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Abstract: The study of fractional calculus continues to be an active area of research with practical implications in real-
world applications. Numerous mathematicians are interested in fractional operators with integral inequalities. In the present
study, we have established some new identity within a Caputo-Fabrizio fractional integral operator. By using this novel iden-
tity some error estimations of Milne’s formula-type inequalities are obtained for differentiable functions. Employing the new
identity to Milne’s Formula for s-convex and quasi-convex functions are presented. Moreover, we introduce several fractional
Milne type inequalities for the case of Lipschitzian functions. Furthermore, we give fractional Milne type inequalities for
functions of bounded variation. This is the first article for fractional version of Milne’s Formula. Additionally, we have given
a few application of our findings to quadrature formula. It is expected that the outcomes in this research will point to new
developments in the study of fractional calculus..

1 Introduction

In recent years, it is worth noting that the choice of numerical integration method and the estimation of error bounds depend
on the properties of the integrand, the desired level of accuracy, and computational constraints. As research in numerical
methods and error estimation techniques continues, new approaches and classes of functions may be explored to improve
the accuracy and efficiency of numerical integration. Convexity is a useful property in established error bounds for certain
numerical integration methods, as it provides a way to control the behavior of the integration over the integration interval.
It plays a crucial role in various areas of pure and applied sciences, including optimization, functional analysis, numerical
analysis, economics, physics, and engineering. The interested researchers on convexity and integral inequalities we refer to
see these articles [11,13,27,36,42]. A function f : I — R is said to be convex if the inequality holds:

FOG+(1=08)¢) <of(C)+(1=9)f(¢),

Sforall ¢;,¢ € Tand § € [0,1].

In the past few years, several scholar have been interested in generalizing the different type inequalities, Simpson’s type
inequality is one of these. The Simpson-type inequality is important in many branches of mathematics. The classical Simpson-
type inequality deals with the error term of Simpson’s Rule and provides an upper bound for the error between the true value
of the integral and the approximation obtained through Simpson’s Rule. Some of these error bounds of Simpson’s formula
can be found in [1,7,21, 32, 34, 37, 38] utilizing convex functions.

(1) Simpson quadrature formula (Simpson’s 1/3 rule) is stated as follows:
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2
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(2) Simpson second formula (Simpson’s 3 /8 rule) is stated as follows:
& — 2 2
7 rwae s ST i enr (K2 ) (2 ) 4 r)]
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The most important Newton-cotes quadrature attained three-point Simpson-type inequality is described as follows:

) +f(§2)} :

Theorem 1.1. Suppose f : [(1, (2] — R be a four times differentiable function and continuous on (1, (2) and let ||f(4) ||oo =
SUPgc(¢),¢h) ‘f(“) (:B)| < oo, then the classical inequality as follows:

(&)  4,.(G+¢C f(&) 1 ¢
H 6 +gf( 2 )+ 6 ]_CZ—CI . f(z)dx

Overall, Simpson-type inequalities have been a subject of interest for researchers across different mathematical fields.
The study of Simpson-type inequalities for convex functions is an important area of research that contributes to the broader
field of convex analysis. Milne’s formula, which is of open type, is parallel to Simpson’s formula, which is of closed type, in
terms of Newton-Cotes formulas, because they hold under the same conditions.

< s |9 @ - .

Theorem 1.2. A function f : [C1, (2] — R is a four times differentiable function mapping on (1, () and let ||f(4) Hoo =
SUPLe(¢y,¢h) ‘f(“) (33)| < 00, then the inequality as follows:
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Fractional calculus, also known as fractional order calculus or calculus of arbitrary order, is a mathematical framework
that extends the traditional integer-order calculus to allow for differentiation and integration of non-integer orders. This field
has indeed gained prominence and relevance across various scientific and industrial disciplines over the past few decades.
Here are some of the areas where fractional calculus has found applications for example (electromagnetic, photoelasticity,
Sfluid mechanics, elec-trochemistry, and biological population models). These techniques and concepts demonstrate the wide
range of mathematical tools that fractional calculus brings to various fields, enabling researchers to tackle complex problems
involving memory, non-locality, and intricate dynamics. The applications and utility of these techniques continue to grow as
researchers explore new mathematical properties and their practical implications in different disciplines. Given the signifi-
cance of fractional calculus (see [4,12,17-19,29,30]), academics have developed a variety of fractional integral inequalities
using Riemann-Liouville fractional integrals that have been shown to be particularly useful in approximation theory. These
inequalities are crucial for making informed decisions when applying numerical integration techniques in practice, as they
allow for efficient and effective utilization of these methods across a wide range of functions and integration domains. Set
in [39] was demonstrated a fractional version of Ostrowski’s type inequality for differentiable function. Using harmonic
convexity on Hermite-Hadamard type inequalities is presented in [22]. For further inequalities that can be solved using
fractional integrals, and the references therein [2,5,6,9, 10, 14, 15,24-26, 28, 31, 33, 35,40,41,43].

-3 (952) 4 3@ -

2 Preliminaries

We give definitions of generalized convex functions, Riemann-Liouville and Caputo-Fabrizio fractional integral operators to
use these definitions in our main results. In the year 1994, Hudzik [20] introduced and investigated the term s-convexity.

Definition 2.1. A function f : I C [0,00) — R is said to be s-convex function if the inequality holds:

F6G+(1=98)G) <3 f(G)+(1—8)°f(G),
Jforall ¢1,& € 1,6 € [0, 1] and some fixed s € (0,1].

Definition 2.2. [23] Suppose f : I C R — R is said to be quasi-convex function if the inequality holds:

F8G +(1=0)¢) <max[f(C1), f (&),
forall ¢,,¢y € Tand § € [0,1].

Definition 2.3. [16] Suppose f € L [¢1, (2]. The left and right-sided Riemann-Liouville fractional integrals of order Q@ > 0
defined by:

Q _ 1 C e 52 .

B0 = p [ @0t @ >
1 G _

Iz,f(a) = m/I (x—8)* L f(8)ds, = < (o,

where I (.) is the gamma function and Ig+f (6) = I(g)—f (6) = f(9).
1 2

Definition 2.4. [8] Let H' (¢1,¢2) be the Sobolev space of order one defined as:

H' (1,6) = {9 € L2 (G1,¢) 1 g € L2 (G1,G) }

where 1
& 2
L (G,G)=19(2): (/ g (Z)d2> <o
<1

Let f € H' (¢1,6), ¢ < G, Q € (0, 1), then the notion of left derivative in the sense of Caputo-Fabrizio is defined as:

CFD ma B [, %@“
(ErPD2f) @ =g [ @7 " as
x > () and the associated integral operator is
1-Q Q ®
CF 10
I z) = f@)+ f(6) ds,
(E7°) @)= Gy @+ gy ), 1

where 3 (€) > 0 is the normalization function satisfying the condition 3(0) = (1) = 1. For Q = 0, Q = 1, the left
derivative is defined as follows, respectively

(CCIFDDOf) (x)

(gFDle) () = f@)-r1).

I
i
&
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For the right derivative operator
CFD nQ B(Q) /g2 / —06—=)a
D ) r)= —= d)e 1-2 df,
Erot)@=1=g ) F®
x < (» and the associated integral operator is

CF ;0 -0 0, 2 c
(I8 0 =5t 0+ 50 [ S@as

We established an identity for Caputo-Fabrizio fractional integral operator. By utilizing this identity, we show some
Milne’s formula-type inequalities for differentiable mapping whose derivatives are convex. Based on a identity several new

error bounds are obtained using for different classes of functions such as s-convex, quasi-convex and bounded. Furthermore,
we give some application to quadrature formula.

3 An Identity for Differentiable Function

In this section, we have derived a fractional version of Milne’s Formula type identity to the case of a differentiable function
involving the Caputao-Fabrizio integral operator.

Lemma 3.1. A function f : [1,{] — R is a differentiable function on (1, (). If f' € Ly [C1, (), then the following
equality holds:

3 (59) -0 (059) 3 (42

S [(eFog) )+ (P12 ) w] + 20D g )

0

+/; (5‘ %) [ (6C + (1= 8)¢1) — £ (6¢ + (1 — 6) ¢2)] db

3

+/; (5_ %) [f' (06 + (1 =8) ) — f' (8¢ + (1 —6) )] do

1
+A G 1) [ (52 + (1—8)C1) — f (8¢ + (1 6) )] 6| .

Proof. Let

/“ 5[f (66 + (1= 8)C1) — F (661 + (1 — 6) )] do

0
1

tf, (5-3) e i -96 s a0 o @

3

[1(6-3) e+ -90) - £ 66+ (1= 0 @) o

o=

1
+1 G 1) [f (52 + (1= 8)C) — £ (661 + (1 — 8) )] dé

3
i

Integration by parts, we get

L o= /Uzzsf'wcml—a)c])dé

Z—#/OZf<5<2+<1—5><1>d<5

)
= % GG+ -4
F(6G +( )Cl)o e

[CEXE

! 3G+ G 1 i
- g -9 dé
oo (58) - o= [ reara-aa)

3¢1+¢6
T

—= 1 3C1+Cz)_ 1 . N
4((2*Cl)f< 4 G-ar e £ (u) du. G
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1

L = /f (5— %) f (86 +(1-6)¢)ds

b

/f 66+ (1 - 8) 1) do

2

= 3£ (8G+(1-6)¢r)

Q=G L GG
B 6(42@)’0(0;(2) * 12(@5_41)]”(3{':@) - /;f(f%zﬂl —8)¢)ds
- 6(§2__1 0! (Cl ;Q) + 12(@5_ Al (3Cl:<2> - (Czj<1)2 /;Z £ (u) du. (3.2)
L = /f (5—%)f/(5ﬁz+(1—5)41)d6
= Ci:if(%ﬂl =3)¢1) ? - 42141 /;f(6<2+(1 —8)¢1)ds
- 6(§2__1 gl)f (Cl ;Q) + 12(<25—<1)f (Cl Z%) - CZiCI /;f(écz+(1 —8)¢1)ds
- 6(42__1 A (C' ;Cz) + 12(@5_ o (C‘ Jf@) - (czjcl)z /%?f(u)du, (3.3)

and

L = /(5—1)f'(542+(1—5)C1)d5

6—1 1 1 1
N 0 -9 - 5 —5)¢)ds
C2_Qf(cz+(1 )Cl)% Cz_Cl/%f(Cz-i-(] Y1)
! G +3G 1 1
- - 5 1-8)¢)dé
4(&—¢n) ( 4 ) CZ_CI/% fG+(1=6)G)
— 1 Cl+342)_ 1 ¢ . »
4((2*(1)]0( 4 (42—C1)2 /% f (u) du. (3.4)

Similarly, we have
1

I = /0Z —5f (8¢ + (1 — 8) C) db

- 1 Cl+3<2)7 1 G . X
4(42*<1>f( 4 G@-G) /%f(u) " G

Iy = /f(%*é)f’@(ﬁ(l*@(z)dé

[SREIS)
)

-1 G+e 5 1 +36 1
- - du. 3.6

- /f (%—5) F6¢+(1-8)G)do

Sité
2

—1 CH—CZ) 5 (3§1+g2)_ 1 . X
G(Cz—Cl)f< 2 * 12((2—§1)f 4 (G — ) ﬁCIICz f (u) du, (3.7

and

1
[La-ar@a+a-5ea

- 1 3cl+<2)_ 1 , .
4((2—Cl)f( 4 (Cz—Cl)z/gl f(u) du. 3.8)

Adding the equalities (3.1)-(3.8), we get

8
>
i—1

Iy
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3¢1+¢

_ ! 3C1+C2)_ ! B d -1 (41+Cz)
4<cz—cl)f( 4 (grc.)zfg. Huydus o=y 2
¢1+6
5 3¢+ 6 1 7 -1 G +G
— d
12(C2—C1)f< 4 ) (gz—gl)Z/%““) “*6(@—41)]6( 2 )
¢1+3¢

5 G +3¢ 1 a 1 ¢+ 3G
— d
12(<2—<1)f< ) <<2—<1)2/@ f ) “*4(@—@)’0( )

1 & 1 <1+342) 1 G
(42*41)2/%““) u+4(C2—C1)f( 4 (42—41)2/@““) “

(SRS

—1 <1+C2) 5 (C1+342)_ 1 2 d
+6(C2741)f( 2 ! 12((2*(1)]0 4 (G@—) /Ci't{;cz Flds

36116

—1 <1+C2) 5 (3(1+<2)_ 1 7 4
+6(Cz*<l>f( : ) T ne-a’\ T (cz—cl)z/“—fz flode

[SREIS)

1 3<1+<2)_ i s .
+zt(crcnf( z (Cz—Cl)z/Cl J ) du

_ 4 3G+ 6 4 G +3GY\ 2 G+
a 3(42*41)]0( 4 )+3(C2*C|)f< 4 ) 3(42*C|)f< 2 )

2 ¢}
—7(42 - C])z /(1 I (u) du. 3.9
(1-9)

Multiplying the equality (3.9) with CZ%CI and subtracting %f (k), we obtain

B(Q)

4 (3Cl+C2) S 4 f(C1+3C2> Q-G

3G =) 2 2 3G 4 2

e’ (470) 8t g tg [, Twa- TG
) ) s
< o du" Qg)”ﬂmg/;zf(u)du“Q)m))
e

_ B(Q)Q) [(CF szf)( )+ (CFI?Zf> (k)] .
The proof of Lemma 3.1 is completed. ]

8
i—1

B (341 +&
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4 Milne’s-formula-type inequalities for s-convex functions
In this section, the Milne’s formula-type inequalities are presented for s-convex functions.

Theorem 4.1. Let assumptions of Lemma 3.1 hold. If | f'| is s-convex on [(1, (2] and some fixed s € (0, 1], then the following
fractional inequality holds:

2 (30 +C 1. /(G+G 2 (G +3¢
B () -3 (852) +5r (552

2(1-Q)

B(Q
_ﬁ [(E710r) 0+ (T8 1) 0] + =5 f(k;)‘
G—C s —1)+3x2572 =7 x 3571 43 x 22543 5 , /
: 2 3x 45t (s+1)(s+2) ([ €l + [ (@)]) -

Proof. By using the modulus of Lemma 3.1, since s-convexity of | f/|, we get

2 .30+ G +Q 2 (G +3¢
S () -w (02) 2 (55)




Fractional Milne’s Formula-Type Inequalities 1199

-2l e (i) ]+ 2

Q—C

2

IN

/01 181 (1 (6C2 + (1 — &) ¢o)| + | £ (53¢ + (1 — 8)¢a)|] d6

1

+ [ o307 Gara-aa)+ 17 Ga+ 0 - 9@l

3

4
+/
1
2

1
+ [ =111 G+ (=9 + 15 66+ (-0} s

8- %‘ [ (5 + (1= 8)C)| + | £/ (6¢1 + (1 = 8) &)|] do

IN

Q%Q [/04 ]5° |f/(<2)}+/01 181 (1= 8)° | ()]

+/0Z \5|as|f'<cl>}+/0Z 181(1 = 8)° | 7' (¢a)]

[ 2e e+ [

1

>

-2 =921 @)

1

+, 5= 5o @l [ o= 5|01 @)

3

[T gle @l s - 5[ a-a0 1@l

o f]5-1 6S|f'(<1>|+/;‘

1 1
s [a=s @)+ [ -110-9° 17 )

=2

—sl0-9° 17 @)

1 1
+/1 |5*1|55|f’(4|)|+/3 5”(15)5“,((2)@

<

G —¢ [ 835 —1) +3 x 2542 =7 x 3571 £ 3 x 22543 5
2 3X45+1(5+1)(8+2)

The proof of Theorem 4.1 is finished. O

} (17 (ol + 17 @) -

Corollary 4.2. [f we put s = 1 in Theorem 4.1, then we have

Hzf (3(1 +C2) _ lf (M) + %f (M)}
3 4 3 2 3 4
g [(grims) o+ (Tss) w] + 2o )

< w (17" €l + 1)) - @.1)

Remark 4.3. If we put Q = 1 and 8 (0) = 8 (1) = 1 in inequality (4.1) which is proved by Ali et. al in [3].

Theorem 4.4. Suppose the assumptions of Lemma 3.1. If | f'|? is s-convex on [(1, (3], some fixed s € (0,1] and q > 1, then
the following fractional inequality holds:

B (55) - (559) 0 (59)]

() s (T o] - 2w

Q=G 1 » 1 L oog 3 xATITS (Z3 437 xgltsy @
< 2 [(4p+1 (p+1)> {<4s+l(1+s) |f" ()] + T s [£" ()]

35 x 47175 (=3 4375 x 41+s q
+(1|f'(C1)|q+ . (=3 + . )|f/(C2)|q>}

45+ (1 + ) I+s
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% 21P % 2—2—25 71+21+s , 2—2—25 2l+si3l+s , é
*(/ ’5—5 d5> {(fﬂ)lf (@) - (1+s Ly <<1>|‘1>
2—2—23 _1+21+s , 2—2—25 2I+s_3l+s , é
+ <l(+s)|f (Sh] (1+S ) |/ (C2)|q> }
% 1P % 2—2—2S 21+s 731+s 2—2—25 1 2|+s é
*(/ 0=3 d5> {(— (1+s )If’(<z><"+l(+:)}f/<cl>|q>

2—2—23 21+s_31+s , 2—2—25 _1+2I+s , é
: <_ Tl T (@)lq> }

1 % 35 x 4—1—s (_3_,'_375 X 41+s) , a 1 , 4 é
* m) {< T @I+ oy @)l

s —1l—s (_ —s 1+s é
N (3 x 4 ( 34375 x4 )|f/(C1){q+l)|f/(C2)|q> }:|

1+s 451 (1 4 5

Proof. By employing the Holder inequality since s-convexity of | f/|9, we get
y employing q y y g

2 (3G +G¢ 1. (G+G 2. (G +3¢
B (52) -9 (59) 2 (55

S (G ws () ]+ 20w

QG- 8@
< 42241[/ 81177 (562 + (1= 8) )| + |7 (561 + (1 = §) G)[] a5
0
2. ,
+[7 )52 0 e+ a - o+ I 6o+ - 9@ a
% 1 / !
+[1 o= 5|07 e+ a- o+ 15 6o+ - 9@ a
1
+ [ =117 6a+ 0 =8|+ 6+ (1 -5 &) da}
<

b [(/0 6I”d6>p {(/06 }f'<<z>|q+/0Z (1-0)° |f’<<1>lq>q

+ (/04 55|f’(€1)|q+/0Z (1 —5)S|f'(C2)q> }

1 1

[z a (s fosiror)

r

+ (/2 8 £ Col? +/li (1=28)|f (Cz)q> ' }

1 3 1

i) {</ sirits fHu-orir )
5 |f (<1)|q+/f (1=0°s (42)");}

+</; |6—1|pd6>; {(/;53 |7 (@I* +
. (/;65|f'(C1){q+/31(] —‘”S‘f'“”'q)

1

| q
(1=9|f (cl)lq>

|

Mu\

Q=
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1

G =G 1 % 1 , q 38 w 4—1—s (_3+3—S><41+s) , 7) ¢
2 [<4p+1 (p+1)> {(45+1(1+5)f (@] + s [ ()]

3s 47175 -3 3—s 41+s %
+(1|f'(C1)|q+ . (=3+ . )|f/(C2)|q> }

IN

45+ (1 + ) l+s

1

P % 2,2725 —1 21+s 2—2—25 21+s_31+s q
d6> {(Mu'(@)w— ( )|f'(cl>|Q>

1+s 1+s

—2—2s (__ 1+s —2—2s 1+s _ 7l+s é
(Z(IH)DN (Q)'CI_ 2 (2 3 ) }f/(42)|Q> }

1+s 1+s

1

P % 272725 21+s _31+s 272723 —1 21+5 q
5-] d6> {(— ( )If’(Cz)|q+(:)}f’(Cl)|q>

3

[

2

272725 21+s_31+s 272725 1 21+5 é
e o+ ) ) }

I+s

l+s 1+s
1 1
1 v ) (3 x 47175 (=3 437F x 4170 1 a
+ 17) ( ) | ()" + ————— | ()]
4rtl (p+ 1) 1+s 4st1 (1 +s)
1
35 x 4—1—s (73 1375 x 4l+s) , a 1 , q q
+ < 15 [F )] + FEEy T | (&) .
The proof of Theorem 4.4 is finished. 0

Corollary 4.5. If we chosen s = 1 in Theorem 4.4, then we have

B (249) (449 13 (2)]
s [(Er ) w s (7))«
< a-d [(W (;H)f {(7|f’ (@)\q;v' (W)é . (W <<l>|q£\ff (42)‘1)3;}

5o I 53PS O T | (3L O+ 51 (@)
+(12p+1(p+1>_6ff+1(p+1)> {( 2 ) +( 2 ) H

Remark 4.6. If we put Q = 1 and 8 (0) = 8 (1) = 1 in inequality (4.2) which is proved by Ali et al. in [3].

; (k)\ (42)

5 Milne’s-formula-type inequalities for quasi-convex functions

In this section, the Milne’s formula-type inequalities are obtained for quasi-convex functions.

Theorem 5.1. Under the assumptions of Lemma 3.1. If | f'| is quasi-convex on [(1, (2], then the following fractional inequality
holds:

2 (3G +C 1. (G+G 2 (G +30
() - (052) + 3 (552

B(Q)
~ate gy [Ern) 0+ (i) o] + 25 o)
< 2O (1 )] 17 ).

Proof. From Lemma 3.1, by utilizing properties of modulus and | f’| is quasi-convex, we get

2.(3G+¢ L. (G+G 2, (G +30
[Br(559) - (5398) -3 (552)]

et Eren 0 (o e]
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< 42;41[/0 161 [5G + (1 = 8) ¢)| + [ (8¢t + (1 = 6) &)[] do
3 2 , /
+/l ‘5_5‘ [1F (6 + (1= 8)C)| + |F (6¢ + (1= 8)&)[] db
3 1 ’ ’
+/l wghlf (06 + (1 =8 O] + [ (8¢ + (1= 6) &)|] do
1
+/§ |5—1[|f/(542+(1_5)Cl)|+|f/(5<l+(1_5)C2)Hd5:|
< &4 {/045|maX(|f’(<z)|vf’(Cl)l)dé < |6max(|f’<<1>7|f’(<z>|)d6}
+{/ = 3 max (@@l + [ s =3 max (1 @ | @2)‘”5}
+{[‘ 5= 3| max (7 @11 @l as + 7] max(f/(<1>|,|f’(<z)l)d5}
: 1
+{/ 16 — tfmax (| ()], |/ ()] 5 + / 6—1|max(|f’<<1)|7f’<<z>|)d5H
_ } P02 i1 : / /
< 42241[/0 |5‘+A '57§‘+/% ’5—5‘ +/% |51|} max (| f (¢1)], [ (@)])
< “@T;“max(u'(cl)\wf'(czn)-
This completes the proof. -

Theorem 5.2. Under the assumptions of Lemma 3.1. If |f'| is quasi-convex on (1, (2] and ¢ > 1, then the following
fractional inequality holds:

2, (30 +G 1 G+¢ 2 ¢ +3G
[ (552) -w (572) + 1 (552))

e [(greor) o+ (i) ] + 2T )

i 1
G —C ( 1 ) P ( 5Pt 1 ) P ’ q | g\
< + - 2 s q
- 2 4p+l (p 4+ 1) 12pth(p+1) 6Pt (p+1) max (| ([ 7" (@)]%)
Proof. From Lemma 3.1, by utilizing Holder inequality and | f/|? is quasi-convex, we get
2,/30+G L (G+& 2, (G430
H3f ( 4 AN 3/ 4

(G w+ () ] + 2SS )

QG -G)

B [/ 81 [ (66 + (1 = 8) €0l + |7 (6561 + (1 = §)¢)]]
0

1

2
+/
1
ry

3

4
+/
1
2

1
+ /3 16 =1/ [[f" (8¢ + (1 = 8) Q)| + | £/ (8¢t + (1= 6) &)]] d5}

< &8 H </0 |6Pd6>p max (|7 (@) |1 (1)) do
' </ |6”d6> " max (I ()] 17 (@)) da}
0

IN

52| 1 e+ 1=yl + 1760 + (1 - o)) s

8~ %‘ [/ (6G + (1= 8) )| + |/ (6¢ + (1 = 8) &)[] d6
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1

(/ “5 B i'p“) (177 @) | (@) 48

0= 5‘1) d5> " max (|7 (<)) | (@) dé}

(/ o ;'p“)p max (|1 (@) £ (<)) do

{
(
{
(

/f 5;‘%)pmax(|f'(<.)|,|f’<<z>|)d6}

1

1 P
{ (/3 |6 — 1|7 d5> max (| f" (&), [/ (¢1)]) 46

1

1 P
+ </3 |5—1|pd5> max (| (¢1)], £ (¢2)]) do

GG i 3 5o I v L ey L
= [(zwl (p+1)> +<12p+1 pr1) o (p+1)) ]max({f " 15 @I

This completes the proof. O

6 Milne’s-formula-type ineqalities for Bounded functions
In this section, the Milne’s formula-type inequalities we are established for bounded functions.

Theorem 6.1. Under the assumptions of Lemma 3.1. If there exist constants —oco < m < M < +oo such that m <
f'(z) < M forall x € [(1, (3], then the following fractional inequality holds:

2, (3G+¢ 1 G +& 2, (¢ +30
Hif( 4 )75}0( 2 )+§f( z )}

S [(grryw+ (erigr) ] + 25 o)

TQG-a) B(Q)
L Se-a)M-m)
= 48

Proof. From Lemma 3.1, we get

2 (3G +G¢ 1. (G+G 2, (G +30
G (5e)-w (02) -3 (05)

P )[(gFIQf) )+ (°F125) ] + 24—y 1y

Q-G

- Q;Q[o45[f’(542+(15)41)+f/(5©+(15)<2)]d5

of, (5-3) e ra-na s sea - na)e

f (53) et a-0w s a0 - o) e

1
+ /l (0= 1) [f (6G + (1= 8)Cr) + ' (8¢t + (1= 6) )] d(ﬂ

o H/Oifs(f'@(ﬁr(l(s)(l)mJ;M>d5

1

+/045(f/(541+(1—5)42)—m;M)CM}

+{/ (5—%) (f’(6<2+(1—6><1>—m;M)d6

0=
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O T
AL (roero-an -
+/j (5{) (f’(541+(15)<z)m;M)d5}
+{ﬁ(5—1)(f’(642+(1—a)gl)_m;M>d5

)

! m
+ﬁ (6-1) (f’(5C1+(1*5)Cz)* ;M)dé}]. 6.1)

1

Taking the absolute value in both sides of equality (6.1), we get

2 (3G+¢G 1. (G+G 2, (643G
[Br(558) - (539) -3 (552))

() KCF Qf>() <CFI?2f) (k)]+2(l_g)f(k)'

aG-a) 5@
< CZ_ZQH/O 766G+ -8¢) - 2N
%w\ 06 +1-8)¢) - 2N dé}
{/ '5—7‘ 66+ (1 =8 ¢)— ™M s

1

66+ -5 - T dé}

+/; 5_5

+{/j 5*§ Y06+ (1—8)a)— M gs
f 5*% 60+ (1= )6y — MM da}

+{/31 F oG+ (1—d)c) - M

Since m < f’ (z) < M forall z € [(1, (], we get

M M —
GG+ -8 - T < S ©63)

f’(6<1+(176)cz)fm;M SM;’”. (6.4)

Using the inequalities (6.3)-(6.4) in (6.2), we have

55 (439) 3]

% (€7 7%7) o + (Cpfczf> ]+ 2o o)
< (CZ*CI |: 8] + 5_,’ / 5-—‘ /|6—1|:|

5(M—m) (6 —¢)
< 8 :
This completes the proof.
7 Milne’s-formula-type inequalities for Lipschitzain functions

In this section, the Milne’s formula-type inequalities are presented for Lipschitzain functions.
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Theorem 7.1. Under the assumptions of Lemma 3.1. If f is a Lipschitzain function on [(1, (3], then the following fractional
inequality holds:

[ (55) -3 (559) (59

B (e (i) ] 2= e
< (Cz - QI)ZL
< 24

Proof. From Lemma 3.1, f’ is Lipschitzain function, we get

2, (3G +C G +Q 2 (G +3¢
[3r(358) -3 (558) + 9 (5572))

Q=G
2

IN

[/WI (I (66 + (1= 8)C)| + | (8¢ + (1 = 8) &)]] do

2
+/
1

3

2
+["o-

2

5 2‘ (176G + (1 =)o)l + [ (8¢ + (1 = 8) )] d6

3|17 Gara=s )+ 17 6o+ 0 -5 ) as

!
'*‘/3 16— 1] [|f/ (8¢ + (1 =68)C)| + | (8¢ + (1 —5)C2)]d5}

M[/Oi5IL5(Czcl)d5+/j
+/j

(e —¢) Cl)
24

This completes the proof. O

IN

6%\&5(@7@)%

1 1
-3 [ 5—1|L5(C2—Cl)d5}

<

8 Milne’s-formula-type inequalities for Functions of Bounded Variation

In this section, we represent Milne’s formaula type inequalities for functions of bounded variation.

Theorem 8.1. Consider that f : [(1, (2] — R is a function of bounded variation on [y, (3] . Then, we have

2 (3G +G¢ 1. (G+G 2 (G +30
() -v (552)+ (52

- il [(grmr) w+ (Cragr) ] + 20 )

Q& —¢) B ()
5 &

< S V.
12 g

S
Here, \/ () denotes the total variation of f on [(1, (2] -
<

Proof. Define the function Kq(z) by
T — Cl: Cl S z < %)

11286 3G1+¢ [SEY)
— =5, =R S,

26+¢ (SRS G+3¢
_ 1327 122Sx<|427

@ — G, QB30 <4 <.
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With the aid of the integrating by parts, we have

¢
1
K, .
e / alx)df (z) (8.1)
3414+C2 CIZCZ
_ 1 - G t20
— | [ eaawr [ (452 aw
4] 3(1;(2
4133';2 o
v [ (-FE) @ [ e-dw
Cl‘erz 412342
3G1+6 S+6
! e a+26\ [ ]
= 5=C (z—¢1) f(ac)|cl — / flz)dz + (.Z’ - 3 ) i / f(z)dz
8] 4 341342
2( +<_ (]*43(2 % &)
+ (x— 13 2) f(z) o T / flx)dz + (x — &) f(z)|%I+43<2 - / f(z)dz
2 St SEEIS

:Czigl ((CZ;CI)JC(3<1:C2) _(Cz;Q)f(Cl;Cz)+5<C21—2C1)f(3412-@)
+5<C21—2C1>f(§1 +43C2) B (CZECl)f(CIJZFCZ)+(C21C1>f(<1t‘3<2> sz(x)dx)

¢
_2,/3G+6 1. (G+0Y 2, /Ga+3GY 1
‘3f( 2 ) 3f( 2 )+3f( J ) czcl/f(:”)d""“'

In other words, we have

3(55) - (539 3(+2)]

“wg (€ w s w]

1
Q-G

@)
/ Ka(z)df (x).
¢

It is known that if g, f : [C1, (2] — R are such that g is continuous on [(;, (2] and f is of bounded variation on [{1, (2], then

¢}
J g(t)df (t) exist and
<1

¢ ¢
[aware|< s la®I\0). 82)
I te(¢r,¢] ¢
By using (8.2), it yields
2 (3G +G 1 . (G+G 2, (G +3G
[1(55)3(53) (o2
B (L) 2(1 - Q)
it g [E W (T w] + 2G|
€}
1
- </ Kol(@)df(2)
3(1:(2 S}

<! [ @-cae)+ / (e- 5% 00

T Q-
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¢1+3¢ ¢
2
2
+ (m, xre Cz)df(ac) + / (2 — &) df (=)
S+ ¢3¢
2 I3
3¢1+¢ 1136
4 7
G +20
<o swp Je—cl \/ N+ swp ‘x—f YT
2— G ZE[“%] G IE[%%] EES)
o .
2¢ + 2
o eI (e e emal Vo)
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4
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2 e
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5
S}
Thus the proof is completed. O

9 Quadrature formula

Let d is the partition of the interval [(1, (], d: ¢ = 2o < 1 < Ty < ..... < Tp_1 < Tn = ( and Let the quadrature
formula

&
: f@)de=Z(f,d)+ R(f,d),

where
—1

2= 3 B oy () g (Bt ) o ()]

=0

That the approximation error R (f, d) of the interval I by Milne Formula:

Proposition 9.1. Under the assumptions of Lemma 3.1, then in Theorem 4.1 for every division d of [C1, (2], then the following
inequality holds:

n—1 2
5(zig1 — x4)
IR(f )l <D = [(If @)+ | @)])] -
i=0
Proof. Applying the Theorem 4.1 on the subinterval [z;, z;+1], (¢ = 0, 1,2,3....n — 1), we have O
1 2f 34 @i\ 7 Ti+ Titi Y T+ 3z )| /Im f(2) de ©.1)
3 4 2 4 z;
S(xiq1 — x4
< 2@ 1 o) 1 )]

Summing over i from 0 to n— 1 and multiplying by (x;.1 — x;) on both sides (9.1), we deduce by the triangle inequality,
we attained the result.
This completes the proof.

10 Conclusion

In the present study, we established a new Milne’s formula-type identity for differentiable convex function through well
know Caputo-Fabrizio fractional integral operator. Employing the new identity to Milne’s formula for s-convex, quasi-
convex functions, bounded function, and Lipschitzain are proved. Furthermore, we have discussed some applications to
the quadrature formula. We know that much research in this intriguing area of inequalities and analysis will focus on our
recently identified approach. In future work, it would be fascinating to apply these findings to other convexities, and fractional
operators for example modified Caputo-Fabrizio and Atangana Baleanu.



1208 Munir et al.

References

[1] Alomari, M., Darus, M., & Dragomir, S. S. (2009). New inequalities of Simpson’s type for s-convex
functions with applications. Research report collection, 12(4).

[2] Ali, M. A, Kara, H., Tariboon, J., Asawasamrit, S., Budak, H., & Hezenci, F. (2021). Some new Simpson’s-
Sformula-type inequalities for twice-differentiable convex functions via generalized fractional operators.
Symmetry, 13(12), 2249.

[3] Ali, M. A., Zhang, Z., & Feckan, M. (2022). On Some Error Bounds for Milne’s Formula in Fractional
Calculus. Mathematics, 11(1), 146.

[4] Budak, H., Kara, H., & Hezenci, F. (2023). Fractional Simpson-Type Inequalities for Twice Differentiable
Functions. Sahand communications in mathematical analysis, 20(3), 97-108.

[5] Budak, H., Kara, H., & Hezenci, F. (2023). Fractional Simpson-Type Inequalities for Twice Differentiable
Functions. Sahand communications in mathematical analysis, 20(3), 97-108.

[6] Budak, H., Sarikaya, M. Z., & Qayyum, A. (2021). New refinements and applications of Ostrowski type
inequalities for mappings whose nth derivatives are of bounded variation. TWMS Journal of Applied and
Engineering Mathematics, 11(2), 424-435.

[7] Chen, J., & Huang, X. (2017). Some new inequalities of Simpson’s type for s-convex functions via frac-
tional integrals. Filomat, 31(15), 4989-4997.

[8] Caputo, M., & Fabrizio, M. (2015). A new definition of fractional derivative without singular kernel.
Progress in fractional differentiation applications, 1(2), 73-85.

[9] I. Demir, A new approach of Milne-type inequalities based on proportional Caputo-Hybrid operator: A
new approach for Milne-type inequalities, Journal of Advances in Applied and Computational Mathemat-
ics, 10, 2023, 102-119.

[10] H. D. Desta, H. Budak, and H. Kara, New perspectives on fractional Milne-type inequalities: Insights
from twice-differentiable functions, Universal Journal of Mathematics and Applications, 7(1), 2024, 30-
37.

[11] Dragomir, S. S., Pecaric, J., & Persson, L. E. (1995). Some inequalities of Hadamard type. Soochow
Journal of mathematics, 21(3), 335-341.

[12] Ertugral, F., & Sarikaya, M. Z. (2019). Simpson type integral inequalities for generalized fractional
integral. Revista de la real academia de ciencias exactas, Fisicas y naturales. serie a. matemdticas, 113,
3115-3124.

[13] Farid, G., Mehmood, S., Rathour, L., Mishra, L. N., & Mishra, V. N.: Fractional Hadamard and Fejer-
Hadamard inequalities associated with exp.(a, h — m)-convexity. Dyn. Contin. Discr. Impuls. Syst. Ser.
A: Math. Anal, 30, 353-367 (2023).

[14] Farid, G., Akbar, S. B., Rathour, L., Mishra, L. N., & Mishra, V. N.: Riemann-Liouville fractional ver-
sions of Hadamard inequality for strongly m-convex functions. International Journal of Analysis and
Applications, 20, 5-5(2022).

[15] Mishra, V. N., Khatri, K., Mishra, L. N., & Deepmala.: Inverse result in simultaneous approximation by
Baskakov-Durrmeyer-Stancu operators. Journal of inequalities and applications, 2013, 1-11 (2013).

[16] Gorenflo, R., & Mainardi, F. (1997). Fractional calculus: integral and differential equations of fractional
order (pp. 223-276). Springer Vienna.

[17] Gairola, A. R., Maindola, S., Rathour, L., Mishra, L. N., & Mishra, V. N.: Better uniform approximation by
new Bivariate Bernstein Operators. International Journal of Analysis and Applications, 20, 60-60(2022).

[18] Gairola, A. R., Bisht, N., Rathour, L., Mishra, L. N., & Mishra, V. N.: Order of Approximation by a New
Univariate Kantorovich Type Operator. International journal of analysis and applications, 21, 106-106
(2023).

[19] Hussain, S., Khalid, J., & Chu, Y. M. (2020). Some generalized fractional integral Simpson’s type inequal-
ities with applications. Aims math, 5(6), 5859-5883.

[20] Hudzik, H., & Maligranda, L. (1994). Some remarks on s-convex functions. Aequationes mathematicae,
48, 100-111.

[21] Igbal, M., Qaisar, S., & Hussain, S. (2017). On Simpson’s type inequalities utilizing fractional integrals.
J. comput. anal. appl, 23(6), 1137-1145.

[22] Iscan, I, & Wu, S. (2014). Hermite—Hadamard type inequalities for harmonically convex functions via
fractional integrals. Applied mathematics and computation, 238, 237-244.

[23] Ion, D. A. (2007). Some estimates on the Hermite-Hadamard inequality through quasi-convex functions.
Annals of the university of craiova-mathematics and computer science series, 34, 82-87.

[24] Junjua, M. U. D., Qayyum, A., Munir, A., Budak, H., Saleem, M. M., & Supadi, S. S. (2024). A study of
some new Hermite Hadamard inequalities via specific convex functions withaApplications. Mathematics,
12(3), 478.



Fractional Milne’s Formula-Type Inequalities 1209

[25] H. Kadakal, Generalization of Some Integral Inequalities for Arithmetic Harmonically Convex Functions.
Cumhuriyet Science Journal, 43(3), 2022, 497-503.

[26] M. Kadakal, H. Kadakal, 1. Iscan, Semi P-geometric-arithmetically functions and some new related in-
equalities. Filomat, 37(21), 2023, 7017-7028.

[27] Kaijser, S., Nikolova, L., Persson, L. E., & Wedestig, A. (2005). Hardy-type inequalities via convexity.
Mathematical inequalities applications, 8(3), 403-417.

[28] Kashif, A. R., Khan, T. S., Qayyum, A., and Faye, 1. (2018). A comparison and error analysis of error
bounds. International journal of analysis and applications, 16(5), 751-762.

[29] Kermausuor, S. E. T. H. (2021). Simpson’s type inequalities via the Katugampola fractional integrals for
s-convex functions. Kragujevac journal of mathematics, 45(5), 709-720.

[30] Lei, H., Hu, G., Nie, J., & Du, T. (2020). Generalized Simpson-type inequalities considering first deriva-
tives through the k-Fractional Integrals. laeng Int. J. appl. math, 50(3), 1-8.

[31] Miller, K. S., & Ross, B. (1993). An introduction to the fractional calculus and fractional differential
equations.

[32] Munir, A.,Budak, H., Faiz, 1., Qaisar, S. (2024). Generalizations of Simpson type inequality for (o, m)-
convex functions. Fiomat,(2024), 3295-3312.

[33] Munir, A, A., Qayyum, A., Supadi, S. S., Budak, H., Faiz, 1. (2024). Astudy of improved error bounds for
Simpson type inequality via fractional integral operator. Fiomat, (2024), 3415-3427.

[34] Ozdemir, M. E., Akdemir, A. O., & Kavurmaci, H. (2014). On the Simpson’s inequality for convex functions
on the coordinates. Turkey. J. anal. number theory, 2(5), 165-169.

[35] Patel, P, & Mishra, V. N. (2015). Approximation properties of certain summation integral type operators.
Demonstratio Mathematica, 48(1), 77-90.

[36] Saker, S. H., Abdou, D. M., & Kubiaczyk, 1. (2018). Opial and Polya type inequalities via convexity.
Fasciculi mathematici.

[37] Sarikaya, M. Z., Set, E., & Ozdemir, M. E. (2010). On new inequalities of Simpson’s type for s-convex
Sfunctions. Computers mathematics with applications, 60(8), 2191-2199.

[38] Sarikaya, M. Z., Set, E., & Ozdemir, M. E. (2010) On new inequalities of Simpson’s type for convex
functions, RGMIA Res. Rep. Coll, 13.

[39] Set, E., Akdemir, A. O., & Ozdemir, E. M. (2017). Simpson type integral inequalities for convex functions
via Riemann-Liouville integrals. Filomat, 31(14), 4415-4420.

[40] Qayyum, A., Faye, 1., and Shoaib, M. (2015). On new generalized inequalities via Riemann-Liouville
fractional integration. J. Fract. Calc. Appl, 6(1), 91-100.

[41] Rathour, L., Rehman, A. U., Bibi, S., Farid, G., Mishra, L. N., & Mishra, V. N.: k-Fractional integral in-
equalities of Hadamard type for strongly exponentially (c, h—m)-convex functions. Applied mathematics
E-Notes, 23, 393-411 (2023).

[42] Vivas-Cortez, M., Abdeljawad, T., Mohammed, P. O., & Rangel-Oliveros, Y. (2020). Simpson’s integral
inequalities for twice differentiable convex functions. Mathematical problems in engineering, 2020, 1-15.

[43] Yang, H., Qaisar, S., Munir, A., & Naeem, M. (2023). New inequalities via Caputo-Fabrizio integral
operator with applications. Aims mathematics, 8(8), 19391-19412.

Author information

Arslan Munir, Department of Mathematics, COMSATS University Islamabad, Sahiwal Campus, Sahiwal 57000,
Pakistan.

E-mail: munirarsland990gmail. com

Hiiseyin Budak*, Hasan Kara, Department of Mathematics, Diizce University, Diizce, Tiirkiye.
E-mail: hsyn.budak@gmail.com, hasan6kara@gmail.com

Irza Faiz, Department of Mathematics, Government College University Faisalabed Sahiwal Campus, Pakistan.
E-mail: faizirzad86gmail.com

Laxmi Rathour*, Department of Mathematics, National Institute of Technology, Chaltlang, Aizawl 796012,
Mizoram, India.
E-mail: lazmirathour8170gmail. com

Received: 2024-02-16
dccepted: 2025-04-08



	1 Introduction
	2 Preliminaries
	3 An Identity for Differentiable Function
	4 Milne's-formula-type inequalities for s-convex functions
	5 Milne's-formula-type inequalities for quasi-convex functions
	6 Milne's-formula-type ineqalities for Bounded functions
	7 Milne's-formula-type inequalities for Lipschitzain functions
	8 Milne's-formula-type inequalities for Functions of Bounded Variation
	9 Quadrature formula
	10 Conclusion

