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Abstract In this paper, we aim to improve the known results of the weak and strong so-
Iutions of the two-dimensional velocity-vorticity model of the g-Navier Stokes equations (g-
NSEs). Using energy estimation methods, we obtain the higher-order regularity of the solution
of this model. Then we introduce an algorithm for continuous data assimilation for the veloc-
ity—vorticity model of the g-NSEs in the two-dimensional case. We give conditions on the spatial
resolution of the observed data which are sufficient to show that the solution of the algorithm
approaches, at an exponential rate, the unique exact unknown solution of this model.

1 Introduction

The velocity-vorticity formulation of the Navier-Stokes equations expressing flow movements
has been addressed by many researchers for different problems [1, 2, 3, 4, 5, 6]. Velocity-
vorticity equations are important in expressing strong rotating flows. The advantages of the
velocity-vorticity forms of considered equation systems are expressed numerically [2, 3, 4, 7].
Velocity-vorticity models enable us to reach solutions closer to the physics of fluids, thanks to
the same physical properties of fluids. These types of problems are considered in [5, 8, 9]. We
inspire them in our study. In [1], we proved the existence of the weak and strong solutions of the
velocity-vorticity model of the g-NSEs.

Numerical computations regarding mathematical models of nonlinear evolutionary systems
require precision in the initial data. Nevertheless, in most instances, the initial data can be calcu-
lated discretely, and it is frequently impossible to attain a sufficient resolution. The continuous
data assimilation method, introduced by Charney et al., [10] refers to the process of completing
the resolution of the initial condition. This can be attained by adding the observational data into
a model and as it is integrated in time, an approximate solution converging to the exact solution
is obtained. Foias and Prodi introduced the theory of determining modes [11] and Olson and
Titi revealed the connection between continuous data assimilation and the theory of determin-
ing modes [12, 13]. Azouani, Olson, and Titi presented a novel algorithm in [14] that is also
called the AOT algorithm: continuous data assimilation (CDA). Their approach, although with
the addition of a spatial interpolation operator, revived the "nudging" approaches of the 1970s
(see, for example, [15, 16]). The CDA algorithm applied to the 2D Navier-Stokes equations
in [14]. This stimulated a large amount of recent research on the CDA algorithm; see, e.g.,
[6, 14, 17, 18, 19, 20, 21, 22, 23, 24]. In this study we consider the following velocity-vorticity
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model of the g-NSEs [1] in two-dimensions;

1
%—yAgquu;(Vg-V)quwxu+VP:f, (1.1)
1
(?;;—VAgw+Vg(Vg-V)w+(u~V)w—V><f—i—w(vgg~u>, (1.2)
V- (gu) =0, V-(gw)=0 (1.3)
with the initial condition
u(z,0) = ug, w(z,0) = wy (1.4)

and under the periodic boundary condition. Here u(z,t) = (u1,uy) is the fluid velocity, v > 0
is the viscosity, the pressure p and P = p + % |u|2 , W = Uy, — Uiy, 18 the scalar vorticity, f
represents a body force, g is a suitable smooth real-valued function. We assume that

(i) g(z1,22) € Cpe,(Q)
(i1) 0 <mo < g(x1,22) < My forall (z1,22) € Q,

(iii) [VO°gll, = sup [V O°g(zr,22)] < o0
(x1,22)EQ

here mg and M are two constants and s is a nonnegative integer. g-Laplacian operator be defined
as in the same [25], in the following

1 1
—Agu = fg(v -gViu = —Au — E(Vg -V)u.

In this study, a general positive constant will be represented by the letter c. It may vary from one
line to the next. This paper is organized as follows: In section 2, we present the mathematical
spaces and introduce certain notations. In section 3, we prove this system’s higher-order regular-
ity. In section 4, the conditions for the convergence of the approximate solutions to the reference
solutions of our models are also provided.

2 Preliminaries and Functional Setting

In this section, we introduce some notations and the definitions of some spaces that are used in

this paper (see e.g in [25, 26]). The standard notations used throughout this work are provided

here. L?(Q,g) denotes the Hilbert space with the inner product (w,v), = Ju-vgdz, u,v €
Q

L*(Q, g) and the norm ||“||2L2(Q,g) = (u,u), . The norm and inner product of H, are the same as
those of L?(€, g). The norm in H'(Q, g) is defined as

2 2
2
lulli(a,g) = [(u7u)g + Z (Dju, Diu)gl

i=1

where D; = % The norm of H'(LQ, g) is the same in V. Since the following inequalities are
satisfied, the two spaces L?(Q) and L?(Q, g) have equivalent norms.

2 2 2
mo [[ullz2q) < llullz2q,9) < Mo llullz2q)
We define

V= ue(C;g,(Q))z:V-gu:O,/udm:O
o
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Denote by H, the closure of V; in (LZ(Q,g))zand by V,, the closure of V; in (H' (Q,g))2 in
two-dimensions. Vorticity is considered as a scalar, we define vorticity space as

per

Vo=queCr (Q):V~gu:0,/udsc:0
Q

Denote by H,, the closure of Vs in L?(€, g) and by Vj, the closure of V, in H'(Q, g),

churl = {f S Hg 1V x f € Lz(Q,g)}

2

Also, we consider the orthogonal projection Py as Py : L.,

g-Stokes operator as in the following

(Q,9) — H,. Now we rewrite the

A=, |2 (T g¥0)].

1
g
A, has sufficient countable eigenvalues as shown below;

0<)\g§)\1§)\2§)\3§...

2 . P .
where )\, = 47;\4“010. The Poincaré inequality

Vg8l < IVl
satisfy for all ¢ € V. Since the operators A, and P, are self-adjoint, by integration we get
Ayl = [ (V) oo = (T, 90}, = |Vl
Q

We denote the bilinear operator By as By : V, x V, = V,, By(u,v) = Py(u - V)v. The trilinear
form b, is now defined by (B, (u,v), w),, and

2
by(u,v,w) = Z /ui%wjgdx.

=13
It is easy to check that if u, v, w € V{, then
i) bg(u,v,w) = —by(u, w,v)

it) bg(u,v,v) =0

Cyu is defined by Cyu = P, B (Vg-V) u] and the inner product of v € V,, we get

1 \Y
(Cou,v), = < (Vg-V) u,v> = bg(—g,u,v).
9 \yg g g
The following lemma in [26)].
Lemma 2.1. [26] Ifn=2, then
1 1 1 1
e ulls 19l 3 19 el 19l Ya,w e v,
by (1,0, 0)| < 8 ¢ ull2, [Fullys IVl Aol lwll 2, V€ Vyo € D(A),w e H,
T I
cllullz2 (Al 72 [Vl o lwll 2, Vue D(A),veVy,we Hy.

Q2.1

The following lemma in [27].
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Lemma 2.2. [27] Let T > 0 be fixed. Suppose that Y (t) is a continuous function that is locally
integrable and that it satisfies the following inequalities:

oYy
— <
g Ty <0
t+T
lim inf / a(s)ds > c,
t—oo
i
t+T
limsup [ a™(s)ds < o0
t—o0
for some ¢ > 0, where o~ = max {—a«, 0}. Then, Y (t) — 0 at an exponential rate, as t — oc.

Before giving the main results we begin using the Helmholtz-Leray projector P, on the sys-
tem (1.1)-(1.4) to produce the functional differential equation shown below:

(fl—t—i—l/Au—l—VCu—i—P(wxu):ng, 2.2)
dw Vyg
E—FVAQM—FVCQU}—FBQ(U,U)) =P, (Vxf)+Py|w 7-u , (2.3)

u(0) = wyo, w(0) = wy. (2.4)

Theorem 2.3. [ 1] Suppose uy € Hy and wy € Hy and [ € L? (0,T; Hycyrr). Then the system
(2.2)-(2.4) has a unique weak solution (u,w) such that u € C(0,T;Hy) N L*(0,T;V,), u; €
L*(0,T;V}) and w € C(0,T; Hy) N L*(0, T3 Vy), wy € L*(0,T; V).

Theorem 2.4. [1] Let the initial data ug € V, and wy € Vg and f € L*(0,T; Hgcurt). Then sys-
tem (2.2)-(2.4) has a unique strong solution (u,w) such that u € L* (0,T; D(A,))NL>(0,T; V)
andw € L? (0,T; D(A,)) N L>=(0,T; V).

Theorem 2.5. [28] The system (2.2)-(2.4) possesses the existence of global attractor A that is
compact in Hy x H, and is maximal among all bounded invariant sets.

3 Higher-Order Regularity

In [1], we proved the existence and uniqueness of strong solutions (1.1)-(1.4). The theorem we
will give below is related to the higher-order regularity of the solution in addition to the proof of
the global existence and uniqueness of the strong solution for the (1.1)-(1.4) system.

H/ and H) bounds were given in [1]. Now we provide H} and H a priori estimates for u
and w respectlvely Then we obtain the H; bounds on v and the H bounds on w for s > 3.
Theorem 3.1. For the initial data vy € H5,wy € Hj and f € L*(0,T; H;cul'rl) for s >
1,5 € N then there exist the solution v € L*>(0,T;H5 N'Vy) N L*(0,T:H;™ N'V,) and,
we L®(0,T;H; NVy) N L2(0, T H' N V).

Proof. We proved that u € C(0,7;H,) N L*(0,T;V,) and w € C(0,7T; H,) N L*(0,T;V,) due
to the weak solutions of our model for u and w [1]. So we have

sup u(s)[3. < K1, sup  [fw(s)|}. < K>
(z1,22)EQ (z1,22)EQ

and

T
/wmm;asmvtﬂwmm;ﬁsm.
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Similarly, we proved that u € L2 (0,7;D(A,)) N L>=(0,T;V,) and w € L?(0,T;D(A,)) N
L>(0,T;V,) due to the strong solutions of our model for u and w [1]. So we have

sup || Vu(s)|[; < Ks,  sup || Vu(s)|[7. < Ko
(z1,22)EQ (z1,22)EQ

and

J18uedr <o, [ 18wl e < K

Now we provide Hé and H; a priori estimates for v and w respectively. We begin multiplying
(2.2) by —A?u, integrating by parts over Q, and we get

d 2 2 Vg
7 |Aul|72 + 20 || VAU < 2v |by <g,u, A )|+ 2'(Pg (w X u) ,Azu)g‘

+2[(Pyf,4%) | 3.1

In the last inequality, the first integral on the right side is bounded by

by (vg,u,Azu)‘ < 2v by (vg,Vu,VAuN
g g

4v ||V
< 2 |vaul}: + + 21Vl

2v

A
(g,u7 VAu) ‘ +2v (b,
g

4I/HAg||oo HV H
L?

0 0

< || Aul7,
where we used Cauchy-Schwarz and Young inequalities. Here the second term is bounded by

2‘(Pg (w X u) ,Azu)g‘ < 2/ [Vw| |u| [VAu| gdz + 2/ |w| [Vu| |VAu| gdz
Q Q

v 5 4¢3 5 2 4c? 2 2
< S IV8ulEs + 5 Al 90l + 5 9wl o

where we used (2.1) and Young and Poincaré inequalities. By Cauchy-Schwarz and Young
inequalities, the third term is bounded by

v 2 4 2
2| (Pyf. %), | < 7 IV Al + VS

Using together all of the estimates in the equation (3.1), we write

d 2 3v 2 4V||V9|| 2
= l18ul|Z2 + = [V AullZ < <m0 Hv 52 | l1Aull}
4v||Ag|2,
+ e [Vl + — HAwHLz IVl + = quu (32)
0
and J
77 1Aull e < My A, + Mo (3.3)
whereMl—“””W”w‘*C ||un M “”“Ag”w [Vul| 32+ 2 || Awl| | [Vl 242 1V £ -
vy 12,2 = LT UN, L? L2 2

2

4 T 4c?
mo VAg
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and

4v ||A 4¢3

/MZ(T)dT w—’( + Dy KKS"‘ HVfHLZOTLZ) < K.
mg

0

Hence, applying Gronwall’s inequality in (3.3), we obtain

sup [[Au()]52 < ™ [ Aug||72 + e Ko < Kiy
te[0,T]

where the constant K¢ depends on the H; norms w and Ky depends on the Hé and H, 91 norms

u and w respectively. Thus, v € L>°(0, T, H}). Similarly, we begin multiplying (2.3) by —A%w,
integrating by parts over Q, and we obtain

d
7 18wl + 20| VAw]f, < 2v

by (Vgg,w,Azw> ‘ +2 |bg (u, w,Azw)|

(o (5 ) ) |

In the inequality above, the first integral on the right side is bounded by

by (vgg,w,Azw>’ <2v by (vgg,VwVAw)‘

v J Il
< ZIvawl, + e

+2\ (V % f),A )g‘+2 (3.4)

2v

A
by (gg,w,VAw) ’ Y

NEC LY

0 mo

Aw]Z:

where we used Cauchy-Schwarz and Young inequalities. We bounded the second term by

2 |b, (u,w,Azw)} < 2|bg (Vu, w, VAw)| + 2 |by (u, Vw, VAw)|
3v 2 2c 2 2
< 2 9Bl + 2l ol

27c 12 2 2
+ 55 lullz: [Vulz: [|Awl]]7.

where we used (2.1) and Young and Poincaré inequalities. By Cauchy-Schwarz and Young
inequalities, we bound the third term by

v 4
2|(Py (7 % ), 8%w), | < X IVAwIE: + IV (V% )

The fourth integral on the right side is bounded by

Vo N ) |v L 42 Vall
2 —. 7A — |VAw ——— ||Aw Vv 2
(w(%2-4) ) < 5 IVAwif + = i [Vl
4@ | Vgl
+ T |V [ Aul,

V)\gmo
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where we used (2.1) and Young and Poincaré inequalities. We use all the above inequalities in
(3.4), we get

d 2 4v[|Vy||
o ||Aw||L2 < <m(2)oo +— HA HL2 + 2 "3 HUHLZ HVUHLZ

4¢ |vgll* 2 v Ag)?
5 IVl ) 19wl + = vl
0
42 |vgli2,
Tmo va||L~ ||AU||L2 + = HV (V x f)HLZ (3.5
and
d 2 2
7 1Awlize < M [|Vewllz. + Mj (3.6)
where
w|Vgll,  2c o 2Tc o 2 A2Vl
My = —2 1 — ||A - 700 7
v= T D Al 5 s 9l + = [Vl
4v || Agll2, 4CZHVQIIOO
My = —— || Vuwl|7, + AiIIVwIILzHAUIILmL*IIV(VXf)IILz
0 AL
4T 27 4c?
/M3(’r)d7' < 2 W9l ||Vzg”°°+ K+ S K Ky e ” gHOOK < Kpn
mg Vg 213 vAgm3
0
and

4v |Ag]2, 4 |V,
/M4(T)d7’ < K TR K+ ||f|\L2(OTH, ) S ki
0

Now, using Gronwall’s inequality in (3.6), we obtain

up |Aw(t)|7. < €52 | Awg|72 + K12 K 3 < Kia
te[0,T

where the constant K, depends on H; and H ; norms u and w respectively and K3 depends on
the Hé norms u. Therefore w € L>(0,T; Hg) Now we will obtain the estimate for s > 3 to
complete the proof of Theorem 3.1.

Next, we begin multiplying (2.2) by 0%u after applying the operator 9%, where is a multi-
index with |«| = 2, and integrating by parts over Q, and we obtain

d (63 (63 1 (63 (63 (63 [e3
7 |0 u||iz +2v VO u||2Lz < 721/% (0% (Vg - V)u,0%), +2 (0% (w x u),0%),

2(0°f,0%),
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and

d 1
o ||8“u||2Lz +2v ||V8(¥U||ig < —2Vﬁ Z (a) / (Votg - V)0 Hu- 0% - gdx
Q

O0<p<la

-2 Z ( )/8‘Lw-8a_“u~8au-gd:ﬂ
Q

O<p<La

+2/6“‘f-86“u~gd:1:::11+IZ+I3

where we used V - gu = 0 and y is also a multi-index and p < « indicates that || < || and
i < a; fori = 1,2. Then, we estimate the I; for the next three cases. For < v and |u| = 0, it
is bounded by

1 @ a— o 14 o o
ST ( >/(V3"9'V)3 Y 0 gde| < 20 VO gl [Vl 0%

42
< 2 IVorul. +

2 2
i - V9l [[ullgg1o

where we used Cauchy Schwarz and Young inequalities. For p < « and || = 1, it is bounded
by

1 « a—u o v o — [e3
2Vﬁ Zl ( > /(V@”g V)0 Hu - 0% - gdx| < 2cﬁ0 V0" gl o [[ VOO ul| 1 10%ul|
nl= o

2cv >
< - IIVagII [l ggie

where we used Cauchy Schwarz inequality. For i < « and |u| = 2, it is bounded by

1 a .
20— /V@” V) 0% My - 0% - gdx| < 2c—— ||[VOH Voo 59
i, §z(u> (Voha-¥) gur| < 200 [V gl, [|[90° 4l 07l

402
7 lullge + o < Hvazgn lullZy

where we used Cauchy-Schwarz and Young inequalities. In the next three cases, the estimations
for I, proceed in a similar manner. Using integration by part, for 4 < o and || = 0

12

« I I I 1
2 Z ( > /8“10 SO 9% - gdx| < 2¢||0Mw]|2, [[VO w2, [|0%ul| 2, [VO%ul 2, [|0% *ul
| 4|=0

v o 4¢?
< = |VOult + — ) lelHl HuIIHwa
g

N
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where (2.1), Poincaré and Young inequalities were applied. For u < « and |u| = 1, it is bounded
by

1 1 1 1
2% (Z)/@“w~8o‘_“u~8au-gdx < 2c |02, [Vorw]|2, [0%u]Z, [[VO ullZ, |02 ul .
[u|=1 Q

14 a 12 402 2 2
< 7 IV0%ullp. + Ty [z lulle
where (2.1), Poincaré and Young inequalities were applied. For u < « and |u| = 2, similarly we
used ( 2.1), Poincaré and Young inequalities

a 1 1 1 1
2 Z (M) /8"11) SO Hu - 0% - gdx| < 2¢||0Mwl|Z, (|VOHw| 2, [|0%ul|2, (VO ul 2, ||0%Hu ’L2
Q

|n]=2
14 o 2 462 o 2 2
< IOl + 5 190wl fuls-

As for I3, we integrate by parts and estimate as

|u|=2

o o « o v o 2 42 5
2/8 fro®u-gde| <2 (M>/8“f~88 u-gde < 2 [[VO°ul[ 1o + — |If |2 -
Q Q

Similarly we begin multiply (2.3) by 0%w after applying the operator 0, where is a multi-index
with |a| = 2, and integrating by parts over Q, and we obtain

d 1
7 [0%w|)2s + 20 |V w3, < “wr (0™ (Vg V)w,0%w), —2(0° (u- V) w,d0w),

+2(0°(V x f),0°w), +2 (3“10 (Vgg u> ,a%)
g

and

d 2 2 1 « —

47 ¢4 5 ¢4 ) < — - “o . x— [, QO .

107w + 20 (VO w|p, < ~2v 0<ZM< (M)/(va g-V) 0w - 9% - gdx
e Q

-2 Z <Z> / (O u-V) -0 Hw - 0% - gdx
Q

O<p<la

+2/3“(V><f)-88aw~gdx
Q

+2 Z (Z)/@a”w~8“(Vg«u)~6‘“w~gdx
Q

O<p<a

=N+ h++J4
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where we used V - gw = 0 and p is also a multi-index and 1 < « indicates that |u| < || and
wi < oy for i = 1,2. Then, we estimate the .J; in the following three cases for . For p1 < o and
|| = 0, it is bounded by

1 « o — L (6% 4 L o — L (6%
wir ||Z( ) / (Vg V)0 9w - gda| < 2e50 V0¥ gll. [0 s 0w
v o 2 42y 2
< 190wl + 7 191 ol

where we used Cauchy Schwarz and Young inequality. For 11 < « and |u| = 1, it is bounded by

2v— Z <a) /(Vaﬂg V)0 Hw - 0%w - gda| < 2CJMLO IVo*gll, [VOo~ ] . 107wl

2cv 2
< 31 V09l 1wl

where we used Cauchy Schwarz inequality. For 1 < o and |u| = 2, it is bounded by

1 a o— o) 1% o— o
3 | 2 < )/ (VOrg V)9 Hw - 0%w- gdo| < 2o Vgl [V ]| 2 07w 2

[p|=2

< 2wl + = szgH ol

where we used Cauchy-Schwarz and Young inequalities. The estimates for .J, follow similarly
in the following two cases. For i < « and |u| = 1, we integrate by parts and bound it by

ZZ ( >/ (OHu-V) -0 Hw- 0% - gdx
[u|=1 Q

1 1 1 3
< 2¢[|0"ullz, VO™ ull7, 10wl 7 VO wl}, [[VO* ~Hwl|
4¢ 2
Y Ivorw|?. +o IIUIIHz w101
g

where (2.1), Poincaré and Young inequalities were applied. For u < « and |u| = 2, it is bounded
by

|pu|=2

2 z ( >/ (Hu-V) -0 Hw- 0% - gdx
Q
1 1 1 1
< 2c||0tul| 1, (V" ull}, [0%w] 12 IVO*w] 1, |V Hw||

v (03 4 (0%
< zlvo wl: i ”w”Hl IVl
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where (2.1), Poincaré and Young inequalities were applied. As for J3 is similar and we obtain

|u|=2

2!8“(fo)~6aw-gdx SZZ (Z)Q/G“(fo)-ﬁaaw-gdx

v (o3
<z lvo wl7: T HfIIH

geurl

In the following three cases follow similarly for J4. [ is also a multi-index and [ < p indicates
that |I| < |u|and {; < p; fori =1,2. For u < o, I < pand || = 0 and |I| = 0, we integrate by
parts using Cauchy Schwarz and Young inequalities by

2
— Z (a) /80‘_”111 - (Vg -u) - 0% - gdz
1
Q

mo
|n]=0

2
< — ()/8“ Haw ()/8“ Vg0 | - 0% - gdx
my

[k|=0

[}

[1]=0

2c
< — Vgl VO w| 2 [|0%w][ 2 [[ull 12
mo
Voo 4c? 2 2 2
< zIIvo w7, + e IVl Il e lullze -

For p < a,l < pand |u| = 1 and |I] = 0, it is bounded by

mo
l|=1

2 Z (Z) /5‘0‘7“10 M (Vg -u) 0% - gdz
Q

gﬂiz_()/aa o ()/aﬂlw o | - 0%w - gdu

2c 1 1 feY 3 [e]
%HV%HWWWHEQ IVOw| 7. [[ull 2 [0%wll 7. [VO w7

[1]=0

IN

le% 2 2
<7 Vol + A2 IVagll2, [l [z

/\

where (2.1), Poincaré and Young inequalities were applied. For 4 < «, ! < pand |u| = 1 and



1256 Ozge Kazar and Meryem Kaya

|I| = 1, it is bounded by

2 Z (a> /5‘0‘7“10 -0" (Vg-u)- 0% - gdx
mo

[u|=1 )

w07

2¢ 1 1 1 1
o [Vl 10wl 12 VO 7, Vull 2 |0%w] 7, [[VO*w]| 7,

Z ('L;> /6‘“71Vg . 3lu> - 0% - gdx

[t]=1 Q

IN

42
vAgm,

/\

2 2
< ||vaaw||L2 i IVOgIIZ. Il llulte

where (2.1), Poincaré and Young inequalities were applied. Similarly for p < «, I < p and
|u| = 2 and |I| = 0, it is bounded by

— Z (a) /aa—“w M (Vg -u) - 0% - gdz
mo

|u]=2 Q

2 o _ L _ .
< X—H I . 0% -
_m0|5|2<u)/8 w E (l>/8 Vg-0'u |- -0% - gdx
=

Q [11=0 Q

v 2 2 2
— [Vo w3, + Vg llwllz llullz
4 VA m% 9

where (2.1), Poincaré and Young inequalities were applied. Similarly for p < «, I < p and
|| = 2 and || = 1, it is bounded by

2[5 (0) [
mo —, \M

|n]=2 Q

2 o _ W -1 |
< o H " . O0%w -
_mgz<u)/a w(z<l>/8 Vg@u)@wgda:

=2 Q lt=1 Q
v o 4c? 2 2
<7 lva w3, + A IVagl%, [l llulle

where (2.1), Poincaré and Young inequalities were applied. Similarly for p < «, I < p and
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|| = 2 and || = 2, it is bounded by

2 Z()/aa#w O (Vg -u) - 0% - gdzx

mo
|n]=2

< mi Z ( )/8”’ Haw (?)/8“1Vg-3lu - 0% - gdx
=2 Q

1]=2

le% 2 4 2 2
VO wlp. + —— A2 5 1Vgll% l[wll e [l

where (2.1), Poincaré and Young inequalities were applied. Summing up all the above estimates,
we have

d a (12 a 2 a 12 o 2 a. 112 e 2
= (10 ully: + 19wl ) +Ms (V0™ ull7: + IVorwlli: ) < M (I0°ull: + 0™wll}: )+

where the constants Ms, M6 and M, depend on H2 and H; 2 norm u and w respectively, while
M5 also depends on the H ., norm of f. Therefore applylng Gronwall’s inequality then gives
ue L™ (0,T;H2NV,) mL2(0 T:H}NVy) and w € L (0,T; H2 N V) N L* (H} N V).

Consequently, by inductively restating the same arguments as before, we obtain Hj uniform
bound on v and H uniform bound on w for all integers s > 3. Proof of Theorem 3.1 is thus
complete. O

4 Data Assimilation Algorithm For The Velocity-Vorticity Model Of The
g-Navier-Stokes Equations

The main idea for the data assimilation algorithm for a general evolutionary equation is given
in [22]. Using this main idea the data assimilation algorithm is analyzed for different problems
[6, 12, 14, 15, 17, 18, 19, 20, 21, 22, 23, 24]. We will consider a linear operator [}, : H; — L?
satisfying

lw = Tn(u)l 2 < chlull g, 4.1

for every u € H, where ¢ > 0 is a constant and h is the spatial resolution size. This implies that
1Py (w = In(u))l 12 < chlully,

for every u € V, [22]. In this study we consider the following velocity-vorticity model of the
g-NSEs will be used to obtain the reference solution (1.1)-(1.4) using observational data:

0z
" —vAyz +v— (Vg V)z+nxz+ VP =f— P, (In(z) — In(u)), 4.2)
1 Vg
8t —vAg v (Vg Vnt (2 V)n =V f4n |~ — 12Py (In(n) — In(w)) , (4.3)
2(x,0) = 29, n(x,0) = no 4.5)
here p;, pp > 0 is a relaxation parameter. In functional form, the system (4.2)-(4.5) reads as:
dz
p +vAgz+vCyz+ Py(n x z2) = Pyf — Py (In(2) — In(u)), (4.6)
d

A VOt Byen) = Py (% 1) By (0 (S22 ) ) = By (o) ~ T,
“@.7
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2(0) =z,  n(0) =no. (4.8)

The global regularity of our system was established in [1] and the existence of global attractor
was given in [28]. Following the techniques that were introduced to prove the existence and
uniqueness of solutions for the g-Navier-Stokes equations and the velocity-vorticity model of
the g-NSEs (see for example, [1, 25]) we can show the existence of the solution (z,7) of the
system (4.2)-(4.5).

Theorem 4.1. Let I, satisfy (4.1) and (u(z,t),w(z,t)) be a strong solution in the global attrac-
tor of (1.1)-(1.4). Let py, pa > 0 be arbitrary and h < 1 be chosen such that ju;ch?> < v and
pach? < v then, (4.6)-(4.8) has a unique strong solution (z,7m) that satisfies;

2 € C(0,T;V,)NL*0,T; D(A,)), = € L*(0,T;H,),
d
n € C(0,T;V,) N L2(0,T; D(A,)), diz € 12(0,T; H,).

Moreover, the strong solution (z,m) depends continuously on the initial data in the Hy x H,
norm. If we choose 1, iy large enough such that

2 2
LoVl | 62 63Vl “9)
m3 Vg vAgm3 ’ ’

2

6 2 62

2
my vimy,

Ho >

and h > 0 small enough such that ,ulchz < vand ,uzch2 < v, where the positive constants K;
are given in the proof of Theorem 2.3, Theorem 2.4 then,

lu(®) = 2()llgz + 1w (®) = n(@)ll 2 — 0
at an exponential rate as t — oc.

Proof. Define { = u — z and v = w — 7. Then,

% +VAGE +VCoE+ Py (v x u) + Py (1% €) = = Py (In(€)), @.11)

d v
CTZ +vAgy +vCyy + By(u,v) + Bg(&n) = Py (7 <gg U>>

+ P, (77 (Vg‘q £>> — Py (In(v)),  (4.12)

where &(z,0) = ug(z) — 20(2), v(z,0) = wo(x) — no(x). By taking L*(L, g) inner product of
(4.11) and (4.12) with £ and ~ respectively, we obtain,

d \Y
G Iel, + 2161, + 200 (T2,6.6) +20r % O, +2(0 X €O,

= —2u1 (Py (In(€)) ), »

g9

d ., 2 2 Vg
G, + 20 1, + 200 (S2,909) + 28, 60

) <Pg (7 (Vgg u>> 77>H +2 <Pg (n (vgg f)) ,7>H =212 (Py (In(7)) V) g, -

g g
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By (2.1), Cauchy-Schwarz, Young and Poincaré inequalities, we have:

6v ||V
2o oy (26.)| < S et + AT g,

v 2 602 2 2
2| x &), | < Z IR, + o 6l iy,

—2p1 (Py (In(8)), f)Hg = =2 (In(§) = &) 7§)Hg -2 <£u€)Hg

< 21 [[Tn(€) = €l 1€l1ex, — 2001 €11,

2
< 2pich €l 1€, — 20 €15,

212 2 2 2 2
< @Rl — 2 €, < v IR, — i,

Vo g 4 SVl
b ) < - = )
o(Zr7)| < S 100, + = i,

V.o 6% o 2
20y €)1 < E1lE, + 5 lel, i,

2v

Vg 662 Vg 00
2 (B (1 (Z4)) ) | < Ll + 0 i, g
g H, 0
Vg v 6 || Vgl
21{ P A z 4 = ¥ INoo
(P (0(52€)) ), | = 6 IR + 25 Il e

and

=22 (Py (In(7)) s 7) gr, = =202 ((In (V) =) s Vg, = 202 (V) g,

2
<2 11 (7) = g, 17, = 2002 111,

2
< 2pach |[Vlly, IV, = 202 17,

2 2 2 2
< mh? |y, = 2m2 |Wlly, <vInly, = s v, -

Thus, it follows from these estimates that,

d 2 2 Sv 60 2 v 2
= (€M, + I, ) + (6 = o I, ) eIy, + % I,

Vg Ju HV V)\gmo

6v |V
_(uﬂm+
Mg

662 ||ngoo 2
— i+ ——= nlly, | €15,

v IIVglE, | 6 IVl :
+< : g el =z | I,
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Let,

6v || Vg 6¢2 |Vl
t 700 - 700
a(t) = 2 + || Iy, = m+ Y Inll% |
6u\|v9||’f; 6c2||v9|\oo
B(t) = Sl ¢ ullfy, — po-

my l/mO

Then, we have

d . 5 6> A
5 (1ells, + 118, ) +min {0 (3 = 52 i, ) 222080} (1ells, + 1B,

<0
since
41 t+1
/ ()ds>'u1>0 and /a(s)ds<%<oo
t t
t+1 t+1

/5 ds>—>0 and /5 ds<3ﬂ<oo.

By the uniform Gronwall’s lemma, Lemma 2.2, it follows that

I€l13, + 113, =0

at an exponential rate, as ¢t — oo. O
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