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Abstract For a proper submodule N of a finitely generated module A over a Noetherian
ring, the product of prime ideals which occur in a regular prime extension filtration of M over N
is defined as its generalized prime ideal factorization in M. In this article, we find conditions for
a product of prime ideals to be the generalized prime ideal factorization of a submodule of some
module. We show that a power of a prime ideal occurs in a generalized prime ideal factorization
only if it is not equal to its lesser powers. Also, we show that p;™ ---p,," is a generalized
prime ideal factorization if and only if for each 1 < i < n, p;” is the generalized prime ideal
factorization of some submodule of a module.

1 Introduction

Throughout this article R is a commutative Noetherian ring with identity and all R-modules are
assumed to be finitely generated and unitary.

Let N be a proper submodule of an R-module M. If K is a submodule of M such that N is
a p-prime submodule of K, then we say K is a p-prime extension of N in M and denote it as

N & K. In this case, Ass(K/N) = {p} [4, Theorem 1]. A p-prime extension K of N is said to
be maximal in M if there is no p-prime extension L of N in M such that L D K. It is proved
that if IV is a proper submodule of M and p is a maximal element in Ass(M/N), then (N : p)
is the unique maximal p-prime extension of N in M [2, Theorem 11] and it is called a regular
p-prime extension of N in M.

A filtration of submodules F : N = M) '8 M, C--- an M, = M is called a regular prime
extension (RPE) filtration of M over N if each M; is a regular p;-prime extension of M;_; in

M, 1 < i < n. We also have that M; pzC+1 My C - lg M; is an RPE filtration of M; over M;
for every 0 < ¢ < j < n. RPE filtrations are defined and studied in [2] and it is also noted that
RPE filtrations are weak prime decompositions defined by Dress in [1]. The set of prime ideals
which occur in the RPE filtration F is precisely Ass(M/N). This is proved more generally in
the following lemma.

.. p pn, .
Lemma 1.1. /2, Proposition 14] Let N = M, c M, C --- C M, = M be a filtration of

submodules such that each M;_, % M; is a maximal p;-prime extension. Then Ass(M/M;_,) =
{piy- -, pn}for 1 <i < n. Inparticular, Ass(M/N) = {p1,...,pn}

The submodules occurring in an RPE filtration are characterized as below.

Lemma 1.2. [3, Lemma 3.1] Let N be a proper submodule of an R-module M. If N = M, ‘E
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p"L
M, C --- C M, = M is an RPE filtration of M over N, then M; = {x € M | p;---p;x C

N}=(N:py---p;)for1 <i<n.

It is proved that the number of times a prime ideal occurs in any RPE filtration of M over N
is unique [2, Theorem 22]. So if N = M, é M, C--- pC" M,, = M is an RPE filtration, then
the product p; - - - p,, is uniquely defined for IV in M and it is called the generalized prime ideal
factorization of N in M, written as Pp;(N) = py - - - pn. Generalized prime ideal factorization
of submodules is defined and its various properties are studied in [5].

In general, a product of prime ideals need not be a generalized prime ideal factorization of
some submodule of a module.

Example 1.3. Let R = —*2%2__ and p be the prime ideal (%, %). Suppose there exists an R-

(zy—22,22—y2)
module M and a submodule N with Py, (N) = p?. Then there is an RPE filtration N & N & M.
By Lemma 1.1, Ass(M/N;) = {p}. Sop = (N, : m) for some m € M. We have p(%, 7, z) = p?,
which implies p(Z,7,Z)M = p*M C N. Therefore, (Z,7,Z)m C (N : p) = N; [Lemma 1.2]
which implies (Z,7,z) C (N; : m) = p, a contradiction. Therefore, we cannot have an R-
module M and a submodule N with Py (N) = p2.

In this article, for a product of prime ideals py, ..., p,, we find conditions for the existence
of an R-module M and a submodule N of M with Py (N) = py---p,. We show that
a power of a prime ideal occurs in a generalized prime ideal factorization only if it is not
equal to its lesser powers. We show that p;" # p;"~! and Ass(R/p;,") = {p;} for every
1 < ¢ < n is a sufficient condition for the existence of an R-module M and a submodule N of
M with Py (N) = pi™ ---p, . Also, we show that p;"* ---p,," is a generalized prime ideal
factorization if and only if for each 1 < i < n, p,;"* is the generalized prime ideal factorization
of some submodule of a module.

2 Conditions for ideals to be generalized prime ideal factorization of
submodules

We need the following lemmas.

Lemma 2.1. Let N be a proper submodule of an R-module M. If a submodule K of M lies in
an RPE filtration of M over N, then Pp;(N) = P (K)Pg (N).

Proof. If a submodule K of M lies in an RPE filtration of M over NN, then we have an RPE

filtration
Prt1

N=NyCNcC---ENE BN, =M,
where N,. = K for some 7. S0 Pp;(N) = py - - p,. Then

Pri1

T pn
N=NyCNcC---EN=KandK =N, & Nyyyc-r &N,y =M

are RPE filtrations, and therefore, Py (N) = p;---p, and Pps(K) = pri1 - - pn. This proves
the lemma. u

Lemma 2.2. [2, Lemma 20] Let N be a proper submodule of M and N = My C --- C M;_ 'E
M; piCH M;y C--- C M, = M be an RPE filtration of M over N. If p;,1 € p; for some i, then
Piv1

there exists a submodule K; of M such that N = My C --- C M, C K; ‘8 My C -+ C
M, = M is an RPE filtration of M over N.

Remark 2.3. Suppose a product of prime ideals p; - - - p,. is Pps(N) for some module M and a

submodule N of M. For every reordering of py,...,p, with p; ¢ p; for ¢ < j, by applying

Lemma 2.2 for a sufficient number of times, we can get an RPE filtration N % N % NyC- - C
pf‘

N,_1 C N, =M.
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Proposition 2.4. For a prime ideal p and a positive integer r, if p” is the generalized prime ideal
factorization of a submodule of an R-module, then p™ # p"~!.

Proof. Suppose M is an R-module and N is a submodule of M with Py;(N) = p”. Then we
have an RPE filtration
p p p
NCN CN,C---CN,_1CN,. =M.
Ifpr =p ! thenby Lemma 1.2, M =N, ={z e M |pz CN}={z e M |p~ ' CN} =
N,_1, a contradiction. O

Example 1.3 shows that the converse of the above result is not true.

Corollary 2.5. Let p be a prime ideal in R and r be a positive integer. Then Pr(p") = p” if and
only if p" # p"~! and Ass(R/p") = {p}.

Proof. If p™ # p"~! and Ass(R/p") = {p}, then by [5, Corollary 2.16], Pr(p") = p".
Conversely if Pr(p”) = p”, then we have an RPE filtration p” E a g a) C -+ C ap_y E
a, = R. By Lemma 1.1, Ass(R/p") = {p} and by Proposition 2.4, p” # p" L. O

Corollary 2.6. Let py, ..., p, be distinct prime ideals in R and rq,...,r, be positive integers.
If there exists an R-module M and a submodule N of M with Py(N) = pi™ ---p,"™, then

p;" £ p" ! forevery 1 <i < n.

Proof. Reorder py,...,p, sothatp; ¢ p; for i < j. By Remark 2.3, we have an RPE filtration

of M over N. Then for every 1 <i <n,

Pi () Pi (5 Pi (4 Pi
ey c...cl) L

L 2

Ti—1

is an RPE filtration of LE«? over Lﬁ.’;”, and therefore, p;™ is the generalized prime ideal

factorization of Lgf;ll) in L(Ti). By Proposition 2.4, p;" # p;"i 7L O
Theorem 2.7. Let py,...,p, be distinct prime ideals in R and ry,...,r, be positive integers.
If there exists an R-module M and a submodule N of M with Py(N) = pi™ ---p,"™, then
it T p T E Py - whenever p; is minimal among {py,. .., pn}.

Proof. Let p; be minimal among {p,...,p,}. We can reorder py, ..., p, such that p,, = p,; and
p; ¢ pi for j < k. So without loss of generality, we assume that ¢ = n. Then by Remark 2.3,
we have the RPE filtration
N=rO Ve e .  2rmerPc...
Pr— n n) vn n n n n
crrhermE e T -y

Tn—1 T Tn

of M over N. Then for every x € M, p;"---p,"~o C N [Lemma 1.2]. Suppose
TR 'pn—lr”*]pnrnil =p;"---p,. Then p;™ - - p,_ "1 pnr’lflx C N. By Lemma 1.2,

@ e L™ . This implies L") | = M, which is not true. Therefore, p;™ ---p;" "' --p, /" #

Plrl"'Pnr"- ]

Remark 2.8. The above result is not true if p; is not minimal among {p, ..., p, }. For example,
klz,y,z]

in the ring R = ¢ 7 let p and g be the prime ideals (Z,7,z) and (T, Z) respectively. In

TY—2,Yz—T
this case, pq = q. For the R-module M = % @ % and its submodule N = g @ 0, we have the

RPE filtration R R R
N:%@O & 5 @0 T

of M over N. So we have Py, (N) = pq and pq = q.
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The next lemma is about the regular prime extensions on direct sums.

. P
Lemma 2.9. Let N, N’ be submodules of modules M, M’ respectively and N C K be a regular
p-prime extension in M.

(i) If N’ EK'isa regular p-prime extension in M’, then N & N’ EK @ K’ is a regular
p-prime extension in M @ M.
(i) If p ¢ Ass(M'/N’) and p is a maximal element in Ass(M/N) U Ass(M'/N'"), then
N@ N’ é K & N’ is a regular p-prime extension in M & M.
Proof. (i) We have pK C N and pK’ C N’. Therefore, p C (N ® N’ : K & K’). Let
ace(NoN :KeK')andx € K\ N. Then (z,0) € K@ K'\ N® N’ and a(x,0) € N& N'.
This implies ax € N. Since x ¢ N and N é K is a p-prime extension in M, we get a € p.
Hence, ( N® N': K® K') = p.
Leta € R, (z,y) € K & K’ such that a(x,y) € N & N’. Suppose (z,y) ¢ N @& N'. Then

eitherx ¢ Nory ¢ N'. If x ¢ N, since ax € N and N EKisa p-prime extension, we get
a€p. Ifx e N, theny ¢ N’ and since N’ & K’ is a p-prime extension in M’, ay € N’ implies

a € p. Hence, N & N’ é K & K’ is a p-prime extension in M & M.

Suppose it is not maximal. Let L & L’ be a p-prime extension of N & N’ in M & M’ with
KoK C LoL'. Thenp(L®L') C N®N'. This implies pL C N. Since N C K C L, we have
N C L. Letxz € L\ N. Then forevery a € (N : L), ax € N, and therefore, a(z,0) € N & N'.
Since (x,0) ¢ N @& N’, we get a € p. Therefore, L is a p-prime extension of N in M and

K C L. Since N g K is a maximal p-prime extension in M, we get K = L. Similarly for
N C K' c L', we get K/ = L'. This implies K & K' = L & L', a contradiction. Hence,
Neae N’ EK @ K' is a maximal p-prime extension in M & M’.

Since p is a maximal element in both Ass(M/N) and Ass(M’/N’), p is maximal in

Ass(M/N)UAss(M’'/N"). Therefore, p is maximal in Ass(%%%,,). Hence, N & N’ KoK
is a regular p-prime extension in M & M’.

(ii) Taking K’ = N’ in the proof of (), we get N & N’ K @ N’ is a p-prime extension in
M @ M’. Suppose this p-prime extension is not maximal. Let L & L’ be a p-prime extension of
NoN inMoM with K@ N C LeL'. Thenp(L® L) C N @ N'. This implies pL C N.
Since N C K C L, we have N C L. As in the proof of (i), we get K = L. We have N’ C L.

If N’ C L', then using the same argument we get N’ Elisa p-prime extension in M’ and
therefore, p € Ass(M’/N’) [Lemma 1.1], which is not the case. Therefore, N’ = L’. Then

K& N' = L& L/, which is a contradiction. Hence, N & N’ C K ¢ N’ is a maximal p-prime
extension in M @& M’.

Since p is a maximal element in Ass(AM/N) U Ass(M’/N’), p is maximal in Ass(%%%l ).

Hence, N & N’ EK @ N'is a regular p-prime extension in M & M. |

Lemma 2.10. Let Ny, ..., N,, be submodules of R-modules M, ..., M, respectively and let p be
a maximal element in U}'_ | Ass(M; /N;). For 1 <1i < n, let K; be the regular p-prime extension

p
of N; in M; if p € Ass(M;/N;) and K; = N; otherwise. Then &' |N; C &' | K, is a regular
p-prime extension in ®}_; M;.

n M, n M; . . .

Proof. Since Ass (%) = | Ass (F) the proof follows by induction on n using Lemma
i=11"1 i=1 i

2.9. O

Proposition 2.11. Let N, N’ be proper submodules of modules M, M’ respectively. If Ppr(N) =

P17 pe™ and Pap (N') = pi5t -« - pi* for some non-negative integers r; and s; with either

ri > 0o0rs; >0, then Pyron (N ©N') = pitt -+ ppte, where t; = max{r;,s;} fori =1,... k.

Proof. We prove by induction on k. If Py;(N) = p” and Py (N') = p* for some prime ideal p.
Without loss of generality, we assume r > s. Then we have RPE filtrations

p p p
NCNCNyC---CNygCNgpygyC---CN. =M
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NENEN - c N =M.
Then by Lemma 2.9,

p p p P P
N&N CN&N CN, PNy C---CNg@®N. =N, &M CNypy®& M
p p
C---CN,eM =MaoM

is an RPE filtration. Therefore, Py (N @& N’) = p”. Hence, the result is true for k = 1.
Now let & > 1. By reordering pi, ..., pi we assume that p; ¢ p; whenever ¢ < j. Then p; is
maximal in Ass(M/N) U Ass(M’/N’). By Remark 2.3, there exists RPE filtrations

1

p p p
NCNCN,C---CN, CK C---CM
NENENjc- &N EK[C-nC M.

So we have Py (N,,) = p2™ - pi"™ and Ppp (N ) = p2* - - p;**. By induction assumption,
Praom (Ny, & N, ) = pa---pi'*, where t; = max{r;,s;} fori = 2,... k. By the previous
paragraph, we have Py, ®N!, (N @& N') = py"t, where t; = max{ry,s;}. Then by Lemma
2.10, N, @ N/, lies in an RPE filtration of M @ M’ over N @& N’. So by Lemma 2.1, we get
Puam (N & N') = Puyem (N, & Ni ) Py, an; (N @ N') =pi*t - pi'e. o

Using induction, we have the following theorem.

Theorem 2.12. Let Ny, ..., N, be proper submodules of R-modules M, ..., M, respectively.
If P, (NZ) =p" o ppT fori=1,...,n and Ti; > 0, then P@;LZIMi(@ Nz) =p° P,
i=1

where s; = max{ry,,...,rp; } forj=1,... k.

Now we get the following sufficient condition for the existence of an R-module M and a
submodule N of M with Py (N) =p;™ -+ - p, ™.

Corollary 2.13. Let py, . .., p,, be distinct prime ideals in R and ry, . .., r, be positive integers.
Ifpi" # pi"i 7" and Ass(R/pi") = {pi} for every 1 < i < n, then Pra(p1™ & - ©p,'") =
it pnm

Proof. By Corollary 2.5, Pr(p;"") = p;" for every 1 < ¢ < n. Then by Theorem 2.12,
PRn(plrl @"-@pnr"):plrl ...pnrn. O

The next theorem gives a necessary and sufficient condition for the existence of an R-module
M with a submodule N such that Py (N) = p;™ - - - p,,"™.

Theorem 2.14. Let p, ..., p,, be distinct prime ideals in R and ry, ... ,r, be positive integers.
There exists an R-module M and a submodule N of M with Py (N) = p1™ ---p," if and only
if there exist R-modules M; and submodules N; of M; such that Py, (N;) = p;"i, 1 <i < n.

Proof. If there exist R-modules M; and submodules N; of M; such that Py, (N;) = p;"1,1 <4 <
n, then by Theorem 2.12, for N = &7 | N; and M = &!" | M; we have Py (N) =pi"™ -+ p,"™.

Conversely if there exists an R-module M and a submodule N of M with Py(N) =
pi™ - --p,"", then taking M; = L&? and N; = L(Tl;lw in the RPE filtration
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