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Abstract The concept of the direct product of a finite family of B-algebras is introduced by
Lingcong and Endam [J. A. V. Lingcong and J. C. Endam, Direct product of B-algebras, Int. J.
Algebra 10 (2016), no. 1, 33-40.]. In this paper, we introduce the concept of the direct product of
an infinite family of GE-algebras, which we call the external direct product —a generalization of
the direct product in the sense of Lingcong and Endam. To find the outcome of the external direct
product of GE-algebras that are transitive, commutative, left exchangeable, and belligerent, as
well as the outcome of the external direct product of GE-subalgebras, GE-filters, belligerent GE-
filters, prominent GE-filters, and imploring GE-filters. Also, we introduce the concept of the
weak direct product of GE-algebras. Finally, given the external direct product of GE-algebras,
we provide several fundamental theorems of (anti-)GE-homomorphisms.

1 Introduction and Preliminaries

Imai and Iséki introduced two classes of abstract algebras called BCK-algebras and BCI-algebras,
which are the two important classes of logical algebras and have been extensively investigated
by many researchers. It is known that the class of BCK-algebras is a proper subclass of the class
of BCl-algebras [16, 17]. Afterwards, the notion of BCK-algebras and BCI-algebras numbers
in different types of logical algebras has been defined by numerous authors, and their distinct
properties have been discussed in different articles in [4]. Henkin and Skolem introduced the
notion of Hilbert algebras in the mid-20th century. Since then, several scholars have contributed
to the study of Hilbert algebras; for example, the reader can refer to [10, 11, 12, 20, 21, 27].
In 1967, Diego [14] proved that Hilbert algebras form a locally finite variety. In 2002, Neggers
and Kim [28] constructed a new algebraic structure. They took some properties from BCI and
BCK algebras to be called B-algebras. Furthermore, Kim and Kim [23] introduced a new notion
called BG-algebra, which is a generalization of B-algebra. They obtained several isomorphism
theorems for BG-algebras and related properties.

The generalization process in studying algebraic structures is also a significant area of study.
Bandaru et al. introduced and examined the idea of GE-algebras in 2021-2022, which is a
generalization of Hilbert algebras [6, 8, 29, 32]. Researchers have extensively and continuously
studied the notion of GE-algebras. For example, in 2021, Lee et al. [24] introduced the notions
of (commutative, transitive, left exchangeable, belligerent, antisymmetric) interior GE-algebras
and bordered interior GE-algebras. In the same year, Ahn et al. [2] introduced the concept
of imploring interior GE-filters and investigated their properties. In 2022, Song et al. [33]
introduced the notions of an interior GE-filter, a weak interior GE-filter, and a belligerent interior
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GE-filter. In the same year, Jun et al. [19] introduced the concept of very true GE-algebra using
very true operators, and its properties were studied to expand the scope of research on GE-
algebras. Sambasiva Rao et al. [5, 34] studied the radical of filters and generalized lower sets
in transitive BE-algebras. Later, Jun and Bandaru [18] introduced a new sub-structure called
(vivid) deductive system and examined its properties. In 2024, Bandaru et al. [7] introduced the
notion of pseudo GE-algebra as a non-commutative generalization of GE-algebra and studied its
properties.

The concept of the direct product [30] was first introduced in the context of groups and has
since been shown to possess specific properties. For example, a direct product of a group is also
a group, and a direct product of an abelian group is also an abelian group. Then, direct product
groups are applied to other algebraic structures. In 2016, Lingcong and Endam [25] discussed the
notion of the direct product of B-algebras, 0-commutative B-algebras, and B-homomorphisms
and obtained related properties, one of which is a direct product of two B-algebras, which is
also a B-algebra. Then, they extended the concept of the direct product of a B-algebra to a finite
family of B-algebras, and some of the related properties were investigated. Also, they introduced
two canonical mappings of the direct product of B-algebras, and we obtained some of their prop-
erties [26]. In the same year, Endam and Teves [15] defined the direct product of BF-algebras,
0-commutative BF-algebras, and BF-homomorphisms and obtained related properties. In 2018,
Abebe [1] introduced the concept of the finite direct product of BRK-algebras and proved that
the finite direct product of BRK-algebras is a BRK-algebra. Widianto et al. [35] defined the
direct product of BG-algebras, BG-homomorphisms, and 0-commutative BG-algebras in 2019.
They also discussed properties of BG-algebras related to these concepts. In 2020, Setiani et
al. [30] defined the direct product of BP-algebras, which is equivalent to B-algebras. Find out
the important property of the direct product of BP-algebras, and then describe how it works
with finite sets of BP-algebras, finite families of 0-commutative BP-algebras, and finite families
of BP-homomorphisms. In 2021, Kavitha and Gowri [22] defined the direct product of GK-
algebra. They also derived the finite form of the direct product of a GK-algebra and a function.
They investigated and applied the concept of the direct product of GK-algebras in GK-functions
and GK-kernels, obtaining interesting results.

We talk about the external direct product in this paper. It is the direct product of an infinite
family of GE-algebras. This is a general idea of the direct product in the sense of Lingcong
and Endam [25]. To discover the result of the external direct product of GE-algebras: transitive,
commutative, left exchangeable, belligerent, and find the result of the external direct product
of special subsets of GE-algebras: GE-subalgebras, GE-filters, belligerent GE-filters, prominent
GE-filters, and imploring GE-filters. Moreover, we introduce the concept of the weak direct
product of GE-algebras. Finally, we discuss several (anti-)GE-homomorphism theorems given
the external direct product of GE-algebras.

First of all, we start with the definitions and examples of GE-algebras, as well as other rele-
vant definitions for the study in this paper, as follows:

Definition 1.1. [6] An algebra X = (X *,0) of type (2,0) is called a GE-algebra if it satisfies
the following axioms:

(Vzx € X)(zxxz =0), (GE-1)
(Vr € X)(0xz = x), (GE-2)
(Vo,y,z € X)(z* (yx2) =x* (y* (zx2))). (GE-3)

In a GE-algebra X = (X ,0), the binary relation < on X is defined as follows:
(Vz,ye X)(z <y xzxy=0).
Definition 1.2. [6, 8] A GE-algebra X = (X *,0) is said to be
(i) transitive if it satisfies:

(Vz,y,z € X)((zxy) x (zxz) x (2 xy)) =0), (transitive)

(#3) commutative if it satisfies:

(Vo,y € X)((zxy) xy = (y*xx) ), (commutative)



EXTERNAL DIRECT PRODUCT OF GE-ALGEBRAS 3

(i3i) left exchangeable if it satisfies:

(Vo,y,z € X)(z* (y*2) = y* (zx2)), (left exchangeable)

(iv) belligerent if it satisfies:
(Va,y,z € X)(x* (y*2) = (xxy) * (x*2)). (belligerent)
Definition 1.3. [6, 29, 31] A nonempty subset S of a GE-algebra X = (X; x,0) is called
(1) a GE-subalgebra of X if it satisfies the following condition:
(Vo,y € S)(xxy € 9), (1.1)
(i3) a GE-filter of X if it satisfies the following conditions:
the constant 0 of X isin S, (1.2)
(Ve,ye X)(zxye S,zeS=yebl), (1.3)
(13i) a belligerent GE-filter of X if it satisfies the condition (1.2) and the following condition:
(Vo,y,z € X)(z*(y*x2) € S,xxyeS=zxz€5), (1.4)

(iv) a prominent GE-filter of X if it satisfies the condition (1.2) and the following condition:

(Vo,y,z€ X)(z*(yx2)€S,xeS= ((zxy)*xy)xz €9), (1.5)

(v) an imploring GE-filter of X if it satisfies the condition (1.2) and the following condition:

(Vz,y,z€ X)(z* ((y*x2)xy) € S,z e S=ye9). (1.6)

Example 1.4. Let X = {0, 1,2, 3,4,5} be a set with the Cayley table as follows:

*|10 1 2 3 45
0j{0 1 2 3 45
110 0 2 3 0 5
2/0 0 0 0 05
3/0 0 0 0 4 5
410 0 0 0 0O
5/01 2 3 40

Then X = (X;%,0) is a GE-algebra.

The concept of GE-homomorphisms was also introduced by Rezaei et al. [29].
Let A = (A;%4,04) and B = (B;xp,0p) be GE-algebras. A map p : A — B is called a
GE-homomorphism if

(Va,y € A)(p(x*xay) = () x5 p(y))

and an anti-GE-homomorphism if

(Va,y € A)(p(z *ay) = (y) *B @(x)).

The kernel of o, denoted by ker ¢, is defined to be the {zx € A | ¢(z) = 0p}. The kerp is a
GE-filter of A, and kerp = {04} if and only if ¢ is injective. A (anti-)GE-homomorphism ¢
is called a (anti-)GE-monomorphism, (anti-)GE-epimorphism, or (anti-)GE-isomorphism if ¢ is
injective, surjective, or bijective, respectively.
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In a GE-algebra X = (X x,0), the following assertions are valid (see [6]).

(Vo € X)(z 0 =0), (1.7)
(Vz,y € X)(zx (z*xy) =z *y), (1.8)
(Vz e X)(0xz=0=2=0), (1.9)
(Vz,y € X)(zx (yxx) =0), (1.10)
(Vo,y € X)(z* ((z xy) xy) =0), (1.11)
(Va,y € X)(2* ((y x2) xx) = 0), (1.12)
(Vo,y € X)(zx ((xxy) xx) =0), (1.13)
(Vz,y € X)(zx (yx (yxx)) =0), (1.14)
(Va,y,2 € X)((x* (y*2)) * (y* (xx2)) =0), (1.15)
(Vu,z,y,z € X)(z* (yx2) =0 y* (z*2) =0). (1.16)

2 Main Results

Lingcong and Endam [25] discussed the notion of the direct product of B-algebras, 0-commutative
B-algebras, and B-homomorphisms and obtained related properties, one of which is a direct
product of two B-algebras, which is also a B-algebra. Then, they extended the concept of the
direct product of B-algebras to a finite family of B-algebras, and some of the related properties
were investigated as follows:

Definition 2.1. [25] Let (X;; *;) be an algebra for each i € {1,2, ..., k}. Define the direct product
of algebras X, Xj, ..., X}, to be the structure (]_[f:l X;;®), where

k
[[X =X x Xo x o x Xpp = {(21, 22, 0y mp) | s € X; Vi= 1,2, ...k}

i=1
and whose operation ® is given by

(T1, @2y ooy Tk) @ (Y1, Y2y oy Yr) = (T1 %1 Y1, T2 %2 Y2, ooy Tk %k Ykt
for all (1,22, ....7x), (Y1, Y2, -, Uk) € Hf:l X;.

Now, we extend the concept of the direct product to an infinite family of GE-algebras and
provide some of its properties.

Definition 2.2. Let X; be a nonempty set for each i € I. Define the external direct product of
sets X; for all 7 € I to be the set [[,.; X;, where
[[Xi={r:1-JXi|f) e x;Vviel}
iel i€l
For convenience, we define an element of | | X, where
i—x; € X; foralli e 1.

ser Xi witha function (2;)icr : I — U;e

Remark 2.3. Let X; be a nonempty set and S; a subset of X; for all i € I. Then [],.; S;iis a
nonempty subset of the external direct product [ ], X; if and only if S; is a nonempty subset of
X, foralli e I.

icl

Definition 2.4. Let X; = (X;;*;) be an algebra for all € I. Define the binary operation ® on
the external direct product [],.; X; = (]],c; Xi: ®) as follows:

(V(xs)ier, (Yi)ier € HX1><(I2)161 ® (Yi)ier = (@ % Yi)ier)- (2.1)
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We shall show that ® is a binary operation on [[,.; X;. Let (2i)icr, (yi)ier € [;e; Xi-
Since x; is a binary operation on X; for all i € I, we have z; x; y; € X; for all i € I. Then
(.231‘ *; yi)iel € Hiel X such that

(@i)ier @ (Yi)ier = (@i *; Yi)icr-

Let (2)ier, (yi)ier, (2})icr, (Yi)ier € ;e Xi be such that (z;)ic;r = (yi)ier and (z})ic; =
(y})icr. We shall show that (2;);er ® (2)ier = (Yi)ier @ (y})ier. Then

x; =y; foralli € I and 2} =y, forall i € I.
Since x*; is a binary operation on X; for all ¢ € I, we have x; *; x, = y; ; y} for all ¢ € I. Thus,
(zi)ier ® (27)ier = (T % 27)ier
= (yi *i Yi)ier
= (Yi)ier @ (yi)ier-

Hence,  is a binary operation on [[,.; X;.
Let X; = (X;;#;,0;) be a GE-algebra for all : € I. Fori € I, let z; € X;. We define the
function f,, : I — (J,.; X, as follows:

(el (fm(ﬁ—{“”’ =1 ) 22)

icl

0; otherwise

Then f,, € [[;,c; X:.

Remark 2.5.Let X; = (X;;%;,0;) be a GE-algebra for all i € I. For i € I, we have fy, =
(0i)ier-

Lemma 2.6. Let X; = (X;;*;,0;) be a GE-algebra forall i € I. Fori € I, let x;,y; € X;. Then

Proof. Now,

0; x; 0; otherwise

(Wen0@®@Mﬂ=$“”iﬂj_i>.

By (GE-1), we have

<We00m®AMﬁ:{”“%i”:i>.

0, otherwise

By (2.2), we have f,, ® fy, = fz,%iy:- O

The following theorem shows that the direct product of GE-algebras in terms of an infinite
family of GE-algebras is also a GE-algebra.

Theorem 2.7. X; = (X;;%;,0;) is a GE-algebra for all i € I if and only if [],c; Xi =
(ILics Xi:®, (03)icr) is a GE-algebra, where the binary operation & is defined in Definition
24.

Proof. Assume that X; = (X;;*;,0;) is a GE-algebra for all i € I.
(GE-1) Let (x;)icr € [[;c; Xi- Since X;; satisfies (GE-1), we have x; *; ; = 0; forall i € I.
Thus,

(2i)icr ® (xi)ier = (w5 % 2i)ier = (04)icr-

(GE-2) Let ()i € [[;c; Xi- Since X satisfies (GE-2), we have 0; *; 2; = x; forall i € I.
Thus,

(0:)icr @ (zi)ier = (05 % 2i)icr = (i)icr-
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(GE-3) Let (4)ier, (yi)icr, (2i)icr € [1;c; Xi- Since X satisfies (GE-3), we have x; *; (y; *;
Zl) = X; *; (yz *; (iCZ *y ZZ)) foralli € I. Thus,

xz)zel & (yz *; Zz)ze[
Z; (y’L * Zz))ié]

(
= (
(33 ( *4 (l’i *i Zi)))ie[
= (
= (
= (

(z:)ier @ (yi)ier ® (2i)ier) =

Ti)ier @ (Yi %i (i % 21) )ier
zi)ier @ ((Yi)ier @ (xi *; zi)ier)
zi)ier @ ((yi)ier @ ((wi)ier @ (2i)ier))-

Hence, [[;c; Xi = ([Lic; Xi3 ®, (Oi)iej) is a GE-algebra.

Conversely, assume that [[,.; X; = (J];c; Xi;®, (0)ier) is a GE-algebra, where the binary
operation ® is defined in Definition 2 4. Letiel.

(GE-1) Let z; € X;. Then f,, € [[,c; Xi, which is defined by (2.2). Since [[;; X; satisfies
(GE-1), we have f,. ® f,, = (0;);cs. By Lemma 2.6 and (2.2), we have z; *; z; = 0;.

(GE-2) Let z; € X;. Then f,, € [[,c; Xi, which is defined by (2.2). Since [ [, X; satisfies
(GE-2), we have (0;);er ® fz; = fz,- By Lemma 2.6, Remark 2.5, and (2.2), we have 0; *; z; =
Xj.

(GE-3) Let x;,y4,2; € X;. Then fy,, fy., fz, € HieIXi’ which are defined by (2.2). Since
[1;c; X satisfies (GE-3), we have f., @ (fy, ® fz,) = fa, @ (fy, ® (f2, @ fz,)). By Lemma 2.6
and (2.2), we have x; * (y; * z;) = x; * (yi * (x5 * 2;)).

Hence, X; = (X;;*;,0;) is a GE-algebra for all 7 € I. O

Example 2.8. Let X; = {0,1,2}, X, = X3 ={0,1,2,3},and X4 = X5 = {0, 1,2, 3,4} be sets
with the Cayley tables, respectively, as follows:

01 2 3 (01 2 3
01 2 3 0/{0 1 2 3
000O0O 10003
0101 2000 3
0 00O 310 0 0 O
|0 1 2 3 4 |01 2 3 4
0j{0 1 2 3 4 0j{0 1 2 3 4
10 0404 1|00 4 3 4
210 0 00O 210 4 0 3 4
3]0 1 4 0 4 310 4 4 0 4
4101 3 3 0 410 0 0 0 O

Then X; = (X;;*;,0) is a GE-algebra for all € I = {1,2,3,4,5}. Then X X X, X X3 X Xy X
Xs = [Lie; Xi = (I;e; Xi5©,(0,0,0,0,0)) is a GE-algebra, where the binary operation ® is
defined in Definition 2.4.

We call the GE-algebra [],.; X; = (I];c; Xi:®, (0s)ier) in Theorem 2.7 the external direct
product GE-algebra induced by a GE algebra X; = (X;;%;,0;) foralli € I.

Theorem 2.9. Let X; = (X;;%;,0;) be a GE-algebra for all i € I. Then X, is transitive for all
i € Lifand only if [],c; Xi = ([1;c; Xo:®, (0:)icr) is transitive, where the binary operation @
is defined in Definition 2.4.

Proof. By Theorem 2.7, we have X; = (X;;*;,0;) is a GE-algebra for all ¢ € I if and only if
[Lic; Xi = (I;e; Xi5®,(04)icr) is a GE-algebra, where the binary operation ® is defined in
Definition 2.4. We are left to prove that X is transitive for all < € I if and only if [[,.; X; is
transitive.

icl
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Assume that X; is transitive for all i € I. Let (;)icr, (i)ier, (2i)ier € [];c; Xi- Since X
is transitive for all i € I, we have (z; *; y;) *; ((2; *; 7;) *; (23 %; y;)) = 0; for all i € I. Thus,

((zi)ier ® (yi)ier) ® (((zi)ier ® (23)ier) ® ((2i)ier ® (yi)ier))
= (2 *i Yi)ier ® ((2i *i Ti)ier ® (2 *i Yi)ier)

= (i *i Yi)ier ® ((2i %i 22) *; (21 %i Yi) ier

= ((2i*s yi) *i ((2i %5 23) %5 (20 %5 i) )ier

= (Oi)iel-

Hence, [ [, X; is transitive.

Conversely, assume that Hie ; X; is transitive. Let i € I. Let x;,y;,2; € X;. Then
Jois fyir foo € ljer Xi, which are defined by (2.2). Since [],.; X; is transitive, we have
(for @ fyi) @ ((f2; @ f2:) ® (f2e @ fy:)) = (0;)ier. By Lemma 2.6 and (2.2), we have
(.171‘ *g yz) *; ((ZZ *; .’L’i) *; (Zz *y yz)) = 02 HCHCC, Xl is transitive for all 7 € I. O

Theorem 2.10. Let X; = (X;; *Z,O ) be a GE-algebra for all i € I. Then X; is commutative
foralli € Iifand only if [],c; Xi = (I,c; Xi:®, (0i)icr) is commutative, where the binary
operation ® is defined in Deﬁnmon 2.4.

Proof. By Theorem 2.7, we have X; = (X;;*;,0;) is a GE-algebra for all ¢ € I if and only if
[Lc; Xi = (Il;er Xi:®,(04)ier) is a GE-algebra, where the binary operation ® is defined in
Definition 2.4. We are left to prove that X; is commutative for all ¢ € I if and only if [],_; X, is
commutative.

Assume that X; is commutative for all i € I. Let (x;)icr, (yi)ier € [l;e; Xi- Since Xj is
commutative for all 7 € I, we have (z; *; y;) *; y; = (yi *; x;) *; x; for all 4 € I. Thus,

iel

((ffi)iel ® (yi)iel) (yz)zel = *4 Z/z)zel ® yz)zel

(
(@i %3 Yi) *i Yi)ier
(Yi *i 3) *i @4 )ier
Yi *i Ti)iel ® ()
(yi)ier ® (xi)ier) ®

el

(ﬂﬂi)iez-

(i
(
(
=
(

Hence, [ [, X; is commutative.

Conversely, assume that Hie ; X; is commutative. Let7 € I. Let x;,y; € X;. Then f,,, f,, €
[1;c; X, which are defined by (2.2). Since [],; X; is commutative, we have (f,, ® fy,)® fy, =
(f% ® fwl) X wa By Lemma 2.6 and (22), we have (xl *; yz) *; Yi = (yz *; .’L‘l) *; Tg. HCHCC, Xi
is commutative for all 7 € I. O

Theorem 2.11. Let X; = (X;; *;,0;) be a GE-algebra for all i € I. Then X; is left exchangeable
foralli € Iifand onlyif[],c; Xi = (I1;c; Xi:®, (04)icr) is left exchangeable, where the binary
operation ® is defined in Definition 2.4.

Proof. By Theorem 2.7, we have X; = (X;;%;,0;) is a GE-algebra for all i € I if and only
if [T,c; Xi = (Il;er Xi:®, (0i)icr) is a GE-algebra, where the binary operation ® is defined
in Definition 2.4. We are left to prove that X; is left exchangeable for all ¢ € [ if and only if
[1;c; X is left exchangeable.

Assume that X; is left exchangeable for all i € I. Let (2i)icr, (¥i)ier, (2i)ier € [1;er Xi-
Since X; is left exchangeable for all i € I, we have x; *; (y; *; 2;) = y; *; (x; %; 2;) forall i € I.
Thus,

(@i)ier @ (Yi)ier ® (zi)ier) = (@i)ier @ (Yi *i 2i)ier
= (@i *i (i *i 21))ier
= (yi *i (@i % 23) )ier
= (yi)ier @ (zi *i 2i)icr
= (

Yi)ier @ ((%i)ier ® (2i)ier)-
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Hence, [, X; is left exchangeable.

Conversely, assume that Hie ; X is left exchangeable. Let i € I. Let z;,v;,2; € X;. Then
S fyir f= € ;e Xi» which are defined by (2.2). Since [],.; X; is left exchangeable, we have
fo: @ (fys @ f2.) = fy: @ (fo; @ f2,). By Lemma 2.6 and (2.2), we have z; *; (y; *; 2;) =

y; *; (z; *; z;). Hence, X; is left exchangeable for all ; € I. O

Theorem 2.12. Let X; = (X;; x;,0;) be a GE-algebra for all i € I. Then X is belligerent for all
i€ Iifand only if [[;c; Xi = (ILic; Xi:®, (03)icr) is belligerent, where the binary operation
® is defined in Definition 2.4.

Proof. By Theorem 2.7, we have X; = (X;;*;,0;) is a GE-algebra for all ¢ € I if and only if
[Lic; Xi = (I;e; Xi5®,(04)icr) is a GE-algebra, where the binary operation ® is defined in
Definition 2.4. We are left to prove that X; is belligerent for all ¢ € I if and only if [],.; X, is
belligerent.

Assume that Xj; is belligerent for all i € I. Let (2;)icr, (¥i)ier, (2i)ier € [, Xi- Since X
is belligerent for all ¢ € I, we have x; *; (y; *; 2;) = (x; *; yi) *; (w; %; 2;) for all ¢ € I. Thus,

(zi)ier ® ((Yi)ier @ (2i)ier) =

icl

z)ze] ® (yz * Zz)zEI
xi % (Yi *i 2i))ier

(z
= (
((Iv *q l/z) (Iz *4 Zi))ie]
= (
= (

T % Yi)ier ® (Ti % 2)icr
(zi)ier @ (Yi)ier) ® ((zi)ier @ (2i)ier)-

Hence, ], X; is belligerent.

Conversely, assume that Hie ; X; is belligerent. Let 7 € I. Let z;,15,2; € X;. Then
fris fyir fzo € 1l;e; Xi» which is defined by (2.2). Since [];.; X; is belligerent, we have
Joi @ (fys ® f21) = (fo; @ fy:) @ (f2: @ f2,;). By Lemma 2.6 and (2.2), we have z; *; (y; *; 2;) =
(z; *; yi) *; (x; *; ;). Hence, X;; is belligerent for all ¢ € I. O

Next, we introduce the concept of the weak direct product of an infinite family of GE-algebras
and obtain some of its properties as follows:

Definition 2.13. Let X; = (X;;*;,0;) be a GE-algebra for all i € I. Define the weak direct
product of a GE-algebra X;; for all i € I to be the structure [} ; X; = ([T}, Xi: ®), where

w

HX,- ={(x;)icr € HXi | z; # 0;, where the number of such i is finite}.

i€l icl
Then (Oi)iej € H;‘Nel X,; C Hie] X;
Theorem 2.14. Let X; = (X;;#;,0;) be a GE- algebrafor all it € I. Then Hzel X; is a GE-
subalgebra of the external direct product GE-algebra [],c; Xi = (I],c; Xi:®, (03)icr)-

Proof. We see that (Oi)ie[ S Hie[ X; # 0. Let (xi)ief, (yi)iej € H;Vel X;, where I] = {Z el |
z; #0;}and I, = {i € I | y; # 0;} are finite. Then |I; U 1] is finite. Thus,

.’)Sj*joj‘ iijIl—Iz

Tj ki Yj ifjelnh

Oj*jyj iijIz—Il

0; *; 0; otherwise

(VjeI) | ((zi)ier @ (yi)ier)(J) =

By (GE-2) and (1.7), we have

Oj iijIl—Iz
. ' xix;y; ifjeliNk
Vjiel Ti)ier @ (Yi)i =477
(Vjel) | ((@i)icr ® (yi)ier) () ” ifjeh—1I
0, otherwise

This implies that the number of such ((x;)icr ® (y;)icr)(j) is not more than |I; U I,|, that is, it is

finite. Thus, (;)ic;r ® (¥s)ier € [[;e; Xi- Hence, [/, X; is a GE-subalgebra of [],.,; X;. O
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Theorem 2.15. Let X; = (X;;*;,0;) be a GE-algebrafor alli € I. Then [}z, X, is a GE-filter
of the external direct product GE-algebra [[,.; X; = (I];c; Xi:®, (04)ier).

Proof. We see that (Oz)le[ S H;NE] X; 7é 0. Let (xi)ie[, (yi)ie] S szel X, where I} = {Z el |
z; #0;}and I, = {i € I | y; # 0;} are finite. Then |I; U 1] is finite. Thus,

zjx;0; ifjel;—1D
xzj*jy; ifjelnk
0%y, ifjel—1I
0; x; 0; otherwise

(Viel) | (zi)ier ® (i)ier)(J) =

By (GE-2) and (1.7), we have

0, ifjel — I
. , zixy; ifjenhnh
(Viel) | (zi)icr ® Wi)ier)G) =<7 77 7
Y ifjelh—1
0; otherwise

This implies that the number of such ((;);cr ® (y:)icr)(j) # 0; is not more than |I; U I»|, that
is, it is finite. Thus, (2;)ie;r ® (y:)icr € [[;c; Xi- Hence, [}, X; is a GE-filter of [[,.,; X;. O

Theorem 2.16. Let X; = (X;; %;,0;) be a GE-algebra and S; a subset of X; for all i € I. Then
S; is a GE-subalgebra of X; for all i € I ifand only if [, ; S; is a GE-subalgebra of the external
direct product GE-algebra [],.; Xi = (I[,c; Xi:®, (0i)icr)-

Proof. Assume that S; is a GE-subalgebra of X; for all ¢ € I. Since S; is a nonempty subset
of X; for all i € I and by Remark 2.3, we have [[,.; S; is a nonempty subset of [],.; X;. Let
(wi)ier, (yi)ier € [1;e; Si- Then z,y; € S; forall i € I. By (1.1), we have x; ; y; € S; for all
i € Tandso (zi)ier @ (yi)ier = (i *; Yi)ier € [1;e; Si- Hence, [],.; Si is a GE-subalgebra of
Hiel Xi.

Conversely, assume that [ ], ; S; is a GE-subalgebra of [ [, ; X;. Since [ [, S; is a nonempty
subset of [[,; X; and by Remark 2.3, we have S; is a nonempty subset of X; foralli € I. Let
i € I and let z;,y; € S;. Then f,,, f,, € [[;,c; Si» which are defined by (2.2). By (1.1) and
Lemma 2.6, we have f,.«,y, = fo, ® fy, € [L;c; Si- By (2.2), we have z; x; y; € S;. Hence, S;
is a GE-subalgebra of X; forall i € I. O

Theorem 2.17. Let X; = (X;; %;,0;) be a GE-algebra and S; a subset of X; for all i € I. Then
S; is a GE-filter of X; for all i € I if and only if [[,c; Si is a GE-filter of the external direct
product GE-algebra [],.; Xi = (I],c; Xi:®, (04)icr)-

Proof. Assume that S; is a GE-filter of X, for all i € I. Then 0; € S; for all i« € I, so
(Oi)iEI S HiEI S; 7& 0. Let (xi)ieb (yi)ie] € HiEI X; be such that (l'i)iel X (yi)ie[ S HiEI S;
and (.Ti)ie[ € Hie] S;. Then (xi *; yi)iel € Hie[ S;. Thus, x; x; y; € S; and z; € S, it follows
from (1.3) that y; € S; for all i € I. Thus, (y;)icr € [[;c; Si- Hence, [],; Si is a GE-filter of
Hi r Xi-

eConversely, assume that [],., S; is a GE-filter of [[,.; X;. Then (0;)ic; € [[;c; S s0
0, €8; 0 foralli € I. Leti € I and let x;,y; € X; be such that x; x; y; € S; and x; € S;.
Then f.,, fy, € [1;c; Xi and fo,s,y, € [[;c; Si and fi, € [[;c; Si» which are defined by (2.2).
By Lemma 2.6, we have f,, ® fy7 Jrixiy: € [lier Si- By (1.3), we have f,, € [[;c; S:. By
(2.2), we have y; € S;. Hence, S; is a GE-filter of X; foralli € I.

Theorem 2.18. Let X; = (X;; %;,0;) be a GE-algebra and S; a subset of X; for all i € I. Then
S; is a belligerent GE-filter of X, foralli € 1 ifand only if [],c; Si is a belligerent GE-filter of
the external direct product GE-algebra [ [,.; X; = (I[;c; Xi:®, (04)ier).

Proof. Assume that S; is a belligerent GE-filter of X; forall : € I. Then 0; € S; forall i € I, so
(0:)ier € [Lier Si # 0. Let (z4)ier, (yi)ier, (2i)ier € [1;c; Xi be such that (z;)ier @ (i) ier ®
(Zi)iel) S Hie[ S,' and (xi)iel X (yi)iel S Hiel St Then (331 *; (yL *; Zi))ie] S Hie[ S,' and
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(w5 *; yi)ier € [Lier Si- Thus, 2 ; (y; % z;) € S; and x; *; y; € S;, it follows from (1.4) that
x; *%; 2; € S; forall ¢ € I. Thus, (mi)iel ® (zi)ier = (@i *; zi)ier € [;e; Si- Hence, [],c; Si is
a belligerent GE-filter of [[,; X.

Conversely, assume that HZE ; Si is a belligerent GE-filter of Hie ; Xi. Then (0;,);er €
[I;c;Si500; € S; # @ foralli € I. Leti € I and let x;,%;,2; € X; be such that
T; *; (yi *; Zi) € S; and z; *; Y; € S;. Then fﬁcmfym fzi € Hie[ X; and fﬂb‘i*i(yi*izi) S Hie] S
and fy,4,y, € [[;c; Si» which are defined by (2.2). By Lemma 2.6, we have f., ® (f,, ® f-,) =
Joivi(yiniz) € Iier Siand fo, @ fy, = foy € [lier Si- By (1.4) and Lemma 2.6, we have
Jeivizi = for @ fop € Tlier Sie By (2.2), we have z; *; 2; € S;. Hence, S; is a belligerent
GE-filter of X; foralli € I. O

Theorem 2.19. Let X; = (X;; %;,0;) be a GE-algebra and S; a subset of X; for all i € I. Then
S; is a prominent GE-filter of X; for all i € 1 ifand only if [],c; Si is a prominent GE-filter of
the external direct product GE-algebra [ [,.; X; = (I[;c; Xi:®, (04)ier).

Proof. Assume that .S; is a prominent GE-filter of X; for all i € I. Then 0; € S; for all i € I,
s0 (0;)icr € [Lic;Si # 0. Let (@i)ier, (Wi)ier, (2i)ier € [I;c; Xi be such that (z;)ie; ®
((vi)ier @ (zi)ier) € [lier Si and (zi)ier € [1ic; Si- Then (z;%; (yi *i 2i))ier € [1ie; Si- Thus,
x; % (yi %, 2;) € S; and z; € S, it follows from (1.5) that ((z; *; y;) *; yi) *; 2; € S; forall i € I.
Thus, (((Zz)zel ® (yi)iel) ® (yi)iel) & (Zi)iel = (((Zz *4 yz) *; yz) *; Zi)ig € Hiel S;. Hence,
[1;c; Siis a prominent GE-filter of [],.; X

Conversely, assume that Hie ; Si is a prominent GE-filter of Hie ; Xi. Then (0;)icr €
[I;c; Si»s00; € S; # O foralli € I. Leti € I and let z;, 5, 2; € X; be such that x; +; (i *; 2;) €
Siand x; € S;. Then fu,, fy,, f-, € [lic; Xi and fxi*i(yi*izi) € [Lic; Siand fo, € [Lie; Si,
which are defined by (2.2). By Lemma 2.6, we have f,, ® (fy, ® f2,) = fuiei(yiniz) € ILics S
By (1.5) and Lemma 2.6, we have f((., ..y, )«;y:)%: z = = ((fzs ® fy,) ® fy,) ® [z, € [1;e1 5 By
(2.2), we have ((zi%;y;)*1yi)*; 2 € S Hence, S; is a prominent GE-filter of X; forall i € I O

Theorem 2.20. Let X; = (X;; %;,0;) be a GE-algebra and S; a subset of X; for all i € I. Then
S, is an imploring GE-filter of X, foralli € I ifand only if [],c; Si is an imploring GE-filter of
the external direct product GE-algebra [[,.; X; = (I[;c; Xi:®, (04)ier).

Proof. Assume that S; is an imploring GE-filter of X; forall¢ € I. Then 0; € S; foralli € I, so
(0i)ier € [1ier Si # 0. Let (zi)ier, (yi)ier, (2:)ier € [1;e; Xi be such that (2;)ier @ (((yi)ier ®
(zi)ier) ® (yi)ier) € [lie; Si and (zi)ier € Jl;c; Si- Then (2 x ((y * 2) * y))ier € [Lic; S
Thus, = * ((y * 2) *y) € S; and z; € S;, it follows from (1.6) that y; € S; for all 4 € I. Thus,

(yi)ier € Il;er Si- Hence, ], S; is an imploring GE-filter of [, X;.
Conversely, assume that [[,.,.S; is an imploring GE-filter of [, ; X;. Then (0;);c; €
[lic;Si»s00; € S; # @ foralli € I. Leti € I and let z;,y;,2; € X; be such that
* ((y*z)+y) € S;and ; € S;. Then [, fy,, f=, € [[,c; X: and fm«y*z)*y) € [lic; Si and
fa. € [;er Si» which are defined by (2.2). By Lemma 2.6, we have f,, ® ((fy, ® f2,) ® fy,) =
Jas((yez)ey) € ier Si- By (1.6), we have f,, € [[;c; Si- By (2.2), we have y; € S;. Hence, S;
is an imploring GE-filter of X, for all i € I. O

Moreover, we discuss several homomorphism theorems given the external direct product of
GE-algebras.

Definition 2.21. [13] Let X; = (X;;*;) and S; = (S;;0;) be algebras and ¢; : X; — S; be a
function for all i € I. Define the function ¢ : [],.; Xi — [],;c; Si given by

V(zi)ier € [ Xo) (W(xi)ier = (i(:))ier)- (2.3)
el
Then v : [],c; Xs — [],c; Si is a function (see [13]).

Theorem 2.22. [13] Let X; = (X;;%;) and S; = (S;;0;) be algebras and +; : X; — S; be a
function for all i € I.

(1) s is injective for all i € I if and only if ¢ is injective which is defined in Definition 2.21,
(i3) b, is surjective for all i € I if and only if 1 is surjective,
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(i3i) ; is bijective for all i € I if and only if 1) is bijective.
Theorem 2.23. Let X; = (X;;*;,0;) and S; = (S;; 04, 1;) be GE-algebras and i, : X; — S; be
a function for all i € 1. Then

(1) 1y is a GE-homomorphism for all i € I if and only if ¢ is a GE-homomorphism which is
defined in Definition 2.21,

(i3) ; is a GE-monomorphism for all i € I if and only if v is a GE-monomorphism,

(1w

)

(i4i) 1; is a GE-epimorphism for all i € I if and only if i is a GE-epimorphism,
) ; is a GE-isomorphism for all i € I if and only if v is a GE-isomorphism,
)

(v) kertp =[], ker vy and (I 1,c; Xi) = [1;c; %i(Xi).
Proof. (i) Assume that ¢; is a GE-homomorphism for all i € I. Let (z;)ier, (7)icr € [;c; Xi-
Then

Y((2:)ier @ (27)ier) = (@i % ))ier

(Vi(@i *i 77) )ie1
(Vi (i) i Yi(2)))ier

(Vi(w:))ier @ (i(a}))ier
U(i)icr @ Y(x))ier-

Hence, v is a GE-homomorphism.

Conversely, assume that v is a GE-homomorphism. Let i € I. Let z;,y; € X;. Then
fais fyi € [1;er Xi, which is defined by (2.2). Since ¢ is a GE-homomorphism, we have ¢ ( f,, ®
fy'i) = w(fxl) ®¢(fyz) Since

(vj 1) ((fm © £,)0) = { wy 5= ) |

0; x; 0; otherwise

we have
, N J iy i =i
vy (d’(f.n, @ 1)) = {wj (0, %, 05) otherwise) ’ 24)

Since

, N i) if =i

(vjel) <w(fmi)(]) N {wj (0) 0therwise>

and

. N Jwilys) ifj=i
we have

; N i) o i(y) i j =i
(Vj el <(t/f(fm) ®Y(fy:)) () = {wj(oj) o, 155(0,) Otherwise) . 2.5)
)

By (2.4) and (2.5), we have v;(z; *; y;) = v¥;(x;) o5 ¥ (y;). Hence, v; is a GE-homomorphism

foralli € 1.
(i%) Tt is straightforward from (¢) and Theorem 2.22 (i).
(741) It is straightforward from (i) and Theorem 2.22 (i3).

(iv) It is straightforward from (i) and Theorem 2.22 (ii7).
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(v) Let (x)ier € [];c; Xi- Then

(zi)icr € ket & (x;)icr = (li)ier
& (Yilxi))ier = (Li)ier
S Pi(z)=1Viel
Sx; ekery; Vel
& (23)ier € [ [Rervs.
il

Hence, ker¢y) = [, ., ker ;. Now,

iel
(vi)ier € W([ [ X3) © 3(@i)ier € [ Xi st (wi)ier = ¢(:)ier
i€l icl
& A(w)ier € [[ X st (Widier = (Wilwi))iex
i€l
& dr; € X, sty = wl(xl) S w(Xz) Viel
& (yi)ier € [ [ wi(X0).
i€l
Hence, ¢([1;e; Xi) = TLier ¥i(X0). =

Finally, we discuss several anti-GE-homomorphism theorems given the external direct prod-
uct of GE-algebras.

Theorem 2.24. Let X; = (X;;*;,0;) and S; = (S;; 04, 1;) be GE-algebras and i, : X; — S; be
a function for all i € 1. Then

(1) 1y is an anti-GE-homomorphism for all i € I if and only if ¢ is an anti-GE-homomorphism
which is defined in Definition 2.21,

(#3) 1, is an anti-GE-monomorphism for all © € I if and only if 1 is an anti-GE-monomorphism,
(i) ; is an anti-GE-epimorphism for all i € I if and only if v is an anti-GE-epimorphism,
(1v) 1; is an anti-GE-isomorphism for all i € I if and only if 1) is an anti-GE-isomorphism.
Proof. (i) Assume that ¢; is an anti-GE-homomorphism for all ¢ € I. Let (;)ier, (2})icr €
[I,c; Xi. Then

Y((wi)ier @ (x)ier) = (@i % 2))ier

(il *; x;))ie[
(Vi(w5) *i Pi(xi))ier
(i(@))ier ® (i(wi))ier
V(x})ier @ PY(xi)ier-

Hence, v is an anti-GE-homomorphism.
Conversely, assume that ¢ is an anti-GE-homomorphism. Let i € I. Let z;,y; € X;. Then
fzi fy: € I1;er Xi» which are defined by (2.2). Since % is an anti-GE-homomorphism, we have

(Vjel) ((f : © fy,) () {oj 4 0; 0therw1se>

we have

(2.6)

(vj € 1) (w(ni © 1)) = {Wi wow) = ) |

1;(0; %; 0;) otherwise
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Since
wven (oo {0) 2 )
and
(Vj € 1) (ﬂ)(fm,;)(j) _ {%v(@) ifj =i ) |
;(0;)  otherwise
we have

2.7)

j o) iy) oi i) if j =
D <(w(fyi) @el))0) = {wj (05) 0; ¥;(04) Otherwise> '

By (2.6) and (2.7), we have v; (x;x;y;) = 1 (v )osbi(z;). Hence, 1); is an anti-GE-homomorphism
foralli e 1.
(i%) Tt is straightforward from (¢) and Theorem 2.22 (i).
(#44) Tt is straightforward from (i) and Theorem 2.22 (ii).
(iv) It is straightforward from (7) and Theorem 2.22 (4ii). o

3 Conclusions and Future Work

We talked about the external direct product in this paper. It is the direct product of an infinite
family of GE-algebras. This is a general idea of the direct product in the sense of Lingcong and
Endam [25]. We showed that the external direct product of GE-algebras (transitions, commu-
tative, left exchangeable, and belligerent) is also a GE-algebra. Also, we have introduced the
concept of the weak direct product of GE-algebras. Our proof shows that the weak direct prod-
uct of GE-algebras is a GE-subalgebra. Also, the external direct product of GE-subalgebras (i.e.,
GE-filters, belligerent GE-filters, prominent GE-filters, imploring GE-filters) is a GE-subalgebra
of the external direct product of GE-algebras (i.e., GE-filters, belligerent GE-filters, prominent
GE-filters, imploring GE-filters). Finally, we have given several basic theorems about (anti-)GE-
homomorphisms regarding external direct product GE-algebras.

Based on the concept of the external direct product of GE-algebras in this article, we can
apply it to studying the external direct product in other algebraic systems. In the future, we will
look into the external and weak direct sums of semi-nil clean rings and S-Nil,.-coherent rings
[9, 3].
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