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Abstract In this article, we investigate the existence of nontrivial solutions of a nonlinear
discrete problem arising from capillary phenomena, involving the p(k)-Laplacian-like operators
with Dirichlet-type boundary conditions. Under appropriate assumptions on the function f and

its primitive F' near zero and infinity, using critical point theory and variational methods, we
obtain the results.

1 Introduction

We consider the discrete anisotropic problem with Dirichlet-type boundary conditions as fol-
lows:

—A((l + ¢ (JAu(t — 1)|PED)) |Au(t — 1)[PED"2Au(t — 1)) = Af(t,u(t)), t € [1, N]y,
uw(0) =u(N+1)=0,

(P,\) N

where N > 2 is a positive integer and [1, N]y := {1,2,..., N} is a discrete interval, Au(t) =

u(t + 1) — u(t) is the forward difference operator and ¢.(s) := 7= fors € Ris called the

mean curvature operator [23].

For every fixed ¢ € [0, N]y, f(¢,.) : R — Ris a continuous function that checks some conditions

mentioned below and p : [0, N 4+ 1]y — [2;400) is a given bounded function. We say that a

function w : [0, N + 1]y — R is a solution of problem (P ) if it satisfies both equations of (P).
For any bounded function & : [0, N + 1]y — R, we consider the symbols

h*:= max h(t), h”:= min h(t).
tel0,N+1]y tel0,N+1]y

Recent years have received a great deal of attention in the study of partial difference equations
with a variable exponent, which contributed to the development of research and studies related
to the problems of differential equations. In [33], the authors have focused mainly on existence
and multiplicity results for the following discrete problem :

(py: { A (8t = P 28u(t 1)) = g(0,u(r)) L € 1 N
"1 u(0) =u(N+1)=0,
where N > 2 is an integer, [1, N]z is the discrete interval {1,2,3..., N} A is the forward
difference operator defined by Au(t) = u(t+1)—u(¢) and g : [1, N]zx R — R is a continuous

function, i.e. for any fixed ¢ € [1, N]z, the function ¢(¢,.) is continuous. For further insight into
the topic, we refer the reader to [1, 7, 8, 13, 20, 21, 25, 28, 33] and references therein.
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Problems such as (P, ) derive interest from their close connection with the study of capillary
phenomena. These phenomena, which can be briefly explained by considering the effects of
two opposing forces: cohesion, i.e. the attractive force between the molecules of the liquid;
and adhesion, i.e. the attractive (or repulsive) force between the molecules of the liquid and
those of the container. The study of this kind of problems possesses a solid background in
physics and other areas of research such as combustible gas dynamics [31], image restoration
[10], the analysis of capillary surfaces [6, 17] and economic systems processing [29]. For other
applications, the reader can see [14, 15, 19, 33] and references therein.

Concerning the investigation of boundary value problems with p(.)-Laplacian-like operators
in the continuous case, we mention, far from being exhaustive, the following recent papers:

In [26], M. Rodrigues studies the existence and multiplicity of solutions for the following
problem involving the p(z)-Laplacian-like operators originated from a capillary phenomena:

e { 0 (1 A b 90) =avte, <
u=0, xreIQ

where A > 0, Q C RY is a bounded domain with smooth boundary 9Q,p € C(Q) and p(z) > 2,
Vx € Q. Based on the mountain pass theorem, the author showed that the problem has at least
one nontrivial solution. The author proved also the existence of a sequence of solutions using
the Fountain theorem.

In [11], the authors consider the problem (Pp) where p : Q — R is a Lipschitz continuous
function with

1 < p~ :=essinfeqp(z) < p(z) < p' :=esssup,.qp(z) < N

and f : Q x R — R is superlinear but does not satisfy the usual Ambrosetti-Rabinowitz type
condition. Under some conditions on f at infinity, they proved that the above problem has at
least one nontrivial solution. Moreover, the existence of infinite solutions is proved for odd
nonlinearity and with some new trickes.

However, for the discrete setting, we’d mention that papers with ¢. and p(k)-Laplacian-
like operators are relatively limited, but we can refer the readers to [32], where Zhou and Ling
employed the critical point theory to establish the existence of positive solutions for the following
prescribed mean curvature problem with Dirichlet boundary condition:

{ A (¢ (Dup_1)) = N (kyug), ke Z(1,T),

up = ury1 =0,

with T being a given positive integer, and Z(a,b) = {a,a+ 1,...,b} when a < b is the discrete
interval.

In this work, we are motivated by some results mentioned in the above papers and by taking
advantage of certain techniques used in [24] and [30]. Specifically, we are interested to look
for the existence of solutions for the problem (Py) which is considered as the discrete variant of
(Py), where some known tools from the critical point theory and variational methods are applied,
such as the Mountain Pass theorem and Ekeland’s variational principle.

Now, we introduce the following assumptions:

(Fp): There exists a bounded function 3 : [1, N]y — [2,00) such that
() < Co (141517071,
forall (¢,s) € [1, N]y x R, where Cj is a positive constant.

F: tim F7)

z—0 |$|er

= 0, uniformly for all ¢ € [1, N]y, where F(t,x) = [ f(t,s)ds.

-
2

(F,): There exists  such that k > 2:)—,“ (N+1)7 and

iminf 202 S forall ¢ € [1, N

o =
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Many papers treat the existence of solutions for some similar discrete problem (see [30]) by
considering the hypotheses (1), (/3) and the following condition:

(AR): there exist ¢, > 0, x > p™ such that
0<kF(ts) < f(ts)s, |s| >te, Vte][l,N]y,

that is called Ambrosetti-Rabinowitz condition type [5].

It is well-known that the (AR)-condition has a crucial role in the application of variational
methods, it is extensively used to ensure the boundedness of the Palais-Smale sequences of
the energy functional. Despite this, it still restrictive and eliminates many nonlinearities. For
example, the function

1|zl e

_ -2
ft,z) = |z|P ~“zIn(l + |z|) + p+m>

te[l,Nly, z€R

with a primitive
1 +
F(t,x) = F|z|p In(1 + |z|), t € [1, N]n, = € R,
does not satisfy the (AR)-condition. However, it satisfies the hypothesis (#>), which is weaker
and encompasses a broader class of nonlinearities.
We organize the rest of this work as follows. In Section 2, we introduce some necessary

preliminary results. Next, we set the variational setting associated to ( Py ), and in the last section,
we give our main results with their proofs.

2 Preliminaries

Consider E the N-dimensional Hilbert space [4]
E={u:[0,N+1y=R| u(0)=u(N+1) =0},

equipped with the inner product

N
<u,v >= ZAu(t — DAv(t —1),
=0

which is associated the norm defined by

1

2

lull = (Z |Au(t — 1)2>
t=0

Also, for m > 2, we define the norm

1

N+1 ™
[t = <Z |u(t)|m> , YueE.
t=1

Since F is a finite dimensional space, all norms are equivalent.
For our purpose, it is useful to use the following inequalities.

Proposition 2.1. (/24, 18])
(a) Letw € E and ||u|| > 1. Then

N+1 _
Au t— 1 p(t l) 2—p— -
> B -

t=1
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(b) Letuw € FE and ||u|| < 1. Then

fi‘l |Au(t — 1)[PE=D
—~ pt-1)

(c) Forall u € E, we have

sV N

[ufloo == max [u(t)] < VN +1|ul.
te(l,N]

(d) Forallu € E, we have

N+1

> lAu(t = P < (N + D)fjul”"
t=1
(e) Forallu € E, m > 2 we have

N
S =27 (N + 1) ul™
t=1

3 Variational framework

Let T : E — R be the functional associated to the problem (P)) defined in the following way

Ta(u) = ®(u) — \¥(u), Yu € E, 3.1

with
N+1

(D(u) = Z p(tl_ 1) ('Au(t - 1)|p(t71) + \/1 + |Au(t - 1) |2p(t_l) - 1> )

t=1

N x
W) =3 F(tu(t)) and F(t,x) = / F(t, s)ds, forall £ ¢ [0, N]x.
t=1 0
By a standard argument, using summation by parts, it can be shown that the functional T}, is
well defined, of class C' on E and its Gateaux derivative is given by

N+1

(T3(w),0) = > (1+ 6 (IAu(t = DD Jau(t = DPCD2Au(t ~ Dav(E - 1)

=AY f(tut)u(t), (3:2)
t=1

for all u,v € E.
Moreover, the critical points of the functional T} are exactly the solutions of problem (P, ).
Indeed, for short, let us set

At —1) = <(1 + 6 (\Au(t - 1)|p<t*1>)) Au(t — 1)PED=2Au(t — 1)>,

then for all v € F, we have

N+1

(T{(u),v) = > At — 1)Aw(t — 1) )\thu

t=1
N+2 N+1 N

_ {A(t_ Dot — 1)} ZA (t=1))o(t) = XD f(t,ult)v(t)

1 t=1
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Taking into account the boundary conditions, we obtain
N

(Tf\(u),v):—ZA( (t—1)) )\thu
t=1

= 5= (0 anllsu(e — DDl = P2t = 1)) = Af(e (o) o0

Since v € E is arbitrary, we conclude that w € F is a critical point of T in E (i.e., (T} (u),v) =0
for all v € E) if and only if u is a solution of (Py).
Now, we recall this important critical point theorem due to A. Ambrosetti and H. Rabinowitz.

Theorem 3.1. (Mountain Pass Theorem, see [5]) Let (X,||.||) be a real Banach space, ¥ €
CY(X,R) satisfies (PS)-condition, i.e., any sequence (u,,) C X such that (¥(u,)) is bounded
and (¥ (u,)) — 0 as n — +oo has a subsequence which converges in X. Moreover, if
Y(0) = 0 and the following conditions hold:

(i) There exist positive constant p and « such that ¥(u) > « for any v € X with |Jul| = p.
(ii) There exists a function e € X such that ||e]| > p and ¥(e) < 0.

Then, the functional ¥ possesses a critical value ¢ > «a. Moreover, the critical value c is char-
acterised by

— inf 7
c= ;grtren[gﬁ] (9(t)),

where
I'={geC([0,1],X)/9(0) = 0,9(1) = e}.
4 Main results and proofs
Theorem 4.1. Assume that the assumption (Fy) is fulfilled, and
Bt <p.
Then, for all X\ > 0 the problem (Py) has a solution uy € E.

Moreover, if there exist k* € [1, N|y and d > 1 such that F(k*,d) > 0, then there exists \* > 0
such that for any \ > \*, the solution uy is not trivial.

Proof. (of Theorem 4.1) Let u € E such that ||u|| > 1. We point out that
(@) P® < [u®)]® + [u@®)|®, VY(t,u) €[1,N]yx E. (4.1)
On the other hand, the relation (c) implies that for m > 2
lu(t)[™ < (N +1)% ||u|™, forall t € [1, N]x,

and thus

0™ < NN + D Jul|™, 4.2)

HMZ

this combined with (4.1), gives
+ - -
S @) < NN+ )T [lull” + NV + 1) u?
t=1

<AN(N + 1) [[ul). 4.3)

Now, from (Fp) there exists C; > 0 such that

B(t)
|F(t,5)] < Col®)

forallt € [1,N R
= 6(t> +Cla or a E[ ) ]N7 s € R,
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which implies that

N N B(t)
W) = Y- Feu) < 3D vy
t=1 t=1
< C‘)“BV D% L N, (4.4)

We recall that for all s > 0, we have max (0,s — 1) < v 1+ s2 — 1 < s. Then, for u € E with a
sufficiently large norm such that |[Au(t — 1)| > 1 for all ¢ € [1, N]y, by proposition 2.1 (a), we
have

N+1

Dlu) =Y p(tl—l) <|Au(t — Pl 4 \/1 + |Au(t — 1)[2p(E=1) — 1)

t=1
N+1 N+1

2 o 1
> Z WMu(t— DPe=h — Z pE-1)

t=1 t=1

N
> 2 —ov-EEL *5)
pH(VN)P~ 2 p-
In addition, the above inequality combined with (4.4), leads us to
5+
2

. N+1 _2NCo(N +1
[ul|P” — 2N — f ~\ CO(BJ“ )
p

Ty (u) > Jul|®” = ANC;.

2

Since p~ > B, the last inequality means that T} is coercive.

T is a continuous coercive functional and it is also weakly lower semicontinuous on E. We
recall that £ is a finite dimensional space, which allows us to say that there exists uy € F a
global minimizer of T and thus, a solution of (Py).

In order to finish the proof, it remains to suppose that there exist k* € [1, N]y and d > 1
such that F'(k*,d) > 0, and show that the solution u, is not trivial. For this purpose, we choose
a function w € E defined as

{:EZ)*—:O,dfor all t € [1, N]n\{k*} “6)

obviously, we have

Ty (w) = P(w) — A\¥(w)

N+1

N
-y (|Aw(t — P /T (e — DR 1) —AY_F(tw(t)
—~ p(t—1) =1
p(k™) + 1+ de(k*) _ 1)

o
- p(k*—1)
— )\F(kz* d)

(de +2y/1+dw — ) AF(E*, d)

(dp<k*—‘> + V1 + d2etk=1) — 1) + p(,lg*) (d

4dv"
< —

— \F(k*, d). @.7)

Then, if we put
4ar"
pF(k*,d)’
it follows that T (w) < 0 and thus Ty (uy) < 0 = T (0) for any A > \*. Therefore, u, is a non
trivial solution of (Py). |

A=
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Theorem 4.2. Assume that hypotheses (I} ) and (F,) hold.
Then, for any X € (0,+00) the problem (Py) admits at least a nontrivial solution.

To give the proof, we will apply a Mountain Pass Theorem (Theorem 3.1). So, we should
prove that the functional 7 has a Mountain pass geometry. For this reason, we give these two
lemmas.

Lemma 4.3. Suppose that the hypothesis (F1) holds. Then, there exist two constant v,p > 0
such that

Ta(u) >~ >0, u € E with |ju]| = p.
Proof. By (F}), for any € > 0, there exists K > 0 such that
|F(t,s)] < e|s|P",¥(t,|s]) € [1, N]x x [0, K].

Let u € E, such that ||u|| < ¢ with € = min {1, %ﬂ}
By inequality (c) it follows that

lu(®)] < max |u(r)| < K,Vt € [1, N]x.
re[l,N]y

So, we conclude that
|F(t,u(t))] < elu(t)[?", forallte [I, N]y.

Also by (4.2), we get

W(u) =3 Pt u(t) < eN(N + 1) [[ul”".
t=1

Taking v € E such that ||u|| < 1, by inequality (b) in proposition 2.1, it follows that

Th(u) = p(tl—l) <|Au(t — 1)t 4 \/1 + |Au(t — 1)2p0=1) — 1> - /\t:ZIF(t,u(t))

t=1
N+1

1 pt +
> - _ 1) |pt=1) _ B p
> ;:l pr 1)|Au(t 1) AeN(N + 1) 7 Jul|

1 + pt +

pt—2
N 2

Let us now take ¢ > 0 sufficiently small such that Ae < 2% —
Pr Ny

. Then, we get

pt—2

N
[l

Tx(u) > e

pt—2

Also, if we take v = & %T pp+ > 0, it follows that

T\(u) >~ > 0,Yu € E with ||u]| = p. (4.8)

Lemma 4.4. Suppose that condition (F3) is verified. Then,

- the functional Ty, is unbounded from below and satisfies the (PS)-condition,

- there exists e € E such that |le|]| > p and Tx(e) < 0, where p is given in (4.8).
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Proof.
According to the hypothesis (), for any € > 0 there exists Ry > 0 such that
F(t
|:(C;ic) >k —e forall (¢, |z|) € [1, N]nx]Ro, +o0l,

SO,
F(t,z) > (5 — &)z’ for (t,|z]) € [I, N]nx]Ro, +ool.

By continuity of the function s — F(t, s), there exists K > 0 such that
F(t,s) > (k—e)|s|’ — K, ¥(t,s)e[l,N]yxR.

Then,
F(t,u(t)) > (k—e)u(®)|P — K, Vte[l,N],

and by relation (e), we get

N
H—é‘ E

> (k—¢e)27? (N—|— 1) ||u||” — KN, VYuekE.

On the other hand, without loss of generality, let u € E with [lu]| > 1 such that |[Au(t — 1)| > 1
forall t € [1, N]n, by relation (d) we have

N+1
<—Z|Au 1)[p=1
o) N+1 .
<= |Au(t - 1P

L

2 +
— (N + D)||ul|? ,
S )ull

it follows that

2 2-pt N
Ta(u) < =V Dl =277 (N 1) 7 A = &) ull” +AKN
2 _nt ﬂ +
p—_(N—i—l)—Z PP(N4+1)" 2 XNr—e)|||ul|lP +AKN.
Consequently, for e < k — 2,, ! — (N + l)pT we have

T\ (u) = —o0, as ||ul| — oo.

Hence T, is anti-coercive on E.

Therefore, the functional T} is unbounded from below and any (PS) sequence (u,,) associated
to T will be bounded in F which is a finite dimensional space. So, the functional T, satisfies
the (PS)-condition.

Furthermore, we can find e € E such that ||e|| > p and T (e) < 0. o

Proof. (of the Theorem 4.2) Since 7)(0) = 0 and from the above lemmas, according to the
Mountain Pass Theorem (Theorem 3.1), we conclude that the problem (Py) admits at least a
nontrivial solution. O

Theorem 4.5. Suppose that assumption (F) is satisfied. Then, there exists A, > O such that for
any \ > \,, the problem (Py) has at least a nontrivial solution in E.
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Proof. ( of Theorem 4.5) In this proof, we shall apply the Ekeland’s variational principle [16].
As in Lemma 4.3, hypothesis () implies that for all A > 0, there exist two constant ~y, p > 0
such that

T\(u) >~ >0, u € E with ||u|| = p,
which means that on 9B,(0); the boundary of the ball centered at the origin and of radius p in E

inf T)\(U) > 0.
9B,(0)

Furthermore, taking a function w in F defined as
w(t) =46, forallte][l,N]y,

where J is a positive real number small enough such that

then w € B,(0). We put

4

46P _ .
= —and F;, = min F(t,9).
p~ NF; te[1,N]y

*

Then, we have

N+1

Th(w) = p(tl_l) <Aw(t — 1Pt 4 \/1 + |Aw(t — 1)]2(t=1) — 1> — A F(tw(t)

t=1 t=1

N

1 1

= — (07O 4 /14620 — 1) 4+ —— ("™ 4 /1 4620N) — 1) =X F(t,6
oo ( )+ o ) A3 F)

< pi_ (25?‘ +2¢/1 4 6% — 2) — ANF;

< ‘ff — ANFj5 . 4.9)

So, for all A > A, Ty (w) < 0, thus

—oo < ¢:= inf Th(u) < Th(w) <O.
B, (0)

Let € > O such that e < infyp o) T\ — infp, () T and let’s use the Ekeland variational principle
[16] to the functional T) : B,(0) — R, there exists u. € B,(0) such that

T (ue) < inf Ty + ¢
B, (0)

Th(u) > Ty (ue) —€llu—uell, u# ue.

Since
Ty (ue) < inf Th +€e < inf T\ +e < inf T),
(0) B, (0) 9B,(0)
we deduce that u, € B,(0).
Let define now Ly : B,(0) — R by Ly(u) = T\(u)+ €||lu — u.||. It is obvious that u, is a
minimum point of L and thus

Ly (ue +to) — Ly (ue) >0
t - b

(4.10)
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for ¢ > O sufficiently small and ¢ € B,(0). The last inequality leads us to

T (ue + tp) — T (ue)

: +ellgl > 0.

Taking limit when ¢t — 0, we infer that (T} (u.), ) + €||¢|| > 0. Then, |75 (uc)|| < e
So, there exists a sequence (¢,,) C B,(0) and ¢ € R such that

T (pn) = ¢ Ty (¢n) — 0 where n — oo.

It is clear that (,,) is bounded in E. Thus, there exists ¢y € E and a subsequence, still denoted
(¢n) converges to ¢ in E.

Ty (QD()) =¢c<0, T)/\ (QO()) =0.

Consequently, the problem (Py) possesses a nontrivial solution. O

Example

Now, we present an example to illustrate the result of Theorem 4.2.
Let us take N = 10 and p(t) = & + 3. By simple calculations, we obtain

pT=5and p~ =3.
Let f be the function defined as follows:

ft,x) =30e"2°, e[l 10y, |z| <1,
f(t,x) =30e%|zPz, te(l,10]y, |z] >1

and
F(t,x) = 5¢%®, te[1,10]n, |z| <1
F(t,x) = 6%z — %, t € [1,10]y, |z > 1.
We have
F F
2) _ 6 and timinf 202 5 609 > 4
z—0 |SC‘p || =00 |£17|p
where £ is a constant such that
2p 1 gt 20 113
k>T  (N+1D)T =221

3

Then, conditions (£7) and (F%) hold. Therefore, by virtue of Theorem 4.2, the problem (P ) has
at least one nontrivial solution.

Conclusion

In this work, we used critical point theory, including the Mountain Pass Theorem and Ekeland’s
variational principle, to establish the existence of nontrivial solutions for the nonlinear discrete
problem (P,), which involves p(k)-Laplacian-like operators. The obtained results highlight the
strong theoretical significance and wide potential applications of discrete problems of this type,
especially due to their relation to capillary phenomena. However, several questions remain to
be addressed in this context, such as uniqueness, the existence of infinitely many solutions, and
non-existence of solutions. We intend to explore these aspects in future work.
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