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Abstract A bipartite 3-uniform hypergraph H(V1, V2) such that |V1| = m and |V2| = n is
almost self-complementary if it is isomorphic with its complement H̄(V1, V2) with respect to
K3

(m,n) − e. Every permutation σ of the set V = V1 ∪ V2 such that σ(e) is an edge of H̄ if and
only if e is an edge in H is called complementing permutation. In the present paper, we study the
cycle structure of complementing permutation of bipartite almost self-complementary 3-uniform
hypergraphs.

1 Introduction

Ringel [8] and Sachs [9] studied self-complementary graphs (2-hypergraphs). They character-
ized the cycle structure of complementing permutations of self-complementary graphs. The cy-
cle structure of complementing permutation of self-complementary 3-uniform hypergraphs is an-
alyzed by Kocay [7]. He proved that σ is a complementing permutation of a self-complementary
3-uniform hypergraph if and only if either (i) every cycle of σ has even length or (ii) σ has 1 or
2 fixed points and all the other cycles of σ have length a multiple of 4. A. Symański, A.P. Wojda
([10],[11],[12]) and S. Gosselin [3], independently studied k-uniform self-complementary hy-
pergraphs of order n and gave the structure of corresponding complementing permutations.

T. Gangopadhyay and S.P. Rao Hebbare [2] studied structural properties of r-partite com-
plementing permutations. In [5], a bipartite self-complementary 3-uniform hypergraph H with
partition (V1, V2) of a vertex set V such that |V1| = m and |V2| = n is studied and the cycle
structure of complementing permutation of bipartite self-complementary 3-uniform hypergraphs
is analyzed.
Almost self-complementary 2-uniform hypergraphs i.e almost self-complementary graphs are
introduced by Clapham in [1]. In [4], almost self-complementary 3-uniform hypergraphs are
studied and the cycle structure of corresponding complementing permutations is analyzed.
Bipartite almost self-complementary 3-uniform hypergraph H with partition (V1, V2) of a vertex
set V such that |V1| = m and |V2| = n is introduced in [6] by L.N. Kamble and et.al.

In this paper, we analyze the cycle structure of complementing permutations of a bipartite
almost self-complementary 3-uniform hypergraph.

2 Preliminary definitions and results

Let V be a finite set with n elements. By (Vk) we denote the set of all k-subsets of V .

Definition 2.1. (k-uniform hypergraph) A k-uniform hypergraph is a pair H = (V ;E), where
E ⊆ (Vk). V is called a vertex set, and E an edge set of H .

Definition 2.2. (Complete k-uniform hypergraph) A complete k-uniform hypergraph is the
k-uniform hypergraph, Kk

n on n vertices whose edge set is (Vk).
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Definition 2.3. (Complement of a k-uniform hypergraph) The complement H̄ of a k-uniform
hypergraph H(V,E) is the hypergraph with vertex set V and edge set Ē=(Vk)\E.

We say that H̄ is the complement of H with respect to Kk
n.

Definition 2.4. Two k-uniform hypergraphs H = (V ;E) and H ′ = (V ′;E′) are said to be
isomorphic if there is a bijection σ : V (H) → V (H ′) which induces a bijection from E(H) to
E(H ′).

Definition 2.5. (Self-complementary k-uniform hypergraph) A k-uniform hypergraph H is
called self-complementary if it is isomorphic to its complement H̄ .

Thus H is self-complementary if and only if there exists a bijection σ : V → V such that
e is an edge in H if and only if σ(e) is an edge in H̄ . Such a σ is called a complementing
permutation.

In the following example, we illustrate a self-complementary 3-uniform hypergraph.

Example 2.6. Consider a 3-uniform hypergraph H(V,E) where the vertex set
V = {u1, u2, u3, u4, u5} and the edge set E = {{u1, u2, u3}, {u1, u3, u4}, {u1, u2, u5},
{u3, u4, u5}, {u1, u3, u5}}. The complement of H is given by H̄ with vertex set V and the edge
set Ē = {{u2, u3, u4}, {u1, u2, u4}, {u2, u3, u5}, {u1, u4, u5}, {u2, u4, u5}}.
Consider a bijection σ : V → V defined as σ = (u1 u2 u3 u4)(u5). Observe that e is an edge in
H if and only if σ(e) is an edge in H̄ . H is isomorphic to its complement H̄ with complementing
permutation σ = (u1 u2 u3 u4)(u5). Hence H is self-complementary.

Definition 2.7. (Almost complete k-uniform hypergraph) The hypergraph K̃k
n = Kk

n − e, is
called an almost complete 3-uniform hypergraph.

That is an almost complete k-uniform hypergraph is defined by deleting any one edge from
Kk

n. The deleted edge is denoted by e and called it as the missing edge and the corresponding
vertices of e the special vertices.

Example 2.8. Consider a complete 3-uniform hypergraph on 5 vertices, K3
5 with the vertex set

V = {u1, u2, u3, u4, u5} and the edge set E = {{u1, u2, u3}, {u1, u3, u4}, {u1, u2, u5}, {u3, u4, u5},
{u1, u3, u5}, {u2, u3, u4}, {u1, u2, u4}, {u2, u3, u5}, {u1, u4, u5}, {u2, u4, u5}}.
We delete an edge {u1, u2, u3} from K3

5 . The remaining edges form an edge set of an almost
complete 3-uniform hypergraph on 5 vertices which is denoted by K̃3

5 . Edge set of K̃3
5 is

Ẽ = {{u1, u3, u4}, {u1, u2, u5}, {u3, u4, u5}, {u1, u3, u5}, {u2, u3, u4}, {u1, u2, u4}, {u2, u3, u5},
{u1, u4, u5}, {u2, u4, u5}}.

Definition 2.9. (Almost self-complementary k-uniform hypergraph) A k-uniform hypergraph
H with n vertices is almost self-complementary if it is isomorphic with its complement H̄ with
respect to K̃k

n.

This means that a 3-uniform hypergraph H with n vertices is almost self-complementary if
K̃3

n can be decomposed into two isomorphic factors with H as one of the factor.
Almost self-complementary k-uniform hypergraph of order n may be called self-complementary
in Kk

n − e.
In the following example, we illustrate an almost self-complementary 3-uniform hypergraph.

Example 2.10. Let V = {u1, u2, u3, u4, x, y, z}. Clearly, K3
7 contains an odd number of edges.

Therefore after deleting one edge from K3
7 , the remaining edges are even in number. Let us

delete e = {x, y, z} from K3
7 . Let K̃3

7 = K3
7 − e.

We can factorize K̃3
7 into two isomorphic factors H and H̄ .

Let H be the 3-uniform hypergraph on V with edge set
E = {{u1, u2, u3}, {u1, u2, u4}, {u1, u2, x}, {u3, u4, x}, {u1, u4, x}, {u1, u3, x}, {u1, u4, y},
{u2, u4, y}, {u1, u3, z}, {u1, u2, z}, {u2, u3, z}, {u3, x, y}, {u4, x, y}, {u3, x, z}, {u4, y, z},
{u3, y, z}, {u2, y, z}}.
Complement of H in K̃3

7 is given by H̄ having edge set
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Ē = {{u2, x, u4}, {u2, x, y}, {u2, x, u3}, {u4, y, u3}, {u2, y, u3}, {u2, u4, u3}, {u2, y, u1},
{x, y, u1}, {u2, u4, z}, {u2, x, z}, {x, u4, z}, {u4, u3, u1}, {y, u3, u1}, {u4, u3, z}, {y, u1, z},
{u4, u1, z}, {x, u1, z}}.
Define a permutation σ : V → V by σ(x) = u3, σ(y) = u1, σ(z) = z, σ(u1) = u2, σ(u4) = y,
σ(u2) = x, σ(u3) = u4. That is σ = (x u3 u4 y u1 u2)(z).
Clearly H is isomorphic to its complement H̄ with complementing permutation σ. Hence H is
almost self-complementary 3-uniform hypergraph.

Definition 2.11. (Bipartite Hypergraph) A hypergraph H with vertex set V and edge set E is
called bipartite if V can be partitioned into two subsets V1 and V2 such that e ∩ V1 ̸= ∅ and
e ∩ V2 ̸= ∅ for any e ∈ E.

Furthermore if |e| = k for every e ∈ E then we call H , a bipartite k-uniform hypergraph, and
denote it as Hk(V1, V2). If |V1| = m and |V2| = n then Hk(V1, V2) = Hk

(m,n).
If H3(V1, V2) is a bipartite 3-uniform hypergraph then every edge of H3(V1, V2) contains one
vertex from one part and two vertices from the other part of the partition V1 and V2 of V . Thus
any triple of vertices {x, y, z} such that x, y, z belong to a single part of the partition of V is not
an edge of H3(V1, V2).
The following example illustrates a bipartite 3-uniform hypergraph.

Example 2.12. Consider a hypergraph H(V ;E) with the vertex set V = {v1, v2, v3, v4, v5, v6}
and the edge set E = {{v1, v5, v6}, {v1, v2, v6}, {v3, v4, v5}, {v1, v3, v6}}. H is a bipartite 3-
uniform hypergraph with partition P = (V1, V2) where V1 = {v1, v3, v4} and V2 = {v2, v5, v6} of
vertex set V of H .

Definition 2.13. (Complete Bipartite 3-uniform Hypergraph) A 3-uniform hypergraph H
with the vertex set V = V1∪V2, V1∩V2 = ∅ and the edge set E = {e : e ⊂ V, |e| = 3 and e∩Vi ̸=
∅, for i = 1, 2} is called the complete bipartite 3-uniform hypergraph. It is denoted as K3(V1, V2)
or K3

(m,n).

Definition 2.14. (Complement of bipartite 3-uniform hypergraph) Given a bipartite 3-uniform
hypergraph H = H3(V1, V2), we define its bipartite complement to be the 3-uniform hypergraph
H̄ = H̄3(V1, V2) where V (H̄) = V (H) and E(H̄) = E(K3(V1, V2))− E(H).

Definition 2.15. (Bipartite self-complementary 3-uniform hypergraph) A bipartite 3-uniform
hypergraph H = H3(V1, V2) is said to be self-complementary if it is isomorphic to its bipartite
complement H̄ = H̄3(V1, V2), that is there exists a bijection σ : V → V such that e is an edge in
H if and only if σ(e) is an edge in H̄ .

That is there exists a bijection σ : V → V such that e = {x, y, z} is an edge in H if and only
if σ(e) = {σ(x), σ(y), σ(z)} is an edge in H̄ . Such a σ is called a complementing permutation.

In the following example, we illustrate bipartite self-complementary 3-uniform hypergraph.

Example 2.16. Let V = {u1, u2, v1, v2} such that V1 = {u1, u2} and V2 = {v1, v2}.
i) Consider H1(V1, V2) with edge set {{u1, u2, v1}, {u1, u2, v2}} and its complement H̄1(V1, V2)
with edge set {{v1, v2, u1}, {v1, v2, u2}}.
Clearly H1(V1, V2) is a bipartite self-complementary with complementing permutation σ1 =
(u1 v1)(u2 v2) or σ2 = (u1 v1 u2 v2).
ii) Consider H2(V1, V2) with edge set {{u1, u2, v1}, {v1, v2, u1}} and its complement H̄2(V1, V2)
with edge set {{u2, v1, v2}, {u1, u2, v2}}.
Clearly H2(V1, V2) is a bipartite self-complementary with complementing permutation σ3 =
(u1 u2 v1 v2) or σ4 = (u1 u2)(v1 v2).

In [5], the cycle structure of complementing permutation of bipartite self-complementary
3-uniform hypergraphs is analyzed.

Definition 2.17. (Almost complete bipartite 3-uniform hypergraph) The hypergraph K̃3
(m,n) =

K3
(m,n) − e is called an almost complete bipartite 3-uniform hypergraph.
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The hypergraph K̃3
(m,n) is a bipartite 3-uniform hypergraph obtained by deleting any edge e

from K3
(m,n). We always denote by e the edge deleted from K3

(m,n), call it as the missing edge,
and the corresponding vertices of e the special vertices.

Definition 2.18. (Bipartite almost self-complementary 3-uniform hypergraph) A 3-uniform
bipartite hypergraph H(V1, V2) such that |V1| = m and |V2| = n is almost self-complementary if
it is isomorphic with its complement H̄(V1, V2) with respect to K̃3

(m,n) = K3
(m,n) − e.

This means that, a 3-uniform hypergraph H(V1, V2) is almost self complementary if K̃3
(m,n)

can be decomposed into two isomorphic factors with H(V1, V2) as one of the factors.
We use the shortform “bipasc" for bipartite almost self-complementary 3-uniform hyper-

graph.
In the following example, we illustrate an isomorphic factorization of K3

(2,3) after deleting one
edge.

Example 2.19. Consider K3
(2,3). Let V1 = {u1, u2} and V2 = {v1, v2, v3} be a partition of vertex

set V = {u1, u2, v1, v2, v3}. The edge set of K3
(2,3) is E = {{u1, u2, v1}, {u1, u2, v2}, {u1, u2, v3},

{v1, v2, u1}, {v1, v2, u2}, {v1, v3, u1}, {v1, v3, u2}, {v2, v3, u1}, {v2, v3, u2}}.
We note that the edge set of K3

(2,3) contains an odd number of edges. We delete one edge from
K3

(2,3) say {u1, u2, v3}. Thus the edge set of almost complete bipartite 3-uniform hypergraph,
K̃3

(m,n) is then Ẽ = {{u1, u2, v1}, {u1, u2, v2}, {v1, v2, u1}, {v1, v2, u2}, {v1, v3, u1}, {v1, v3, u2},
{v2, v3, u1}, {v2, v3, u2}}. Consider the bipartite 3-uniform hypergraph H(V1, V2) with the edge
set E = {{u1, u2, v1}, {v1, v2, u1}, {v1, v3, u1}, {v1, v3, u2}} and its complement H̄ in K̃3

(m,n)

with the edge set Ē = {{u1, u2, v2}, {v1, v2, u2}, {v2, v3, u2}, {v2, v3, u1}}.
H is isomorphic to H̄ with complementing permutation σ = (u1 u2)(v1 v2)(v3). Hence H is a
bipartite almost self-complementary 3-uniform hypergraph where e = {u1, u2, v3} is the missing
edge.

The following theorem gives necessary and sufficient conditions on the order of bipartite
3-uniform hypergraph H3

(m,n) to be almost self-complementary which is proved in [6].

Theorem 2.20. There exists a bipasc 3-uniform hypergraph H3
(m,n) with partition (V1, V2) of

vertex set V where |V1| = m and |V2| = n if and only if m ̸= n and either
(i) one is congruent to 1 modulo 4 and the other is congruent to 2 or 3 modulo 4, or
(ii) one is congruent to 2 modulo 4 and the other is congruent to 1 or 3 modulo 4.

In the next section, we analyze cycle structure of complementing permutations of bipartite
almost self-complementary 3-uniform hypergraph.

3 Complementing permutations of bipartite almost self-complementary
3-uniform hypergraph

Given a bipasc H with partition (V1, V2) of the vertex set V and edge set E, let the edges of
H be colored red and the remaining edges of K̃3

(m,n) be colored green. Since the 2 factors are
isomorphic, there is a permutation σ of the vertices of K̃3

(m,n) that induces a mapping of the red
edges onto the green edges. Let e denote the missing edge. We consider σ as a permutation of
the vertices of K3

(m,n), and denote by σ′ the corresponding mapping induced on the set of edges
of K3

(m,n). Thus σ′ maps each red edge onto a green edge. However, the mapping σ′ need not
necessarily map each green edge onto a red edge. This would be so if σ′ mapped e onto itself,
but it may be that σ′ maps e onto a red edge and some green edge onto e. Such a σ (which,
for definiteness, we shall always assume induces a mapping from red to green) will (as for s.c.
3-uniform hypergraphs) be called a complementing permutation. It will be useful to consider the
cycles of the induced mapping σ′.

Any edge {u, v, w} in K3
m,n gives rise to a cycle {u, v, w}, σ′{u, v, w}, σ′2{u, v, w}, · · · etc.

These must be alternately edges of H and H̄ . Hence if this cycle does not include the missing
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edge e then the length of this cycle must be even. And if it includes the missing edge e then its
length must be odd. Moreover, it is the only cycle of σ′ of odd length.

The following remarks regarding the cycles of induced mapping σ′ will be used to prove a
number of results about the structure of complementing permutation σ.

Remark 3.1. A cycle of σ′ that does not include e must be of even length, consisting of edges
alternately red and green i.e edges of H and H̄ alternately.

Remark 3.2. The cycle of σ′ that includes e has an odd length, consisting of e followed by red
and green edges alternately. This must be the only one cycle of σ′ having odd. Further, this
length equals 1 when σ′ maps e onto itself.

Remark 3.3. For any edge {u, v, w} in K3
m,n the length of the cycle of σ′ containing {u, v, w}

depends on the length of the cycles of σ containing u, v, w. There are three cases according to
the appearance of u, v, w in the cycles of σ.

I) Suppose u, v and w are all in the same cycle of σ, of length L, say. Let (v1, v2, · · · , vL) rep-
resent the cycle. Consider a cycle {u, v, w}, σ′{u, v, w}, σ′2{u, v, w}, · · · . This cycle will also
have length L unless L = 3r and u, v and w are v1, v1+r and v1+2r. The length of this cycle will
then be r, so that r must be even.

II) Suppose the vertices u and v belong to the same cycle C1 of length L1 and the vertex w be-
longs to the cycle C2 of length L2. Clearly L1 is even. We consider the following cases.
Case (i). If L1 = 2 then the length of the cycle of σ′ containing the edge {u, v, w} is L2.
Case (ii). If L1 = 2h, h > 1 such that σh(u) = v then the length of the cycle of σ′ containing
the edge {u, v, w} is the least common multiple of h and L2. If σh(u) ̸= v then the length of the
cycle of σ′ containing the edge {u, v, w} is the least common multiple of L1 and L2.

III) If u is in a cycle C1 of length L1, v is in a cycle C2 of length L2 and w is in a cycle C3 of
length L3 where C1, C2, C3 are distinct cycles of the permutation σ then the length of the cycle
of σ′ containing the edge {u, v, w} is the least common multiple of L1, L2 and L3. Not all of
u, v, and w can be fixed points of σ unless {u, v, w} is the missing edge.

In the following example, we illustrate complementing permutations of a bipasc H(V1, V2).

Example 3.4. (a) Consider K3
(1,3). Let V1 = {u1} and V2 = {v1, v2, v3} be a partition of the

vertex set V = {u1, v1, v2, v3}.
The edge set of K3

(1,3) is E = {{u1, v1, v2}, {u1, v1, v3}, {u1, v2, v3}}. We delete the edge
e = {u1, v2, v3} from K3

(1,3).
Consider H with edge set E1 = {{u1, v1, v2}}. Then H̄ has edge set E2 = {{u1, v1, v3}}.
Clearly, H is isomorphic to H̄ with complementing permutation σ = (u1)(v1)(v2 v3) or σ =
(u1)(v1 v3 v2) with the missing edge {u1, v2, v3}.
Consider the cycles of the corresponding induced mapping σ′.
σ′ = ({u1, v1, v2}, {u1, v1, v3})({u1, v2, v3}) or σ′ = ({u1, v1, v2}, {u1, v3, v1}, {u1, v2, v3}). We
observe that there is exactly one odd cycle of σ′ containing the missing edge {u1, v2, v3} while
all other cycles of σ′ are even.

(b) Consider K3
2,3. Let V1 = {u1, u2} and V2 = {v1, v2, v3} be a partition of the vertex set

V = {u1, u2, v1, v2, v3}. The edge set of K3
(2,3) is

E = {{u1, v1, v2}, {u1, v1, v3}, {u1, v2, v3}, {u2, v1, v2}, {u2, v1, v3}, {u2, v2, v3}, {u1, u2, v1},
{u1, u2, v2}, {u1, u2, v3}}.
We delete {u1, u2, v3} from K3

(2,3).
Consider H with edge set E1 = {{u1, u2, v1}, {v1, v2, u2}, {u1, v1, v3}, {u1, v2, v3}}. Then H̄ has
the edge set E2 = {{u1, u2, v2}, {u1, v1, v2}, {u2, v2, v3}, {u2, v1, v3}}. Clearly, H is isomorphic
to H̄ with complementing permutation σ1 = (u1 u2)(v1 v2)(v3) or σ2 = (u1 u2)(v1 v2 v3) with
the missing edge {u1, u2, v3}.
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Consider the cycles of the corresponding induced mapping σ′.
σ′ = ({u1, v1, v2}, {u1, v1, v3})({u1, v2, v3}) or σ′ = ({u1, v1, v2}, {u1, v3, v1}, {u1, v2, v3}). We
observe that there is exactly one odd cycle of σ′ containing the missing edge {u1, v2, v3} while
all other cycles of σ′ are even.

(c) Consider K3
1,7. Let V1 = {u1} and V2 = {v1, v2, v3, v4, v5, v6, v7} be a partition of the vertex

set V = {u1, v1, v2, v3, v4, v5, v6, v7}. The edge set of K3
(1,7) is E = {{u1, v1, v2}, {u1, v1, v3},

{u1, v1, v4}, {u1, v1, v5}, {u1, v1, v6}, {u1, v1, v7}, {u1, v2, v3}, {u1, v2, v4}, {u1, v2, v5}, {u1, v2, v6},
{u1, v2, v7}, {u1, v3, v4}, {u1, v3, v5}, {u1, v3, v6}, {u1, v3, v7}, {u1, v4, v5}, {u1, v4, v6}, {u1, v4, v7},
{u1, v5, v6}, {u1, v5, v7}, {u1, v6, v7}}.
We delete the edge {u1, v1, v4} from K3

(1,7).
Consider H with edge set E1 = {{u1, v2, v5}, {u1, v1, v2}, {u1, v3, v4}, {u1, v5, v6}, {u1, v1, v3},
{u1, v3, v5}, {u1, v5, v1}, {u1, v1, v7}, {u1, v3, v7}, {u1, v5, v7}}.
Then H̄ has the edge set E2 = {{u1, v3, v6}, {u1, v2, v3}, {u1, v4, v5}, {u1, v6, v1}, {u1, v2, v4},
{u1, v4, v6}, {u1, v6, v2}, {u1, v2, v7}, {u1, v4, v7}, {u1, v6, v7}}.
Clearly, H is isomorphic to H̄ with complementing permutation σ = (u1)(v1 v2 v3 v4 v5 v6)(v7)
with the missing edge {u1, v1, v4}.
We observe that there is exactly one odd cycle of σ′ containing the missing edge {u1, v1, v4}
while all other cycles of σ′ are even.
Here the special vertices v1 and v4 both belong to the same cycle of σ of length 6 such that
σ3(v1) = v4 and the special vertex u1 is fixed. Hence the length of the cycle of σ′ contain-
ing the missing edge {u1, v1, v4} is 3 which is the least common multiple of the length of the
cycle containing u1 and half of the length of the cycle containing v1 and v4. It is the only odd
cycle of σ′ containing the missing edge {u1, v1, v4}. And all other cycles of σ′ are of even length.

Given a bipasc H with partition (V1, V2) of vertex set V and edge set E, let σ be a permuta-
tion of the vertices of K3

(m,n) and σ′ be the corresponding mapping induced on the set of edges
of K̃3

(m,n). It will be useful to consider the cycles of the induced mapping σ′.
In further sections we will denote the missing edge by e = {x, y, z} and x, y ∈ V1 and z ∈ V2
will be called the special vertices.

Let ξ(H, (V1, V2)) be the set of all complementing permutations of the bipasc H . A cycle of
a complementing permutation is said to be pure if it permutes only the vertices belonging to a
single set of the partition (V1, V2) of the vertex set V and is said to be mixed otherwise.
We define two subclasses of ξ(H, (V1, V2)) as follows
ξP (H, (V1, V2)) = {σ ∈ ξ(H, (V1, V2)), all cycles of σ are pure }
ξM (H, (V1, V2)) = {σ ∈ ξ(H, (V1, V2)), all cycles of σ are mixed }.
If σ ∈ ξP (H, (V1, V2)) then σ is said to be pure and if σ ∈ ξM (H, (V1, V2)) then σ is said to be
mixed.

Theorem 3.5. If σ ∈ ξ(H, (V1, V2)) then all the cycles of σ are either pure or mixed, that is
ξ(H, (V1, V2)) = ξP (H, (V1, V2)) ∪ ξM (H, (V1, V2)).

Proof. Suppose σ contains a pure cycle C1 and a mixed cycle C2. Let C1 = (v1 v2 ... vk) where
v1, v2, ..., vk ∈ V1. Because C2 is mixed there exists at least one a ∈ V1 and one b ∈ V2 such
that a, b ∈ C2 and σ(b) = a. Now the edge {b, v1, v2} ∈ K3(V1, V2) is either in H or H̄ but
σ({b, v1, v2}) = {a, v2, v3} is neither in H̄ nor in H being an invalid triple.

From the above Theorem 3.5 we get that if σ is any complementing permutation, then it is
either pure or mixed. Further, if σ contains a fixed vertex u that is σ(u) = u, then it must be pure.

We now show that ξM (H, (V1, V2)) = ∅ and then give the structure of any σ ∈ ξP (H, (V1, V2)).

3.1 Cycle structure of mixed complementing permutations

In this section, we analyze the cycle structure of mixed complementing permutations. Let, if
possible, σ ∈ ξM (H, (V1, V2)). Then σ has no fixed vertex. Further, every cycle of σ has length
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≥ 2.

Example 3.4(a) illustrates all possible complementing permutations for a bipasc on 4 vertices.
We note that none of these belongs to ξM (H, (V1, V2)). In order to analyze the cycle structure
of mixed complementing permutation, in the remaining part of this section we consider bipasc
with at least 5 vertices.

Theorem 3.6. If σ is a complementing permutation of a bipasc H then σ can not be mixed.

Proof. Suppose σ is a mixed complementing permutation of a bipasc H such that σ has a cycle
of length L containing all the special vertices x, y ∈ V1, z ∈ V2. Then L must be odd since the
length of the cycle of σ′ containing e is odd.

If L > 3 then it must contain at least one vertex other than x, y and z. This means there
is a valid edge say e1 other than e containing vertices from C. The length of the cycle of σ′

containing e1 must be even. Hence L is even, a contradiction.
Thus only possibility is L = 3. In this case C is either C = (x y z) or C = (x z y). Let

C = (x y z) and let C ′ be another cycle of σ. As C ′ is mixed there are vertices u, v in C
such that u ∈ V1, v ∈ V2 and σ(v) = u. Consider a triple {x, z, v} which is a valid edge but
σ({x, z, v}) = {y, x, u} is not a valid edge, a contradiction. We get a similar contradiction if
C = (x z y).
Hence, σ can not be mixed.

In the next section, we give the cycle structure of pure complementing permutations.

3.2 Cycle structure of pure complementing permutations

If σ is a pure complementing permutation of a bipasc H(V1, V2), then σ can be written as σ =
σ1σ2, where σ1 permutes the vertices of V1 and σ2 permutes the vertices of V2. As we are
considering pure complementing permutation, all the special vertices can not occur in the same
cycle of σ.
The following theorem gives cycle structure of pure complementing permutations.

Proposition 3.7. Suppose H3
(m,n) is a bipasc with σ = σ1σ2 ∈ ξP (H, (V1, V2)) and e = {x, y, z}

is the missing edge with special vertices x, y ∈ V1 and z ∈ V2. Then either
(i) x, y, z are fixed and all the other cycles of σ1 and σ2 are of length a multiple of 4, or
(ii) σ1 has a cycle of length 3 containing x and y, z is fixed in σ2 and all the other cycles of σ1
and σ2 are of length a multiple of 4, or
(iii) σ1 has a cycle of length 4h+2, h ≥ 0 containing x and y such that σ2h+1(x) = y, one fixed
vertex in σ1, z is fixed in σ2 and all the other cycles of σ1 and σ2 are of length a multiple of 4, or
(iv) σ1 has a cycle of length 4h + 2, h > 0 containing x and y such that σ2h+1(x) = y, all the
other cycles of σ1 are of length a multiple of 4, z is fixed in σ2 and all the other cycles of σ2 are
of even length, or
(v) σ1 has a cycle of length 2 containing x and y, all the other cycles of σ1 are of length a
multiple of 4, σ2 has a cycle of odd length L > 1 containing z and all the other cycles of σ2 are
of even length.

Proof. We prove the theorem by considering the occurrence of special vertices x, y ∈ V1 and
z ∈ V2 in σ. We observe that there are only two possibilities either x and y belong to the same
cycle of σ1 or x and y belong to different cycles of σ1. Note that z can not belong to an even
cycle. Otherwise, the cycle of σ′ containing the edge e will be of even length which will be a
contradiction.

Case (A). Suppose x, y belong to different cycles C1 and C2 of length L1 and L2 respectively
and z belongs to an odd cycle C3 of length L3. The length of the cycle of σ′ containing the edge
e, which is the least common multiple of L1, L2 and L3, must be odd. Hence L1 and L2 are odd.

If L1 ≥ 3 then we get a cycle of σ′ of odd length not containing the edge e, a contradiction.
Hence L1 = 1. Similarly L2 = L3 = 1.
Further, if C ′

1 = (a1 a2 · · · ar) and C ′
2 = (b1 b2 · · · bs) are any other cycles in σ1 and σ2
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respectively then both C ′
1 and C ′

2 must be even. Since, if C ′
1 is odd then length of the cycle of σ′

containing the edge {a1, x, z} is odd and this cycle does not contain e, a contradiction. Similarly,
if C ′

2 is odd, then the length of the cycle of σ′ containing the edge {b1, x, z} is odd and this cycle
does not contain e, a contradiction. Hence both C ′

1 and C ′
2 are even. In this case the length of the

cycle of σ′ containing the edge {ai, aj , z} is either r or r
2 when aj = a(i+ r

2 )
. This will be even

only if r is a multiple of 4. Similarly, we can prove that C ′
2 must be of length a multiple of 4.

This proves (i) of the theorem.

Case (B). Suppose x, y belong to cycle C1 of length L1 and z belongs to cycle C2 of length
L2, which is odd.
(1) If L1 is odd then
(a) L2 = 1. This is because, if L2 ≥ 3 then for any vertex v in C2 such that v ̸= z, a cycle
of σ′ containing the edge {z, v, x} is of odd length and it does not contain e, a contradiction.
Therefore L2 = 1. In this case if L1 > 3 then C1 = (u1 u2 u3 · · ·uL1) where ui = x and uj = y
for some i ̸= j. Then we can find an odd cycle of σ′ not containing e, which is a contradiction.
Hence L1 = 3.
(b) If C ′

1 = (a1 a2 · · · ar) is any other cycle of σ1, then r ̸= 1. If r = 1 then C ′
1 = (a1) and

the cycle of σ′ containing the edge {x, z, a1} will be of odd length and it does not contain e, a
contradiction. Therefore r > 1. In this case the length of the cycle of σ′ containing the edge
{ai, aj , z} is either r or r

2 , when aj = a(i+ r
2 )

. This will be even only if r is a multiple of 4.
(c) Similarly, if C ′

2 = (b1 b2 · · · bs) is any other cycle of σ2, then s ̸= 1. For, if s = 1 then
C ′

1 = (b1) and hence the cycle of σ′ containing the edge {x, z, b1} is of odd length and it does
not contain e, a contradiction. Therefore s > 1. In this case the cycle of σ′ containing the edge
{bi, bj , u} for any u in C1, will have the length either least common multiple of L1 and s or the
least common multiple of L1 and s

2 , when bj = b(i+ s
2 )

, which must be even. Thus s must be a
multiple of 4. This proves (ii) of the theorem.
(2) Let L1 be even, and let C1 = (u1 u2 · · · uL1). Then for any v in C2, the length of the cycle
of σ′ containing the edge {ui, uj , v} is either the least common multiple of L1 and L2 or the least
common multiple of L1

2 and L2 when uj = u
(i+

L1
2 )

. Moreover, if ui = x, uj = y and v = z then

this length must be odd. Hence the only possibility is that L1 = 4h+ 2 with σ2h+1(x) = y.
Further,
(a) If h > 0 then L2 = 1, for if L2 > 1 then for any vertex d ∈ C2, d ̸= z, length of the cycle of
σ′ containing the edge {x, z, d} is odd which does not contain e, a contradiction.
Further, let C ′

1 = (a1 a2 · · · ar) be any cycle in σ1.
(i) If r is odd then r = 1. For if r > 1 then for any ai, aj in C ′

1 the length of the cycle of σ′

containing the edge {ai, aj , z} is odd and it does not contain e, a contradiction. Hence r = 1
which implies that C ′

1 = (a1). In this case, if C ′′
1 = (a′1 a′2 · · · a′r′), (C

′′
1 ̸= C ′

1) is any other
cycle in σ1, then r′ must be even this is because for any vertex a′i in C ′

1, the length of the cycle in
σ′ containing the edge {a1, a

′
i, z} is r′, which must be even. In this case for any a′i, a

′
j in C ′′

1 , the
length of the cycle of σ′ containing the edge {a′i, a′j , z} is the least common multiple of r′ and
r′

2 , when a′j = a(i+ r′
2 ). This implies that r′ must be a multiple of 4.

Further, let C ′
2 = (b1 b2 · · · bs) be any other cycle in σ2. Then C ′

2 can not be an odd cycle. This
is because if C ′

2 is an odd cycle then for any b in C ′
2, the length of the cycle of σ′ containing the

edge {x, y, b} will be of odd length which does not contain e, a contradiction. Hence C ′
2 must be

an even cycle. In this case for any bi, bj in C ′
2, the length of the cycle of σ′ containing the edge

{a1, bi, bj} is either s or s
2 , which must be even. Hence s must be a multiple of 4.

(ii) Now, if r is even, then for any ai, aj in C ′
1 the length of the cycle of σ′ containing the edge

{ai, aj , z} is either r
2 or r and both must be even. Hence r must be a multiple of 4. And if

C ′
2 = (b1 b2 · · · bs) is any other cycle in σ2, then arguing as above, s must be even.

This proves (iv) of the theorem.
(b) Suppose h = 0. That is C1 = (x y). Let C ′

1 = (a1 a2 · · · ar) be any cycle in σ1.
(i) Suppose L2 = 1.
Now if r is odd then r = 1 this is because if r > 1 for any ai, aj in C ′

1 the length of the cycle
of σ′ containing the edge {ai, aj , z} is odd not containing e, a contradiction. Further it is the
only cycle of odd length in σ1 otherwise we get a cycle of σ′ of odd length not containing e, a
contradiction.
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If r is even then the length of the cycle in σ′ containing the edge {ai, aj , z} is either r or r
2 , which

does not contain e. It must be even. Hence r must be a multiple of 4.
Similarly we can prove that, if C ′

2 = (b1 b2 · · · bs) is any other cycle in σ2 then s must be even
provided r ̸= 1 otherwise if r = 1 then s must be a multiple of 4.
Above argument together with (2)(a)(i) proves (iii) of the theorem.
(ii) Now, suppose L2 > 1. Then r must be even if not then for any vi, vj in C2 and ak in C ′

1,
the length of the cycle in σ′ containing the edge {vi, vj , ak} is odd, not containing the edge e, a
contradiction. Further for any vertices ai, aj in C ′

1, length of the cycle in σ′ containing the edge
{ai, aj , z} is either the least common multiple of r and L2 or the least common multiple of r

2 or
L2, which must be even. As L2 is odd, r must be a multiple of 4. This proves (v) of the theorem.
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