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Abstract A Kirchhoff’s equations with singular term are determined by bi-Laplacian oper-
ator. Using variational methods and critical points theory, we show the existence of a unique
weak solution of the following singular bi-harmonic problems of Kirchhoff type involving criti-
cal Sobolev exponent:

(a [o |Aul?*dz + b)a_l A’u = f(2)|u|~" = MuP?u  inQ,
Au=u=0 on 0Q,

where Q is a smooth bounded domain of R™ (n > 5), with A? is the bi-Laplacian operator.
Here v € (0,1) and 6 € (1,2) are a constants, A >0, 0 < p < 2% a,b >0, a+b> 0 are
parameters, and f belongs to a given Lebesgue space.

1 Introduction and Motivation:

In this paper, we are devoted to investigate the existence and the uniqueness of positive solution
with negative energy for the following biharmonic-Kirchhoff type problem with singular term:
(a [ (Au)dz + b)071 Au = f(x)|u|™ = AMulP2u  inQ, (1.1
Au=u=0 on 0Q, )

where Q a bounded domain of R"(n > 5) with A? is the bi-Laplacian operator and
Au = —div(Vu)

is the Laplacian, and A > 0 is a real parameter.
Here 0 < v < 1,is constant, 0 < p < 2% —1,a,b > 0,a + b > 0 are real parameters. The weight
function f : Q — R is in L9(Q) such that ¢ := ﬁ;l with f(z) > 0 for almost every z € Q
and 2% := -2 denote the critical Sobolev exponent in the embedding H?(Q) < L¥ ().

The Kirchhoff equation [10], goes back in 1883. It was proposed as an extention of the clas-
sical d’ Allembert wave equation for the vibration of elastic strings. The problem (1.1) is related

to the stationary analogue of the evolution equation of Kirchhoff type:

Oy + ((1 fQ(AU)de + b) ANu = f(l‘, u)v in Q x (07 T)’

ot?
u=0 in 0Q x (0,7),
u(z,0) = v(z), w = w(z), on 9Q,
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where the parameters in above equation have physical significant meanings as follows: T’
is a positive constant, v and w are two given functions. The equation is one dimensional, time
dependent, and it was written as

4 4 (a fo(Au)?de + b)’" Au= f(x,u), inQx(0,7T),

ot?
u=0 in 9Q x (0,7),
u(z,0) = v(z), w = w(z), on HQ

where 6 € (1,2), which is used to describe some phenomenon appeared in physics and engineering.
Due to this, it is regarded as a good approximation for describing vibrations of beams or plates,
see [7] and [8].

In fact, the related problems have been studied extensively, especially on the existence of
the positive solutions, multiple solutions, ground state solutions, and least energy sign-changing
solutions, we cite here, in particular [17], which treats the following the Kirchhoff equations
type:

—(a [ |Vul*dz +b) Au = f(z,u) inQ,
u=0 on 0Q.

Using the minimax methods, they obtained the multiplicity result of solutions with sign-
changing solution.

In [23], the authors have considered the existence and multiplicity of solutions to a class of
bi-laplacian Kirchhoff type equation:

Au— M ([o|VulPde) Au= f(z,u) inQ,
Au=u=0 on 9Q.

Using Pass-Montain theorem, they obtained the existence result of positive non trivial solution
of the problem (Py).

In [21], K. Tahri and F. Yazid have considered in a bounded domain Q of R™(n > 5) a fourth
order Kirchhoff type equation:

Au— (a [o |Vul*dz +b) Au+ cu = f(z)|u|~7 = AjulP~u  inQ,
Au=u=0 on 0Q.

Under some assumptions and by variational methods, they obtained the uniqueness of the so-

lution. For more details, we refer the readerto [1, 2, 3, 4, 5, 6, 9, 11, 12, 13, 14, 15, 16, 18, 19, 22].
Recently, K.T'ahri, S. Benmansour and Kh. Tahri in [20], showed the existence, nonexis-

tence and multiplicity results for the following p -Laplacian Kirchhoff equation:

{ — (a [ IVulPdz + b) Apu = pluP” 2u+ AjufP~?u  inQ, (12)

u=20 on 0Q,

where Q is a bounded domain in R”(n > 3), A, u > 0 are real parameters and a,b > 0: a+b > 0
are positive constants, A,u is the p-Laplacian operator, that is,

0 ou
— 3 -2 _ -2
Apu = —div (|Vu|P~*Vu) = Z o2, (|Vu|p 8:81) ,
1<i<n
for 1 < p < n,and p* := ;& is the Sobolev critical exponent of the embedding Whr (R?) —

LP" (R™). They established the following results:

Theorem 1.1. Let Q be a bounded domain in R™(n > 3). Assume a,b > 0:a+b > 0andp* = 4. Then
the following assertions are true:
(i). Assume thata > 0,0 > 0,0 < pu < aK(n,p)2 and 0 < X\ < bA1. Then the equation (1.2) has no positive
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nontrivial solution.

(ii). Assume thata > 0,b > 0,0 < p < CLK(n,p)2 and A\ > b\i. Then the equation (1.2) has a positive
nontrivial solution.

(iii). Assume that a > 0,b > 0,0 < u < aK(n,p)* Then for any k € Z7, there exists Ay, > 0 such that the
equation (1.2) has at least k pairs of nontrivial solutions for X\ > Ay > 0.

Motivated by the above works, the aim of the present paper is going to discuss the biharmonic-Kirchhoff
type problem with singular term for § € (1,2). Our main result is the following:

Theorem 1.2. Let @ C R™(n > 5) be a smooth bounded domain and assuming that (A;), ., .5 are hold.
Then the problem (1.1) possesses a positive solution. Moreover,  this solution is a global minimizer solution.

The paper is organized as follows: in Sec. 2, some notations and preliminaries are given, including lemmas
that are required to obtain our main Theorem, and finally in Sec. 3 we provide the proof of Theorem.

2 Variational Setting and Assumptions:

In this paper, we make use the following notation:
LP(Q) for 1 < p < oo, denote the Lebesgue spaces, the norm in L? is given
by

1

P
|wm@:(/wwﬁ.
Q

H{ () denotes the completion of the space C2°(Q) with respect to the norm

2 2
Julfye = [ [VuPds,
Q

and H?(Q) denotes the completion of the space C2°(Q) with respect to the norm
2 2
i = [ 14ufda

S is the best Sobolev constant to the Sobolev embedding H?(Q) — r (Q),
that is s
Au|“dzx.
S :=in f9|72‘# = inf / |Au)dz.
Jo lul¥dz {uem(g): L |u\2‘*dz:|} Q
It is well known that for Q = R"™ the best constant S is attained by the radial functions

n—4
€ 2
Ue L) i= —_———
() n(wfmf+é) ,

n—4

an = (nln—4) (n ) 7

A’p=Xp inQ,
Ap=¢p=0 onQ.

where

Consider the eigenvalue problem

According to the work developped by K.Tahri and F. Yazid in [21], has shown that the first eigenvalue A is
given by
_ i Ja80)de
pew [ Pdx
Let W be the space H*(Q) N Hy(Q) endowed with the norm:

Ali

Julfy = [ 18ufde
Q
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A function u € W is said to be a weak solutié)g]of the problem (1.1) if w > 0 in Q:
a/|Au\2d5v+b> /Au~A<pdx—/f(w)\u|_7-gadm
Q Q Q

+ / MulPu - pdx =0,
Q

for all ¢ € W. We shall look for (weak) solutions of (1.1) by finding critical points of the energy functional
I\ :W — R given by

1 5 o )\/ 1 / -
Lu)=—|a Aul"de +b) + = ulPde + —— z)|ul " Vdx.
)= 5ug (o [18uPas +0) 42 [ pae s L [ s

Throughout this paper, we make the following assumptions
(A1) 0<y<1l, 0<p<2':=2andl<f<2.

(A2) fe LiQ)withqg= . — satisfying f(z) > 0 for almost every x € W.
(Ag) Forallz e W :

lull?y = / |Aufda.
Q

3 Technical Lemmas and Main Result:
In this section, we introduce some technical lemmas which will be used for the proof of the main result.
Lemma 3.1. The energy functional I is coercive and bounded from below on W.

Proof. Since 0 < v < 1, A > 0, by the Holder inequality, we have

z)|ul'"Vdx
Q
" 2#+;/—l " I—T'y
[ — 2 2 2

< (/ \f(:v)lz””*‘) X (/ \u|“*”ﬁ)

Q Q

o

= I lpae) x lull 7 with a: T —

Furthermore, by the Sobolev embedding theorem, we obtain that there exists a constant 5 > 0 such that
1—
IIUHLﬁ o S =Bl

Hence,

I)\(u)

s (alulfy +b)° / |u|"dz+— / f (@)l " de,
(3.1)

v

m(a HUH%/V) - BHUM/V’Y'

This implies that I is coercive.
To prove that I is bounded from below on W, we consider two cases:
Case L if |Jullw > 1and 0 < v < 1,1 < 6 < 2, then

10 > (555~ 8) Il

Case ILif0 < ¢ < JJu|lw <land 0 <y < 1,1 <0 < 2, then

In(u) > o’ 26
Alw) > (ﬁ - 5) ¢

Thus, I is bounded from below on W. O

Lemma 3.2. The energy functional Iy has a minimum ¢ in W with ¢ < 0.
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Proof. Since I is coercive and bounded from below on W in Lemma 3.1

c= ulélf I (u),

is well defined.

Moreover, since 0 < v < 1, f(x) > 0 for almost every z € Q , we have I, (t6) < 0 for all § # 0 and small
t>0.

Thus, we obtain

c= inf I)(u) <0.
ueWw
The proof is completed. ]

The validity of the next lemma will be crucial in the sequel.

Lemma 3.3. Assume that the conditions (A) and (Az) hold. Then I attains the global minimizer in W, that
is, there exists uw* € W such that

L(u") =¢c<0.
Proof. From Lemma 3.1 there exists a minimizing sequence {u, } C W such that

lim Iy(un) =c<0.

n—oo

By (3.1), the sequence {uy} is bounded in W. Since W is reflexive, and the compact embedding theorem,
we may extract a subsequence that for simplicity we call again {uy } , for which there exists u. > 0 such that

Uy — U, weakly in W,
Up —> U™, strongly in LP(Q), 1< p <2, (3.2)
un(z) = u*(x), ae. inQ,

asn — oo Asusual, letting w, = un —us, we need to prove that ||wy,|| — 0asn — oco. By Vitali’s theorem
[17], we find

lim f( )|un|177dx:/f(m)\uﬂlfwdx. (3.3)
Q

n—-+oo
Moreover, by the weak convergence of {un} in W and Brézis-Lieb’s Lemma (see [6]),
one obtains
[unl i = lfwal[iv = u*|[3 + o(1), (34
and

/h(m)\un\z“dmz/h(x)|wn\2“dx+/h(m)|u*\2”dx+o(1), 3.5)
Q Q Q

where o(1) is an infinitesimal as n — oco. Hence, in the case when 1 < p < 2* from (3.2)-(3.4), we deduce
that

c= lim JA(un)
n—+0oo

— 1 _L 2 o, A P 1 1=y
= Jim_ | s tallunlfy +0° + 3 [ urde — [ f@pu e
. [ 1
= tim_ s alwnly + "+ 0)° /“w rat L [ @)l
T ,
= Jim | el + o+ + 3 [ s
1 *
L [ @l Sl + ) = Sl + )|

* . 1 * 1 *
= i)+ tim | e (allunlie + 1y +0° = 51 all e + 0
> In(u")

> inf In(un) =c.
ueX

This implies
c=1I,(u").
In the case when p = 2%, it follows from (3.3)-(3.5) that
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_ * . 1 2 * 112 7
e=n)+ tim |5l 4 e 0

1 )\
~%48 (allu* [}y + b)° /h |wn\pdm}

2 I)\ (un)

>c.
This yields

In(un) =c.
Thus,
/ iréf I (un) = In(u)

and this completes the proof of Lemma 3.2 . O

Now, we are ready to state the main result of this paper.

Theorem 3.4. Assume that conditions (A1), (Az2) and (As) hold. Then problem (1.1) possesses a positive
and a unique weak solution. Moreover, this solution is a global minimizer solution.

We are now in a position to prove Theorem 3.4

4 Proof of the Main Result:

The main aim of this section is to prove that ©™* is a weak solution of (1.1) and ™ > 0in Q. Firstly, we show
that u* is a weak solution of (1.1). From Lemma 3.2, we see that

min Iy (u” 4 tp) = In(u" + to)|i—0 = In(u"),Vp € W.
0—1
This implies that (a / |Au\2dw+b> / Au - Ap dx
Q Q
4.1
- / @)™ pdr+ / NulP?u - pdz =0,
Q Q

for all p € W. Thus, there is a weak solution of (1.1).
Secondly, we prove that u* > 0 for almost every z € Q. Since I (u*) = ¢ < 0, we obtain u* > 0 and
u* Z 0.
Then, V¢ € W, > 0 and , av
¢ = f%Q t%)h—% (u”)

[ fﬂ \Au+tv|2dx+b) (af, \Au|2dx+b)9
t

"~ 240

(4.2)
é/ (Iu +tel” — v |”>dw
D t

! P
—]_ry/f(x)( . )dz.
Q

Using the Lebesgue dominated convergence theorem, we have

Liim [ @ (W> dz = /h(x)|u*|7’*2u*¢daz. 4.3)
Q

D t—s0* t

For any x € ©Q, we denote

g(t) = f(z) (‘u*(x) +t¢((a;)‘_7:); [ ()] ﬂ) .

Then

w*(2)'Y — (ytd(x) + vt (2))|ut (z) + to(x)| 7Y
J 0 = (o) ()T~ (16@) @) @)+ 10T
(I=7)t
which implies that g(¢) is non increasing for ¢ > 0.
Moreover, we have
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lim g(t) = ([u"(@) + to()]' ")

t——s0+

= f(@)(u ()" é(),

t=0

for every = € Q, which may be +co when u*(z) = 0 and ¢(z) > 0
Consequently, by the monotone convergence theorem, we obtain

| u* + ] — Jut [
W_I/fm( iy,

/ fo ~(w)da,

which may equal to +o0.
Combining this with (4.3), lett — 0. Then, it follows from (4.2) that

< (a/ﬂAu*|2dx+b)0l/QAu*-A¢>(x) d:v+>\/ h(z)u* P2 u" ¢(x)dx

Q

- / f(@) (" (@) d(x)da

Q

Then, we have

/ F(@) (@) ()
< <a/Q |Au* [da + b) " /ﬂAu* -Ap(z) dx + )\/h(:c)|u*\p72u*¢(m)dm,

for all ¢ € W with ¢ > 0.
Let ¢; € W be the first eigenfunction of the operator A” with e; > 0 and ||e;||w = 1.
Particularly, taking ¢ = e; in (4.1), one gets

[ f@ @) eds
Q
o—1
< (a/ |Au* Pdx + b) /Au* - Aey dx + )\/h(x)|u*|p_2u*e1dx
o Q
Q

< o0,

which implies that u* > 0 for almost every z € Q.
Moreover, according to Lemma 3.2 we have

Iy(u") = inf Iy(u).

up €W

(4.4)

Thus, u* is a global minimizer solution. Finally, we prove the uniqueness of solutions of the problem (??).

Assume that v* is another solution of the problem (??). Then it follows from (4.4) that

o—1
(a ||u*|\2W+b> /Au*A(u*—v*)dac—/f(;lr:)|u*|7V (u* —v")dz
and +>\/|u ‘pZ u (u —v")dr =0
(aHv*HzW—i—b) /Av A(u" —v* dx—/f YT (ut = ") de

+>\/ [o* P2 0" (u* — v*) da = 0.
o

4.5)

(4.6)
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From (4.5) and (4.6), one obtains
%112 0—1 w112 % *
(alla’ By +8)" [l Ry = [ du"sv"de
Q
s (|2 61 w12 w «
+ (ol By +8)" Il — [ avautas
Q

—/Qf(x) (|u*|_7 - \v*|_w> (" —v")dz + )\/ﬂ (|u*\p_2 ut - |v*|p_2v*) (u" —v*)dz =0.

Then o o
* 112 - * 112 * 112 - * 112
(alw oy +8) el + (allo™ IRy +5) " 171G
* (12 -1 * 112 0-1 * *

— {(aHu 1w +b) + (a||v HWer) } /Au Av*dx 4.7
Q
—/ fla) (77 = | 7) @ o) de A/ (P2 = "0 ) (" — v de = 0.
Q Q
Denote

—1

* ®\ L * 112 01 * 112 * 112 0 * 112
g v7) = (allully +0) 'y + (allv’lly +0) o7y

0-1 o—1
- [(a |3 + b) + (a [o*|[5 + b) ] /Au*Av*dcc.
Q

Using the Holder inequality, one has

{(a (3, + b)971 + (a |13, + b)gil} /QAu*Av*dm <

* 12 -1 * (|2 o1 * *
(@l +6)"" o (ol )" |l 107y
Then

* * * 112 o1 * 12 * 12 o1 * 12
g ,v) > (alluwly +8) luly + (allv’ Iy +0) 1ol

* 12 o—1 * (|2 o1 * *
= (allw iy +8) + (allo" iy +8) | Il x 0"l

0—1 6—1
e L o e T P Cl A B (P P T PO

We divided in three cases:
1. Case: if ||u*||;, = ||[v™|| , then
g (u",v") > 0.

2. Case: if ||u*||,;, > ||v™||}; , then
g(u",v") > 0.

3. Case: if [[u”||;, < |[v™||y , then
g(u",v") > 0.

Since 0 < v < 1and p > 0, itis well clear the following elementary inequalities

(m™" —=n"")(m —n) <0, (m? = nP)Y(m—n)>0, Vm,n>0.

Thus _ _ -2 -2
/ f(2) (|u*| T o] W) (u* —v*)dz <0, / (|u*|p u — ot v*) (u* —v*)dz > 0.
Q Q

Consequently we obtain contradiction with equality 4.7.
Therefore ©* is the unique positive solution of problem (??). This completes the proof of Theorem 1.2.

5 Conclusion Remarks

This paper aims to obtain a unique positive weak solution for a Kirchhoff equation of fourth
order by using so suitable technique based on the behavior of energy functional associated to
the initial problem. Therefore, the results of this work are significant and so it is interesting and
maybe to generalize its study in the future for evolution equation.
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