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Abstract. In this study, we introduce a novel local fractional integral identity and utilize
it to extend classical right-Radau-type inequalities to fractal sets. Addressing such inequalities
poses a significant challenge due to their inherent asymmetry, which complicates their analysis
and generalization. By leveraging the concept of generalized convexity within the framework of
local fractional integrals, we successfully overcome this difficulty and derive refined results that
generalize the 2-point right-Radau inequality. The theoretical advancements are complemented
by a practical application, demonstrating the efficacy and versatility of our approach in fractal
analysis.

1 Introduction

Numerical integration methods are essential in scientific and engineering applications, where
functions may lack closed-form antiderivatives or are only known at discrete points. Newton-
Cotes formulas, such as the midpoint, trapezoidal, and Simpson’s rules, provide straightforward
approximations based on polynomial interpolation over equidistant nodes, making them suitable
for regular functions. In contrast, Gaussian quadrature offers higher accuracy by optimizing
node placement, achieving superior precision with fewer evaluations. This efficiency makes
Gauss methods particularly advantageous for complex or computationally expensive integrands.
Together, these techniques provide versatile tools for accurate numerical integration tailored to
various problem requirements.

Convexity is a fundamental notion in mathematical analysis with significant implications in
various fields such as optimization, economics, and approximation theory. A function Λ : I →
R, defined on an interval I , is said to be convex if for all u1, u2 ∈ I and t ∈ [0, 1], the following
inequality holds:

Λ(tu1 + (1 − t)u2) ≤ tΛ(u1) + (1 − t)Λ(u2).

The concept of convexity serves as a robust and versatile tool in deriving error bounds for
quadrature formulas, playing a pivotal role in the analysis of numerical integration methods.
Indeed, convexity has been extensively employed to establish various inequalities related to
Newton-Cotes formulas, providing valuable insights into their accuracy [2, 9, 15, 16, 18]. How-
ever, when it comes to error estimation for Gaussian quadrature rules, the literature reveals a
striking gap. Apart from a few notable works, the application of convexity to derive sharp error
bounds for Gauss-type formulas remains underexplored. This lack of comprehensive research
highlights the need for further investigation, as such results could significantly enhance our un-
derstanding and improve the reliability of Gaussian quadrature in practical applications.
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In [19], R. Radau defined the following two Gaussian-type quadrature formulas, which ex-
tend the classical Gauss quadrature to handle specific cases involving endpoint singularities:

The 2-point left-Radau rule is given by:

ω∫
λ

Λ(u) du ≈ 1
4

(
Λ (λ) + 3Λ

(
λ+2ω

3

))
.

The 2-point right-Radau rule is given by:∫ b

a

f(x)w(x) dx ≈ 1
4

(
3Λ

( 2λ+ω
3

)
+ Λ (ω)

)
.

The 2-point left-Radau rule is particularly designed for functions that are not defined at the
right endpoint of the integration interval, while the 2-point right-Radau rule applies to func-
tions that are not defined at the left endpoint. These formulas adapt the node distributions to
accommodate such cases, ensuring accurate approximations even when the integrand has singu-
lar behavior at one of the endpoints. However, studying the error bounds of these rules remains
somewhat delicate due to their non-symmetric nature.

Meftah et al. [14] provided the following error bounds of the 2-point left-Radau rule for
differentiable convex function as follows:

Theorem 1.1. Let Λ : [λ, ω] → R be a differentiable function on [λ, ω] such that Λ′ ∈ L1 ([λ, ω]).
If |Λ′| is convex on [λ, ω], then we have∣∣∣∣∣∣ 1

4

(
Λ (ω) + 3Λ

( 2λ+ω
3

))
− 1

ω−λ

ω∫
λ

Λ(u)du

∣∣∣∣∣∣ ≤ 25(ω−λ)
144

 157|Λ(λ)|+379
∣∣∣∣Λ(

λ+2ω
3

)∣∣∣∣+64|Λ(ω)|

600

 .

In [20], the authors established the following 2-point right-Radau-type inequality.

Theorem 1.2. Let Λ : [λ, ω] → R be a differentiable function on [λ, ω] such that Λ′ ∈ L1 ([λ, ω]).
If |Λ′| is convex on [λ, ω], then we have∣∣∣∣∣∣ 1

4

(
3Λ

( 2λ+ω
3

)
+ Λ (ω)

)
− 1

ω−λ

ω∫
λ

Λ(u)du

∣∣∣∣∣∣ ≤ ω−λ
9

( 1
6 |Λ (λ)|+ 379

384

∣∣Λ ( 2λ+ω
3

)∣∣+ 157
384 |Λ (ω)|

)
.

Among the few works that have explored the application of convexity for error estimation in
Gaussian quadrature formulas, some notable contributions stand out. Liu et al. [13] extended
the results from [20] to the context of Riemann-Liouville fractional integrals, demonstrating the
potential of these approaches in more general settings. Additionally, Berkane and coauthors
[3] studied multiplicative right-Radau inequalities, further enriching the theoretical framework
surrounding such inequalities, while Zhou and Du studied the same inequality via multiplicative
Hadamard k-fractional integrals in [30]. Despite these valuable efforts, the body of research
in this area remains limited, emphasizing the need for further exploration of convexity in the
context of Gauss quadrature formulas.

Fractal sets are mathematical constructs characterized by their complex, self-similar struc-
tures that exhibit fine-scale irregularities. These sets often defy traditional geometric descriptions
and are commonly found in nature, such as in the shapes of coastlines, mountains, and trees. Due
to their non-differentiable and non-integer dimensional properties, classical calculus is insuffi-
cient for analyzing fractal phenomena. To address this limitation, fractal calculus has emerged
as a powerful tool for studying functions and equations on fractal sets [7, 24, 25]. By extending
traditional calculus to handle local fractional derivatives and integrals, this framework enables
the modeling of physical processes on fractal domains, providing new insights into problems in
areas such as anomalous diffusion, fractal heat transfer, and signal processing on fractal media.
Thus, fractal calculus serves as a bridge between fractal geometry and mathematical analysis,
offering a robust approach to understanding and describing the behavior of systems with fractal
characteristics.
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Fractional calculus is a generalization of classical calculus that extends the concepts of dif-
ferentiation and integration to non-integer orders. Unlike traditional calculus, which deals with
integer-order derivatives and integrals, fractional calculus allows for operations of arbitrary real
or complex order, providing a powerful tool for modeling systems with memory, hereditary prop-
erties, or anomalous behavior. Fractal calculus, on the other hand, focuses on mathematical anal-
ysis on fractal sets, which are characterized by their non-integer dimensions and self-similarity.

The relationship between fractional calculus and fractal calculus has been a subject of signif-
icant interest, as both fields deal with phenomena that defy classical mathematical descriptions.
Recent studies, such as the work by [insert citation here] [12], have explored this connection
by examining the interaction between fractional operators and fractal functions. Specifically,
the fractal dimension of a function plays a crucial role in understanding how fractional calculus
affects its geometric properties. For instance, the Riemann–Liouville fractional integral tends
to reduce the fractal dimension of a continuous function, while the fractional derivative can in-
crease it, provided the derivative exists. These observations suggest that fractional calculus can
be seen as a tool that modifies the geometric complexity of functions, offering insights into their
fractal nature.

Moreover, the study [12] highlights that for Hölder continuous functions, the fractal dimen-
sion of the fractional integral decreases linearly, whereas the fractal dimension of the fractional
derivative increases linearly. This behavior provides a deeper understanding of the mechanisms
underlying fractional calculus and supports the rationality of its definitions. Additionally, inves-
tigations into other fractional operators, such as the Weyl-Marchaud fractional derivative and the
Weyl fractional integral, further enrich our comprehension of these relationships.

In summary, fractional calculus and fractal calculus are interconnected through their shared
focus on non-classical structures and behaviors. By bridging these two domains, researchers can
reveal the internal relationships between fractional operators and fractal geometries, offering
new perspectives for modeling complex systems in science and engineering.

Yang proposed the idea of generalized convexity tailored for fractal sets in [23]. The concept
is formulated as follows:

Definition 1.3. Consider Λ : I ⊆ R → Rϱ. Λ is said generalized convex on I if for any u1, u2 ∈ I
and t ∈ [0, 1], the following inequality

Λ (tu1 + (1 − t)u2) ≤ tϱΛ (u1) + (1 − t)
ϱ

Λ (u2)

holds.

Since the introduction of this concept, numerous research endeavors have been directed to-
wards extending classical findings regarding integral inequalities to the realm of fractals. No-
tably, Lakhdari et al., as depicted in [8], used generalized convexity to establish corrected
Simpson-type inequalities for local fractional integrals. Xu et al., documented in [28], for-
mulated a one-parameter identity from which they derived some dual-simpson- and corrected
dual-Simpson-type inequalities on fractal set. Li et al. made significant contributions by of-
fering multiparameterized fractal inequalities via generalized (s, P )-convexity in [11], while in
[29], the authors introduced Hermite-Hadamard as well as multiparameterized fractal inequal-
ities via generalized α-convexity. Lakhdari et al. explored Hermite-Hadamard and Milne-type
inequalities via fractal-fractional integrals in [10]. For further exploration of this topic, interested
readers are directed to references [1, 6, 21, 26].

In [4], Bin-Mohsin et al. extended the result obtained by Meftah et al in Theorem 1.1 to the
case of fractal sets in the following manner:

Theorem 1.4. Let Λ : [λ, ω] → Rϱ be a differentiable function on [λ, ω] such that Λ ∈ Dϱ [λ, ω]
and Λ(ϱ) ∈ Cϱ [λ, ω] with λ < ω. If

∣∣Λ(ϱ)
∣∣ is generalized convex on [λ, ω], then we have∣∣∣( 1

4

)ϱ (
Λ (λ) + 3ϱ

Λ
( 2λ+ω

3

))
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

{(( 31
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) −

( 7
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣

+
(( 43

32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) −

( 27
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣
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+
(

2ϱ Γ(1+2ϱ)
Γ(1+3ϱ) +

( 1
4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ)

) ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣
+

(
Γ(1+ϱ)

Γ(1+2ϱ) −
Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣} .

Remark 1.5. When ϱ → 1, and noting that
∣∣Λ′ ( 2λ+ω

3

)∣∣ ≤ 1
2

(
|Λ′(λ)|+

∣∣Λ′ (λ+2ω
3

)∣∣) due to the
convexity of |Λ′|, Theorem 1.4 reduces to Theorem 1.1.

In this article, we extend the 2-point right-Radau inequality to the framework of local frac-
tional integrals. We commence by introducing a novel local fractional integral identity, which
serves as the foundation for our subsequent results. The study concludes with several applica-
tions.

The paper is organized as follows: In Section 2, we recall some essential definitions and
tools from fractal calculus that will be used throughout the article. The main results of the paper
are presented in Section 3, where we introduce and analyze the core contributions. Section 4
discusses additional results obtained using the generalized Hölder inequality and the generalized
power mean inequality, highlighting their implications in the context of the study. Section 5
is dedicated an application involving special means, illustrating the practical relevance of our
findings. Finally, the paper concludes with a summary of the key results and potential future
research directions in Section 6.

2 Preliminaries

In this section, we gather some fundamental definitions, notations, and key results from fractal
calculus that will serve as the foundation for our subsequent analysis.

Definition 2.1 ([23]). A non-differentiable function Λ : R → Rϱ is local fractional continuous at
u0 , if

∀ϵ > 0,∃δ > 0 : |Λ (u)− Λ (u0)| < ϵϱ

holds for |u − u0| < δ, where ϵ, δ ∈ R. We denote the set of all locally fractional continuous
functions on (λ, ω) by Cϱ (λ, ω).

Definition 2.2 ([23]). The local fractional derivative of Λ(u) of order ϱ at u = u0 is defined as:

Λ
(ϱ) (u0) =

dϱ
Λ(u)
duϱ

∣∣∣
u=u0

= lim
u→u0

∆
ϱ(Λ(u)−Λ(u0))

(u−u0)
ϱ ,

where ∆ϱ (Λ (u)− Λ (u0)) ∼= Γ (ϱ+ 1) (Λ (u)− Λ (u0)).

If there exists Λkϱ(u) =

k times︷ ︸︸ ︷
DϱDϱ...Dϱ

Λ(u) for any u ∈ I ⊆ R, then we say that Λ ∈ Dkϱ(I),
where k = 1, 2, 3, ...

Definition 2.3 ([23]). Let Λ(u) ∈ Cϱ [λ, ω] . Then the local fractional integral is defined by,

λI
ϱ
ωΛ (u) = 1

Γ(ϱ+1)

ω∫
λ

Λ (t) (dt)
ϱ
= 1

Γ(ϱ+1) lim
∆t→0

N−1∑
j=0

Λ (uj) (∆uj)
ϱ
,

with ∆uj = uj+1−uj and ∆t = max {∆u1,∆u2, ...,∆uN−1}, where [uj , uj+1] , j = 0, 1, ..., N−1
and λ = u0 < u1 < ... < uN = ω is partition of interval [λ, ω].

Here, it follows that λI
ϱ
ωΛ (u) = 0 if λ = ω and λI

ϱ
ωΛ (u) = −ωI

ϱ
λΛ (u) if λ < ω. If for any

u ∈ [λ, ω], there exists λI
ϱ
ωΛ (u), then we denoted by Λ (u) ∈ Iϱu [λ, ω].

Lemma 2.4 ([23]).
1. Suppose that Λ (u) = Ω(ϱ) (u) ∈ Cϱ [λ, ω] , then we have

λI
ϱ
ωΛ (u) = Ω (ω)− Ω (λ) .

2. Suppose that Λ,Ω ∈ Dϱ [λ, ω] and Λ(ϱ) (u) ,Ω(ϱ) (u) ∈ Cϱ [λ, ω], then we have

λI
ϱ
ωΛ (u)Ω

(ϱ) (u) = Λ (u)Ω (u)|ωλ − λI
ϱ
ωΛ

(ϱ) (u)Ω (u) .
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Lemma 2.5 ([23]). For s ∈ R, the following identities hold

dϱusϱ

duϱ = Γ(1+sϱ)
Γ(1+(s−1)ϱ)u

(s−1)ϱ,

1
Γ(1+ϱ)

ω∫
λ

usϱ (du)
ϱ
= Γ(1+sϱ)

Γ(1+(s+1)ϱ)

(
ω(s+1)ϱ − λ(s+1)ϱ

)
.

Lemma 2.6 (Generalized Hölder’s inequality [5]). Let Λ,Ω ∈ Cϱ [λ, ω] and |Λ (u)|p , |Ω (u)|q

where p, q > 1 with 1
p + 1

q = 1, are both integrable under the frame of the fractal spaces, then
we have

1
Γ(1+ϱ)

ω∫
λ

|Λ (u)Ω (u)| (du)ϱ ≤

 1
Γ(1+ϱ)

ω∫
λ

|Λ (u)|p (du)ϱ
 1

p
 1

Γ(1+ϱ)

ω∫
λ

|Ω (u)|q (du)ϱ
 1

q

.

Lemma 2.7 (Generalized power mean inequality [27]). Let Λ,Ω ∈ Cϱ [λ, ω] and |Λ (u)| , |Λ (u)| |Ω (u)|q

where q > 1 are both integrable under the frame of the fractal spaces, then we have

1
Γ(1+ϱ)

ω∫
λ

|Λ (u)Ω (u)| (du)ϱ

≤
(

1
ω−λ

)ϱ


 1

Γ(1+ϱ)

ω∫
λ

(ω − u)
ϱ |Λ (u)| (du)ϱ

1− 1
q
 1

Γ(1+ϱ)

ω∫
λ

(ω − u)
ϱ |Λ (u)| |Ω (u)|q (du)ϱ

 1
q

+

 1
Γ(1+ϱ)

ω∫
λ

(u− λ)
ϱ |Λ (u)| (du)ϱ

1− 1
q
 1

Γ(1+ϱ)

ω∫
λ

(u− λ)
ϱ |Λ (u)| |Ω (u)|q (du)ϱ

 1
q

 .

3 Main results

This section is devoted to the main results of the article, where we begin by introducing a new
fractal identity. Using this identity, we establish fractal left-Radau-type inequalities via the con-
cept of generalized convexity.

Lemma 3.1. Let Λ : I → Rϱ be a differentiable function on I◦, λ, ω ∈ I◦ with λ < ω, and
Λ(ϱ) ∈ Cϱ [λ, ω], then the following equality holds for ϱ > 0.( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

= (ω−λ)ϱ

9ϱ

 1
Γ(ϱ+1)

1∫
0

tϱΛ
(ϱ)

(
(1 − t)λ+ t 2λ+ω

3

)
(dt)

ϱ

− 1
Γ(ϱ+1)

1∫
0

( 5
4 − t

)ϱ
Λ
(ϱ)

(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)
(dt)

ϱ

+ 1
Γ(ϱ+1)

1∫
0

(
t− 1

4

)ϱ
Λ
(ϱ)

(
(1 − t) λ+2ω

3 + tω
)
(dt)

ϱ

 ,

where

λI
ϱ
ωΛ (u) = 1

Γ(ϱ+1)

2λ+ω
3∫
λ

Λ (u) (du)
ϱ
+ 1

Γ(ϱ+1)

λ+2ω
3∫

2λ+ω
3

Λ (u) (du)
ϱ
+ 1

Γ(ϱ+1)

ω∫
λ+2ω

3

Λ (u) (du)
ϱ
. (3.1)
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Proof. Let
J = J1 − J2 + J3, (3.2)

where

J1 =
1

Γ(ϱ+1)

1∫
0

tϱΛ
(ϱ)

(
(1 − t)λ+ t 2λ+ω

3

)
(dt)

ϱ
,

J2 =
1

Γ(ϱ+1)

1∫
0

( 5
4 − t

)ϱ
Λ
(ϱ)

(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)
(dt)

ϱ

and

J3 =
1

Γ(ϱ+1)

1∫
0

(
t− 1

4

)ϱ
Λ
(ϱ)

(
(1 − t) λ+2ω

3 + tω
)
(dt)

ϱ
.

Using Lemma 2.4, J1 gives

J1 =
3ϱ

(ω−λ)ϱ t
ϱ
Λ
(
(1 − t)λ+ t 2λ+ω

3

)∣∣∣1
0

− 3ϱ
Γ(ϱ+1)

(ω−λ)ϱ

1∫
0

Λ
(
(1 − t)λ+ t 2λ+ω

3

)
(dt)

ϱ

= 3ϱ

(ω−λ)ϱ Λ
( 2λ+ω

3

)
− 9ϱ

Γ(ϱ+1)
(ω−λ)2ϱ

Γ(ϱ+1)

2λ+ω
3∫
λ

Λ (u) (du)
ϱ
. (3.3)

Similarly, we obtain

J2 =
3ϱ

(ω−λ)ϱ
( 5

4 − t
)ϱ

Λ
(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)∣∣∣1
0

+ 3ϱ
Γ(ϱ+1)

(ω−λ)ϱ

1∫
0

Λ
(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)
(dt)

ϱ

= 3ϱ

4ϱ(ω−λ)ϱ Λ
(
λ+2ω

3

)
− 15ϱ

4ϱ(ω−λ)ϱ Λ
( 2λ+ω

3

)
+ 9ϱ

Γ(ϱ+1)
(ω−λ)2ϱ

Γ(ϱ+1)

λ+2ω
3∫

2λ+ω
3

Λ (u) (du)
ϱ (3.4)

and

J3 =
3ϱ

(ω−λ)ϱ
(
t− 1

4

)ϱ
Λ
(
(1 − t) λ+2ω

3 + tω
)∣∣∣1

0

− 3ϱ
Γ(ϱ+1)

(ω−λ)ϱ

1∫
0

Λ
(
(1 − t) λ+2ω

3 + tω
)
(dt)

ϱ

= 9ϱ

4ϱ(ω−λ)ϱ Λ (ω) + 3ϱ

4ϱ(ω−λ)ϱ Λ
(
λ+2ω

3

)
− 9ϱ

Γ(ϱ+1)
(ω−λ)2ϱ

Γ(ϱ+1)

ω∫
λ+2ω

3

Λ (u) (du)
ϱ
. (3.5)

Using (3.3)-(3.5) in (3.2), then multiplying the resulting equality by (ω−λ)ϱ

9ϱ , we get the desired
result.
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Theorem 3.2. Let Λ : [λ, ω] → Rϱ be a differentiable function on [λ, ω] such that Λ ∈ Dϱ [λ, ω]
and Λ(ϱ) ∈ Cϱ [λ, ω] with λ < ω. If

∣∣Λ(ϱ)
∣∣ is generalized convex on [λ, ω], then we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

{(
Γ(1+ϱ)
Γ(1+2ϱ) −

Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣

+
(

2ϱ Γ(1+2ϱ)
Γ(1+3ϱ) +

( 1
4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ)

) ∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣
+

(( 43
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) −

( 27
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣
+

(( 31
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) −

( 7
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣} .

Proof. From Lemma 3.1 and properties of modulus, we have∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

 1
Γ(ϱ+1)

1∫
0

|t|ϱ
∣∣∣Λ(ϱ)

(
(1 − t)λ+ t 2λ+ω

3

)∣∣∣ (dt)ϱ

+ 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ ∣∣∣Λ(ϱ)
(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)∣∣∣ (dt)ϱ

+ 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ ∣∣∣Λ(ϱ)
(
(1 − t) λ+2ω

3 + tω
)∣∣∣ (dt)ϱ

 .

Using the generalized convexity of
∣∣Λ(ϱ)

∣∣, we get∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

 1
Γ(ϱ+1)

1∫
0

tϱ
(
(1 − t)

ϱ
∣∣∣Λ(ϱ) (λ)

∣∣∣+ tϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣) (dt)ϱ

+ 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ ((1 − t)
ϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣+ tϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣) (dt)ϱ

+ 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ ((1 − t)
ϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣+ tϱ
∣∣∣Λ(ϱ) (ω)

∣∣∣) (dt)ϱ


= (ω−λ)ϱ

9ϱ

{(
Γ(1+ϱ)
Γ(1+2ϱ) −

Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣

+
(

2ϱ Γ(1+2ϱ)
Γ(1+3ϱ) +

( 1
4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ)

) ∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣
+

(( 43
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) −

( 27
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣
+

(( 31
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) −

( 7
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣} ,

where we have used

1
Γ(ϱ+1)

1∫
0

tϱ (1 − t)
ϱ
(dt)

ϱ
= Γ(1+ϱ)

Γ(1+2ϱ) −
Γ(1+2ϱ)
Γ(1+3ϱ) , (3.6)
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1
Γ(ϱ+1)

1∫
0

t2ϱ (dt)
ϱ
= Γ(1+2ϱ)

Γ(1+3ϱ) , (3.7)

1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ (1 − t)
ϱ
(dt)

ϱ
= Γ(1+2ϱ)

Γ(1+3ϱ) +
( 1

4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) , (3.8)

1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ tϱ (dt)ϱ =
( 5

4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) −

Γ(1+2ϱ)
Γ(1+3ϱ) , (3.9)

1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ (1 − t)
ϱ
(dt)

ϱ
=

( 5
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) +

( 3
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) (3.10)

and

1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ tϱ (dt)ϱ =
( 31

32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) −

( 7
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) . (3.11)

Thus, the proof is completed.

Corollary 3.3. In Theorem 3.2, using the generalized convexity of
∣∣Λ(ϱ)

∣∣, we get∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

27ϱ

{(( 155
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) +

( 5
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣

+
(( 73

32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) +

( 103
32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣} .

Corollary 3.4. Letting ϱ → 1, Theorem 3.2 yields∣∣∣∣∣∣ 1
4

(
3Λ

( 2λ+ω
3

)
+ Λ (ω)

)
− 1

ω−λ

ω∫
λ

Λ(u)du

∣∣∣∣∣∣
≤ω−λ

9

( 1
6 |Λ (λ)|+ 19

24

∣∣Λ ( 2λ+ω
3

)∣∣+ 75
192

∣∣Λ (
λ+2ω

3

)∣∣+ 1
4 |Λ (ω)|

)
.

Remark 3.5. Corollary 3.4 can be seen as a refinement of the result presented in Theorem 1.2.
Indeed, the latter can be recovered by observing that

∣∣Λ′ (λ+2ω
3

)∣∣ ≤ 1
2

(∣∣Λ′ ( 2λ+ω
3

)∣∣+ |Λ′ (ω)|
)
.

This inequality highlights the connection between the two results and underscores the improved
precision offered by Theorem 3.2.

4 Additional results

In this section, we present some additional results obtained by using the generalized Hölder
inequality and the generalized power mean inequality through the concepts of convexity and
concavity.

Theorem 4.1. Assume that all the assumptions of Theorem 3.2 are satisfied. If
∣∣Λ(ϱ)

∣∣q is gener-
alized convex. Then we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
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≤ (ω−λ)ϱ

9ϱ

(
Γ(1+pϱ)

Γ(1+(p+1)ϱ)

) 1
p
(

Γ(1+ϱ)
Γ(1+2ϱ)

) 1
q

{(∣∣∣Λ(ϱ) (λ)
∣∣∣q + ∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q) 1
q

+
(

5p+1−1
4p+1

) ϱ
p
(∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q

+
(

1+3p+1

4p+1

) ϱ
p
(∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + ∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
,

where p, q > 1 with 1
p + 1

q = 1.

Proof. From Lemma 3.1, properties of modulus among with generalized Hölder inequality, we
have ∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ


 1

Γ(ϱ+1)

1∫
0

|t|pϱ (dt)ϱ


1
p
 1

Γ(ϱ+1)

1∫
0

∣∣∣Λ(ϱ)
(
(1 − t)λ+ t 2λ+ω

3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣pϱ (dt)ϱ


1
p
 1

Γ(ϱ+1)

1∫
0

∣∣∣Λ(ϱ)
(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣pϱ (dt)ϱ


1
p
 1

Γ(ϱ+1)

1∫
0

∣∣∣Λ(ϱ)
(
(1 − t) λ+2ω

3 + tω
)∣∣∣q (dt)ϱ


1
q

 .

Using the generalized convexity of
∣∣Λ(ϱ)

∣∣q, we get∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ


 1

Γ(ϱ+1)

1∫
0

|t|pϱ (dt)ϱ


1
p

×

 1
Γ(ϱ+1)

1∫
0

(
(1 − t)

ϱ
∣∣∣Λ(ϱ) (λ)

∣∣∣q + tϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣pϱ (dt)ϱ


1
p

×

 1
Γ(ϱ+1)

1∫
0

(
(1 − t)

ϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣pϱ (dt)ϱ


1
p

×

 1
Γ(ϱ+1)

1∫
0

(
(1 − t)

ϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ) (ω)

∣∣∣q) (dt)ϱ


1
q


= (ω−λ)ϱ

9ϱ

(
Γ(1+pϱ)

Γ(1+(p+1)ϱ)

) 1
p
(

Γ(1+ϱ)
Γ(1+2ϱ)

) 1
q

{(∣∣∣Λ(ϱ) (λ)
∣∣∣q + ∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q) 1
q
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+
(

5p+1−1
4p+1

) ϱ
p
(∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q

+
(

1+3p+1

4p+1

) ϱ
p
(∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + ∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
,

where we have used

1
Γ(ϱ+1)

1∫
0

tpϱ (dt)
ϱ
= Γ(1+pϱ)

Γ(1+(p+1)ϱ) , (4.1)

1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣pϱ (dt)ϱ = Γ(1+pϱ)
Γ(1+(p+1)ϱ)

(( 5
4

)p+1 −
( 1

4

)p+1
)ϱ

, (4.2)

1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣pϱ (dt)ϱ = Γ(1+pϱ)
Γ(1+(p+1)ϱ)

(( 1
4

)p+1
+

( 3
4

)p+1
)ϱ

(4.3)

and

1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ
(dt)

ϱ
= 1

Γ(ϱ+1)

1∫
0

tϱ (dt)
ϱ
= Γ(1+ϱ)

Γ(1+2ϱ) .

The proof is completed.

Corollary 4.2. In Theorem 4.1, using the generalized convexity of
∣∣Λ(ϱ)

∣∣q, we get∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

(
Γ(1+pϱ)

Γ(1+(p+1)ϱ)

) 1
p
(

2ϱ
Γ(1+ϱ)

Γ(1+2ϱ)

) 1
q

{(
5ϱ|Λ(ϱ)(λ)|+|Λ(ϱ)(ω)|

6ϱ

) 1
q

+
(

5p+1+1
4p+1

) ϱ
p

(
|Λ(ϱ)(λ)|+|Λ(ϱ)(ω)|

2ϱ

) 1
q

+
(

3p+1+1
4p+1

) ϱ
p

(
|Λ(ϱ)(λ)|q+2ϱ|Λ(ϱ)(ω)|q

3ϱ

) 1
q

}
.

Theorem 4.3. Assume that all the assumptions of Theorem 3.2 are satisfied. If
∣∣Λ(ϱ)

∣∣q is gener-
alized convex for q > 1. Then we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

(
Γ(1+ϱ)

Γ(1+2ϱ)

)1− 1
q

{((
Γ(1+ϱ)
Γ(1+2ϱ) −

Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣q + Γ(1+2ϱ)

Γ(1+3ϱ)

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q) 1
q

+
( 3

2

)ϱ(1− 1
q )

((
Γ(1+2ϱ)
Γ(1+3ϱ) +

Γ(1+ϱ)
4ϱΓ(1+2ϱ)

) ∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q + (
5ϱ

Γ(1+ϱ)
4ϱΓ(1+2ϱ) −

Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q

+
( 5

8

)ϱ(1− 1
q )

((
3ϱ

Γ(1+ϱ)
32ϱΓ(1+2ϱ) +

5ϱ
Γ(1+2ϱ)

32ϱΓ(1+3ϱ)

) ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q
+ +

(
31ϱ

Γ(1+2ϱ)
32ϱΓ(1+3ϱ) −

7ϱ
Γ(1+ϱ)

32ϱΓ(1+2ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
.

Proof. From Lemma 3.1, properties of modulus among with generalized power mean inequality,
we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
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≤ (ω−λ)ϱ

9ϱ


 1

Γ(ϱ+1)

1∫
0

|t|ϱ (dt)ϱ
1− 1

q
 1

Γ(ϱ+1)

1∫
0

|t|ϱ
∣∣∣Λ(ϱ)

(
(1 − t)λ+ t 2λ+ω

3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ (dt)ϱ
1− 1

q
 1

Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ ∣∣∣Λ(ϱ)
(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ (dt)ϱ
1− 1

q
 1

Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ ∣∣∣Λ(ϱ)
(
(1 − t) λ+2ω

3 + tω
)∣∣∣q (dt)ϱ


1
q

 .

Using the generalized convexity of
∣∣Λ(ϱ)

∣∣q, we get∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ


 1

Γ(ϱ+1)

1∫
0

|t|ϱ (dt)ϱ
1− 1

q

×

 1
Γ(ϱ+1)

1∫
0

|t|ϱ
(
(1 − t)

ϱ
∣∣∣Λ(ϱ) (λ)

∣∣∣q + tϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ (dt)ϱ
1− 1

q

×

 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ ((1 − t)
ϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ (dt)ϱ
1− 1

q

×

 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ ((1 − t)
ϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ) (ω)

∣∣∣q) (dt)ϱ


1
q


= (ω−λ)ϱ

9ϱ


(

Γ(1+ϱ)
Γ(1+2ϱ)

)1− 1
q

 |Λ(ϱ)(λ)|q
Γ(ϱ+1)

1∫
0

tϱ (1 − t)
ϱ
(dt)

ϱ
+

|Λ(ϱ)( 2λ+ω
3 )|q

Γ(ϱ+1)

1∫
0

t2ϱ (dt)
ϱ


1
q

+
(

Γ(1+ϱ)
Γ(1+2ϱ)

( 3
2

)ϱ) q−1
q

 |Λ(ϱ)( 2λ+ω
3 )|q

Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ (1 − t)
ϱ
(dt)

ϱ
+

|Λ(ϱ)(λ+2ω
3 )|q

Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ tϱ (dt)ϱ


1
q

+
(

Γ(1+ϱ)
Γ(1+2ϱ)

( 5
8

)ϱ) q−1
q

 |Λ(ϱ)(λ+2ω
3 )|q

Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ (1 − t)
ϱ
(dt)

ϱ
+

|Λ(ϱ)(ω)|q
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ tϱ (dt)ϱ


1
q


= (ω−λ)ϱ

9ϱ

(
Γ(1+ϱ)
Γ(1+2ϱ)

)1− 1
q

{((
Γ(1+ϱ)

Γ(1+2ϱ) −
Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣q + Γ(1+2ϱ)

Γ(1+3ϱ)

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q) 1
q

+
( 3

2

)ϱ(1− 1
q )

((
Γ(1+2ϱ)
Γ(1+3ϱ) +

Γ(1+ϱ)
4ϱΓ(1+2ϱ)

) ∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q (
5ϱ

Γ(1+ϱ)
4ϱΓ(1+2ϱ) −

Γ(1+2ϱ)
Γ(1+3ϱ)

) ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q
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+
( 5

8

)ϱ(1− 1
q )

((
3ϱ

Γ(1+ϱ)
32ϱΓ(1+2ϱ) +

5ϱ
Γ(1+2ϱ)

32ϱΓ(1+3ϱ)

) ∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q
+ +

(
31ϱ

Γ(1+2ϱ)
32ϱΓ(1+3ϱ) −

7ϱ
Γ(1+ϱ)

32ϱΓ(1+2ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
,

where we have used (3.6)-(3.11) and

1
Γ(ϱ+1)

1∫
0

tϱ (dt)
ϱ
= Γ(1+ϱ)

Γ(1+2ϱ) , (4.4)

1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣ϱ (dt)ϱ = Γ(1+ϱ)
Γ(1+2ϱ)

( 3
2

)ϱ
(4.5)

and

1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣ϱ (dt)ϱ = Γ(1+ϱ)
Γ(1+2ϱ)

( 5
8

)ϱ
. (4.6)

This completes the proof.

Corollary 4.4. In Theorem 4.3, using the generalized convexity of
∣∣Λ(ϱ)

∣∣q, we get∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

(
Γ(1+ϱ)

Γ(1+2ϱ)

)1− 1
q

{((
Γ(1+ϱ)
Γ(1+2ϱ) −

Γ(1+2ϱ)
3ϱΓ(1+3ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣q + Γ(1+2ϱ)

3ϱΓ(1+3ϱ)

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+
( 3ϱ

2ϱ

)1− 1
q

((
Γ(1+2ϱ)

3ϱΓ(1+3ϱ) +
7ϱ

Γ(1+ϱ)
12ϱΓ(1+2ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣q + (

11ϱ
Γ(1+ϱ)

12ϱΓ(1+2ϱ) −
Γ(1+2ϱ)

3ϱΓ(1+3ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+
( 5ϱ

8ϱ

)1− 1
q

((
Γ(1+ϱ)

32ϱΓ(1+2ϱ) +
5ϱ

Γ(1+2ϱ)
96ϱΓ(1+3ϱ)

) ∣∣∣Λ(ϱ) (λ)
∣∣∣q + (

103ϱ
Γ(1+2ϱ)

96ϱΓ(1+3ϱ) − 5ϱ
Γ(1+ϱ)

32ϱΓ(1+2ϱ)

) ∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
.

Theorem 4.5. Assume that all the assumptions of Theorem 3.2 are satisfied. If
∣∣Λ(ϱ)

∣∣q is gener-
alized concave. Then we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

(
(ω−λ)ϱ

3ϱΓ(ϱ+1)

) 1
q
(

Γ(1+pϱ)
Γ(1+(p+1)ϱ)

) 1
p

{(
5p+1−1

4p+1

) ϱ
p
∣∣∣Λ(ϱ)

(
λ+ω

2

)∣∣∣
+

∣∣∣Λ(ϱ)
( 5λ+ω

6

)∣∣∣+ (
1+3p+1

4p+1

) ϱ
p
∣∣∣Λ(ϱ)

(
λ+5ω

6

)∣∣∣} ,

where p, q > 1 with 1
p + 1

q = 1.

Proof. From Lemma 3.1, properties of modulus, generalized Hölder inequality and generalized
concavity of

∣∣Λ(ϱ)
∣∣q, we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ


 1

Γ(ϱ+1)

1∫
0

|t|pϱ (dt)ϱ


1
p
 1

Γ(ϱ+1)

1∫
0

∣∣∣Λ(ϱ)
(
(1 − t)λ+ t 2λ+ω

3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

∣∣ 5
4 − t

∣∣pϱ (dt)ϱ


1
p
 1

Γ(ϱ+1)

1∫
0

∣∣∣Λ(ϱ)
(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)∣∣∣q (dt)ϱ


1
q
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+

 1
Γ(ϱ+1)

1∫
0

∣∣t− 1
4

∣∣pϱ (dt)ϱ


1
p
 1

Γ(ϱ+1)

1∫
0

∣∣∣Λ(ϱ)
(
(1 − t) λ+2ω

3 + tω
)∣∣∣q (dt)ϱ


1
q


≤ (ω−λ)ϱ

9ϱ

{(
Γ(1+pϱ)

Γ(1+(p+1)ϱ)

) 1
p
(

(ω−λ)ϱ

3ϱΓ(ϱ+1)

) 1
q
∣∣∣Λ(ϱ)

( 5λ+ω
6

)∣∣∣
+

(
Γ(1+pϱ)

Γ(1+(p+1)ϱ)

(
5p+1−1

4p+1

)ϱ) 1
p
(

(ω−λ)ϱ

3ϱΓ(ϱ+1)

) 1
q
∣∣∣Λ(ϱ)

(
λ+ω

2

)∣∣∣
+

(
Γ(1+pϱ)

Γ(1+(p+1)ϱ)

(( 1
4

)p+1
+

( 3
4

)p+1
)ϱ) 1

p
(

(ω−λ)ϱ

3ϱΓ(ϱ+1)

) 1
q
∣∣∣Λ(ϱ)

(
λ+5ω

6

)∣∣∣}
= (ω−λ)ϱ

9ϱ

(
(ω−λ)ϱ

3ϱΓ(ϱ+1)

) 1
q
(

Γ(1+pϱ)
Γ(1+(p+1)ϱ)

) 1
p

{(
5p+1−1

4p+1

) ϱ
p
∣∣∣Λ(ϱ)

(
λ+ω

2

)∣∣∣
+

∣∣∣Λ(ϱ)
( 5λ+ω

6

)∣∣∣+ (
1+3p+1

4p+1

) ϱ
p
∣∣∣Λ(ϱ)

(
λ+5ω

6

)∣∣∣} ,

where we have used (4.1)-(4.3). The proof is completed.

Theorem 4.6. Assume that all the assumptions of Theorem 3.2 are satisfied. If
∣∣Λ(ϱ)

∣∣q is gener-
alized convex for q > 1. Then we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

{
(M1)

1− 1
q

(
M2

∣∣∣Λ(ϱ) (λ)
∣∣∣q +M3

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q) 1
q

+ (M4)
1− 1

q

(
M3

∣∣∣Λ(ϱ) (λ)
∣∣∣q +M5

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q) 1
q

+ (N1)
1− 1

q

(
N2

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q +N3

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q

+ (N4)
1− 1

q

(
N3

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q +N5

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q

+ (K1)
1− 1

q

(
K2

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q +K3

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+ (K4)
1− 1

q

(
K3

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q +K5

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
,

where Mi,Ni and Ki are defined for i = 1, 2, ..., 5 by (4.7)-(4.21), respectively.

Proof. From Lemma 3.1, properties of modulus, generalized power mean inequality and gener-
alized convexity of

∣∣Λ(ϱ)
∣∣q, we have∣∣∣( 1

4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ


 1

Γ(ϱ+1)

1∫
0

(1 − t)
ϱ
tϱ (dt)

ϱ

1− 1
q

×

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ
tϱ
∣∣∣Λ(ϱ)

(
(1 − t)λ+ t 2λ+ω

3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

t2ϱ (dt)
ϱ

1− 1
q
 1

Γ(ϱ+1)

1∫
0

t2ϱ
∣∣∣Λ(ϱ)

(
(1 − t)λ+ t 2λ+ω

3

)∣∣∣q (dt)ϱ


1
q
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+

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣ 5

4 − t
∣∣ϱ (dt)ϱ

1− 1
q

×

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣ 5

4 − t
∣∣ϱ ∣∣∣Λ(ϱ)

(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣ 5

4 − t
∣∣ϱ (dt)ϱ

1− 1
q

×

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣ 5

4 − t
∣∣ϱ ∣∣∣Λ(ϱ)

(
(1 − t) 2λ+ω

3 + tλ+2ω
3

)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣t− 1

4

∣∣ϱ (dt)ϱ
1− 1

q

×

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣t− 1

4

∣∣ϱ ∣∣∣Λ(ϱ)
(
(1 − t) λ+2ω

3 + tω
)∣∣∣q (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣t− 1

4

∣∣ϱ (dt)ϱ
1− 1

q

×

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣t− 1

4

∣∣ϱ ∣∣∣Λ(ϱ)
(
(1 − t) λ+2ω

3 + tω
)∣∣∣q (dt)ϱ


1
q


≤ (ω−λ)ϱ

9ϱ


 1

Γ(ϱ+1)

1∫
0

(1 − t)
ϱ
tϱ (dt)

ϱ

1− 1
q

×

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ
tϱ
(
(1 − t)

ϱ
∣∣∣Λ(ϱ) (λ)

∣∣∣q + tϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

t2ϱ (dt)
ϱ

1− 1
q
 1

Γ(ϱ+1)

1∫
0

t2ϱ
(
(1 − t)

ϱ
∣∣∣Λ(ϱ) (λ)

∣∣∣q + tϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣ 5

4 − t
∣∣ϱ (dt)ϱ

1− 1
q

×

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣ 5

4 − t
∣∣ϱ ((1 − t)

ϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣ 5

4 − t
∣∣ϱ (dt)ϱ

1− 1
q
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×

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣ 5

4 − t
∣∣ϱ ((1 − t)

ϱ
∣∣∣Λ(ϱ)

( 2λ+ω
3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣t− 1

4

∣∣ϱ (dt)ϱ
1− 1

q

×

 1
Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣t− 1

4

∣∣ϱ ((1 − t)
ϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ) (ω)

∣∣∣q) (dt)ϱ


1
q

+

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣t− 1

4

∣∣ϱ (dt)ϱ
1− 1

q

×

 1
Γ(ϱ+1)

1∫
0

tϱ
∣∣t− 1

4

∣∣ϱ ((1 − t)
ϱ
∣∣∣Λ(ϱ)

(
λ+2ω

3

)∣∣∣q + tϱ
∣∣∣Λ(ϱ) (ω)

∣∣∣q) (dt)ϱ


1
q


= (ω−λ)ϱ

9ϱ

{
(M1)

1− 1
q

(
M2

∣∣∣Λ(ϱ) (λ)
∣∣∣q +M3

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q) 1
q

+ (M4)
1− 1

q

(
M3

∣∣∣Λ(ϱ) (λ)
∣∣∣q +M5

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q) 1
q

+ (N1)
1− 1

q

(
N2

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q +N3

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q

+ (N4)
1− 1

q

(
N3

∣∣∣Λ(ϱ)
( 2λ+ω

3

)∣∣∣q +N5

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q) 1
q

+ (K1)
1− 1

q

(
K2

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q +K3

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+ (K4)
1− 1

q

(
K3

∣∣∣Λ(ϱ)
(
λ+2ω

3

)∣∣∣q +K5

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
,

where we have used

M1 =
1

Γ(ϱ+1)

1∫
0

(1 − t)
ϱ
tϱ (dt)

ϱ
= Γ(1+ϱ)

Γ(1+2ϱ) −
Γ(1+2ϱ)
Γ(1+3ϱ) , (4.7)

M2 =
1

Γ(ϱ+1)

1∫
0

(1 − t)
2ϱ
tϱ (dt)

ϱ
= Γ(1+2ϱ)

Γ(1+3ϱ) −
Γ(1+3ϱ)
Γ(1+4ϱ) , (4.8)

M3 =
1

Γ(ϱ+1)

1∫
0

(1 − t)
ϱ
t2ϱ (dt)

ϱ
= Γ(1+2ϱ)

Γ(1+3ϱ) −
Γ(1+3ϱ)
Γ(1+4ϱ) , (4.9)

M4 =
1

Γ(ϱ+1)

1∫
0

t2ϱ (dt)
ϱ
= Γ(1+2ϱ)

Γ(1+3ϱ) , (4.10)

M5 =
1

Γ(ϱ+1)

1∫
0

t3ϱ (dt)
ϱ
= Γ(1+3ϱ)

Γ(1+4ϱ) , (4.11)
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N1 =
1

Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣ 5

4 − t
∣∣ϱ (dt)ϱ = Γ(1+2ϱ)

Γ(1+3ϱ) +
( 1

4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) , (4.12)

N2 =
1

Γ(ϱ+1)

1∫
0

(1 − t)
2ϱ ∣∣ 5

4 − t
∣∣ϱ (dt)ϱ = Γ(1+3ϱ)

Γ(1+4ϱ) +
( 1

4

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) , (4.13)

N3 =
1

Γ(ϱ+1)

1∫
0

tϱ (1 − t)
ϱ ∣∣ 5

4 − t
∣∣ϱ (dt)ϱ =

( 5
4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) −

( 9
4

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) +

Γ(1+3ϱ)
Γ(1+4ϱ) , (4.14)

N4 =
1

Γ(ϱ+1)

1∫
0

tϱ
∣∣ 5

4 − t
∣∣ϱ (dt)ϱ =

( 5
4

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) −

Γ(1+2ϱ)
Γ(1+3ϱ) , (4.15)

N5 =
1

Γ(ϱ+1)

1∫
0

t2ϱ ∣∣ 5
4 − t

∣∣ϱ (dt)ϱ =
( 5

4

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) −

Γ(1+3ϱ)
Γ(1+4ϱ) , (4.16)

K1 =
1

Γ(ϱ+1)

1∫
0

(1 − t)
ϱ ∣∣t− 1

4

∣∣ϱ (dt)ϱ =
( 5

32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) +

( 3
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) , (4.17)

K2 =
1

Γ(ϱ+1)

1∫
0

(1 − t)
2ϱ ∣∣t− 1

4

∣∣ϱ (dt)ϱ =
( 47

128

)ϱ Γ(1+3ϱ)
Γ(1+4ϱ) −

( 15
128

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) , (4.18)

K3 =
1

Γ(ϱ+1)

1∫
0

tϱ (1 − t)
ϱ ∣∣t− 1

4

∣∣ϱ (dt)ϱ = Γ(1+3ϱ)
Γ(1+4ϱ) +

( 155
128

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) −

( 7
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) , (4.19)

K4 =
1

Γ(ϱ+1)

1∫
0

tϱ
∣∣t− 1

4

∣∣ϱ (dt)ϱ =
( 31

32

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) −

( 7
32

)ϱ Γ(1+ϱ)
Γ(1+2ϱ) (4.20)

and

K5 =
1

Γ(ϱ+1)

1∫
0

t2ϱ ∣∣t− 1
4

∣∣ϱ (dt)ϱ =
( 127

128

)ϱ Γ(1+3ϱ)
Γ(1+4ϱ) −

( 31
128

)ϱ Γ(1+2ϱ)
Γ(1+3ϱ) . (4.21)

The proof is completed.

Corollary 4.7. In Theorem 4.6, using the generalized convexity of
∣∣Λ(ϱ)

∣∣q, we get∣∣∣( 1
4

)ϱ (
3ϱ

Λ
( 2λ+ω

3

)
+ Λ (ω)

)
− Γ(ϱ+1)

(ω−λ)ϱ λI
ϱ
ωΛ (u)

∣∣∣
≤ (ω−λ)ϱ

9ϱ

{
(M1)

1− 1
q

(
3ϱM2+2ϱM3

3ϱ

∣∣∣Λ(ϱ) (λ)
∣∣∣q + M3

3ϱ

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+ (M4)
1− 1

q

(
3ϱM3+2ϱM5

3ϱ

∣∣∣Λ(ϱ) (λ)
∣∣∣q + M5

3ϱ

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q
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+ (N1)
1− 1

q

(
2ϱN2+N3

3ϱ

∣∣∣Λ(ϱ) (λ)
∣∣∣q + N2+2ϱN3

3ϱ

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+ (N4)
1− 1

q

(
2ϱN3+N5

3ϱ

∣∣∣Λ(ϱ) (λ)
∣∣∣q + N3+2ϱN5

3ϱ

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+ (K1)
1− 1

q

(
K2
3ϱ

∣∣∣Λ(ϱ) (λ)
∣∣∣q + 2ϱK2+3ϱK3

3ϱ

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

+ (K4)
1− 1

q

(
K3
3ϱ

∣∣∣Λ(ϱ) (λ)
∣∣∣q + 2ϱK3+3ϱK5

3ϱ

∣∣∣Λ(ϱ) (ω)
∣∣∣q) 1

q

}
.

5 Application to special means

For arbitrary real numbers λ, ω we have:
The generalized Arithmetic mean: A (λ, ω) = λϱ+ωϱ

2ϱ .

The generalized p-Logarithmic mean: Lp (λ, ω) =

[
Γ(1+pϱ)

Γ(1+(1+p)ϱ)

(λ(p+1)ϱ−ω(p+1)ϱ)
(λ−ω)ϱ

] 1
p

, λ ̸= ω

and p ∈ Z\ {−1, 0}.

Proposition 5.1. Let λ, ω ∈ R with 0 < λ < ω and n ≥ 2, then we have

|3ϱAn (λ, λ, ω) + ωnϱ − 4ϱ
Γ (ϱ+ 1)Ln

n (λ, ω)|

≤ 4ϱ(ω−λ)ϱ

27γ

(
Γ(1+nϱ)

Γ(1+(n−1)ϱ)

) [(( 155
32

)γ Γ(1+ϱ)
Γ(1+2ϱ) +

( 5
32

)γ Γ(1+2ϱ)
Γ(1+3ϱ)

)
λ(n−1)ϱ

+
(( 73

32

)γ Γ(1+ϱ)
Γ(1+2ϱ) +

( 103
32

)γ Γ(1+2ϱ)
Γ(1+3ϱ)

)
ω(n−1)ϱ

]
.

Proof. The assertion follows from Corollary 3.3 applied to the function Λ(u) = unϱ where
Λ : (0,+∞) → Rϱ.

6 Conclusion

In this study, we have successfully extended the classical 2-point right-Radau inequality to the
realm of fractal sets by employing local fractional integrals. The introduction of a novel local
fractional integral identity has played a pivotal role in deriving these generalized inequalities,
demonstrating the power of this identity as a foundational tool in fractal analysis. By leveraging
the concept of generalized convexity, we have broadened the scope of traditional Radau-type
inequalities, enabling their application to functions defined on fractal domains. Moreover, the
results obtained in this work represent a refinement of several existing results in the literature,
offering improved precision and broader applicability. The theoretical advancements presented
here not only enrich the framework of fractal calculus but also highlight their practical relevance
through several illustrative applications.

This work lays the groundwork for numerous future research directions. One promising
avenue is the exploration of Radau-type inequalities using other forms of generalized convexity,
such as h-convexity, m-convexity, or harmonic convexity. Such investigations could further
expand the applicability of these inequalities to a wider range of problems, particularly in the
context of local fractional integrals.
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