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Abstract This paper introduces extreme fuzzy pseudo-UP ideals on pseudo-UP algebras and defines a fuzzy uniform
topological pseudo-UP algebra. We explore its properties, demonstrating how this concept extends existing theories and
leads to new insights into fuzzy topological pseudo-UP algebras.

1 Introduction

The notion of uniform space was first introduced by Weil (1938) in [6] as a tool which in contrast with the metrics was used
for studying topological spaces with no countability assumptions. The concept of a uniform space can be considered either
as axiomatization of some geometric notions, close to but quite independent of the concept of a topological space, or as
convenient tools for an investigation of topological space. The theory of uniform spaces shows striking analogies with the
theory of metric spaces contrast to the realm of its applicability which is much broader. For example, on every topological
group, there are three natural uniformities which are useful in application of topological groups. In 2017, Mehrshad and
Golzarpoor[7] investigated the characteristics of topological and uniform BE-algebras and uniform BE-algebras. In the same
year, lampan [8]presented a new class of algebras called UP-algebras which is an extension of KU-algebras [9] introduced by
Prabpayak and Leerawat in 2009. In 2020, Romano [10] introduced another class of algebras called pseudo-UP algebras as
an extension of UP- algebras. Also, he studied the concepts of pseudo-UP filers and pseudo-UP ideals of pseudo-UP algebras
in[11].

In our daily lives, numerous models and traditional methods are employed to manage uncertainty and imprecision. Various
fields, including medical, social, and physical sciences, rely heavily on these methods and tools to address imprecision and
uncertainty in data recognition. To tackle such situations, different theories and ideas are continually being developed. One
significant contribution is by Zadeh [5], who introduced the concept of fuzzy sets, which is applicable in many contexts. In
2023 Mechderso et al. [1, 2] applied fuzzy concepts to the pseudo-UP ideal and congruence relation of pseudo-UP algebra.
In 2023 Iampan et al [13] applied the concept of L-fuzzy sets (LFSs) to UP (BCC)-algebras and introduced five types of
LFSs in UP (BCC)-algebras: L-fuzzy UP (BCC)-subalgebras, L-fuzzy near UP (BCC)-filters, L-fuzzy UP (BCC)-filters,
L-fuzzy UP (BCC)-ideals, and L-fuzzy strong UP (BCC)-ideals. In 2022 Muhiuddin et al [14] applied the concept of linear
Diophantine fuzzy sets in BCK/BC I-algebras. In this respect, the notions of linear Diophantine fuzzy subalgebras and linear
Diophantine fuzzy (commutative) ideals are introduced and some vital properties are discussed. In 2023 Al-Tahan et al
[15] introduced the notion of linear Diophantine fuzzy n-fold weak subalgebra of a BE-algebra, studied its properties, and
relate it to the concept of n-fold weak subalgebra. Numerous works have been published on this topic in the literature (for
example see [17, 18, 19, 20]). In 2022, Jun et al.[16] have shown that the concept of UP-algebras (see [8]) and the concept of
BCC-algebras.

Motivated by this previous research, we aim to answer the following question: How can we develop a fuzzified version of
the uniform topology for pseudo-UP algebra based on ideal theory? We define the family of extreme fuzzy pseudo-UP ideals
R, on the larger class of pseudo-UP algebra, denoted by X, to construct a fuzzy uniform structure (X, K). The component K
induces a fuzzy uniform topology T in X . We prove that the pair (X, ) forms a fuzzy topological pseudo-UP algebra and
investigate some properties of (X, 7). Finally, we provide characterizations of the fuzzy topological properties of (X, ).

2 Preliminaries

In this section, we review some of the fundamental concepts and definitions that are essential for this paper.
Definition 2.1. [10] A pseudo-UP algebra is an algebra (X, -, x, 0) of type (2, 2, 0) that satisfies the following axioms for any
z,y,z € X:

D (y-2)-((z-y)x(z-2)) =0and (y* 2) x (z xy) - (zx2)) =0,

) zry=0=y-zandrxrxy=0=y*xx =2 =1y,

3) (y-0)xzx=zand (yx0) -z ==,

4 z<y<=zc-y=0andz<y<=zcxy=0.

Lemma 2.2. [10] In a pseudo-UP algebra X the following holds, for each x € X,
1) £-0=0and x*0 =0,

2) 0-x=xzand0xx =z, and
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3) x-x=0andx*x =0.

Definition 2.3. [1] A fuzzy relation ¢ on a set X is termed a fuzzy congruence relation on a pseudo-UP algebra of X if it
meets the following axioms for any z,y, z € X.

D ¢z, x) = w(o, 0),

2) Pla,y) =v~(y,2),

3) Yz, 2) = Supyex{mm{w(w Y), ¥(y, 2)}},

4) Y(x-z,y-2) > Y(x,y) and P(z * 2,y * 2) > P(z,y), and
$) Gz 3,2 y) > bla,y) and Y(z 3,2 % y) > Bz, y).

Definition 2.4. [12] A fuzzy set 1 in a fuzzy topological space (X, 7) is a neighborhood of a point € X if and only if there
ism € 7 such thatn C p and p(x) = n(z) > 0.

Theorem 2.5. [1] A fuzzy equivalence relation v of X is a fuzzy congruence relation pseudo-UP algebra of X if and only if
Y(z - u,y - v) = min{(z,y), Y(u,v)} and Pz * u,y x v) 2 min{y(z,y), Y(u,v)}.

Theorem 2.6. [1] Let 1 be a pseudo-UP ideal of X, and define a fuzzy relation 1, (z,y) = min{u(z - y), p(z * y), p(y -
x), p(y * x)}. This is a fuzzy congruence relation on X.

Theorem 2.7. [2] Let f : X — Y be a homomorphism of a pseudo-UP algebra. If 1 be a fuzzy pseudo-UP ideal of Y. Then
F=Y () is a fuzzy pseudo-UP ideal of X

Theorem 2.8. [2] Let (X,-,%,0) and (Y, -, *,0) be a pseudo-UP algebra. [ : X — Y is surjective and v is a fuzzy
pseudo-UP ideals of X. Then f(v) is a fuzzy pseudo-UP ideals of Y, provided that the sup property holds.

3 Fuzzy Uniform Structure on a Pseudo-UP Algebra

A fuzzy set is simply an element of IX where I = [0, 1] and if € IX then we can think of u(x) as being the "degree to
which z belongs to p. A fuzzy subset p of X is a non-zero if there is x € X such that u(x) # 0. A fuzzy relation is, simply
put, an element of IX XX The notation IX *X represents the set of all fuzzy relations on X x X which are functions from
XxXtol.

In this section, we construct the fuzzy uniform structures by the special family of extreme fuzzy pseudo-UP ideal, and then
induce fuzzy uniform topologies. Moreover, we show that pseudo-UP algebras with fuzzy uniform topologies are fuzzy
topological pseudo-UP algebras, and also some properties are investigated.

Notation: Let X be a non empty pseudo-UP algebra, ) and ¢ be fuzzy relations on X X X. Then we define the following:

. 1x(z)=1andOx(z) =0, forallz € X,

2. YNz, y) = Y(y,x), forall (z,y) € X x X,

3. ll(y) = ¥(z,y), forall (z,y) € X x X,

4 (o @), y) = sup.c x {min{(w, 2), (2, y)}, forall (z,y) € X x X}.

Definition 3.1. A fuzzy pseudo-UP ideal p of a pseudo-UP algebra X is called an extreme fuzzy pseudo-UP ideal of X if
1(0) = 1. The family of an extreme fuzzy pseudo-UP ideals of X is denoted by X.

Interestingly, any fuzzy pseudo-UP ideal of a pseudo-UP algebra can be extended into an extreme fuzzy pseudo-UP ideal
within the pseudo-UP algebra X.

Theorem 3.2. Let ¢ be a fuzzy pseudo-UP ideal of X. Then there exists an extreme fuzzy pseudo-UP ideal p of X such that
¢Cp.

Proof. Let  be a fuzzy pseudo-UP ideal of X and we define an extreme fuzzy pseudo-UP ideal p by

ﬂ(w)_{l, ifz =0

¢(x), otherwise.

Thus, ¢ C u. O

In general, the extension of a fuzzy pseudo-UP ideal into extreme fuzzy pseudo-UP ideal is not unique.

»

Example 3.3. Let X = {0, 1,2, 3} be a set with a binary operation and ” x ” defined by the following Cayley table:

o123 * 01 |2]3
00| 1]2]3 o(o0|1|2]3
11010|3]3 110|10|3]3
2101010 210|1]0]0O0
310113 ]60 310(12(31]0

See [31, (X, -, , 0) is a pseudo-UP algebra. We define a fuzzy set { : X — [0, 1] as follows, (0) = 0.8,¢(1) = 0.6,¢(2) =
0.4,¢(3) = 0.3. Itis easily checked that ¢ is a fuzzy pseudo-UP ideal of X. We define a fuzzy set i : X — [0, 1] as follows,
1(0) = 1,u(l) = 0.6, u(2) = 0.4,(3) = 0.3, and A(0) = 1,A(1) = 0.7, A\(2) = 0.4, A(3) = 0.3. Through standard
calculation, ¢ and A can be expressed as extensions of (, but 1 # .
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Definition 3.4. Suppose that X is an arbitrary family of an extreme fuzzy pseudo-UP ideals of a pseudo-UP algebra X. A
fuzzy relation ¢p € 1% %X then we define the following:

L (e, y) = min{u(z - y), p(z * y), u(y - @), u(y * )}, forall (z,y) € X x X,
2. 9 (y) = Yula,y), fory € X, and ¢ (2) = sup, ¢ x {min{A(y), vuu(e, y)}}, for X € 1%,
3. K* ={y :p e}
4. K={¢ : ¢y C o, for some ), € K*}.
Definition 3.5. A fuzzy uniformity K on a set X is a collection of fuzzy relations on X X X, (i.e each element of K is a
fuzzy relation such that function from X x X — I), which fulfills the following properties:
U,. Forally € K, ¢(z,z) = 1forallz € X,
Uy, € K=9y ! €K,
Us. Forall ¢ € K, there exist a fuzzy relation ¢ € K such that ¢ o ¢ C 1),
Us. Y, € K, thenyyNo € K,
Us. ¢ € Kandy C ¢, then ¢ € K.
Then the pair (X, K) is a fuzzy uniform space.

Theorem 3.6. Let X be family of an extreme fuzzy pseudo-UP ideals of a pseudo-UP algebra X, then K* meets the criteria
(Un) through (Uy).

Proof. Suppose p € N and v is a fuzzy relation.

Uy. Let ¢, € K*. Then ¢y (z, z) = min{u(z - z), p(x * z), u(z - ), p(z * )} = min{u(0), 1(0), u(0), n(0)} = 1.
Thus ¥, (z, x) = 1.
U,. Let, € K*, then we have

P (2,y) = Yuly, ©) = min{p(y-z), wlyxe), p(z-y), wlaxy)} = min{p(z-y), plaxy), p(y-z), plye)} = Yoz, y).

Hence, 1/),:1 € K*.

Us. Let v, € K* and (¢, o ¢, )(x, z), then there exist y € X such that

Yy 0 Yu(z,z) = supyEX{min{zpu(oc7 Y), Yu(y,2)}} < u(z, z), by Theorem 2.6 v, is a fuzzy congruence relation on
X. Thus 1y, 0 ¥ C .

Us. Let p, A € Nand 9y, ¥y € K*. We need to show that ¢, N9y € K*.

(Yu N Yx)(@,y) = min{yu(z, ), ¥a(z,y)}
= min{min{u(z - y), p(z x y), p(y - =), p(y x )}, min{ Az - y), Mz x Y)A(y - ), My x 2) } }
= min{min{u(z - y), p(x x y), N - y), Mz * y)}, min{u(y - =), u(y * ©)A(y - @), A(y * z)}}
=min{(pNA)(z-y), (LN A)(z*y), (LN A) (Y- z), (LN A)(y*z)}}
= w;mA(%y)-
Therefore, 1, N5 = Yuna, then we have i, Ny € K*, since P,nx € K*.
Hence, K™ satisfies the conditions (U, ) through (Uy). [}

Remark 3.7. K* is not a fuzzy uniform structure on X.

[T}

Example 3.8. Let X = {0, a, b, ¢} and two binary operation and ” = ” defined by the following cayley table:

0|a|b]|c x| 0|a|b|c
0| 0|]a|b]|c 0| 0| a|b]|c
a |l 0[0|0]O0 a|l0[0|0]O
b|O0O]|a]|O0]c b|{O|b|O0O]O
c|O0O]al|b|oO c|O|b|b|O

X, which means
= Ab-a) > min{\(b- (c*xa),\(c))}
= Aa) > min{A(b-b), A(c)}
= A(a) > min{\(0), A(c)}
= 0.7 > min{l1,0.9}.

This is inconsistent with the definition of a fuzzy pseudo-UP ideal. Which implies that ¢, ¢ K*. Hence, K* does not
satisfy condition Us from Definition 3.5.

Corollary 3.9. Let X be a pseudo-UP algebra, and define K = {4 : Fop,, € K* such that 1, C 1)}. Then K is a fuzzy
uniform structure on X.
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Proof. From the above Theorm 3.6, we find that K satisfies conditions (U;) through (Uy). It is sufficient to demonstrate that
K satisfies (Us). Let ¢ € Kand ¢ C ¢, then there exist ¢, C ¢ C ¢ implies that ¢, C ¢, which means that ¢ € K.
Hence, the pair (X, K) forms a fuzzy uniform structure on the pseudo-UP algebra X . O

Definition 3.10. Let (X, K) be a fuzzy uniform space. A subfamily of fuzzy relation ® of K is called a base for K if ) € K
there exist 8 € ® such that 5 C 1.

Theorem 3.11. A non-void family of fuzzy relations ® is a base for some fuzzy uniformity on X if and only if the following
conditions holds:

1. ForadlB e ®, B(z,z)=1,Vz € X

2. Forall B € ® implies B~ contanis some elements of ®,

3. Forall 8,B" € ®implies BN B contians some elements of P.
4. Forall B € ® there exist f* € P such that f* o f* C S,

Proof. Let X be a non empty pseudo-UP algebra, and define K = {¢ : 8 C 9, for some 8 € P}, where P is a non-void
family of fuzzy relation. Suppose @ is a base for a fuzzy uniformity K. We need to show that conditions (1) through (4) are
satisfied.

1. Let 8 € @, then 8 € K, since @ is a base for fuzzy uniformity K. Which implies that 3(x, z) = 1, by Definition 3.5
(Uy). Therefore, forall 8 € K, B(z,x) = 1.

2. Let B € @, then 8 € K, since @ is a base for a fuzzy uniformity.

= 38" € ® such that 8'(z,y) < B(x,y), (by the definition of base)

= B (y,2) = B'(z,y) < Bla,y) = B (v, 2)
=B (y,2) < B (y,2)

! —1
=3 CB
=8 ek

Which implies that there exist * € @ such that 8*(y, z) < 6‘_1 (y,z) < B~ (y,z) implies S~ contains some elements
of @ such that 5* C g=1.
3. Let B, B € @, then 8, B € K. Which implies 3 N ' € K, then there exist 3* € @ such that 8*(z,y) <
min{B(z,y), 8 (z,y)} = B* C BN B Therefore, 3 N B* contains some memebers of P.
4. Let 8 € @, then B € K. And there exist 3 € @ such that 8'(z,y) < B(z,y) = B' C B, then 3* € K. Now, by
Definition 3.5(U3), we have 8' o 8* C 3

= B0 B\(z,y) < B(z,y)

= SuszX{min{IB\(z7 2)7 5\(27 y)}} S 5(27, y)
Then there exist 8* € ® such that 8*(z,y) < 8\(z,y) = B* C B
Which implies that f* o f*(z,y) = sup,c x{min{B*(z,2),8"(z,y)}} < sup.cx{min{B‘(z,z2),B'(z,9)}} <
B(z,y) = p* o p* C B.
Hence, for 8 € ® there exist 8* € ® such that 8* o 8* C 8.
Conversely, suppose P is a base for some fuzzy uniformity that satisfies conditions (1) through (4), and define K = {¢ :
B C 1, for some B € ®}. Then we need to show that K is a fuzzy uniformity on X.
U,. Let ¢ € K, then there exist 3 € & such that 8(z,y) < ¥(x,y). From condition (1), we have 1 = S(z,z) <
Y(z,z) = Pz, z) = 1.
U,. Let vy € K, then there exist 8 € ® such that 3(z,y) < ¥(z,y)

=67y, x) = Blz,y) < P(z,y) =¥~ (y,2)

=87 (y,0) < v (y,2)

=B Cyh
From condition (2), there exist 3* € ® such that 8*(y, z) < 8~ (y, z) implies 8* (y,z) < B~ (y,z) < v~ (y,z) =
B Cy~l =y~ € K.

Us. Lety, ¢ € K, then there exist 81, 8, € ® such that B (z,y) < Y(z,y) and By (z,y) < ¢(z,y).

From condition (4), there exist 8 € @ such that

B(@,y) < min{Bi(z,y), B (x,y)}
< min{y(z,y), oz, y)}
= Bz, y) < min{y(z,y), é(z,y)}
=pCyYng
=¢YnNe¢e K.
Us. Let ¢ € K, then there exist 3 € @ such that 3(x,y) < ¢ (z,y). From condition (3), there exist 3' € @ such that
B o B(z,y) = sup,c x {min{B'(x, 2), B'(2,y)}} < B(x,y) < Y(x,y) = B0 B'(z,y) < Y(x,y) = B0 B C ¥,
such that there exist 8' € ® = ' € K. Therefore, ¢ € K, there exist 8' € K such that 8" o ' C 1.

Us. Lety € K and ¢p C ¢. There exist 8 € ®suchthat 3 C ¢ C ¢ = S C ¢ = ¢ € K. By definition of fuzzy
uniformity, K = {+ : 8 C 1, for some 3 € ®} is a fuzzy uniform space on X. O
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Definition 3.12. Let (X, K) be a fuzzy uniform space. A sub family of fuzzy relation & of K is called a subbase for K if all
finite intersection member of & forms a base for a fuzzy uniformity K.

Proposition 3.13. Let X be a non-empty pseudo-UP algebra. Then a non-empty class fuzzy relation S on X X X is a
subbase for some fuzzy uniformity on X if the following conditions hold:

1. Forall S € &,S(z,x) =1, forallz € X
2. Forall S € & = S~! contains some elements of &,
3. Forall S € G, there exist S* € & such that S* o S* C S.

Proof. Let (X, K) be a fuzzy uniform space. Let & be a non-empty class of fuzzy relation on X x X that satisfies conditions
(1)through (3).

Define: ® = inf{S;,S; € &, foreachi=1,2,3,- - -,n}. Now & to be a subbase for fuzzy uniformity, @ must be a base for a
fuzzy uniformity. Now we need to prove that & is a base for a fuzzy uniform space (X, K).

1. Let ¢ € ®. Define ¢(z,y) = inf{S;(z, y), where S; € & and for eachi = 1,2,3, - - -, n}. From condition (1), we have
Si(z, z) = 1 which implies that inf{S;(z,z)} = 1= ¢¥(z,z) = 1. Thus ¢ € ®,Y(z,z) = 1.

2. Let ¢ € ®. Define ¢(z,y) = inf{S;(x,y) where S; € &, for each ¢ = 1,2,3,- - -,n}. From condtion (2), we
have S; € & implies that S;” ! contains some elements of . Then there exist Ai € G such that A; C S;° 1, for each
i=1,2,3, -, n. Itisclear thatinf{\; (z,y)} < inf{S;l(x, y)}. Now we need to show that )~ (z, y) = inf{S;l(az,y)},
for each 7. Now

N a,y) = {Y(y, ) : (z,y) € X x X}
= {inf{S;(y,2)} : (z,y) € X x X, foreachi}

= {inf{S; " (z,9)} : (z,y) € X x X}
= ¢~ (z,y) = inf{S; " (z,y)}.

Let * € ® and let inf{\;(z,y)} = ¥*(z,y) such that p*(z,y) = inf{\;i(z,y)} < inf{S;l(:c,y)} = o~ (z,y).
Which implies that 1p* C »~ 1.

Hence, 1/)_1 contains some elements of ®.

3. Let ¢ € ®. Define ¢(x,y) = inf{S;(x,y),S; € G}, for some ¢, from condition (3), then there exist A; € & such that
Aio; € S;, foreachs = 1,2,3, -+ nimplies that inf{(X; 0 A;)(z, y)} < inf{\;(z,y)}oinf{\;(z,y)} < inf{S;(z,y)},
for some 7. Let ¢p* € @ and let inf{\;(x,y)} = ¥*(x,y). Hence, yp* o ¢p* C ). For all ¢p € P, there exist 1)* such that
W oy C .

4. Let ¢,¢* € ®. Define ¢(z,y) = inf{S;(z,y), foreach ¢ = 1,2,3,- - -,n} and ¥*(x,y) = inf{S;(z,y), for
eachi = 1,2,3,- - -, k}. Now, min{¢(z,y), ¥*(z,y)} = min{inf{S;(x, y)},inf{S;(x,y)}} = inf{S;(x,y), for each
i=1,2,3, -, t}, where t = min{k, n}. Which implies that 1) N1)* contains it self where ) N9)* € ®. Thus by Theorem
3.11 @ is a base for a fuzzy uniform space (X, K). Therefore, S is a subbase for a fuzzy uniform space. O

Theorem 3.14. Let w = {3, : p € R}, then w is a subbase for a fuzzy uniformity.

Proof. w satisfies all conditoins of Proposition 3.13 becuase 1), is a fuzzy equvalance relation and by Theorem 3.6. So it is
easy to show w is a subabse for a fuzzy uniformity. O

Lemma 3.15. Let ¢ and ¢ be fuzzy relations. If ) C ¢, then ¥ C ¢l for z € X.

Proof. Suppose that i, ¢ are fuZZf’ relatlons and P C ¢. We claim that w C ¢l*]. Now, there exist b € X such that
Yl (b) = g(x,b) < ¢z, b) = 1! ). Which implies that 4[* C $[=]. 0

Lemma 3.16. Let 1, A € . If X C p, then 1y C 9y,

Proof. Suppose A C p thatis A(z) < p(z).

Now, ¥ (z,y) = min{A(z - y), My - z), M@z *y), Ny * )} < min{u(z-y), p(y - 2), p(zxy), Wy *x2)} = Pu(z,y).
Hence, ¥ C ¥y. O

Theorem 3.17. Let (X, K) be a fuzzy uniform structure, then T = {G C IX : G(z) = 1, there exist i) € K, Pl C G}tis
a fuzzy topology on a pseudo-UP algebra X.

Proof. Define 7 = {G C IX : G(x) = 1, there exist ¢ € K, [*] C G}. We need to show that 7 is a fuzzy topology on

X. Let (X, K) be a fuzzy uniform stucture, there exist ¢ € K, 1x (z) = 1, forall z € X then ¢[*] C 1x. Thus 1x € 7.
1, ife=y

Suppose 0 € K and we define 0[] (y) =0(z,y) = 0. otherwise.

A fuzzy subset in X is empty iff its membership function is identically zero on X and it is denoted by 0x . And we define

0, ifzeX

I, ifrg X.

Let {G;, ier} C 7. We need to show that U;c 1 G; € 7. By the definition of T, for each G; € 7, there exist ¢); € K such

that wy] C G;. This implies that ’lb?] C U;erG;. Hence, Uje 1G4 € T.

Let G|, G, € 7. By definition there exist 11,1, € K such that wgz] C Gy and wgz] C @Gy, for all z € X. Consider

G = G| N Ga, then G(z) = min{G|(x), G2(x)}. We need to show that there exist 1y € K such that [* C G. Since K

is a fuzzy uniformity, it is closed under finite intersections. Therefore, 1) = ¢ N 1)y. Foreach z € X, y[*] C wgz] N wgz] -
G NGy = G = G € 7. Therefore, 7 is closed under finite intersection. Hence, 7 is a fuzzy topology on X. O

the fuzzy sets Ox (z) = Then which implies that 0@l C 0y forall z ¢ X. Thus, 0x € T.
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Theorem 3.18. Let @ be a base for the fuzzy uniformity K and x € X. Then {(1)[“”] 1 ¢ € P} is a base for the fuzzy topology
T.

Proof. Let (X, K) be a fuzzy uniform space. Let 7 = {G' C IX : G(z) = 1, there exist ¢ € K, [*] C G} be a fuzzy
topology on X . Let ® be a base for fuzzy uniformity K.

Consider Gp = {¢[z] : ¢ € ®}. We need to show that G g is a base for a fuzzy topological space. By Theorem 3.17
G(z) = 1, then there exist ¢» € K such that =] C G. Since @ is a base for fuzzy uniform space, then there exist ¢ € @
such that ¢ C 1). By Lemma 3.15, we have, ¢[*] C o[=] = ¢l#] C [#] C G. Which implies that ¢[*] C G. Forall G € 7,
there exist ¢[*] € G such that /] C G. By Definition 3.10, G 5 is a base for a fuzzy topology 7 on X. O

4 Fuzzy Uniform Topological Properties of the space (X, )
Note that from Theorem 3.17 the family N of extreme fuzzy pseudo-UP ideals of the pseudo-UP algebra X is closed under
intersection. This allows us to induce a fuzzy uniform topology 7 on X. In this section, we explore the fuzzy topological
properties on (X, 7). Let X be a pseudo-UP algebra and suppose wf], 1/;[;“’] are belongs to Ty, then we define
Wi X)) = sup {min{ihu (@, a), Ya(y,b)} and (7« o)) = sup {min{u(z, ), oy, b}
r=a- t=ax

Definition 4.1. A pseudo-UP algebra X equipped with a fuzzy topology 7 is called a fuzzy topological pseudo-UP algebra if
for each an open fuzzy set G neighborhood of x - y, and open fuzzy set H neighborhood of = x y, then there exist two open
fuzzy sets U, V neighborhoods of = and y, respectively such that U - V C G, UV C H.

Definition 4.2. If (X, K) is a fuzzy uniform space, then the fuzzy topology 7 is called fuzzy uniform topology on X induced
by K.

Theorem 4.3. Let (X, ) be a fuzzy uniform topological space. Then By = {1[150] :x € X}isabase for T.

Proof. Let (X, ) be a fuzzy uniform topological space. For ¢ € K, and for all z € X, we get zp;[f | - 1/1[1]. Then
™ = {G C IX : G(z) = 1 3u € N such that dsz] C GY}. Then it is easy show that By is a base for 7. That is, for
all G € Ty, there exist wE”] € By, such that wf] C G. By Definition 3.10, By, is a base for a fuzzy uniform topology on
X. [}

Theorem 4.4. In a pseudo-UP algebra X, let T be a fuzzy uniform topology induced by K. Then (X, Tx) is a fuzzy
topological pseudo-UP algebra.

Proof. Define K = {¢ : ¢, C 1, forsome ¢, € K*}. Forally € K, € R, and for all z € X we get ¢£‘f] C el for
some 9, € K*. Then ¢ = {G C IX : G(x) = 1,3 € R such that ¢£f] C G} be a fuzzy uniform topology on X, and
G and H are fuzzy open set of T such that G(z - y) = 1 and H(x * y) = 1. Which implies that there exist 1) € K such
that [*'¥) C G and [®*¥] C H. Since p is an extreme fuzzy pseudo-UP ideal such that Yy C .
We claim that 1 - 1! € G and 7 » ¥} C H. Now

Wi i) = sup {min{y)?] (@), vt (0)}}

r=a-

= sup {min{yu(z, a), ¥, (y, b)}}

IN

sup {mZTL{’tb($, a)7 w(y7 b)}}? since w;l« g w

r=a-b

sup {¢(x - y,a-b)}, by Theorem 2.5
r=a-b

IN

sup {yl*¥(a-b)}

r=a-b

= sup {¥I"¥(a-b)} < Gla-b).

r=a-b

Thus, i - ! € G.
@« () = supb{min{w[fka), O

t=ax

= sup {min{yu(z,a),Yu(y,b)}}

t=axb

< sup {min{¢,(z *y,axb)}}, since v, C ¢

t=ax*xb

< sup {¢(xz xy,a*b)},by Theorem 2.5
b

t=ax

= sup {¢"(axb)}

t=axb

= sup {Y["*¥(axb)} < H(axb).
t=axb

Thus, %}« plY) C H.
Hence, (X, 7x) is a fuzzy topological pseudo-UP algebra. O
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Theorem 4.5. Let j1, A € N. If X C p, then 7,y C Ty.

Proof. Suppose X = {pu}, K* = {¢p,} and K = {3 : ¢, C ), forsome ¢, € K*}.Let O € 7. Then forallz € X
such that O(z) = 1, there exist 1 € K such that )= C O and so ¢! C 2] C O. By Lemma 3.16 ¢, C v,,. It follows
that 1#[;] - wEE] C O = O €Ty Hence, 7, C 7y. O

Theorem 4.6. Let R be a family of extreme fuzzy pseudo-UP ideals of a pseudo-UP algebra X which is closed under inter-
section. If A\ = N{p : p € R}, then T = T.

Proof. Let K and K* defined as in Definition 3.4. Now consider 8; = {A} and define K1 = {¢ : ¢ C ¢} and
K} = {1} Suppose that O € 7. Then O(x) = 1 there exist a fuzzy relation 1) € K such that ¥l C O. Since yp € K

there exist ;1 € N such that 1#5”] C 9. Since A C p by Lemma 3.16 95 C ;. Hence, ¢[;] - qbl[f] C O, which implies
that O € 7). Therefore, ¢ C 7).

Conversely, let O € 7. Then for all z € X such that O(x) = 1, there exist ¢» € K such that 1] C O. So, w[;] C ylel,
Since N is closed under intersection, then A € X. Then we obtain ¢ € K and O € 7w = 7) C 7x. Hence, 7), = ™x. O

Definition 4.7. Let (X, K) be a fuzzy uniform structure is called fuzzy compact set if every fuzzy open cover has a finite
fuzzy sub cover.

Theorem 4.8. Let 11 be an extreme fuzzy pseudo-UP ideal of X, then p is fuzzy compact in (X, T,,).
Proof. For € K, € X, for all z € X such that TPEE] C =l then we get 7, ={0:O(x) = l,w;[f] C O}. Suppose
that dzﬁc] C U;enO;, where O; is fuzzy open set in 7, for each ¢ € A. Since u(0) = 1 and there exist i € A such that

0;(0) = 1. Then an extreme fuzzy pseudo-UP ideal 1(0) = 1[);[9] (0). Which implies that . = wﬁ)] C O;. Since p is entirely

contained in one of the fuzzy open set O;. Hence, p is a fuzzy compact of (X, 7). O
Theorem 4.9. Let R be a family of extreme fuzzy pseudo-UP ideals of a pseudo-UP algebra X which is closed under inter-
section. If X = N{p : p € R} thenforallx € X, w[f] is fuzzy compact in (X, ).

Proof. Suppose A = N{p : p € N}. Let 1/1[;] C U;ea0;, where O; is a fuzzy open set of 7 and A is any index set. For
z € X such that O;(z) = 1. Then 1/1[;] C O;. Hence, 7,/)[;] is a fuzzy compact in (X, 7). O
Definition 4.10. Let (X, 7 ) be a fuzzy topological space where X is a family of an extreme fuzzy pseudo-UP ideals of X
and p € N. Then for any fuzzy subset A of X, cl(A\)(z) = inf{wB] () 1 € K*}.

Theorem 4.11. Let f : X — Y be a pseudo-UP homomorphism between two pseudo-UP algebras of X and'Y and let pu be
an extreme fuzzy pseudo-UP ideal of Y, then for x|, x)

d)f*](#)(zlu z2) = Yu(f(x1), f(22))-
Proof. Forall z;,z, € X, we have
Vi@, @) = min{ () (@ - 22), £ ()2 - 21), £ (W)@ % @), £ () (@ % 2)}
=min{u(f(@1 - x2)), u(f (@2 - 1)), p(f (@1 * 22)), p(f (22 % 1))}
= min{p(f(21) - f(22)), u(f(22) - f(21)), n(f (1) * f(22)), u(f (w2) * f(21))}

= Yu(f(z1), f(22)).
Hence, ¢ 1,y (1, 22) = Yu(f(21), f(22))- -

Theorem 4.12. Let f : X — Y be a pseudo-UP isomorphism between two pseudo-UP algebras X,Y and let p be an
extreme fuzzy pseudo-UP ideal in Y. Then the following statements hold, forallx € Y andy € Y.

[x] [f ()]
1) f(wf—l(u)) Zwu .
—1(ply — plf W)
2) f (wu )_w‘f—](#) .
Proof. 1) Lety € Y, then there exist z; € X such that f(z;) = y. Now
[z] _ [z] —1
f(wffl(u))(y)f sup ){zpffl(u)(m')?f (y)#@}

z1€f(y

= sup {d’f—l(u)(mvxl)}
z €~ (y)

sup  {min{f~ (W)@ 21), F (W)@ xar), [ ()(@r - ), £ () (@ < 2)}}

zef~y)

sup  {min{u(f(z - z1)), p(f (@ % 21)), u(f (21 - 2)), p(f (21 %)) }}

z€f~(y)

sup  {man{u(f(x) - f(x1)), u(f (@) * f(1)), p(f (@1) - f (@), u(f(@1) > f(2))}}

z€f~1(y)

sup  {min{u(f(z) - y), p(f (@) * y), u(y - f(x)), uly * f(x))}}

zief~(y)
= sup{wf “(y)}
> ¢/ Ply).
)w) > 9 D)

= fwl,

)
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[f(=)] (=]
:>7/Ju g f(d}f—l(u))

2) We need to show that f ! (wEJ]) = w[ff:ll((y)].

)
7' W (@) = w (@)
= wll«(f(x)7y)
= wf—lw)(ffl(f(az), £~ (v))), by Theorem 4.11
=Yr-1(y (T, ')

_ T
=i @)

Therefore, f~! (wl[f ) = w[ffl(y)]. .

()

5 Conclusion remarks

In this work, we introduced the concept of a fuzzy uniform space on pseudo-UP algebras and developed the notion of a
fuzzy uniform topological pseudo-UP algebra. We explored the conditions under which a pseudo-UP algebra, equipped
with a specific fuzzy topology, ensures the topological fuzzy continuity of its binary operations. This work extends the
theory of fuzzy uniform topological pseudo-UP algebras, leading to the derivation of several important properties of fuzzy
topological pseudo-UP algebras. Future research could focus on further generalizations of fuzzy topological pseudo-UP
algebras, exploring additional properties and applications in various fields.
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