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1 Introduction

Vaisman introduced locally conformal Kéhler (IcK) manifolds as a generalisation of Kdhler man-
ifolds [33, 34, 35, 36, 21, 37, 38]. An IcK manifold is a Hermitian manifold that can be written
as the union of K#hler manifolds such that the 1cK metric is locally conformal to these Kihler
metrics. LcK manifolds are characterised by the existence of a globally defined closed 1-form
w, called the Lee form, such that the fundamental 2-form of the 1cK metric satisfies dQ = Q A w.
The Lee form and its associated Lee Vector field play an important part in the geometry of IcK
manifolds.

From an extrinsic geometric standpoint, holomorphic and totally real submanifolds are im-
portant objects of study in the setting of almost Hermitian manifolds. Bejancu [5, 6] defined
CR submanifolds as a generalisation of holomorphic and totally real submanifolds which were
further studied by Chen [11, 12]. Later, Chen [13, 14] extended the class of holomorphic and to-
tally real submanifolds by introducing the notion of slant submanifolds. The concept was further
generalised to pointwise slant submanifolds [20] by the same author. The study of CR submani-
folds and slant submanifolds was later generalised by several authors to semi-slant submanifolds,
hemi-slant submanifolds(also called pseudo-slant submanifolds) and bi-slant submanifolds, in
various ambient manifolds.

Semi-slant submanifolds in almost Hermitian manifolds were studied by Papaghiuc [28].
Cabrerizo et al. [9, 10] studied semi-slant submanifolds in Sasakian manifolds. Slant and semi-
slant submanifolds in almost product Riemannian manifolds were studied in [2, 24, 29]. Hemi-
slant submanifolds were also studied in nearly Kenmotsu manifolds [4], LCS-manifolds [3] and
locally product Riemannian manifolds [31].

Bishop and O’Neill [7] while studying examples of manifolds with negative sectional cur-
vature, defined warped product manifolds by homothetically warping the product metric on a
product manifold. Warped products are a natural generalisation of Riemannian products and they
have found extensive applications in relativity. Most notably the Schwarzschild metric describ-
ing the gravitational field outside a spherical mass under certain assumptions and the Robertsen
Walker metric (FLRW metric) are examples of warped product metrics. A natural example of
warped product manifolds are surfaces of revolution. Hiepko [22] gave a characterisation for a
Riemannian manifold to be the warped product of its submanifolds, generalising the deRham de-
composition theorem for product manifolds. Later on Nolker [27] and Chen [15, 16, 19] initiated
the study of extrinsic geometry of warped product manifolds.

Chen [17, 18] initiated the study of CR submanifolds immersed as warped products in Kéhler
manifolds. He proved that given any holomorphic submanifold Mt and totally real submanifold
M of a Kihler manifold, every warped product of the form M7 x M, in a Kéhler manifold
satisfies the inequality

[1][* > 2n2||grad(In A)|[* (1.1)

where ) is the warping function, n, is the dimension of M, ||h||? is the squared norm of the
second fundamental form and grad(In \) is the gradient of In A\. Bonanzinga and Matsumoto
[8, 26, 25] continued the study in the setting of 1cK manifolds. Nargis Jamal et al. [23] studied
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generic warped products in IcK manifolds. Further studies of semi-slant and hemi-slant subman-
ifolds of 1cK manifolds were carried out in [1, 30, 32]. Generic submanifolds, CR-submanifolds
and pointwise semi-slant submanifolds immersed as warped products in IcK manifolds were
studied by [23, 1].

We continue the study by considering pointwise bi-slant submanifolds in an IcK manifold.
In particular we give characterisation theorems and establish Chen’s inequality for the squared
norm of the second fundamental form of pointwise bi-slant submanifolds immersed as warped
products in an IcK manifold.

2 Preliminaries

Definition 2.1. A Hermitian Manifold (]\7 2n ], g) is said to be a locally conformal Kiihler (1cK)

manifold if there exists an open cover {U; };¢r of M?" and a family {f;}icr of C* functions
fi : U; — R such that for each i € I, the metric

g =eTiglu, 2.1)

on U; is a Kidhler metric.

Given an IcK manifold (M n J,9), let U,V denote smooth sections of TM 2n_then the local
1-forms df; glue up to a globally defined closed 1-form w, called the Lee form, and it satisfies
the following equation

dQ=QANw 2.2)

where Q(U, V) = g(JU, V) is the fundamental 2-form associated to (.J, g).

Denote by B the vector field equivalent to w with respect to g, i.e. w(U) = ¢g(B,U). B is
called the Lee vector field.

Let V denote the Levi-Civita connection of (M 27 g) and V. denote the Levi-Civita connec-
tion of the local metrics g; for all ¢ € I. Then \2 glue up to a globally defined torsion-free linear
connection V on M2" given by

VoV =VyV — % {w(U)V +w(V)U — ¢(U,V)B} (2.3)

where U,V € TM?" and satisfying B
Vg=w®g 2.4)
V is called the Weyl connection of the 1cK manifold (M nJ.g). As g; are Kihler metrics, the

almost complex structure J is parallel with respect to the Weyl connection, i.e. VJ = 0. This
gives

— — 1
VylJV =JVyV + 5 {O(V)U — w(V)JU — g(U,V)A+ Q(U,V)B} 2.5
Now as w is a closed form on M- 2n we have
(Vyw)V = (Vyw)U (2.6)

Let M™ be a Riemannian manifold isometrically immersed in an IcK manifold (M n J g). Let
U, V, W denote smooth sections of 7M™ and &, 7 denote smooth sections of T~ M ™.

The Gauss and Weingarten formulae with respect to the Riemannian connection of M>" are
given as

VoV =VyV +h(U,V) 2.7
V€ =AU + Ve (2.8)

where h is the second fundamental form, 2l is the shape operator and V, V- are respectively the
induced connections in the tangent bundle and the normal bundle of M ™ with respect to V.

Let H denote the trace of h, then H is called the mean curvature vector of M"" in (1\7 n J.9)
and is a smooth section of T- M™. We say M™ is a totally umbilic submanifold of (M2",.J, g), if
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hU, V) =g(U,V)H. We say M™ is a totally geodesic submanifold of (MQ", J,9),if h(U, V) =
0.
Let BT, BN denote the tangential and normal components of the Lee vector field B. Define

JU =PU+ FU JE=tE+ f¢ 2.9)
where PU, t€ and FU, f¢ are respectively the tangential and normal parts. Then, we have

P24 tF =—1 fP+Ft=—1I

(2.10)
FP+ fF=0 tf+Pt=0

Bishop and O’Neill [7] defined warped product as
Definition 2.2. Let (M", g;) and (M, g») be Riemmanian manifolds and let
m:Ml><M2—>M1and7r2:M1><M2—>M2

be the canonical projections. Let A : M; — (0,00) be a smooth function. Then the warped
product manifold (M, g) = M} x M, is defined as the manifold M; x M, equipped with the
Riemannian metric

g=mig + N3 (2.11)

Warped product manifolds are a generalization of the usual product of two Riemannian mani-
folds. In fact we have the following characterisation theorem

Theorem 2.3 ([22]). Let (M™, g) be a connected Riemannian manifold equipped with orthogo-
nal, complementary, involutive distributions D) and D,. Further let the leaves of D; be totally
geodesic and the leaves of D, be extrinsic spheres in M™, where by extrinsic spheres we mean to-
tally umbilic submanifolds such that the mean curvature vector is parallel in the normal bundle.
Then (M™, g) is locally a warped product (M, g) = My x \M,, where My and M, respectively
denote the leaves of Dy and Dy and X : My — (0, 00) is a smooth function such that grad(In \)
is the mean curvature vector of M, in M.

Further, if (M™,g) is simply connected and complete, then (M™, g) is globally a warped
product.

For (M{", g1), (M,?, g2) and (M, g) denote respectively the Levi-Civita connections by V!, V2
and V. Given any smooth function A : M7 — R, let grad()\) denote the lift of the gradient vector
field of A to (M, g).

Theorem 2.4 ([22]). Given a warped product manifold (M, g) = My X M, of Riemmanian
manifolds (M]"", g1) and (M, g»), we have for all X,Y € L(M;) and Z,W € L(M>),

VxY =ViY (2.12)

VxZ=VzX =X(In\Z (2.13)

VW = VLW — g(Z,W)grad(In \) (2.14)
It follows from Lemma 2.4 that H = —grad(In \) is the mean curvature vector of M, in M.

3 Pointwise Bi-Slant Submanifolds of IcK manifolds

Let M™ be a Riemannian manifold isometrically immersed in an 1cK manifold (M n J.g).
M™ is said to be a pointwise bi-slant submanifold if it admits two orthogonal complementary
distributions D% and D%, such that D and D% are pointwise slant with slant functions 6y, 6, :
M — (0,%) and 6; # 6,, i.e. P>X = —cos® 6, X, for every smooth vector field X € D’ and
P27 = —cos? 0, Z, for every smooth vector field Z € D%,

The tangent bundle and the normal bundle of a pointwise bi-slant submanifold admits an

orthogonal decomposition as

TM™ = D% ¢ D T+M™ = FD% & FD% 4+ 1 3.1
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where 4 is the orthogonal complementary distribution of FD?% @ FD% in T-M™ and is an

invariant subbundle of 7M™ with respect to J. It is easy to observe that fori = 1,2,
pD% =Y t(FD%) = DY t(n) = {0} 52
J(FD") = FD" Flu) = 1

Let M™ be a pointwise bi-slant manifold isometrically immersed in an IcK manifold (]Tj n J,g)
such that the distributions D%, D% are both involutive. Let }/, 921"‘ and M, 32”2 respectively denote
the leaves of D and D%, where 2n; = dimg D% and 2n, = dimg D%. We say M™ is a

« mixed totally geodesic pointwise bi-slant submanifold if h(D% , D%) = {0}.
« pointwise bi-slant product submanifold if M™ can be expressed locally as My, x Mo,.

* pointwise bi-slant warped product submanifold if M™ can be expressed locally as the
warped product My, x My, for some smooth function A : My, — (0, c0).

Let X,Y be smooth vector fields in DY and Z, W be smooth vector fields in D%. Then we have,

Theorem 3.1. Let M™ be a pointwise bi-slant submanifold of an IcK manifold M2,

o the slant distribution D% is involutive if and only if
9AppxZ —ApxPZ)Y) — gRppyZ —Apy PZ, X)

3.3)
= g(VxFY,FZ) — g(VyFX,FZ)

o the leaves of the slant distribution D' are totally geodesic in M™ if and only if

w(D”) = {0} and g(ArpxZ — Apx PZ,Y) + g(VHFX,FZ) =0 (3.4)

o the leaves of the slant distribution D% are totally umbilic in M™ if and only if

9(AppxZ —ApxPZ,Y) + g(Vy FX,FZ)
—sin? 6, 2w(z Z)) g(X,Y G-
= 1\ zw(2) +9(H,2) ) (X, Y)

for some smooth vector field H € D%.

Proof. From (2.5) and (2.10), we have
9(VxY,Z) = g(VxPY + VxFY — %g(X, Y)JB — %g(PX, Y)B,JZ)
= —g(JVxPY,Z) - gpyX,PZ) + g(VxFY,FZ)
~ 39(X.Y)g(B, 2) - 39(PX.Y)g(B,2)
=—g(VxJPY,Z) + %g(PX, PY)g(B,Z) — g(&ry X, PZ)
— 59(X,Y)9(B, Z) + g(Vx FY, FZ)
=cos’019(VxY, Z) + g(™Arpy X, Z) + % sin® 0,9(X,Y)g(B, Z)

~g(ApyX,PZ) + g(VxFY,FZ)

i.e. we have
. 1
Sll’l2 0, <g(VXY, Z) + 2g(X,Y)g(B,Z)> = g(mppyZ — QlePZ,X) +g(V§FY, FZ)

Hence, the result follows. O
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Similarly, we have

Theorem 3.2. Let M™ be a pointwise bi-slant submanifold of an IcK manifold M?". Then

« the slant distribution D% is involutive if and only if
g(mpsz — lesz, W) — g(QleWx — QIFWpX, Z)

(3.6)
= g(VzFW,FX) - g(Viy FZ,FX)

« the leaves of the slant distribution D% are totally geodesic in M™ if and only if

w(D%) = {0} and g(Arpz X — UpzPX, W) + g(Viy FZ,FX) =0 (3.7

« the leaves of the slant distribution D% are totally umbilic in M™ if and only if

9 ArpzX —ApzPX, W)+ g(Viy FZ,FX)

3.8
= sin’ 6, (;w(X) + g(H,X)> 9(Z,W) 8

for some smooth vector field H € D

Notations: Let D% and D% be the slant distributions on a pointwise bi-slant submanifold M™ of
an IcK manifold M2" such that both distributions are involutive and let My, and My, respectively
denote the leaves of the distributions D% and D respectively. Then D% (p, q) = T, 4)(Ma, x
{q}) and D% (p,q) = T(,4({p} x My,). Let L(Mp,) and L(Ms,) respectively denote the set
of lifts of vector fields from My, and My, to M. Then X € L(My,) if and only if Xipy= o,
is constant for every p € Mp,. Similarly, Z € L£(My,) if and only if Z| Mo, x{q} 18 constant for
every ¢ € My,. Also, if mg, : My, X My, — My, and 7y, : My, x My, — My, are the canonical
projections, we have dmg, (L(My,)) = TMy, and drg,(L(Mp,)) = TMy,. It is clear that a
general vector field in DY (respectively D%) need not be in £(Mp,) (respectively £(Mo,)).

From here on we use X,Y to denote smooth vector fields in £(Mp,) and Z, W to denote
smooth vector fields in £(Mjy,)

4 Some Lemmas

We give the following lemmas which will be used to prove our main results.

Lemma 4.1. Given a pointwise bi-slant warped product submanifold M = My, x \Mpy, in an
IcK manifold (M>", J, g), we have for all X,Y € L(My,) and Z,W € L(M,,),

g(W(X,2),FY) = g(h(Y,Z),FX) 4.1)
g(WMX,Z),FW) = g(h(X,W),FZ) 4.2)
g(WX,Y),FZ) = g(h(X,Z),FY) — %g(X,Y)g(B, FZ) 4.3)
g(WMZ,W),FX) = g(h(X,Z),FW) — %g(Z, W)g(B, FX) (4.4)
X(n\) = %g(B,X) 4.5)
g(B,Z)=0 (4.6)

Proof. Forall X,Y € L(Mp,) and Z,W € L(My,), we have using (2.5) and (2.13),
g(h(X.2),FW) = ¢(Vx Z,JW — PW)
=—g(JVxZ,W)—g(VxZ, PW)
= —g9(VxJZ,W)—X(In\)g(Z, PW)
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=—g(VxPZ,W)—g(VxFZ,W) - X(In\)g(Z, PW)
= —X(n\)g(PZ,W) + g(&rzX, W) — X(In\)g(Z, PW)
=g(h(X,W),FZ)

which gives (4.2). Repeating the above calculation, we have

= ~g(V2TX,W) = 39(TB, X)g(Z, W) ~ 39(B, X)g(JZ,W)

2
— X(In\)g(Z, PW)

_ — 1
= —9(VzPX, W) = g(V2FX, W) = 59(JB, X)g(Z, W)

— 20(B. X)g(JZ,W) ~ X (InX)g(Z, PW)

— _PX(In\g(Z, W) + g(Apx Z, W) + %g(B, IX)g(Z, W)

~ 29(B. X)g(PZ, W) — X(nN)g(Z, PW)

Using (4.2) and comparing symmetric and skew symmetric terms in Z and W we have,
1
X(In) = 39(B, X)
which gives (4.5) and
1
9(h(X, 2), FW) = g(h(Z, W), FX) = PX(In \)g(Z, W) + 59(B, PX + FX)g(Z. W)

which on substituting from (4.5) gives (4.4). Similarly,

g(h(X,Z),FY) = g(VX,JY — PY)
= —g(JVzX,Y) - g(VzX,PY)
=—g(VzJX,Y)
= —g(VzPX,Y) - g(VzFX,Y)
=9(Arx2,Y)
= g(n(Y, Z), FX)

which gives (4.1). Repeating the above calculation, we have

g(h(X,2),FY) = ¢(VxZ,JY — PY)

= —4(VxJZ,Y) - 39(IB, 2)g(X,Y) - 39(B, Z)g(JX.Y)

2

_ — 1
=-—9(VxPZ)Y)—-g(VxFZY) - EQ(JB, Z)9(X,Y)
1
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1
=gRArzX,Y)+ 59

39(B,IZ)g(X.Y) - 39(B, Z)g(PX.Y)

Using (4.1) and comparing symmetric and skew symmetric terms in X and Y we have,

1

which gives (4.6) and

g(h(X,2),FY)=g(h(X,Y),FZ)+ %g(B,PZ +FZ)g(X,Y)

which on substituting from (4.6) gives (4.3). O
From (4.5) and (4.6) we have

Corollary 4.2. Given a pointwise bi-slant warped product submanifold M = My, x My, in an

lcK manifold (]\7 n_J,g), we have the Lee vector field B is orthogonal to the second factor and
the warping function \ satisfies grad(In \) = %BT, where BT denotes the tangential part of the
Lee vector field along M.

The above result extends the corresponding result for pointwise semi-slant warped product
submanifolds of 1cK manifolds proved in [1].

Corollary 4.3 ([1]). Given M = My x My is a pointwise semi-slant warped product submani-
fold of an IcK manifold (M>", J, g), we have the Lee vector field B is orthogonal to the pointwise
slant distribution.

Remark 4.4. Given a pointwise bi-slant warped product submanifold My, x My, of an L.c.K
manifold M2, let {X:, 51X} and {Z;, B PZ; }‘;:1 respectively be local orthonormal frames

of T'My, and T'My,. Then a local orthonormal frame of M s

(&= x. % = arxju{Z - 2,77, - 275 0 {6.76)

U {f)? — o FX;, FPX, = alﬁlFPXi} U {1727 _ ¢ 5 1 FPZ, =
where o; = csc6;, 5; = sec; fori = 1,2 and

{S(\ZP/)?Z 1< < nl} is an orthonormal basis of D!

{ 1< < nz} is an orthonormal basis of D%
{F/‘)? FPX;: 1 <5< nl} is an orthonormal basis of FD%
{F 1< < nz} is an orthonormal basis of FD?%
{ 1 <s< n- 2n21 — 2 } is an orthonormal basis of p

However, while Z;, 3PZ; € L(Mpy,) we have Z, 1§Z\J ¢ L(Mpy,) in general, as \ is a function
on My, . Also, note that

_ Z; PZ; FZ,
J(Zj) :J()\]) - A] + =2 I — cos0,PZ; + sinb,F Z,

PZj> secthP?Z; sect,FPZ;

: _ + J — _cos 922 + sin 92F/PZ

J (152]) =J (sec@z 3 3
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5 Main Results

We first give a characterisation for pointwise bi-slant warped product submanifolds of IcK man-
ifolds.

Theorem 5.1. Let M™ be a pointwise bi-slant submanifold of an IcK manifold M?". Then the
following are equivalent

(i) M™ is a pointwise bi-slant warped product submanifold My, x My, of M2
(ii) Forevery X,Y € L(My,) and Z,W € L(My,) we have
w(D”) = {0} and g (ArpxZ — ApxPZ,Y) +g(VyFX,FZ) =0
9AppzX —ApzPX, W) + g(Viy FZ, FX) (5.1)

= sin’ 0, (;w(X) — X(In A)) g(Z,W)
for some smooth function \ : My, — (0, 00).
(iii) Forevery X € L(My,) and Z € L(My,) we have

w(D”) = {0} and VxZ =V X = %w(X)Z (5.2)

Also, in this case we have the mean curvature vector H of Mo, in M™ is
l
H = —grad(In\) = —EB (5.3)

where BT is the tangential component of B along M.

Proof. ()< (ii) This follows from Theorem 3.1, Theorem 3.2 and grad(In\) € £(Mjy,) which
implies
g(Vz(grad(In X)), X) = ZX(In\) — g(grad(In ), V2 X)
=1[Z,X](In)\) — VzX(In))
=—-VxZ(In\)
=g(Z, Vx(grad(In \)))
=0
as Z(In\) = 0 and My, is totally geodesic in M. Also, (5.3) follows from Lemma 4.1 (4.5).
(i)<(iii) Assume (i), i.e. let M = Mpy, x My, be a pointwise bi-slant warped product subman-
ifold. Then (5.2) and (5.3) follow from (2.13) and (4.5).
For the converse part, assume (iii), i.e. let M be a pointwise bi-slant submanifold of an IcK
manifold M?" such that (5.2) holds. Then for all X,Y € £(Mpy,) and Z, W € L£L(Mjy,) we have
9([X,Y],Z) =g(VxY — Vy X, Z)
=0

which implies D% is involutive.
9(VxY,Z) = —g(VxZ,Y) =0
which implies leaves of DY are totally geodesic in M.

g([Z, WLX) = g(vZW_ VWZ7X)
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=—g9(VzX, W)+ g9(VwX, Z)
1

= —S(X)g(Z, W) + 5(X)g(W, 2) = 0

which implies D% is involutive.

g(VzW, X) = —g(VzX, W)
_ 7%w(X)g(Z, W)

= —29(ZW)g(BT, X)

which implies leaves of D% are totally umbilical in M with mean curvature vector —%BT. Fi-
nally, we have

g(VzB", X) = %w (BT)g(Z,X) =0

which implies B” is parallel in the normal bundle of Ms, in M.
Hence by Theorem 2.3 we have M = Mjy, x xMy, is a pointwise bi-slant warped product
submanifold. O

Alghamdi, Chen, Uddin [1] gave a characterisation for a pointwise semi-slant submanifold of
an IcK manifold to be locally a warped product submanifold My x ) Mjy. Their characterisation
follows as a corollary of our result.

Corollary 5.2 ([1]). Let M be a pointwise semi-slant submanifold with invariant distribution D
and a pointwise slant distribution D° of an IcK manifold (M>", J, g). Then M is locally a warped
product submanifold of the form Mr x My if and only if for all X € T'(D) and Z € T(D?)

1
UpzJX — Uppy X =sin’ 0 (X(ln A) — 2w(X)) A (5.4)
We conclude our study of pointwise bi-slant warped product submanifolds of 1cK manifolds

by giving a Chen’s type inequality for the squared norm of the second fundamental form.

Theorem 5.3. Let M = My, x My, be a pointwise bi-slant warped product submanifold in an
IcK manifold (M*", J, g). Then the norm of the second fundamental form satisfies the inequality

2

2
||R]]? > 7‘ sin? 0, || B|ppes || + 72 sin’ 6, ‘BFDHI +siné, g<HDe, |FD92,B|FD92>
+ sin 6, g(HDGZFD"laBFDel) (5.5)

where 2n, = dimg D?, 2n, = dimg D% and Hpe, and Hpo, are respectively the components
of the mean curvature vector H of M in M*" along D% and D%.
If equality holds then we have

« Image(h) C (FD% @ FD%), and
o M is minimal in M?™, if and only if. M is mixed-totally geodesic in M*".

Proof.

2 2
+ Hh(D"l,D“’z + Hh(DGZ,D“’z

)|FD91 >|FD91

2 = [[R(D*, D)

2 2
+ Hh(pelvpel)’mez + Hh(pel’pez”mez + Hh(Dez’D92>|FD92
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2 2 2
+ Hh(ml’pel),“” T Hh(DG"DGZ)’uH T Hh('D927’D92)|#H

From (4.3) and Remark 4.4 we have

N cscd 1
g(h (X,;,Z,,) FX) 1{g(h(Xi,Xj),FZp)—‘r25¢jg(B,FZp)}

A
= sinfg (h (5(:,2;) ,F/)?J) =sinb,g (h (5(\1,)/(\]) ,F/‘Z\p)

Similarly,

)

sinf; g (h ()?P’Z\p) ,FX]-) — sinfag (h ) FPZ )

(%
sinfg (h (ﬁ)?Z) ,zﬁ) — sinfag (h (PX“PX ) F’\Zp) +

sinfyg (h (P’X @) ,ﬁa?j) = sinfag (h (PXZ-, PXj) ,F/r?p)
i % $in 6,0;59 (B,F/PZ)
sint g (h (15)\(1», Z) JFX;

sinf, g (h (F)? JFZ\,,) ,F’Ei — sinfyg Eh
siné, g (h ()? ZAP) 7FPXj) i (
sintig (h (X, PZ,) , FPX; ) (
which implies

2
Hh(D"l ,D%) — cos? 0, Hh(D"l , D)

|FD9| |FD91

— cos? Hh(D"l , D)

|FD91

2

2
+sin 0, Hh(Del,D92)

2
+ sin’ 6, Hh(Del,Del)

+ L in6rs,59 (B.7Z,)

+ %sin 020,19 (B, FPZ,)

% $in 626,;9 (B, fip)

2
|FD91

|FD92

+ % sin? 6,y {g (B,Fz\p)2 Ty (B,@)z}
i,p

P

i.e.

2
sin? 6, Hh(De' D) = sin26, Hh(DQ' , D)

|FD91 ’FD92 4

+ sinfhg (Z {n(X%.%) +n(PX., PX;)

3

2 2
+ M in2 6,

(1 (5. %) 7)o (.777)
+g (h (PX,,PX ) fZ\p) g (B,F/Z\p)
(n(PX

PX, PX),FP?) (B FPZ)}

2

B’F’DGZ

’ B|F’D92>
FD%

ny . .
> & sin’ 02(| B| ppe H2 + sinbrg (Hpe, | ppor s Blppes)

2
As done above we have

2
sin” 6, Hh(D”' , D) = sin? 6, Hh(D92, D)

’ FD% ’ FD%

22
+ % Sill2 2]

2

B‘FD"l
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+sinfg Z {h (Z,Z\p) +h (ﬁz,,ng\p)}
P

7B‘F’D91
FD%

ny .o .
> 75111 91||B|FD91 ”2+Smelg(HD92|FD91aB|FD91)

Combining we have (5.5).
If equality holds in (5.5), then the only non-zero components of ||h|[? are

2

)

2
I

Hh(DelaD‘gl)lFDgz > Hh(pelapez)lFDgl ’

|B(D%, D%)] e || and [|R(D®, D) e ||

which implies Image(h) C (FD% & FD?%). Also, from the calculations above we have,

[A(D?, D) | o || = 0 if and only if |[A(D?, D%)|ps ||* = 0
and
[A(D?%, D) o || = 0 if and only if [[A(D?, D%)|pss > = 0
Hence, M is minimal in M>", if and only if, M is mixed-totally geodesic in M2, O

6 Example

Consider C" = E?", J, go) where E?" is the Euclidean space of dimension 2n with coordinates
(z1,.--yTn, Y1, -, yn) equipped with the standard Euclidean metric gy and the canonical almost
complex structure

J(mlw-'vxnyyly-'-ayn) = (_y17'"7_y’rbv'x17"'axn) (61)

Then C" = (E?", J, go) is a flat Kihler manifold.
We use the following result about pointwise slant immersions.

Theorem 6.1 ([20] (Proposition 2.2)). Given a Kdhler manifold (M nJ, go), let My be a point-
wise slant submanifold. Then for any smooth function f : M — (0,00), we have My is again

a pointwise slant submanifold of the globally conformal Kdhler (gcK) manifold (]\7 n Je Tg)
with the same slant angle.

Example 6.2. Let C* = (E®, J, go) be as defined above. Consider an open subset of E* with
wuy # 1, uzug # 1, (wp —up) € (0,%) and (uz — us) € (5, 5). Define the 4-dimensional
submanifold M of C* given by

T =wu;cosuy , Y| = ujsinup
Ty = UupCoOSuU; , Y =1up sin Ul
. (6.2)
T3 = U3 CoSugq , Y3 = U3SINUy
T4 = Ug4COSU3Z , Y4 = Ug sin u3

An orthonormal frame of the tangent bundle T'M of M is

1 ( 0 . 0 . 0 0 )
X|{ = ———=(cosup— —upsinu;—— + sinup—— + up COS U] ——
/1+u% 3x1 8562 8y1 Byz
X U —u sinui%—cosui—i—u cosui—ksinui
2 = 1 28(1/'1 181’2 1 Zayl layz

/1 +u%
0 . 0 . 0 0 )
X3 = COS Ug—— — U4 SIN U3 —— + SINUg—— + U4 COS U3 —

1
/1 + 2 < 03 Oxy 0y3 m
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1 < . 0 0 0] . 0 )
X4y = —— | —uzsinug—— 4+ cosuz—— + u3 COS ug—— + Sinuz —

1+ 03 O0xy 03 Oya

Then, M is a proper pointwise bi-slant submanifold with slant distributions given by D% =
Span{ Xy, X,} and D% = Span{ X3, X4}. Also, the slant functions are given by
_1)2 2 _ —1)2 2 _
0082 0] _ (’U,]Ug 1)2008 (U12 UQ> ’ and ’ 0082 92 _ (U3U4 1)2005 (’LL32 U4)
(1 +uf)(1 4+ u3) (T4 u3)(1 + u3)

where 0, # 6,. Indeed we have uzus # 1 and (uz — u4) € (%,%) implies 6 (u3, us) € (5.5).
while for u; = §,u, = —} we have 6; (3,—1) < F. Thus, for any point (5, —%,us,us) of M
we have 9] (%, —%) 75 92(U3,U4).

It is straightforward to check that D% and D% are both involutive and totally geodesic in M.
Let Mj, and My, be the leaves of D? and D% respectively. Then we have M is the Riemannian

product M = My, x My, and the metric g, induced on M from C* is given by

gM = g1+ g (6.3)

where

g1 = (1 +w3)du? + (1 +ud)du3 ,and , gy = (1 +uf)du3 + (1 + ud)du? (6.4)
Now, for any non-constant positive smooth function f = f(x1,22,v1,%2) on C*, depending
only on coordinates x, 3,1, 42, consider the Riemannian metric § = e~ gy, conformal to the
standard metric gy. Then, M = (IE]S, J, §) is a globally conformal Kéhler manifold and the metric
on M induced from M is the warped product metric

iv=g+e g (6.5)

where
h=e’g (6.6)

is conformal to g; by the choice of f.

Hence from Theorem 6.1 we have (M, gas) is a proper pointwise bi-slant warped product
submanifold of M = (E3, J, §).

Also, as f = f(z1,22,y1,%2) is a non-constant positive smooth function on C*, depending
only on coordinates x|, z7, y1, y2, from (6.2) we have that restricted to the submanifold M, the
Lee form w of M is given by

w=df = ﬁdul + ﬁduz 6.7)
6U1 8U2
Hence, it follows that the Lee-vector field B is orthogonal to D% and the warping function
A = —e~ %y satisfies grad(In \) = Terad(f|nm) = 3BT.
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