimated : b = 14, β1 = 0.3, β2 =
0.2, µ = 1/55, η = 1/10, p = 0.2 and δ = 0.19. With theses values, we obtained the following
curves :
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Figure 4. Susceptible humans x when R0 > 1.

Figure 5. Infected humans y when R0 > 1.
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Figure 6. Infected humans z when R0 > 1.

By the figures 4, 5, 6 we present the dynamics as a function of time (days) of the population of
susceptible individuals(x), infected individuals (y) and infected vectors (z) respectively when
the basic reproduction number is greater than 1 with the fractional order values
α = 0.6, 0.7, 0.8, 0.9, 1.
For each value of the fractional order α, we observe that the susceptible classe (x) and the
infectious classes (y, z) stabilize after a certain time. By changing the alpha value, we observe
that the shapes of the curves are similar. In fact, the different stabilization are observed around
the endemic equilibrium point x∗, y∗, z∗ which are a function of α. We also observe that for the
values of α we have taken, the different curves of the infectious classes (x, y, z) stabilize around
a non-zero point. That situation numerically proves the persistence of the disease in the
population when the basic reproduction number is greater than 1 and corroborate our
mathematical work.

7 Conclusion

HIV and Zikas virus have become a worldwide public health problem. Thus, a well-developed
mathematical model is crucial for understanding the dynamics of its transmission. In our pa-
per, we used the Caputo fractional order model with direct and indirect incidence function of
transmission to study the dynamics of diseases such as dengue, Zikas virus and HIV. This model
has provided flexibility to researchers in designing the transmission model by associating mem-
ory into the model. Then, we presented the dynamics of the transmission for some values of
α ∈ {0.6, 0.7, 0.8, 0.9, 1}. We also studied the stabilization of the disease transmission dynamic
system. We have obtained that when R0 < 1, the disease-free equilibrium point θ0 is unique and
globally asymptotically stable. So, we found that when R0 > 1, the endemic equilibrium point
θ∗ is unique. Moreover, if p ⩽ η and sgn(x∗ − x) = sgn(y∗ − y) = sgn(z∗ − z), the endemic
equilibrium point θ∗ is globally asymptotically stable. Finally, we presented curves showing the
possible dynamics of our fractional differential equation system using Python version 3.7 soft-
ware and the predictor-corrector method.
From this study, we note that when the fractional order is less than 1, we can get more precision,
more details and more realistic dynamics with a shorter convergence time towards the equilib-
rium points. We intend to study the stochastic version of this fractional model a perspective.
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