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Abstract The purpose of this article is to introduce the Kantorovich variant of g-analogue of
Mittag-Leffler operators and study their approximating properties. We obtain basic estimates for
these operators and present convergence theorems. The weighted «S—statistical convergence is
discussed for these operators. The rate of convergence in Lipschitz type space is analyzed and

relavent theorems are proved.

1 Introduction and Preliminaries

We begin by listing some q-calculus notions. We assume q to be a real number such that

0<qg<l1.ForseN,

5 ,q=1

{(1—q5>/<1—q>, g#1 }

and

21+ ¢fy), s=1,2,..
1 5:: J .
(1+y)3 { | 0

The g-analogue for binomial cofficient is given as

ls} _ [s]!
[ [!s — 1"

Introcuced by Jackson [11], the integral g-analogue is defined as

/ g9(y)dgy == a(l —q)Zg(aqs)qs,O <g<landa>0.
0 5=0

The ¢- analogue of improper integral is defined as

oo/B oo e\ ¢°
/0 9(y)dqy == (1—q)zg<B> 5 B>0,
5=0

given the fact that the sum converges absolutely.
The g-Gamma functions are given by

1/1—q : A oo /A(1—q) .
T,(y) = /0 9V Ey(—qt)dyt and 7 (y) = /0 ey (=)t

(1.1)
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In [12], g-analogues of the exponential function are given in two ways
=yl 1 1
=Y =TTy M < Tl <
| — oo —
=l (1-q)y)3 1—gq
and
— k(k—1)/2 y* I
=> g my = @) lal <1
k=0 )
In [11], Jackson established the g-analogue of Beta function as

Ly (r)Ty(t)
By(t,r) = T,050)

Also, the ¢- analogue of the integral representation of g-Beta function, which is a g-analogue
of Euler’s formula, is

1
B,(t,r) = / Y (1 - qy)g_]dqy,t,r > 0. (1.2)
0

The Mittag-Leffler function was introduced in 1903 by G.M. Mittag-Leffer by

Zl“v]%—l (3 € C, Re(y) > 0),

J=

where C denotes the set of complex numbers. In 1905, A. Wiman [27] gave the two-index
Mittag-Leffler function definition by

er+ : (3,1 € C,Re(v) > 0).

If we put 7 = 1 then one obtains E., | (3) = E,(3).

Also o
e 1 e e
B =, Fia@)=""— Bunil) ="

The relation between the two-index Mittag-Leffler functions and the generalised Bernoulli num-

bers B, is as
E1 26 Z%ll'

Moreover, we have

! S g (m) 3!
_— = B, .
E17m+1 (3) ; Lo
The aforementioned Mittag-Leffler operators were studied by M.A. Ozarslan in [23]
1 S b1, J
Lﬁ;ﬂ(h;u)—Zh(jb ) ](mi“) (1.3)
B, (%) g, m ) bpI'(j+n)

Two g-analogues for the well-known Mittag Leffler operators have been defined by M.H. Annaby
and Z.S. Mansour in [3] as

¢y, (3:9) Z Ja(l—a)[ < 1,
= Talvi + )

and
J j*l)

vy j

€, n(Gq) = Zl—(‘] )

= Talvi+ 77)
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where 1 € C and Re(~y) > 0. The g-analogue of the Mittag-Leffler function is defined for v = 1

as e
m3 2 m3
61’"<b ’q> ZF J+77)(5 )

In [10], G. Ic6z and B. cekim, established the following sequence of operators

ii=1) j
£m (p: h( m) q ‘2 (mu) ’ 14
m,q( U) El , ( o ) Z (j +77) bm ( )

where 1 > 1 is fixed, m is a natural number and < b,,, > is a real positive sequence and

heg:= {h € €[0,00) : lim 1h(u) is finite } ,

u—oo | + u2
where €[0, 0o0) being the space containing all continuous functions on [0, c0) and the norm is

defined as Ih(w)|
u
Il = sup =
u€[0,00) +u

The operators defined in (1.4) can approximate continous functions on the interval [0, co).
These operators have constraints while approximating the functions with singularities or discon-
tinuities. To deal with the Lebesgue integrable functions which include functions with singular-
ities, we introduce the following operators. For the positive real sequence < b, >,

(4D bm

oo iG=1 i -
K2 (hyu) = 4 (m“> / h(s)ds. (1.5)
.4 b Eln( ) = qu—i—n b Ll

For more on Kantorovich type modified operators, one can refer to ([5], [2], [16]). It is evi-

dent that the sequence of operators ICZSZ«? (h;u) defined in (1.5) are positive and linear. Many

researchers have carried out similar studies on important positive linear operators ([14], [24]).

The following lemma was proved by G. ic6z and B. cekim in [10] for the operators zﬁﬁ?q (hyu)
defined in (1.4)

Lemma 1.1. For each 0 < ¢ < 1,u > 0 and m € N, we have
£ (Lu) =1,

‘E(n) (t;w) —u‘ < [n—1]by,

m,q m ’

m,q

‘E(n) (tz,u) _uz‘ S bﬂ (U+ [T]— l}bnl> +2ubm[n_ 1],
m m m

and

Enm+4m—uw+(b)2m—m

To prove our main result, we require the following lemma.

£ ((t — u)Z; u)

m,q

Lemma 1.2. For each0 < q < 1,u > 0 and m € N, we have
(a) K3 (1iu) = 1,

b) ‘IC;;EZ;(t;u) — u‘ < w + L

2m’
2ln—1]4+2 2ln—1 1)p2
,u)_u2‘§u<[n m]+ >bm+([77 ]+3) m

‘Km q m?2

and

o

(d) Kpim ((t = u)*su) < o

™ (1 4l — 1)+ ([;)2[77—1].
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Proof. Itis trivial that K3\ (1;u) = £, (1;u) = 1.

»d

Using [k] = [k +n — 1] — ¢*[n — 1] from (1.4), we have

m > q@ mu J =
Knlat) = ) T, (b ) /.h sds

mel,n (ZLJ, q =0 (I(] + 7]) m [J]mm
_ m i [j][]?n qj(z <mu>J
= ¢ . mu

El,n<b1 ,Q) = M Cy(j+n) \bm
4 i 163, ¢" <mu>j

2 . —

E],’r] (T? Q) 7=0 2m Fq (] + "7) bm
_ 1 i b, q" " <mu>1

Eyy (? ’Q) =0 m Fq(j +n) m

bm 1 i q](]2—1> <mu>3

Zm Eln (Zﬂu,q) =0 Fq(] +77) bm

e plk it oy () .
E, n (b ,Q) =0 m FQ(] +77) b 2
o J(3+1) 41
< ! ZLqu - Zw)
Eiy (b ,Q) = M oG +m) \bn
0 jG=1
[77* 1] b, ¢ ¢ (mu)J b,
" Soom L (R
E]777 (%’ Q) 3=0 m FQ(] +77) bm 2m

Ery (m’q j=0
o S e (1)
Ey, (}?m,q) §=0 m Q(j +77) m m
m 2m
So, we can write
) (320 — | < 117 O b
et -] < FR 4 (1.6)

Using definition of the operators IC:,S?,J) , we have

oo =1 5
. m q 2 mu 2
ICWE"(I) (t2;u) = g . < > / s“ds
b By (2230) 570 ol 1) N ) Sk
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Using the fact [k] =

_ m Zﬂz[ﬁ g : (mu)j
mel,n M;Q) m? rq]+’7) b

m b3 q] , (mu)J
(m“q> §=0 3m? FQ(] + 77) b

i E(lm)i (%) i (52)

2 oo iG=1 j
SR R i (mu)
3m2E,, (%;q) = T(i+m) \bm

qlk — 1]+ 1 and [k] = [k +n — 1] — ¢*[n — 1], we obtain

2 . ; . q@ mu\’
(i = 0+ DD (b)

2m

b \? g (mu)j
] i1 (==
w) VR G e

g L6204y
-1 +n—1]- [_1]);1

62, by,
m +7K’rn,q)( )

m,q m 3 Py
1 = (bm z g ] mu\’ b,
- D) U +2m (o
El,n(h ,q) j=2 m FQ(-]+77_1) bm m
LW b Z(f’myb_”qz“ﬂ ()
3t gy, () S\ .G+ \bm
1 > (b )2 =04
= S () Grn-2-¢ - 1) e
Ei, (Tbn QQ) = N Ly(G+n—1)
oo jG=1 . ;
[n—1] Z(bm>2 . g 7 T mu\? by, ) (4
m []—1]7 N +— Kfnq
By (Zl ;Q) = N Lo +m) \bm m
bZ
4+

Ty(j + 1)

(&

)

)

: )
oGy 5 () el (i) 5 (e 32

)

)

)

(

mu

b

u) =

)

b
2m

)
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b ( b b2 1 > b\’ q@“ mu\’
e (o )+ B (1o o5
m 4 ( ) 2m 3m? Ei, (%;q> Z m rq(] +n— 2) b

Jj=2

_m—ui(wff%”f(mgj
Eyy (%:H) N LG +n—1) \ by
0 iG—=1 . ;
[n—1] <bm)2 gt <mu>ﬂ
B U | N S i L1
Z m [] ]Fq(3+77) b

—1]6,,\ b,, | b2 e I CA J
mo ) o Em( ) &5 T e,

" El,in(;”;; ) i (2) ot e (1) (52)

For ¢ < 1 and [j[i;i]l] < 1, we have

— _ _ 2
K (12;0) §u2+bm(u+[”1][’m>+2uw+(u+[””bm>bm+%
’ m m m

m m  3m?2’

So, we can write

(1.7)

‘Km ) U2‘ < (2
Finally, using (1.6) and (1.7), we obtain

KM (¢ —w)?su) = KM (5 ) — 20k (G ) + w2 (15 u)
lC;“nf’q (tyu) — u‘

2l =1]+2)bm (2 [n—12]+ )b 2u<[n—1]bm+bm>

< |3k (Ps) — | + 20

<
m m 2m

This proves the lemma. O

2 Statistical Convergence

If the set of natural numbers is denoted by S and 7(.S) denotes the density of S, then

n(S) = lim M, 2.1
m—oo M
where S, := {l < m :1 € S} and |S,,| denotes the cardinality of S,,,. H. Fast [7] presented
the idea of statistical convergence in the following manner using the density function provided
in (2.1). A sequence < z,, > is referred to as statistically convergent to s and represented by
st — limy, 0 2, = s, if for every € > 0, n(Se) = 0, where n(S.) := {l < m : |z, — s| > €}
(see [8], [9], [20]).

Kolke then established that the definition given in (2.1) may be applied to any non-negative
regular summability matrix A = (a);; by taking into account the connection between statistical
convergence and the Cesaro matrix €; ([4],[15], [19]) of order one.

In this case a sequence < z,, > is said to be A-statistically convergent to s and denoted by
sta — limy, o0 2m = s, if for every € > 0, n4(S.) = 0 where

1a($) = tim o]
J m
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Several researchers have used statistical convergence to approximate the characteristics of posi-
tive linear operators during the last two decades at a growing rate (see [21], [22], [26], [13], [17],
[18]).

The af—convergence was presented by Aktuglu in [1]. The concept of a—statistical conver-
gence can be seen as a generalization of the classical statistical convergence. Assume that «(m)
and 3(m) are two sequences of positive numbers of real numbers satisfying the following con-
ditions:

(A1) a(m) and 8(m) are both non-decreasing,

(A2) B(m) > a(m) for all natural numbers m,

(A3) B(m) — a(m) — oo as m — oco.

Let us represent the set of pairs («, ) that satisfies (A;), (Az) and (A3) by A. For every pair
(o, B) € A, and B C N, we define *#(B) in the following manner:

“8(BY — fim |BNJg#
"B = I Bm) —alm) 5 1)

where J%# = [a(m), B3(m)]. As a result of (2.1), one can obtain the next lemma stated in [1].

2.2)

Lemma 2.1. Let B and L be two subsets of N and (c, 8) € A . Then the following properties
hold true.

i) n*P(4) =0,

ii) P (N) = 1,

iii) For a finite set B, n*?(B) = 0,

iv)if B C L, then n® ’B( ) < n*B(L),
v P(BUL) < g8 (B) + nA(L)

Definition 2.2. A sequence <z,,> is aS-statistically convergent to s, written as
stag — liMy, o0 2m = s, if for every € > 0,

) N (- R E ey B 1
(e Tn la—sl 2 e}) = lim “=rr o oy =

Remark 2.3. Take a(m) = 1 and 3(m) = m. Then J%# = [1,m] and

< : — >
0P (e [1,m]: |zm —s| > €}) = lim {E<m:la—s| e}

m—00 m

Thus for a(m) = 1 and 8(m) = m, af-statistical convergence implies statistical conver-
gence. Depending on the choice of a and 3, a8-statistical convergence is a non-trivial extension
of both ordinary and statistical convergence. Here are two examples to show this claim.

Example 1 Consider the sequence < g,,, >, where

1 2.3)

m?2, if m = p? for some p € N
9m = .
-,  otherwise .

So, af-statistical convergence can be viewed as a special case of statistical convergence, where
a(m) = 1 and 5(m) = m. Therefore st,p — lim,, o0 gm = 0.

Example 2 Take a(m) = 2?™~1 5(m) = 2?™ and consider the sequence < h,, >, where

3 2p—1 92p _ _
hm::{o, ifme [22-12% 1] forp=1,2,... o

1, otherwise.

Then, the sequence < h,, > does not converge in statistical sense. Since

{1 e JLP : |hm| > e} - 1
(B(m) —a(m)+1) — (B(m) —a(m)+1)’

we have st,g- lim,, 0 b = 0.
The following lemma is required for rest of the paper.
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Lemma 2.4. Let (o, ) € A and let (b,,) be a sequence with st o3 — lim,,,_, b, = 0; then,
i) Stag — limy,_, o0 Iby, = 0, where 1 is a fixed number,

ii) St — limy, o0 (bn)> = 0.

Theorem 2.5. Let (o, ) € Aand v > 0 and D > 0 be fixed. If

b
ta B 1‘ ﬂ =
Stap— M — 0
then
Stag — lim H’Ci‘é%:u) - h(u)HC[O P

holds for every h € G.

Proof. Using Lemma 2.4 (a), ||\ (1; ) — =

From Lemma 2.4, we have

e

. ¥ . 1Y\ by
St - lim HICnEZI)(t; -) - uHc[o . < stag- lim ([77 1]+ 2> e 0,
and

- 2 — 1]+ 2
o Cln=1]+2)Dby 2= +3) b

clo,p] — m m2

-]

Let > 0 be a fixed number. For a given s > 0, choose ¢ > 0 such that ¢ < s and define the
following sets:

W {l € JoB . H’CZ(qn) (&) - quc[o . > s},

b 5
W {’“m 'z—2<2[nu+z>D}’

It is obvious that V' C W; U W,. Therefore Lemma 2.1 implies that

CHP(W) < ¢ (Wh) + (P (W)

Using st,g — lim,, bm

=0, and Lemma 2.4 , we obtain

¢P(W) =0.
Hence, using [1: Theorem 2], the proof is completed. O

Consider the following function spaces:

D,:={h:R—=DcCR:|h(u)] < Nyo(u)},

¢, :={h € ®, : his continuous over R},

where o(u) denotes the weight function such that o(u) is a continuous function on R with
lim,| oo 0(u) = oo and o(u) > 1 for all u € R and N, is a positive constant that depends
on h. These are Banach spaces under the norm

Il = sup 00l
u€R O'(U)

Now, we will prove the following theorem by using the concept of O. Duman and C. Orhan [6].
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Theorem 2.6. Suppose (o, ) € A and let oy and o, are the weight functions which satisfy

. op(u) _ . . ... .
limyy, o0 m = 0. Assume that Y, is a sequence of linear positive operators acting from Cy,

to B,,. Then for all f € C,,
stag — lim ||Y,,, (hs-) — h||m =0
m <

if and only if
Stap — im [|Yon (Hy5-) — Ho |, =0,

where H,, = m(u =0,1,2).

1+u?
Now, consider the weight functions oy(u) = 1 + u?, 02(u) = 1 + u*>™ for v > 0 and
u € [0,00).

Lemma 2.7. Let (bmﬂ) be a bounded sequence of positive numbers and n > 0 be fixed. Then
there exists a constant M (n) such that

1

o2(u)

o) (o (w)iw) < M ()

m,q
holds for all u € [0, 00) and m € N. Furthermore, for all h € C,,, we have
AVIO] eSO

Proof. By Lemma 1.2, we have

1 *
0’2(’[1,) K:m,nq) (Ul (u);u)
_ 1 K (- 1) (42
1wty [ M»q( ,u) + R (t ,u)}
1 2 Q=1 +2)bn QI —1]+3)b5,
<L <
71+u2+’7 1+U + m u+ m2 7M(’l7)

Now proving the second inequality, we write

1 1 h 17l
M) (R = —— | o) . < N1 gms(n) ) < MBI .
2 (@) ’ICm,q( ,u)’ ) Ko <01 s ,u)‘ < oa(0) Ko (o1(u);u) < M(n)|h|es
Taking supremum over u € [0, c0), we prove the result. O

The last inequality in Lemma 2.7 shows that ICZEZ) 1€, = Dy,
For our operators (1.5), we have the following result based on weighted «-statistical approxi-
mation.

Theorem 2.8. Let («, 3) € A and n > 0 be fixed. If

. b
Stag — lim —— =0
mom

then for each h € Cy,,2[0,00) and v > 0, we have

Stas —1%n“ng7;(h;-) - hH =0.

1+uty

Proof. From Lemma 1.2 (a), we have st,g — lim,,

Kam (1) — 1Hl ~0.
+u?
By Lemma 1.2 (b), we get

1 1\ b
top i 2006 ) — o < sta—tim sup —L (-4 1) P
st —Hm 300 (8) —ul | <sts —lim swp g (= 1)+ 5 ) 5

. 1\ b
_Staﬁ_lgln([n_l]_FZ)m_O
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Finally, by Lemma 1.2 (c), we have

[am@) -

1+u?

- 2[n — 1]+ 1)b2
(w2 1]+2>bm+< =11+ D)ol
ue[o,oo)1+“ m m

= sup

_ 2ln —1 1yp2

S(Z[n 1H2>bm+( 1 ]2'1'3)bm.
m m

Choose € > 0, for a given v > 0 such that ¢ < . For a fixed n > 0, we define the sets:

V= {l e Joh . HIC;(q")(tz; ) - u2HHu2 > t} ,
bl T
Vi=dlegoh A T L
: { " z—zam—u+a}

_ s (0 v
VZ'_{ZEM'(l) Z2<2[n—l]+;)}'

Since V. C V] U V3, so
V) ¢ (V) + ¢ (Va)

bm

Using limit st,s — lim,,, 2= = 0 and Lemma 2.4 , we have

(V) =0.
Therefore, by using Theorem 2.6, the proof is completed. O

Remark 2.9. The a3-statistical convergence is an extension of statistical convergence for o(m) =
1 and 5(m) = m, as mentioned in Remark 2.3. Hence, the results presented here are valid in
statistical sense also.

Remark 2.10. Consider a non-decreasing sequence of positive numbers p,,, tending to co such
that

Pm+1 < pm+ 1, and p; = 1.
Then, by choosing a(m) = m — p,,, + 1 and B(m) = m, itis clear that J&# = [m — p,, + 1,m].
Moreover,
[{l€m—pm+1,m]:|u—L|> e}
Pm '

Pl |y — L) >¢€}) = lim
m—00

That proves that if we take a(m) = m — p,, + 1 and 8(n) — n, oS-statistical convergence brings
down to p-statistical convergence. Therefore, by chosing a(m) = m — p,, + 1 and S(m) = m
all the results obtained here are also valid in p-statistical sense.

Remark 2.11. Let £ = {x} be a lacunary sequence then for «(s) = zs_1 + 1 and 3(s) = =5,
then J&# =[x, + 1,2,]. Butsince (zs_1, 2] "N = [z, + 1,2,] NN, we have

| {z € [zs—1+ 1, ms| t Jug — L| > €|

Pt juy — L > €}) = lim

m—oo h,
— lim |{$€($3_1,$5‘2|u$—[/|2€]‘
- m—oo hr ’

which shows that in case a(s) = zs_; + 1 and 3(s) = z,, af-statistical convergence and
lacunary statistical convergence behave the same. Therefore, on taking «(s) = zs_; + 1 and
B(s) = x5, we find that all the results obtained here are true in lacunary statistical sanse.
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3 Rate of convergence in Lipschitz type spaces

In this section, we determine the rate of convargence of the sequence of operators IC:‘,E?Q) defined
for locally Lipschitz functions. Notice that the space of locally Lipschitz functions is a subspace
of Cy[0, 00), which represents the space of bounded continuous functions on [0, co). The order
of approximation for modified Lipschitz class functions introduced by O. Szasz [25], is also
given.

Theorem 3.1. Ler 0 < § < 1 and K be any bounded subset of the interval [0,00). Then, if
h € Cg[0, 00) which is locally Lip(9), i.e., if the condition

|h(v) = h(u)| < Njv —u|®, y e K andu € [0,00), 3.1

holds, then for each u € [0, 00) and fixed n > 0, we have

ot s w) = )|

a/2
<N (“ 40— 1)om,  In— ”bm2> +2(d(2,9))°,

m m?2

where N is a constant depending on § and h; and d(u, S) is the dtsiance berween x and S defined
as d(u, K) = inf{|jv —u| : v € K}

Proof. Let K represents the closure of the set K in [0, 00). Then, there exists a point uy € K
such that |u — ug| = d(u, K). By applying the triangle inequality, we get

[h(v) = h(u)| < |h(v) = h (uo)l + [A(u) = h (uo)] -
Hence, by using (3.1), we get

a2 (s w) = ()| < K (B() = h(w)] < w)

mN
- melm (%7Q> 7=0

|t—uo|dt+N|u—u06

(1+Dbm

PR
[% 1t — | dt + 2N [u — uo|’
JOm

mN q >

IN

AN
[~]2
pj
LS
<
+ ™
=
A~ N A/~
cr‘g
3|
~ ~ ~_
<
—
5

Applying the Holder’s inequality, with p = %, ¢ = 525 we get

o (s w) = ()| < N {ICo (= wPs)® + 2N fu = o}
Finally, from Lemma 1.2, we get the result. O

Now, consider the following Lipschitz-type space

’U—U(s
Lipy (6) := {h € C[0,00) : |h(v) — h(u)| < N(v+u+|1)5/2;

u,v € [0, oo)} ,

where N > 0 is a constant and 0 < § < 1. Note that the modified version of the space Lip} (4)
was considered earlier by O. Szazs [25].

Next, we will have the following theorem.
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Theorem 3.2. For any h € Lipy(9),d6 € (0,1], and for a fixed n > 0 and for exery u €
[0,00),m € N, we have

o2 (s w) = ()|

N <<1 U U )‘”2

m m?2

Proof. Let § = 1. Then, for h € Lipy (6) and u € 0, 00), we have

o (s ) = h(w)| < KDI(h(w) = () 0)

= QM mu\? [ It — ul
my
b Eln( )z;rqj‘i‘n (b ) lilbm |t +u+ 1]1/2

j=

< - — t — uldt.
(ut+ D)2y mEy (%ﬂ) JZ%F‘I(J"_U) (bm) /[J]f; | |
Applying Cauchy-Schwarz inequality, we get
* N *
K0 hs) = )| < P VIR (¢ =)

Sy 1/2
N (14+4[n—1])b, [n— 1]by,
S(u+ 1172 { m u+ }

SN{(I 4= 1bw [1- 1me2}”2_

m m2

Now, let § € (0, 1). For h € Lipy(4) and u € [0, c0), we have

’IC;EZZ)(h;u) - h(u)‘ < ’ngnq”(h(”) = h(u)l;u)

(g+Dbm

00 ]‘.7‘* J 5
q mu m [t — ul
<N / S L

b Eln( )le“q.wn (b ) Wom [t +u 122

(54D bm

jG—1
2

i(G—=1)
N m mu ]/ s
< It — ulSdt.
(u+1)%/2 Eln( 7q)zl“ ]+n)<b ) b

bm

By taking the values p = % and ¢ = 2%5 and applying the Holder’s inequality, we have

N 5/2
() (Beay) — Y e (4 — 0))2
a0 s ) = )| <Py [l (e = w0
5 9/2
. N (144 = 1])bw . [n = 1]om
“(u+1)9/2 m m?
14 4[n—1))b 16,2)°"°
SN{( 4= 1Don,  [n= 1o }
m m
and, hence, the theorem is established. O
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