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Abstract. The goal of this manuscript is to introduce a new sequence of «-Stancu-Schurer
operators. Further, basic estimates are calculated. In the next section, rapidity of convergence
and order of approximation are studied in terms of first and second order modulus of continuity.
Voronovskaja-type approximation result investigated to approximate the class of functions which
has first and second order continuous derivatives. Moreover, local and global approximation
properties are studied in several functional spaces. Lastly, A-statistical approximation results are
presented.

1 Introduction

In 1962, Schurer [5] presented the following modification of Bernstein operators [1] is denoted
as By, : C[0,1+1] — €0, 1] and defined by:

m+l . m+1 )
Bui(g:) =Y g (‘7> ( : >u’“(1 — )" e [0, 1], (L.1)

m
=0 J

forl e NU{0} and g € C[0,1+1].
In 2017, Chen et al. [6] presented a family of modified Bernstein operators which is called
as o -Bernstein sequence of operator as:

Pono(g:) =Y g (;) Q) (), (1.2)
=0

where o-Bernstein basis Qg?j(u) of degree m is presented by ng())(u) =1-pu, dil)(u) =pu

and
QW (n) = [(mfz)(1—a>u+(m‘2><1—o><1—u>

J Jj—2

+ ( " )cw(l —u)] S BT L

J

with m > 2, p € [0,1]. Further, Cai et al. [9] proved that the o-Bernstein sequences of
operators are linear and positive operators for 0 < o < 1. In [6], several local and global
approximation properties are investgated in various functional spaces. Further, many researchers,
i.e., Mursaleen et al. ([7]-[8], Cetin et al. ([10]-[11]), Kajla et al. [12], Mohiuddine et al. ([13]-
[14], Aral et al. [15], Cai et al. [16], Acar et al.([17]-[18]), Acu et al. [21], Rao et al. ([22]-[24]),
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Khan et al. ([25]. [26]), Ayman-Mursaleen [27] have studied intensively o-Bernstein sequences
of operators and their generalization for better convergence in approximation results. Recently,
Cetin [19] presented a sequence of Schurer sequence of operators presented in (1.2) as:

m-+l .
Lmoi(gin) = g <7i> i (w), (1.3)
j=0

(o)

m,J

where o-Bernstein-Schurer polynomial C,°’ (1) of degree m is presented by CY)’O) (n) =1 —p,

Ci%) (1) = prand

e = (" T (") 000w

J

m+1 i— ntp—i—
; (j )wu—m}xulu—m+p !

where m+1 > 2, u € [0, 1]. Motivated by the above development, we construct o-Stancu-Schurer
operators as:

. 40
D7 (gi ) = Cmfj(u)g(j ) (1.4)

whenever the above sum converges.

Remark 1.1. One can easily note the followings:

1. For [ = 0, the sequences defined by (1.4) reduces to o-Bernstein-Stancu sequences [11].

2. For § = v = 0, the operators presented in (1.4) turns in a-Bernstein Schurer operators
constructed in (1.3).

3. Forl =0, and 6 = v = 0, the operators given in (1.4) reduces to c-Baskakov operators given
by (1.2).

4. Forl =0,0 =~ =0and o = 0, the sequences presented (1.4) reduces to classical Bernstein
operators given by [1].

In the successive parts, we deduce some lemmas which help us to discuss the rate of conver-
gence, order of approximation, pointwise and weighted approximation results with the help of
Krokovin theorem, modulus of smoothness, second order modulus of smoothness, Peetre‘s K-
functional. Further, pointwise and weighted approximation properties are discussed in various
spaces of functions. In the last section, we present A-Statistical results of approximation.

2 Preliminary Results

Let e;(t) = t', 7i(t) = (t — p)i, i € {0,1,2,4} be the test functions and central moments
respectively. Then, we recall the following Lemma from [11] as:
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Lemma 2.1. For the operators given by (1.3), we have

E'rrz,a,l(eO;M) = 1,
E'm,a,l(el;,u) = < >
Lonoilep) = < > [mﬂtnzz(l*")] (1-p),
Lonoilessp) = { [(m—+1)?=3m+1)*+23B0-2)(m+1)+12(1 —0)] 4*
+ 3[(7”"‘1) +(1720)(m—|—1)+6(071)],u2
+ [m+1+6(1 —0)]pu},
Lmoileaip) = {%[(m+l)476(m+l)3+(12w1>(m+l)2+6(97100)(m+z)

7201 — o)t + 6[(m +1P3 = (1420)(m+ )2+ 280 — 7)(m +1)

+ 24(1 =)+ [7(m + ) + (29 - 360)(m + 1) — 86(1 — 0)]
+ [m+1+14(1—-0)]pu}.

Lemma 2.2. For the operators given by (1.4), we have

DY leoip) = 1,
5,y o m+l (5
Dmal(elsﬂ) - <m+7> m+'Y
m+1 m+1+2(1 —-0c 26(m +1
At = (22 0 (- 2

(m+7)

d, .
Dm’:/a,l(e% ,U,) =

- 7(351;7();‘2 }M4 i (mirv> '

Proof. Lemma 2.2 can be prove with the aid of Lemma 2.1 as:

{ [(m+0D* —6(m+1)>+ (120 — 1)(m +1)*> 4+ 6(9 — 100)(m +1)]
(m +)*

m+l

DI eoin) = . CY ()
=0
- 1
m-+l .
o +0
Dloalersn) = DCTL (07
§=0
= = %C(”)l(u) El +L7§lc‘”><(u)
m+’y - m,J m m+,y - m,j
7=0 7=0
m
= ﬁmg 5 +7£m0 5
e aenp) e NEHD!
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5 m+l () ]+5 2
D'n;j/ﬂ,l<62;u) = Zcr:,j(lj’) <>

=0 m+y
m? 2méd
= 7£m o 5 75777, o ;
(m T 7)2 s ,l(ez /1,) + (m T 7)2 , ’1(61 /1,)
62
75771 o 5
+ (m+~)2""™ 1(eos 1)
m+1\" 5,  [m+1+2(1-0)
= 1—
<m+7> S i e
26(m +1) 52
m+72 " )7
In this direction, Lemma (2.2) can be proved easily. O

Lemma 2.3. Let 7} (1) = (t — p)* be the central moments. Then, we get

D) = 1
L e PRt
DAt = (A1) e {20l 2
52
(m+7)*’
s 4 1 ?
D 0in) = o)
Proof. In the light of Lemma 2.2 and property of linearity, we have
DLl ®:m) = DLl (6 w) = D}, (150),
Dyl (T (8im) = Dyl () = 2uD)), (6 ) + WD), (150),
Dyl (i) = DT, (%) — 4uD), () + 667Dy, (3 1)
- 4ﬂ3Dfrﬁa,z(t3 ) + :u‘4Dfrﬁa,l(1; 1),
which completes the desired proof. O

Now, we check the convergence of the sequence of operators introduced in (1.4) in terms of
Korovkin theorem as:

Theorem 2.4. Let Diﬁa,l (.;.) be the operators given by (1.4). Then, D°7 _(g: 1) = g on [0,1+]

m,o,l

where = denotes uniform convergence and g € C[0,1+1] { g: ﬂ’; ) converges for | — oo}.

Proof. We prove the convergence of these sequences in terms of Korovkin’s theorem, i.e., it is
quite enough to prove that

D2 (esip) — e;(p) withi = 0,1,2.

m,o,l

With the aid of Lemma 2.2, it is obvious that Diﬁfg’l(ei;u) — ei(n) as n — oo,
i = 0, 1,2 which complete the proof of Theorem 2.4. O
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3 Order of Convergence

Theorem 3.1. Ler g € C[0,1 4 {] and w(.;.) presents the modulus of smoothness. Then

D (gip) — g(u)’ < {1 +1/ Ff;ﬂ(u)} w (95 0m,~) »

where 0, , = (m +~)~* and

(m =12+ [m+1+2(1 — o) w1 — p) +26(1 — v)p + 62
(m+7) '

o () =

Proof. For g € C[0,1+1], p € [0,1 4] and in terms of monotonicity and linearity property of
the sequence of operators given by (1.4), we can easily find

‘Df&,l(g;u) - g(u)‘ < {1 + 0, D (TE 1) } w (95 0m.6)

(m=022+[m+1+2(1 — o) pu(l — p) +26(1 — v)p + 62 ‘
<{1+\/ m+7) }W(g’emﬁ)7

[N

where 6,, , > 0 and which obtained by using Lemma 2.2 and choosing 6,,, , = (m + )~ 2.
Thus, we complete the desired result. O

Now, we give the order of convergence for the sequence of operators given by (1.4) in
terms of modulus of smoothness of functions which has first order continuous derivatives , i.e.,

w (f/’ am,'y) = wi (fa 97n,'y)‘

Theorem 3.2. Let the sequence of operators be given by (1.4) and 0 < 6 < . Then, one has

Di’ﬁ,a,z(g;u)—g(u)’ < wi ((m+9)7) D (7 (1) m)

(),

Proof. For any a < up, pp < b, we know that

g(m) =g () = (1 —p2)g'€)
(1 —p2) g () + (w1 — p2) [¢'(€) — ' ()], (3.1

where £ € (u1, p2). Further, we have

(1 = 12) [9' (&) = 9" ()]l < o1 — 2l X+ Dwi (@), A= X1, p2:0m4) . (3.2)

Next, we obtain

m—+ -y

DY (gim) — g(u)‘ = i Ci7 (1) {g (M) - g(u)} : (3.3)
5=0
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In view of (3.1), (3.2) and (3.3), we obtain

D (g3 ) — g(u)‘ < i@%(u) (M - u) 9 (1)

J=0 m+y
~|Jt0 (@)
1
+ wi (am,'y)jz_; m+ ’()\+ )Cm,](:“)
o~ |J+0 ‘ (@)
< w; (0, — .
= 1 ( ,’y){jzo m+ J(U)
j+é j+90 (o)
+ > —M‘ (ul, ;9> % (1)
Siim+y +7 J
| +0 ‘ (@)
S w 97” m,J
0 {2[755 -l
—1 _ o
w0 (252 ) e}

< O 5L (F0i0) {14 000 DE, (00}
Choosing 0, , = (m +~)~!, we get

Dfﬂal(g;u)—g(u)’ < wi ((m4+y)7") DI (72 (1) 1)

{1+ oo o)

Hence, Theorem 3.2 is proved. 0

4 Direct Results

Now, we recall the definition of given by Modulus of smoothness [20] as:

2
woa(g) = sup w91 H
W( ) 0<gr<0 o(n) (1)
= sup sup g (n—g 0 (1) = 29(w) + 9 (u+ g" ™ (w)]|,
0<g<0  ptg*prel0,141]
4.1
with * () = p(1 + 1) and
K(pkm,'v (g’ 92) = H;]lf (Hg - f”C[O,H-l + 92 H(‘Oz)\g//HC[O,IJrl)) ) g7gl € AOlOCa (42)
where K. (h,6?) denotes Peetre’s K-functional.
Here, we recall the relation between K-functional and the modulus of continuity
C™' K (h,0%) < win(h,0) < CKox (h,67). 4.3)

Theorem 4.1. For 0 < 0 < v, we have

Dm pa(hsp) = h(,u)’ < CwiA (h, (m + 7)*%gp(u)1*)‘> for the large value of m.
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Proof. In the light of (4.1), (4.2) and (4.3) also by choosing h* we have pand A + 1

m = My, A0
such that
b= ey < Awia (i6mbe(n) =), (44
m (1) G g < Bt (s () ) 4.5)
Next

IN

DY (i) =h(w)| < DR, (= hii) = (h = h3) ()|
+ [ D3 (i) = B ()|

210 = Billepo, e + Pl (i ) = B )|

IN

From (4.4), we get

(D5, (s ) = h(p)| < 24020 (107 3ip(0)' ) + DB, (s ) — ().

Now, we apply Taylor’s formula

D3 (i (8) = i 123 1)

IN

B () D3 (¢ = )i )|

o R u)‘

¢ s (3 [ o)

- 1 m + 1 ?
< [l wwm{<m+vl)“2
Lm0 o ) | 200y

(m +7)? (m +7)?

52

* o)
*1/ (1—0—/1)(7%—}—7)71 (1_7)2 H

< le* b |‘01+l] o (1) [(m+7)1+u
n [m+14+2(1-0)]1—pn 26(l—7v) 1

(m+7) L+p (m+7) (1+p)

N 5 1 ]
(m +7) p(1+ p)

<l hi oae® > () (m+ ) ™! [((f{fi) ﬁ
N [m+14+2(1—-0)]1—p  26(1—7v) 1

(m+7) L+p (m+y) (1+p)

N 2 1 ]
(m—+) p(1+p) |

From (4.3), we have
Y * * . 7% — (l - 7)2 H
DI 05,0~ i) < B (o m )4 o [ 2t
m+14+2(1—-0)]1—p  26(l—7v) 1
(m+7) Ltp (m+7) (1+p)

52 1 }
(m+y)p(l+p) ]
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Using (4.2) and (4.3), we get

Mu;(m0n+ﬂ‘ﬂwum‘{l+g;:;liu

m+1+2(1—0)]1—p  25(l—7) 1
(m+7y)  14+p (m+7) (I+p)

5 1 ]
(m+) p(1+p) ]’

where M = max(2A, B). For large value of m

IN

DY (W (8) = B (1) 1)

[P (B = Hin )] < M (s +0)7H) 1)

o
Theorem 4.2. For 0 < § <y and h € C?[0, 1 + 1], one has
i D37 () = b b = [0 =+ 0 G) + D,
Proof. For pi,t € [0,1],h € C?[0,1 + [] and in terms of Taylor’s Theorem, we get
(O = W) + (= (0 + S0 ) + e, - 0
where 7(t, 1) presents the continuous function which belongs to C[0, 14-1] with lim,_, ,, (¢, ) =
0. Operating Cy, ; both the sides and summing over j, one get
Dy (b)) = WDy, (1)
+ ()DL, (= ) + h”éu) Dy, (8= 1) 1)
+ DY Ot ) (= p)s ).
From Lemma (2.2), we get
Tim m (D5 ()~ b)) = (0=t oGy + 2
+ lim mD)Y (n(ts ) (8= 1)) - (4.6)
To obtain last term, we use Lemma (2.3) and Holder’s inequality as:
mDYY (n(ts ) (t— p)*ip) <mPD0T L ((E—p)*sp) DY (n(tp)*im) -
Let ¢(t; ) = n*(t; ). Then, lim;_, , ¢(t; 1) = 0. Therefore,
lim mDy (n(t p)(t = )5 p) =0
In the light of (4.6), we reach the required result. O

5 Uniform Approximation Results

From [29], Let 1 + p?, 0 < 11 < oo, denotes the weight function and By, ,2[0,1 + 1] = {g(u) :
lg(n)| < Ng(1 + 1), Ny is real fixed value depending on g}, Cy,2(0, 1+ 1] C By,2[0,1 +1],

equipped with the norm ||g||;;,2. = sup % and
peo sy
Cﬁ#z 0,1+1] = {g € Cy20,141] Mli_}rgo 19_822 = K, where k is aconstant}.
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Theorem 5.1. Let ny;707l(.; .) be the operators given by (1.4) and ny;707l(.; BIE C’ﬁmz [0,00) —

By.,2(0,00). Then, we have

. 6’ .
n"}gnoo HD g (h’ N“) - hHH—;LZ = Oa

m,o,l

where h € Cf, ,[0,00).

Proof. It is enough to prove this result

lim D27 (esin) — w1, =0, i =0,1,2.

m—o0 m,o,l

Using Lemma 2.2, we get

D&’Y (1 ) o 1‘
s, Do (1 1
1D, (eos ) — 012 = sup —2

=0fori=0.
ne0,00) I+ ,LL2

Fori = 1, we have

(m+l _ 1) o
w+
m+y m4y
||Z:gﬁa (er; ) =p'li4p2= sup
! ! 1€(0,00) Lt p?

m+1 L
= —1) sup ] 5
m+y pelo,o0) L4 1

+ sup —,
M+ Lefo,00) | T 1
which implies that || D7, (e1; 1) — 1! [|14,2 — 0 an'm — oc.
Finally, for ¢ = 2, one yield the following

3,y 2

|D7):L,O',l (62; M) —H

4, X -
I1Dr o (e2s 1) = :“2||1+,L2 = sup

1E[0,00) 1+M2
m+l)2 s {[m+l+2(1—0)]
= su wo+ 1—pu
[LE[O,I())O) (m +7 (m + 7)2 ( )
25(m+l)} 52
2 [T

< () - () ) e
+(([m+l+2(l—a)])+26(m+l)>ﬂe[ i

sup
(m +7)? (m +7)? 0,00) 1+ 12

62
+ sup ,
(m+7)% ueo,00) 1+ 12

which implies that ||D‘$’7 (e2; 1) — 12|14 w2 — 0asm — oo and this completes the proof of this

m,o,l
Theorem. O

6 A-statistical approximation

Gadjiev et al. [30] discussed statistical approximation theorems. Here some notation from [30].
Let A = (an) denotes the non-negative infinite summability matrix. Let a given sequence
u = (ug), the A-transform of p holds by Ay : ((Ap).m) as:

(A/’L)m = Z Amk Lk,
k=1
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gave the series converges for every m. A is termed to be regular if lim(Au),,, = L where
limy = L. Then p = (py,) is called to be a A-statistically convergent to L i.e. st4 — lim = L
if for every € > 0, limy, >0y 115 @mi = 0.

We prove the following theorem.

Theorem 6.1. For A = (a,1) a non-negative regular suitability matrix, we have
sta —Hm||D%7 (hsp) — hl|yy,e =0, forall h € CF, .[0,00).

m,o,l 1+pu2

Proof. From ([31], p. 191, Th. 3), it is adequate to prove that for A\; = 0,

m,o,l

sta —Hm||D27 (e p) — eill iy = 0, fori € {0,1,2}.

From Lemma 2.2, we have

1 m + 1 )

D2 (ersp) — » = su + _
D5 nateri) ilie = sup s (B s o
l
(m+ )—1 sup o 5

m+ pelo.oo) L1
+’ 0 sup ——
m+ 7| uefo,o0) 1+ H2

o (553) |+
2| \m+y m—+ -y

.1 m—+1 . )
stA—llanrlz‘(m_i_ry)—1’—stA—1172n‘m+7‘—0. 6.1)

Now, for a given € > 0, we define the following sets

Then, we get

Jii= {m: D57, (ers i) = pll > 6}7
1 m—+1
= i —1| >
” {m 2’<m+7> ‘ }
1) €
L= : > — 5.
& {m ‘m—o—v‘_Z}

This implies that J; C J, U J3, which shows that Zk]eJl gy < Zk]er Amk + ZkleJ; Al
Hence, from (6.1) we get '

ST e

sta —lim||D;7,  (e13p1) = pill 142 = 0.

m,o,l
Similarly, we can show that

sta —lim || D)7, ((e2s 1) = 2[4, = 0.

m,o,l

Hence Theorem 6.1 is proved. O
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