
Palestine Journal of Mathematics

Vol 14(3)(2025) , 1321–1329 © Palestine Polytechnic University-PPU 2025

INTERVAL-VALUED NEUTROSOPHIC N-STRUCTURES IN
D-ALGEBRA

B.Satyanarayana, Shake Baji, U.Bindu Madhavi and D.Bhuvaneswari

Communicated by Madeleine Al-Tahan

MSC 2010 Classifications: Primary 03G25; Secondary 06F35.

Keywords and phrases: Neutrosophic N-Structure (NSN-S), Interval-Valued Neutrosophic N-structure (IvNSN-S), d-
algebra (d-A), d-subalgebra (d-SA), Interval-Valued Neutrosophic N-d-subalgebra (IvNSN-d-SA).

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that
improved the quality of our paper.

Corresponding Author: Shake Baji

Abstract In this article we introduce the notion of novel set interval-valued neutrosophic
N-structure and define its fundamental operations union, intersection, containment, and comple-
ment along with examples. Furthermore, we apply interval-valued neutrosophic N-structure con-
cept to algebraic structure d-algebra and introduce interval-valued neutrosophic N-d-subalgebra.
We provide some characteristics of interval-valued neutrosophic N-d-subalgebra.

1 Introduction

In the branch of abstract algebra, K. Iseki and Y. Imai (see [5], [4]) established two exceptional
structures known as BCK-algebras and BCI-algebras. Particularly, BCK-algebras are a special
type of BCI-algebra. Advancing from this groundwork, J. Negger and H. S. Kim (see [12])
suggested d-algebras, an expanded approach that generalizes the scope of BCK-algebras. Y. B.
Jun, J. Negger, and H. S. Kim (see [13]). examined the theory of ideals in d-algebras. Zadeh, L.
A. (see [21]), initially introduced the concept of fuzzy sets. Later, Xi, O. G. (see [20]) utilized
these fuzzy sets to study BCK algebras. Recently, M. M. Jansisani and S. Sujatha (see [11])
introduced Łukasiewicz fuzzy ideals in BCK/BCI-algebras, while M. Balamurugan et al. (see
[3]) introduced anti-fuzzy B-ideals of BCI-algebras.

Smarandache’s neutrosophic set theory (see [14], [15], [16]) offers a dominant structure in the
field of set theory. This structure extends classical sets, fuzzy sets, and different generalizations,
alike IvFSs, IFSs, and IvIFSs. The application of NSs expands to various fields like control
theory, topology, and algebra. They are also helpful in medicine, decision-making, and real-
life practical challenges. Developing further on this idea, Wang et al. (see [19]) gave the idea
of interval-valued neutrosophic sets, which give higher adjustability and precision compared to
single-valued neutrosophic sets.

The extension of crisp sets to fuzzy sets focused on transforming the precise value 1 into the
interval [0, 1], representing positive data. Since this transformation didn’t cover negative infor-
mation, there is a development need to solve it. To address this, Jun et al. (see [6]) introduced a
novel concept called negative-valued function and created N-structures. Negative-valued func-
tions are crucial mathematical tools for representing loss, decrease, or opposition in various real-
life situations. The mapping to the range [-1, 0] plays an essential role in characterizing complex
systems where quantities decrease. This type of function may be utilized in various fields like
modeling energy loss in systems, decrease in pollutant levels, data reduction, decline in infected
individuals, and negative returns on stocks. These N-structures were further extended by Khan
et al. (see [10]),who introduced the idea of neutrosophic N-structure and applied it to a semi-
group. Jun et al. (see [7]) applied the idea of neutrosophic N-structure to BCK/BCI-algebras. In
2020, M. Al-Tahan et al. introduced the concept of Neutrosophic N–Ideals (N-Sub algebras) of
Subtraction Algebra (see [1]). Smarandache and Al-Tahan (see [17], [18]) introduced NeutroAl-
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gebraic Structures and NeutroGeometry, which provides a new approach for studying neutrality
in algebraic structure.

The progress of neutrosophic set theory has seen powerful improvements in recent years. In
this study, we introduce the concept of interval-valued neutrosophic N-structure by integrating
interval-valued neutrosophic logic and neutrosophic N-structure. Further, we apply interval-
valued neutrosophic N-structure to d-algebras and introduce interval-valued neutrosophic N-d-
subalgebra with an example. We provided some characteristics of interval-valued neutrosophic
N-d-subalgebra.

2 Preliminaries

In this section, we present fundamental definitions that are essential for further discussion.

Definition 2.1. [12] Let D (̸= ∅) be a set with a constant ‘0’ and a binary operation ‘∗’. Then D
is called a d-algebra if it satisfies the following conditions for all ¢1,¢2 ∈ D

(d-A 1) ¢1 ∗ ¢1 = 0
(d-A 2) 0 ∗ ¢1 = 0
(d-A 3) ¢1 ∗ ¢2 = 0 and ¢2 ∗ ¢1 = 0 implies ¢1 = ¢2.

We will refer to ¢1 ≤ ¢2 if and only if ¢1 ∗ ¢2 = 0.

Definition 2.2. [13] Let D be a d-algebra with binary operation ‘∗’ and P ⊆ D. Then, P is said
to be a d-subalgebra of D, if ¢1,¢2 ∈ P implies ¢1 ∗ ¢2 ∈ P .

Definition 2.3. [21] A FS α in a set D (̸= ∅) is a function from D into a [0, 1].

Definition 2.4. [2] A FS α in a d-algebra D is called a fuzzy d-subalgebra of D if it satisfies
α(¢1 ∗ ¢2) ≥ min {α(¢1), α(¢2)}, for all ¢1,¢2 ∈ D.

Definition 2.5. A mapping f : D → E of d-algebras is called a homomorphism if f(¢1 ∗ ¢2) =
f(¢1) ∗ f(¢2), for all ¢1,¢2 ∈ D.

Note that if f : D → E is a homomorphism of d-algebras, then f(0) = 0.

Definition 2.6. [14] A neutrosophic set over a universal set D is defined as follows

N = {⟨¢1;α(¢1), β(¢1), γ(¢1)⟩ | ¢1 ∈ D} (2.1)

where α(¢1) : D → ]-0, 1+[, β(¢1) : D → ]-0, 1+[, and γ(¢1) : D → ]-0, 1+[ are the truth,
indeterminacy and false degree value of D and -0 ≤ α(¢1) + β(¢1) + γ(¢1) ≤ 1+.

Consider F(D, [−1, 0]) to be the set of all functions mapping elements from a set D to the
interval [−1, 0]. We define an element of F(D, [−1, 0] ) as a negative-valued function from D to
[−1, 0], and is abbreviated as an N-function (see [8]).

Definition 2.7. [9] A neutrosophic N-structure over D is defined to be the structure

N = {⟨¢1;α(¢1), β(¢1), γ(¢1)⟩ | ¢1 ∈ D} (2.2)

where α(¢1) : D → [−1, 0], β(¢1) : D → [−1, 0], and γ(¢1) : D → [−1, 0] are N-
functions on D which are called the negative truth membership function, the negative indetermi-
nacy membership function, and the negative falsity membership function, respectively, on D and
−3 ≤ α(¢1) + β(¢1) + γ(¢1) ≤ 0.

An interval number is defined as a closed subinterval ∝̌ = [∝L,∝U ] within the interval
[−1, 0], where −1 ≤∝L≤∝U≤ 0. Let I represent the set of all such interval numbers. We define
the refined minimum (denoted by rmin) and refined maximum (denoted by rmax) for any two
members in I . Further, we define the symbols “≼”, “≽”, and “=” for two members in I . For two
interval numbers ∝̌1 = [∝1

L,∝1
U ] and ∝̌2 = [∝2

L,∝2
U ]:

rmin {∝̌1, ∝̌2} = [min
{
∝1

L,∝2
L} ,min

{
∝1

U ,∝2
U}]

rmax {∝̌1, ∝̌2} = [max
{
∝1

L,∝2
L} ,max

{
∝1

U ,∝2
U}]

∝̌1 ≼ ∝̌2 ⇔ ∝1
L ≤ ∝2

L, ∝1
U ≤ ∝2

U , and likewise, ∝̌1 ≽ ∝̌2 and ∝̌1 = ∝̌2.
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3 Interval-valued Neutrosophic N-Structures

In this section, we introduce the interval-valued neutrosophic N-structure and its basic opera-
tions, such as union, intersection, and complement, with examples.

Definition 3.1. Consider D is a set of objects (or points), where each object in D is represented
by ¢. An IvNSN-S over D is characterized as the set

N =

{
(α̌ = [αL(¢1), α

U(¢1)], β̌ = [βL(¢1), β
U(¢1)], γ̌ = [γL(¢1), γ

U(¢1)])

¢1
| ¢1 ∈ D

}
(3.1)

Where

α̌(¢1) : D → I[−1, 0], β̌(¢1) : D → I[−1, 0], and γ̌(¢1) : D → I[−1, 0]

are functions on D which are called the negative interval-valued degree of membership, the
negative interval-valued degree of indeterminacy, and the negative interval-valued degree of non-
membership, respectively, on D.

For simplicity we denote IvNSN-S as N = (α̌, β̌, γ̌)

Remark 3.2. Every IvNSN-S N over D satisfies the condition for all ¢1 ∈ D, −6 ≤ αL(¢1) +
βL(¢1) + γL(¢1) + αU(¢1) + βU(¢1) + γU(¢1) ≤ 0.

Definition 3.3 (Containment). An IvNSN-S N1 = (α̌1, β̌1, γ̌1) is contained in the other IvNSN-S
N2 = (α̌2, β̌2, γ̌2), denoted by N1 ⊆ N2, if and only if, α̌1(¢1) ≽ α̌2(¢1), β̌1(¢1) ≼ β̌2(¢1), and
γ̌1(¢1) ≽ γ̌2(¢1) for all ¢1 ∈ D.

Definition 3.4 (Equality). Two IvNSN-Ss N1 and N2 are said to be equal, denoted by N1 = N2,
if and only if N1 ⊆ N2 and N2 ⊆ N1.

Definition 3.5 (Complement). The complement of an IvNSN-S N is denoted by NC = (α̌c, β̌c, γ̌c)
and is defined by α̌c(¢1) = −1̌− α̌(¢1), β̌

c(¢1) = −1̌− β̌(¢1), and γ̌c(¢1) = −1̌− γ̌(¢1) for all
¢1 ∈ D.

Definition 3.6 (Union). The union of two IvNSN-Ss N1 and N2 is an IvNSN-S N , denoted by
N = N1 ∪N2, and is defined as

N1 ∪N2 =
{
(¢1; rmin(α̌1(¢1), α̌2(¢1)), rmax(β̌1(¢1), β̌2(¢1)), rmin(γ̌1(¢1), γ̌2(¢1)))

}
.

Definition 3.7 (Intersection). The intersection of two IvNSN-Ss N1 and N2 is an IvNSN-S N ,
denoted by N = N1 ∩N2, and is defined as

N1 ∩N2 =
{
(¢1; rmax(α̌1(¢1), α̌2(¢1)), rmin(β̌1(¢1), β̌2(¢1)), rmax(γ̌1(¢1), γ̌2(¢1)))

}
Example 3.8. Consider a universe of discourse D = {¢1,¢2,¢3}. Then an IvNSN-S is repre-
sented as

N =


([αL(¢1),α

U (¢1)], [β
L(¢1),β

U (¢1)], [γ
L(¢1),γ

U (¢1)])
¢1

,
([αL(¢2),α

U (¢2)], [β
L(¢2),β

U (¢2)], [γ
L(¢2),γ

U (¢2)])
¢2

,
([αL(¢3),α

U (¢3)], [β
L(¢3),β

U (¢3)], [γ
L(¢3),γ

U (¢3)])
¢3


For example,

N1 =


([−0.6,−0.3], [−0.8,−0.5], [−0.5,−0.2])

¢1
,

([−0.4,−0.2], [−1.0,−0.8], [−0.8,−0.5])
¢2

,
([−0.5,−0.1], [−0.9,−0.6], [−0.9,−0.5])

¢3


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N2 =


([−0.9,−0.4], [−0.5,−0.2], [−0.5,−0.1])

¢1
,

([−0.5,−0.2], [−0.7,−0.3], [−0.9,−0.6])
¢2

,
([−0.8,−0.1], [−0.7,−0.2], [−0.3,−0.1])

¢3


Then,

N1 ∪N2 =


([−0.9,−0.4], [−0.5,−0.2], [−0.5,−0.2])

¢1
,

([−0.5,−0.2], [−0.7,−0.3], [−0.9,−0.6])
¢2

,
([−0.8,−0.1], [−0.7,−0.2], [−0.9,−0.5])

¢3



N1 ∩N2 =


([−0.6,−0.3], [−0.8,−0.5], [−0.5,−0.1])

¢1
,

([−0.4,−0.2], [−1.0,−0.8], [−0.8,−0.5])
¢2

,
([−0.5,−0.1], [−0.9,−0.6], [−0.3,−0.1])

¢3



N c
1 =


([−0.7,−0.4], [−0.5,−0.2], [−0.8,−0.5])

¢1
,

([−0.8,−0.6], [−0.2,0.0], [−0.5,−0.2])
¢2

,
([−0.9,−0.5], [−0.4,−0.1], [−0.5,−0.1])

¢3


4 Interval-valued Neutrosophic N-d-subalgebra

In this section, we present interval-valued neutrosophic N-d-subalgebra and their related proper-
ties.

Definition 4.1. Let D be a d-algebra. An IvNSN-S N = (α̌, β̌, γ̌) over D is called an Interval-
valued neutrosophic N-d-subalgebra if it satisfies

(IvNSN-d-SA 1) α̌(¢1 ∗ ¢2) ≼ rmax {α̌(¢1), α̌(¢2)}
(IvNSN-d-SA 2) β̌(¢1 ∗ ¢2) ≽ rmin

{
β̌(¢1), β̌(¢2)

}
(IvNSN-d-SA 3) γ̌(¢1 ∗ ¢2) ≼ rmax {γ̌(¢1), γ̌(¢2)} for all ¢1,¢2 ∈ D.

Example 4.2. Consider a set D = {0, 1, 2, 3} in which the binary operation “∗” is defined as
shown in the following Cayley table 1.

Table 1. d-algebra
∗ 0 1 2 3
0 0 0 0 0
1 1 0 0 2
2 2 2 0 0
3 3 3 3 0

Then (D, ∗, 0) is a d-algebra. Let N = (α̌, β̌, γ̌) be an IvNSN-S in D as defined in the
following table 2.

Then N = (α̌, β̌, γ̌) is an IvNSN-d-SA.

Example 4.3. Consider a set D = {0, 1, 2, 3} in which the binary operation “∗” is defined as
shown in the following Cayley table 3.

Then (D, ∗, 0) is a d-algebra. Let N = (α̌, β̌, γ̌) be an IvNSN-S in D as defined in the
following table 4.

where ǎ ≼ b̌, č ≽ ď, ě ≼ f̌ and ai, bi, ci, di, ei, fi ∈ [−1, 0] for i = 1, 2. Then N = (α̌, β̌, γ̌)
is an IvNSN-d-SA.
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Table 2. Interval-valued neutrosophic N-d-subalgebra
D α̌(¢1) β̌(¢1) γ̌(¢1)

0 [−0.91,−0.53] [−0.57,−0.34] [−0.85,−0.62]
1 [−0.91,−0.53] [−0.57,−0.34] [−0.85,−0.62]
2 [−0.75,−0.21] [−0.95,−0.47] [−0.57,−0.11]
3 [−0.75,−0.21] [−0.95,−0.47] [−0.57,−0.11]

Table 3. d-algebra
∗ 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 2 0 0
3 3 3 1 0

Proposition 4.4. If an IvNSN-S in D is an IvNSN-d-SA of D, then α̌(0) ≼ α̌(¢1) , β̌(0) ≽ β̌(¢1),
and γ̌(0) ≼ γ̌(¢1) for all ¢1 ∈ D.

Proof. Let ¢1 ∈ D. Then by utilizing Definition 4.1 and ¢1 ∗ ¢1 = 0, we obtained
α̌(0) = α̌(¢1 ∗ ¢1) ≼ rmax {α̌(¢1), α̌(¢1)} = α̌(¢1)

β̌(0) = β̌(¢1 ∗ ¢1) ≽ rmin
{
β̌(¢1), β̌(¢1)

}
= β̌(¢1)

γ̌(0) = γ̌(¢1 ∗ ¢1) ≼ rmax {γ̌(¢1), γ̌(¢1)} = γ̌(¢1), for all ¢1 ∈ D.

Theorem 4.5. If {Ni : i ∈ Ω} is an arbitrary family of IvNSN-d-SAs of D, then ∩Ni is an IvNSN-
d-SA of D, where

∩Ni =
{〈

¢1, rmax(α̌i(¢1)), rmin(β̌i(¢1)), rmax(γ̌i(¢1))
〉
|¢1 ∈ D

}
.

Proof. Let ¢1,¢2 ∈ D. Then,

rmaxα̌i(¢1 ∗ ¢2) ≼ rmax {rmax {α̌i(¢1), α̌i(¢2)}} = rmax {rmax(α̌i(¢1)), rmax(α̌i(¢1))}

rminβ̌i(¢1 ∗ ¢2) ≽ rmin
{
rmin

{
β̌i(¢1), β̌i(¢2)

}}
= rmin

{
rmin(β̌i(¢1)), rmin(β̌i(¢1))

}
rmaxγ̌i(¢1 ∗ ¢2) ≼ rmax {rmax {γ̌i(¢1), γ̌i(¢2)}} = rmax {rmax(γ̌i(¢1)), rmax(γ̌i(¢1))}

Hence ∩Ni =
{〈

¢1, rmax(α̌i(¢1)), rmin(β̌i(¢1)), rmax(γ̌i(¢1))
〉
|¢1 ∈ D

}
is an IvNSN-d-

SA of D.

Theorem 4.6. If an IvNSN-S in D is an IvNSN-d-SA of D, then the sets
Nα̌ = {¢1 ∈ D | α̌(¢1) = α̌(0)}, Nβ̌ =

{
¢1 ∈ D | β̌(¢1) = β̌(0)

}
, and

Nγ̌ = {¢1 ∈ D | γ̌(¢1) = γ̌(0)} are d-subalgebras of D.

Proof. Assume that N = (α̌, β̌, γ̌) be an IvNSN-d-SA of D. Let ¢1,¢2 ∈ Nα̌. Therefore
α̌(¢1) = α̌(0), α̌(¢2) = α̌(0). Now by definition 4.1 α̌(¢1 ∗ ¢2) ≼ rmax {α̌(¢1), α̌(¢2)} =
rmax {α̌(0), α̌(0)} = α̌(0) ⇒ α̌(¢1 ∗ ¢2) ≼ α̌(0). From proposition 4.4, we have α̌(0) ≼
α̌(¢1 ∗ ¢2). Therefore α̌(¢1 ∗ ¢2) = α̌(0) ⇒ ¢1 ∗ ¢2 ∈ Nα̌. Therefore, the set Nα̌ =
{¢1 ∈ D | α̌(¢1) = α̌(0)} is a d-subalgebra of D. Similarly, we can show that Nβ̌ and Nγ̌ are
d-subalgebras of D.

Definition 4.7. Let N = (α̌, β̌, γ̌) be an IvNSN-S in D and let ř = [rL, rU ], š = [sL, sU ],
ť = [tL, tU ] ∈ I[−1, 0]. Then, we define the following level sets for all ¢1 ∈ D

L1(α̌, ř) =
{
¢1 ∈ D : α̌(¢1) ≼ [rL, rU ]

}
U(β̌, š) =

{
¢1 ∈ D : β̌(¢1) ≽ [sL, sU ]

}
L2(γ̌, ť) =

{
¢1 ∈ D : γ̌(¢1) ≼ [tL, tU ]

}
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Table 4. Interval-valued neutrosophic N-d-subalgebra
D α̌(¢1) β̌(¢1) γ̌(¢1)

0 ǎ = [a1, a2] č = [c1, c2] ě = [e1, e2]

1 ǎ = [a1, a2] č = [c1, c2] ě = [e1, e2]

2 b̌ = [b1, b2] ď = [d1, d2] f̌ = [f1, f2]

3 ǎ = [a1, a2] č = [c1, c2] ě = [e1, e2]

Theorem 4.8. If an IvNSN-S in D is an IvNSN-d-SA of D, then the level sets L1(α̌, ř), U(β̌, š),
and L2(γ̌, ť) of N are d-subalgebras of D.

Proof. Assume that N = (α̌, β̌, γ̌) be an IvNSN-d-SA of D. Let for any ¢1,¢2 ∈ L1(α̌, ř) ∩
U(β̌, š) ∩ L2(γ̌, ť), we have α̌(¢1) ≼

[
rL, rU

]
and α̌(¢2) ≼

[
rL, rU

]
β̌(¢1) ≽

[
sL, sU

]
and β̌(¢2) ≽

[
sL, sU

]
γ̌(¢1) ≼

[
tL, tU

]
and γ̌(¢2) ≼

[
tL, tU

]


Now utilizing (IvNSN-d-SA 1), (IvNSN-d-SA 2), and (IvNSN-d-SA 3), we obtain
α̌(¢1 ∗ ¢2) ≼ rmax {α̌(¢1), α̌(¢2)} ≼ rmax

{[
rL, rU

]
,
[
rL, rU

]}
=

[
rL, rU

]
β̌(¢1 ∗ ¢2) ≽ rmin

{
β̌(¢1), β̌(¢2)

}
≽ rmin

{[
sL, sU

]
,
[
sL, sU

]}
=

[
sL, sU

]
γ̌(¢1 ∗ ¢2) ≼ rmax {γ̌(¢1), γ̌(¢2)} ≼ rmax

{[
tL, tU

]
,
[
tL, tU

]}
=

[
tL, tU

]


⇒ ¢1∗¢2 ∈ L1(α̌, ř), ¢1∗¢2 ∈ U(β̌, š), and ¢1∗¢2 ∈ L2(γ̌, ť). Therefore, the level sets L1(α̌, ř),
U(β̌, š), and L2(γ̌, ť) of N are d-subalgebras of D.

Theorem 4.9. Let N = (α̌, β̌, γ̌) be an IvNSN-S in D such that the level sets L1(α̌, ř), U(β̌, š),
and L2(γ̌, ť) of N are d-subalgebras of D. Then N = (α̌, β̌, γ̌) is an IvNSN-d-SA of D.

Proof. Assume that for any ř, š, ť ∈ I[−1, 0] the sets L1(α̌, ř), U(β̌, š), and L2(γ̌, ť) of N are
d-subalgebras of D. Let us take ζ1, ζ2 ∈ L1(α̌, ř) such that α̌(ζ1 ∗ ζ2) ≻ rmax {α̌(ζ1), α̌(ζ2)}.
Suppose that α̌(ζ1 ∗ ζ2) = ř1 =

[
rL1 , r

U
1

]
, α̌(ζ1) = ř2 =

[
rL2 , r

U
2

]
, and α̌(ζ2) = ř3 =

[
rL3 , r

U
3

]
.

Then,[
rL1 , r

U
1

]
≻ rmax

{[
rL2 , r

U
2

]
,
[
rL3 , r

U
3

]}
=

[
max

{
rL2 , r

L
3

}
,max

{
rU2 , r

U
3

}]
and so,

rL1 > max
{
rL2 , r

L
3

}
and rU1 > max

{
rU2 , r

U
3

}
.

Taking ř4 =
[
rL4 , r

U
4

]
= 1

2 [α̌(ζ1 ∗ ζ2) + rmax {α̌(ζ1), α̌(ζ2)}]
= 1

2

[[
rL1 , r

U
1

]
+

[
max

{
rL2 , r

L
3

}
,max

{
rU2 , r

U
3

}]]
=

[ 1
2(r

L
1 +max

{
rL2 , r

L
3

}
), 1

2(r
U
1 +max

{
rU2 , r

U
3

}
)
]

It follows that
rL1 > rL4 = 1

2(r
L
1 +max

{
rL2 , r

L
3

}
) > max

{
rL2 , r

L
3

}
,

rU1 > rU4 = 1
2(r

U
1 +max

{
rU2 , r

U
3

}
) > max

{
rU2 , r

U
3

}
.

Hence,
[
max

{
rL2 , r

L
3

}
, max

{
rU2 , r

U
3

}]
≺

[
rL4 , r

U
4

]
≺

[
rL1 , r

U
1

]
= α̌(ζ1 ∗ ζ2).

Therefore, ζ1 ∗ ζ2 /∈ L1(α̌, ř4). On the other hand
α̌(ζ1) = ř2 =

[
rL2 , r

U
2

]
≼

[
max

{
rL2 , r

L
3

}
,max

{
rU2 , r

U
3

}]
≺

[
rL4 , r

U
4

]
= ř4,

α̌(ζ2) = ř3 =
[
rL3 , r

U
3

]
≼

[
max

{
rL2 , r

L
3

}
, max

{
rU2 , r

U
3

}]
≺

[
rL4 , r

U
4

]
= ř4.

i.e., ζ1, ζ2 ∈ L1(α̌, ř4).
This a contradiction and therefore α̌(ζ1 ∗ ζ2) ≼ rmax {α̌(ζ1), α̌(ζ2)} for all ζ1, ζ2 ∈ D.
Suppose that β̌(ζ1 ∗ ζ2) ≺ rmin

{
β̌(ζ1), β̌(ζ2)

}
for some ζ1, ζ2 ∈ U(β̌, š). Let us take

β̌(ζ1 ∗ ζ2) = š1 =
[
sL1 , s

U
1

]
, β̌(ζ1) = š2 =

[
sL2 , s

U
2

]
, and β̌(ζ2) = š3 =

[
sL3 , s

U
3

]
. Then,[

sL1 , s
U
1

]
≺ rmin

{[
sL2 , s

U
2

]
,
[
sL3 , s

U
3

]}
=

[
min

{
sL2 , s

L
3

}
,min

{
sU2 , s

U
3

}]
and so,

sL1 < min
{
sL2 , s

L
3

}
and sU1 < min

{
sU2 , s

U
3

}
.

Taking š4 =
[
sL4 , s

U
4

]
= 1

2

[
β̌(ζ1 ∗ ζ2) + rmin

{
β̌(ζ1), β̌(ζ2)

}]
= 1

2

[[
sL1 , s

U
1

]
+

[
min

{
sL2 , s

L
3

}
,min

{
sU2 , s

U
3

}]]
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=
[ 1

2(s
L
1 +min

{
sL2 , s

L
3

}
), 1

2(s
U
1 +min

{
sU2 , s

U
3

}
)
]

It follows that
sL1 < sL4 = 1

2(s
L
1 +min

{
sL2 , s

L
3

}
) < min

{
sL2 , s

L
3

}
,

sU1 < sU4 = 1
2(s

U
1 +min

{
sU2 , s

U
3

}
) < min

{
sU2 , s

U
3

}
.

Hence,
[
min

{
sL2 , s

L
3

}
, min

{
sU2 , s

U
3

}]
≻

[
sL4 , s

U
4

]
≻

[
sL1 , s

U
1

]
= β̌(ζ1 ∗ ζ2).

Therefore, ζ1 ∗ ζ2 /∈ U(β̌, š4). On the other hand
β̌(ζ1) = š2 =

[
sL2 , s

U
2

]
≽

[
min

{
sL2 , s

L
3

}
,min

{
sU2 , s

U
3

}]
≻

[
sL4 , s

U
4

]
= š4,

β̌(ζ2) = š3 =
[
sL3 , s

U
3

]
≽

[
min

{
sL2 , s

L
3

}
, min

{
sU2 , s

U
3

}]
≻

[
sL4 , s

U
4

]
= š4.

i.e., ζ1, ζ2 ∈ U(β̌, š4). This a contradiction and therefore
β̌(ζ1 ∗ ζ2) ≽ rmin

{
β̌(ζ1), β̌(ζ2)

}
for all ζ1, ζ2 ∈ D.

Let us take ζ1, ζ2 ∈ L2(γ̌, ť) such that γ̌(ζ1 ∗ ζ2) ≻ rmax {γ̌(ζ1), γ̌(ζ2)}. Suppose that
γ̌(ζ1 ∗ ζ2) = ť1 =

[
tL1 , t

U
1

]
, γ̌(ζ1) = ť2 =

[
tL2 , t

U
2

]
, and γ̌(ζ2) = ť3 =

[
tL3 , t

U
3

]
. Then,[

tL1 , t
U
1

]
≻ rmax

{[
tL2 , t

U
2

]
,
[
tL3 , t

U
3

]}
=

[
max

{
tL2 , t

L
3

}
,max

{
tU2 , t

U
3

}]
and so,

tL1 > max
{
tL2 , t

L
3

}
and tU1 > max

{
tU2 , t

U
3

}
.

Taking ť4 =
[
tL4 , t

U
4

]
= 1

2 [γ̌(ζ1 ∗ ζ2) + rmax {γ̌(ζ1), γ̌(ζ2)}]
= 1

2

[[
tL1 , t

U
1

]
+

[
max

{
tL2 , t

L
3

}
,max

{
tU2 , t

U
3

}]]
=

[ 1
2(t

L
1 +max

{
tL2 , t

L
3

}
), 1

2(t
U
1 +max

{
tU2 , t

U
3

}
)
]

It follows that
tL1 > tL4 = 1

2(t
L
1 +max

{
tL2 , t

L
3

}
) > max

{
tL2 , t

L
3

}
,

tU1 > tU4 = 1
2(t

U
1 +max

{
tU2 , t

U
3

}
) > max

{
tU2 , t

U
3

}
.

Hence,
[
max

{
tL2 , t

L
3

}
, max

{
tU2 , t

U
3

}]
≺

[
tL4 , t

U
4

]
≺

[
tL1 , t

U
1

]
= γ̌(ζ1 ∗ ζ2).

Therefore, ζ1 ∗ ζ2 /∈ L1(γ̌, ť4). On the other hand
γ̌(ζ1) = ť2 =

[
tL2 , t

U
2

]
≼

[
max

{
tL2 , t

L
3

}
,max

{
tU2 , t

U
3

}]
≺

[
tL4 , t

U
4

]
= ť4,

γ̌(ζ2) = ť3 =
[
tL3 , t

U
3

]
≼

[
max

{
tL2 , t

L
3

}
, max

{
tU2 , t

U
3

}]
≺

[
tL4 , t

U
4

]
= ť4.

i.e., ζ1, ζ2 ∈ L1(γ̌, ť4). This a contradiction and therefore
γ̌(ζ1 ∗ ζ2) ≼ rmax {γ̌(ζ1), γ̌(ζ2)} for all ζ1, ζ2 ∈ D. This completes the proof.

Theorem 4.10. Any d-subalgebra of D can be realized as a level d-subalgebra of some IvNSN-
d-SA of D.

Proof. Let J be a d-subalgebra of D and let N = (α̌, β̌, γ̌) be an IvNSN-S in D defined by

α̌(¢1) =

{
ř =

[
rL, rU

]
, if ¢1 ∈ J ,

0̌ = [0, 0], otherwise,
, β̌(¢1) =

{
š =

[
sL, sU

]
, if ¢1 ∈ J ,

−̌1 = [−1,−1], otherwise,
, and

γ̌(¢1) =

{
ť =

[
tL, tU

]
, if ¢1 ∈ J ,

0̌ = [0, 0], otherwise,
for all ¢1 ∈ J , where rL, rU , sL, sU , tL, tU ∈

(−1, 0).
Let ¢1,¢2 ∈ J , then ¢1 ∗ ¢2 ∈ J . Hence

α̌(¢1 ∗ ¢2) =
[
rL, rU

]
= rmax

{[
rL, rU

]
,
[
rL, rU

]}
= rmax {α̌(¢1), α̌(¢2)}

β̌(¢1 ∗ ¢2) =
[
sL, sU

]
= rmin

{[
sL, sU

]
,
[
sL, sU

]}
= rmin

{
β̌(¢1), β̌(¢2)

}
γ̌(¢1 ∗ ¢2) =

[
tL, tU

]
= rmax

{[
tL, tU

]
,
[
tL, tU

]}
= rmax {γ̌(¢1), γ̌(¢2)}


If ¢1 ∈ J and ¢2 /∈ J , then α̌(¢1) =

[
rL, rU

]
, β̌(¢1) =

[
sL, sU

]
, γ̌(¢1) =

[
tL, tU

]
,

α̌(¢2) = [0, 0], β̌(¢2) = [−1,−1], and γ̌(¢2) = [0, 0]. Therefore,
α̌(¢1 ∗ ¢2) ≼ [0, 0] = rmax

{[
rL, rU

]
, [0, 0]

}
= rmax {α̌(¢1), α̌(¢2)}

β̌(¢1 ∗ ¢2) ≽ [−1,−1] = rmin
{[
sL, sU

]
, [−1,−1]

}
= rmin

{
β̌(¢1), β̌(¢2)

}
γ̌(¢1 ∗ ¢2) ≼ [0, 0] = rmax

{[
tL, tU

]
, [0, 0]

}
= rmax {γ̌(¢1), γ̌(¢2)}


If ¢1 /∈ J and ¢2 ∈ J , then α̌(¢1) = [0, 0], β̌(¢1) = [−1,−1], and γ̌(¢1) = [0, 0] α̌(¢2) =[

rL, rU
]
, β̌(¢2) =

[
sL, sU

]
, γ̌(¢2) =

[
tL, tU

]
. Therefore,

α̌(¢1 ∗ ¢2) ≼ [0, 0] = rmax
{
[0, 0],

[
rL, rU

]}
= rmax {α̌(¢1), α̌(¢2)}

β̌(¢1 ∗ ¢2) ≽ [−1,−1] = rmin
{
[−1,−1],

[
sL, sU

]}
= rmin

{
β̌(¢1), β̌(¢2)

}
γ̌(¢1 ∗ ¢2) ≼ [0, 0] = rmax

{
[0, 0],

[
tL, tU

]}
= rmax {γ̌(¢1), γ̌(¢2)}


If ¢1 /∈ J and ¢2 /∈ J , then α̌(¢1) = α̌(¢2) = [0, 0], β̌(¢1) = β̌(¢2) = [−1,−1], and
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γ̌(¢1) = γ̌(¢2) = [0, 0]. Therefore,
α̌(¢1 ∗ ¢2) ≼ [0, 0] = rmax {[0, 0], [0, 0]} = rmax {α̌(¢1), α̌(¢2)}

β̌(¢1 ∗ ¢2) ≽ [−1,−1] = rmin {[−1,−1], [−1,−1]} = rmin
{
β̌(¢1), β̌(¢2)

}
γ̌(¢1 ∗ ¢2) ≼ [0, 0] = rmax {[0, 0], [0, 0]} = rmax {γ̌(¢1), γ̌(¢2)}


Hence N = (α̌, β̌, γ̌) is an IvNSN-d-SA of D. Obviously, L1(α̌, ř) = U(β̌, š) = L2(γ̌, ť) =

J . This completes the proof.

Definition 4.11. Let f be mapping from a d-algebra D1 to a d-algebra D2. If N is an IvNSN-S
of D2, then the preimage of N under f , denoted by

f−1(N ) = (f−1(α̌), f−1(β̌), f−1(γ̌))

is an IvNSN-S of D1, defined by

f−1(α̌)(¢1) = α̌(f(¢1)), f−1(β̌)(¢1) = β̌(f(¢1)), and f−1(γ̌)(¢1) = γ̌(f(¢1))

for all ¢1 ∈ D1.

Theorem 4.12. Let f be a homomorphism of a d-algebra D1 into a d-algebra D2, and N be an
IvNSN-d-SA of D2. Then f−1(N ) = (f−1(α̌), f−1(β̌), f−1(γ̌)) is an IvNSN-d-SA of D1, where
f−1(α̌)(¢1) = α̌(f(¢1)), f

−1(β̌)(¢1) = β̌(f(¢1)), and f−1(γ̌)(¢1) = γ̌(f(¢1)) for all ¢1 ∈ D1.

Proof. For any ¢1,¢2 ∈ D1, we have

f−1(α̌(¢1 ∗ ¢2)) = α̌(f(¢1 ∗ ¢2)) = α̌(f(¢1) ∗ f(¢2))

≼ rmax {α̌(f(¢1)), α̌(f(¢2))}

= rmax
{
f−1(α̌(¢1)), f

−1(α̌(¢2))
}
,

f−1(β̌(¢1 ∗ ¢2)) = β̌(f(¢1 ∗ ¢2)) = β̌(f(¢1) ∗ f(¢2))

≽ rmin
{
β̌(f(¢1)), β̌(f(¢2))

}
= rmin

{
f−1(β̌(¢1)), f

−1(β̌(¢2))
}
,

f−1(γ̌(¢1 ∗ ¢2)) = γ̌(f(¢1 ∗ ¢2)) = γ̌(f(¢1) ∗ f(¢2))

≼ rmax {γ̌(f(¢1)), γ̌(f(¢2))}

= rmax
{
f−1(γ̌(¢1)), f

−1(γ̌(¢2))
}
.

Hence, f−1(N ) is an interval-valued neutrosophic N-subalgebra of D1.

5 Conclusion

In this study, we presented the concept of interval-valued neutrosophic N-structures, a new set-
theoretic groundwork that extends neutrosophic N-structures. We defined the basic operations
such as containment, complement, union, and intersection for these sets, providing clear exam-
ples for better understanding. Additionally, we successfully applied the idea of interval-valued
neutrosophic N-structures to d-algebras. This application led to the development of interval-
valued neutrosophic N-d-subalgebras. We then examined some important properties of interval-
valued neutrosophic N-d-subalgebras, laying the foundation for further studies.

This study, sets the stage for future investigation in applying interval-valued neutrosophic
N-structures to different algebraic structures like BCK, BCI, BCH, BG, BH-algebras, etc.
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