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Abstract The concept of L−fuzzy weakly 2−absorbing ideals within an Almost Distributive
Lattice (ADL) is introduced, expanding upon the notion of L−fuzzy weakly prime ideals within
the same framework. We illustrate the connections between L−fuzzy prime ideals and L−fuzzy
weakly prime ideals, L−fuzzy weakly prime ideals and L−fuzzy weakly 2−absorbing ideals,
as well as L−fuzzy 2−absorbing ideals and L−fuzzy weakly 2-absorbing ideals. Moreover, it is
shown that both the image and inverse image of L−fuzzy weakly 2−absorbing ideals also qualify
as L−fuzzy weakly 2−absorbing ideals.

1 Introduction

The significance of prime ideals is crucial in exploring the structural theory of distributive lat-
tices in a broad sense, particularly in the context of Boolean algebras. Badawi [3] initially
introduced the idea of 2−absorbing ideals in commutative rings, extending the concept of prime
ideals introduced in [7]. Building on this, Chuadhari [5] extended the notion of 2-absorbing
ideals to semi-rings. Subsequently, Badawi and Darani [2] introduced the concept of weakly
2- absorbing ideals in commutative rings, a generalization of weakly prime ideals introduced
by Anderson and Smith [1]. Extending the concepts of 2−absorbing and weakly 2−absorbing
ideals from rings to lattices, Wasakidar and Gaikerad [20] introduced the idea of 2−absorbing
ideals and weakly 2−absorbing ideals in lattices. Later, Natnael [11] introduced the concept
of weakly 2- absorbing ideals in an Almost Distributive Lattice. Zadeh [21] initially defined a
fuzzy subset of a setX as a function mapping elements ofX to real numbers in the interval [0, 1].
Goguen [8] extended this by replacing the valuation set [0, 1] with a complete lattice L, aiming
to provide a more comprehensive exploration of fuzzy set theory through fuzzy sets. Darani and
Ghasemi [6], as well as Mandal [10], introduced the notions of L-fuzzy 2−absorbing ideals
and 2- absorbing fuzzy ideals for commutative rings, respectively, which generalize the concept
of fuzzy prime ideals in rings investigated by June [9] and Sharma [17]. Subsequently, Nimb-
horkar and Patil [13, 14] introduced the notions of fuzzy weakly 2−absorbing ideals in lattices.
In [18], we presented the ideas of L−fuzzy ideals within an Almost Distributive Lattice (ADL),
forming the foundation for our research. Natnael [12] later extended this work by introducing
the concept of L−fuzzy 2−absorbing ideals in an ADL.

In this paper, we have introduced the concept of L−fuzzy weakly 2−absorbing ideals within
an ADL, aiming to extend the idea of L−fuzzy prime ideals in an ADL as presented in [15]. Ini-
tially, we define L−fuzzy weakly prime ideals, which are less stringent than L−fuzzy prime ide-
als. We then proceed to adapt the M.H. Stone theorem [16] concerning prime ideals in distribu-
tive lattices to encompass L−fuzzy weakly prime ideals. Our main emphasis is on investigating
the connections between L−fuzzy prime ideals and L−fuzzy weakly prime ideals, as well as
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the relationships between L−fuzzy weakly prime ideals and L−fuzzy weakly 2−absorbing ide-
als, along with L−fuzzy 2-absorbing ideals and L−fuzzy weakly 2−absorbing ideals. Counter
examples are provided to demonstrate that the converses of these relationships do not hold.
Furthermore, we demonstrate that the direct product of any two L−fuzzy weakly prime ide-
als results in an L−fuzzy weakly 2−absorbing ideal. However, it is important to note that the
product of L−fuzzy weakly 2−absorbing ideals may not necessarily yield an L−fuzzy weakly
2−absorbing ideal. Additionally, we establish that both the image and pre-image of any fuzzy
weakly 2−absorbing ideal also qualify as fuzzy weakly 2- absorbing ideals.

2 Preliminaries

In this portion, we revisit certain definitions and fundamental findings primarily sourced from
[18, 15, 19].

Definition 2.1. An algebra R = (R,∧,∨, 0) of type (2, 2, 0) is referred to as an ADL if it meets
the subsequent conditions for all r, s and t in R.

(i) 0 ∧ r = 0

(ii) r ∨ 0 = r

(iii) r ∧ (s ∨ t) = (r ∧ s) ∨ (r ∧ t)

(iv) r ∨ (s ∧ t) = (r ∨ s) ∧ (r ∨ t)

(v) (r ∨ s) ∧ t = (r ∧ t) ∨ (s ∧ t)

(vi) (r ∨ s) ∧ s = s.

Every distributive lattice with a lower bound is categorized as an ADL.

Example 2.2. For any nonempty set A, it’s possible to transform it into an ADL that doesn’t
constitute a lattice by selecting any element 0 from A and fixing an arbitrary element u0 ∈ R.
For every u, v ∈ R, define ∧ and ∨ on R as follows:

u ∧ v =

{
v if u ̸= u0

u0 if u = u0
and u ∨ v =

{
u if u ̸= u0

v if u = u0

Then (A,∧,∨, u0) is an ADL (called the discrete ADL) with u0 as its zero element.

Definition 2.3. Consider R = (R,∧,∨, 0) be an ADL. For any r and s ∈ R, establish r ≤ s if
r = r∧ s (which is equivalent to r∨ s = s). Then ≤ is a partial order on R with respect to which
0 is the smallest element in R.

Theorem 2.4. The following conditions are valid for any r, s and t in an ADL R.

(1) r ∧ 0 = 0 = 0 ∧ r and r ∨ 0 = r = 0 ∨ r

(2) r ∧ r = r = r ∨ r

(3) r ∧ s ≤ s ≤ s ∨ r

(4) r ∧ s = r iff r ∨ s = s

(5) r ∧ s = s iff r ∨ s = r

(6) (r ∧ s) ∧ t = r ∧ (s ∧ t) (in other words, ∧ is associative)

(7) r ∨ (s ∨ r) = r ∨ s

(8) r ≤ s⇒ r ∧ s = r = s ∧ r
(

iff r ∨ s = s = s ∨ r
)

(9) (r ∧ s) ∧ t = (s ∧ r) ∧ t

(10) (r ∨ s) ∧ t = (s ∨ r) ∧ t

(11) r ∧ s = s ∧ r iff r ∨ s = s ∨ r

(12) r ∧ s = inf{r, s} iff r ∧ s = s ∧ r iff r ∨ s = sup{r, s}.
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Definition 2.5. Let R and G be ADLs and form the set R×G by
R×G = {(r, g) : r ∈ R and g ∈ G}. Define ∧ and ∨ in R×G by,

(r1, g1) ∧ (r2, g2) = (r1 ∧ r2, g1 ∧ g2)
and (r1, g1) ∨ (r2, g2) = (r1 ∨ r2, g1 ∨ g2), for all (r1, g1), (r2, g2) ∈ R×G.

Then (R × G,∧,∨, 0) is an ADL under the pointwise operations and 0 = (0, 0) is the zero
element in R×G.

Definition 2.6. A non-empty subset, denoted as I in an ADL R is termed an ideal in R if it
satisfies the conditions: if u and v belong to I , then u∨ v is also in F , and for every element r in
R, the u ∧ r is in F .

Definition 2.7. A proper ideal I in R is a prime ideal if for any u and v belongs R, u∧ v belongs
F , then either u belongs F or v belongs F .

Theorem 2.8. Let I be an ideal in R. Let F be a non-empty subset in R such that r ∧ s ∈ F , for
all r and s ∈ F . Assume I ∩ F is empty set. Then there exists a prime ideal P in R containing I
and P ∩ F is empty set.

Theorem 2.9. Let P be an ideal in R. Then P a weakly prime ideal in R only if P is a prime
ideal in R.

Definition 2.10. Let R and G be ADLs. A mapping g : R→ G is called a homomorphism if the
following are satisfied, for any r, s, t ∈ R.
(1). f(r ∧ s ∧ t) = f(r) ∧ f(s) ∧ f(t)
(2). f(r ∨ s ∨ t) = f(r) ∨ f(s) ∨ f(t)
(3). f(0) = 0.

Definition 2.11. an L−fuzzy subset ηw is said to be an L−fuzzy ideal in R, if ηw(0) = 1 and
ηw(r ∨ s) = ηw(r) ∧ ηw(s), for all r and s in R.

Definition 2.12. A proper L−fuzzy ideal ηw is prime if ϕ ∧ ψ ≤ ηw implies either ϕ ≤ ηw or
ψ ≤ ηw, for any L−fuzzy ideals ϕ and ψ in R.

Theorem 2.13. Let ηw be an L−fuzzy subset. Then ηw is prime iff there exists a prime ideal P
in R and a prime element β in L such that ηw equals βP .

Definition 2.14. A proper L−fuzzy ideal ηw is called an L−fuzzy prime ideal in R if ηw(r ∧ s)
equals ηw(r) or ηw(s), for all elements r and s in R.

3 L−fuzzy Weakly Prime Ideals

In the following, we define and characterize the concepts of L−fuzzy weakly prime ideals in
terms of weakly prime ideals. A proper ideal P is a weakly prime ideal in R if for all r, s ∈ R,
0 ̸= r∧s ∈ P ⇒ either r ∈ P or s ∈ P. Here, we extend this result to the case of L−fuzzy ideals
in the following.

Definition 3.1. A proper L−fuzzy ideal ηw is an L−fuzzy weakly prime ideal in R if, for any
elements r and s in R such that r ∧ s ̸= 0, the inequality ηw(r ∧ s) ≤ ηw(r) ∨ ηw(s) holds true.

Example 3.2. Let D = {0, u, v} be a discrete ADL with 0 as its zero element defined in 2.2 and
L = {0, r, s, t, 1} be the lattice represented by the Hasse diagram given below:
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Consider D × L = {(d, e) | d ∈ D and e ∈ L}. Then (D × L,∧,∨, 0) is an ADL under the
pointwise operations ∧ and ∨ on D × L and 0 = (0, 0), the zero element in D × L. Now define
ηw : D × L→ [0, 1] by

ηw(d, e) =


1 if (d, e) = (0, 0)
3/4 if d = 0 and e ̸= 0
0 otherwise

for all (d, e) ∈ D × L. Clearly ηw is an L−fuzzy ideal in D × L. For any (a, b), (c, d) ∈ D × L
such that (a, b) ∧ (c, d) ̸= (0, 0), we observe that ηw

(
(a, b) ∧ (c, d)

)
≤ ηw(a, b) ∨ ηw(c, d).

Therefore, ηw is an L−fuzzy weakly prime ideal in D × L.

Recall that for any β ∈ L, the set ηwβ = {r ∈ R : β ≤ ηw(r)} is called the β-cut of ηw.

Theorem 3.3. Let ηw be a proper L−fuzzy ideal in R. Then ηw is an L−fuzzy weakly prime
ideal in R iff for all β ∈ L, either ηwβ = R or ηwβ is a weakly prime ideal in R.

Proof. Assume ηw is an L−fuzzy weakly 2−absorbing ideal. Take r, s ∈ R such that r ∧ s ̸= 0.
Now r∧s ∈ ηwβ implies β ≤ ηw(r∧s) ≤ ηw(r)∨ηw(s). Consequently, β ≤ ηw(r) or β ≤ ηw(s).
It follows that, r ∈ ηwβ or s ∈ ηwβ . Thus ηwβ is a weakly 2−absorbing ideal in R. On the other
hand, assume that β = ηw(r ∧ s). Then r ∧ s ∈ ηwβ . Since ηwβ is a weakly 2−absorbing ideal
in R, it follows that either r ∈ ηwβ or s ∈ ηwβ . Let r ∈ ηwβ . Then ηw(r ∧ s) = β ≤ ηw(r) ≤
ηw(r) ∨ ηw(s). Therefore, ηw qualifies as an L−fuzzy weakly 2−absorbing ideal in R.

Corollary 3.4. If ηw is an L−fuzzy weakly prime ideal in R, then ηw1 referred to as a weakly
prime ideal.

The converse of the above corollary is not true; for consider the example below.

Example 3.5. Let D = {0, u, v} be a discrete ADL with 0 as its zero element defined in 2.2 and
L = {0, r, s, t, 1} be the lattice represented by the Hasse diagram given below:
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Consider D × L = {(d, e) | d ∈ D and e ∈ L}. Then (D × L,∧,∨, 0) is an ADL under the
point-wise operations ∧ and ∨ on D× L and 0 = (0, 0), the zero element in D× L. Now define
ηw : D × L→ [0, 1] by

ηw(d, e) =


1 if (d, e) = (0, 0)
2/3 if d = 0 and e ̸= 0
0 otherwise

for all (d, e) ∈ D × L. Clearly ηw is an L−fuzzy ideal in D × L. Then ηw1 = {(0, 0)}. Conse-
quently, ηw1 is a weakly prime ideal in D × L. While, ηw is not an L−fuzzy weakly prime ideal
in D × L, since ηw(0, r) ∧ (0, s) = ηw(0, 0) = 1 ≰ 2/3 = ηw(0, r) ∨ ηw(0, s).

Corollary 3.6. An ideal P is said to be a weakly prime ideal in R iff χP is an L−fuzzy weakly
prime ideal in R.

We have proved that every prime ideal of an ADL is a weakly prime ideal of an ADL (refer
Theorem 2.10). Here, we extend this result to the case of L−fuzzy ideals in the following.

Theorem 3.7. Consider ηw is an L−fuzzy ideal in R. If ηw is an L−fuzzy prime ideal in R, then
ηw is an L−fuzzy weakly prime ideal in R. The converse of this result is not true.
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Proof. It is Clear.

Example 3.8. Let D × L = {(d, e) | d ∈ D and e ∈ L} be an ADL defined in example 3.2.
Clearly ηw is an L−fuzzy ideal ofD×L. Then ηw1 = {(0, 0)} and ηw3/4 = {(0, r), (0, s), (0, t), (0, 1)}
are weakly prime ideal of D × L, and ηw0 = D × L. Thus ηw is an L−fuzzy weakly prime ideal
of D×L. But ηw is not an L−fuzzy prime ideal of D×L, since ηwβ is not a prime ideal of D×L,
for each β ∈ [0, 1], in particular, β = 1 (ηw1 is neither an ideal nor a prime ideal).

For any β ∈ L, we define the L−fuzzy ideals ηw ∨ β and ηw ∧ β by (ηw ∨ β)(r) = ηw(r)∨ β
and (ηw ∧ β)(r) = ηw(r) ∧ β, for all r in R.

Lemma 3.9. Let ηw be an L−fuzzy weakly prime ideal in R and β ∈ L with ηw(n) ≤ β < 1, for
any maximal element n in R. Then ηw ∨ β is an L−fuzzy weakly prime ideal in R.

Theorem 3.10. Let ψw be a proper L−fuzzy ideal such that ∨{ψw(r) : r ∈ R,ψw(r) < 1} < 1.
Then there exists an L−fuzzy weakly prime ideal ηw in R such that ψw ≤ ηw.

Proof. Let β =
∨{

ψw(r) : r ∈ R and ψw(r) < 1
}

and Q = {r ∈ R : ψw(r) = 1}. Then Q is
a proper ideal in R, since ψw is proper. Then there exists a weakly prime ideal P in R such that
Q ⊆ P. Thus χ

P
is an L−fuzzy weakly prime ideal in R. Now consider χ

P
∨ β. For any r ∈ R,

r ∈ P ⇒ (χ
P
∨ β)(r) = χ

P
(r) ∨ β = 1 ∨ β = 1 and r /∈ P ⇒ (χ

P
∨ β)(r) = χ

P
(r) ∨ β =

0 ∨ β = β and hence χ
P
∨ β = βP . By 3.9, βP is an L−fuzzy weakly prime ideal in R. Now,

if r ∈ P , then ψw(r) ≤ 1 = βP (r) and if r /∈ P , then r /∈ Q impies that ψw(r) < 1 and hence
ψw(r) ≤ β = βP (r). Therefore, ψw ≤ βP .

Next, we extend the theorem 2.8 on prime ideals of ADLs (which is analogous to M.H. Stone
theorem on prime ideals of distributive lattices) to the case of L−fuzzy weakly prime ideals.

Theorem 3.11. Let β be a weak prime element in L, ϕw be an L−fuzzy ideal in R and ψw an
L−fuzzy filter in R such that ϕw ∧ψw ≤ β. Then there exists an L−fuzzy weakly prime ideal ηw

in R such that ϕw ≤ ηw and ηw ∧ ψw ≤ β.

Proof. Put P = {r ∈ R : ϕw(r) ≰ β} and Q = {r ∈ R : ψw(r) ≰ β}. Clearly, P is an ideal
and Q is a filter in R. Since β is weakly prime ideal and for any r ∈ R, ϕw(r) ∧ ψw(r) ≤ β,
it follows that ϕw(r) ≤ β or ψw(r) ≤ β and hence r /∈ P or r /∈ Q. Therefore, P ∩ Q is
empty. Then there exists a weakly prime ideal G such that P ⊆ G and G ∩ Q is empty. It
follows that βG is a prime L−fuzzy ideal and hence, βG is an L−fuzzy weakly prime ideal.
Also, r /∈ G⇒ r /∈ P ⇒ ϕw(r) ≤ β = βG(r) and r ∈ G⇒ ϕw(r) ≤ 1 = βG(r).
Now, r ∈ G⇒ r /∈ Q⇒ βG(r) ∧ ψw(r) = 1 ∧ ψw(r) = ψw(r) ≤ β = β(r)
and r /∈ G⇒ βG(r) ∧ ψw(r) = β ∧ ψw(r) ≤ β = β(r).
Thus ϕw ≤ βG and hence, βG ∧ ψw ≤ β.

4 L−fuzzy Weakly 2−Absorbing Ideals

In the following, we introduce the notions of L−fuzzy weakly 2−absorbing ideals and their char-
acterizations which is the central part of our investigations. Initially, let us revisit the definition
outlined in [11], indicating that a proper ideal P in R is considered a weakly 2−absorbing ideal
in R if, for all elements r, s, and t in R such that r ∧ s ∧ t ̸= 0, the condition r ∧ s ∧ t belonging
to P implies either r ∧ s belonging to P or r ∧ t belonging to P or s ∧ t belonging to P . Now,
we aim to extend this outcome to the realm of L−fuzzy weakly 2−absorbing ideals as elucidated
below.

Definition 4.1. A proper L−fuzzy ideal ηw in R is an L−fuzzy weakly 2−absorbing ideal in R
if for any elements r, s and t in R with r ∧ s ∧ t ̸= 0, the inequality ηw(r ∧ s ∧ t) ≤ ηw(r ∧ s) ∨
ηw(r ∧ t) ∨ ηw(s ∧ t) holds true.

Example 4.2. Let R = {0, r, s, t} and L be 4 elements chain {0, γ, β, 1}, where 0 < γ < β < 1
and let ∨ and ∧ be binary operations on A defined by:
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∨ 0 r s t
0 0 r s t
r r r r r
s s s s s
t t r s t

∧ 0 r s t
0 0 0 0 0
r 0 r s t
s 0 r s t
t 0 t t t

Define an L−fuzzy subset ηw in R as follows: ηw(0) = 1, ηw(r) = γ, ηw(s) = γ and
ηw(t) = β. It is evident that ηw is an L−fuzzy ideal in R. Next we observe that, for any r, s and
t ∈ R, ηw(r∧ s∧ t) = ηw(s∧ t) or ηw(r∧ t). Therefore, ηw is an L−fuzzy weakly 2−absorbing
ideal in R.

Following that, we define the concept of an L−fuzzy weakly 2−absorbing ideal with respect
to β-cut.

Theorem 4.3. Let ηw be an L−fuzzy ideal in R. An ideal ηwβ is a weakly 2−absorbing ideal in
R or ηwβ = R, for all β ∈ L iff ηw is an L−fuzzy weakly 2−absorbing ideal in R.

Corollary 4.4. An ideal P in R is a weakly 2−absorbing ideal in R iff χP is an L−fuzzy weakly
2−absorbing ideal in R.

In the following, we facilitate the inter-relationship between L−fuzzy weakly prime ideals
and L−fuzzy weakly 2−absorbing ideals in an ADL.

Theorem 4.5. Every L−fuzzy weakly prime ideal in R is an L−fuzzy weakly 2−absorbing ideal
in R.

The converse of the above result is not true; consider the following example.

Example 4.6. Let D×L = {(d, e) | d ∈ D and e ∈ L} be an ADL defined in example 3.2. Now
define ηw : D × L→ [0, 1] by

ηw(d, e) =


1 if (d, e) = (0, 0)
3/4 if d ̸= 0 and e ∈ {0, t}
0 otherwise

for all (d, e) ∈ D × L. Clearly ηw is an L−fuzzy ideal in D × L. Then ηw1 = {(0, 0)} and
ηw3/4 = {(u, 0), (v, 0), (u, t), (v, t)}. Thus, ηwβ is a weakly 2−absorbing ideal in D × L, for all
β ∈ (0, 1] or ηw0 = D×L. Consequently, ηw emerges as an L−fuzzy weakly 2−absorbing ideal.
However, ηw does not qualify as L−fuzzy weakly prime ideal, as ηw3/4 is not weakly prime ideal.
This is demonstrated by considering, (0, 0) ̸= (u, r)∧ (v, s) ∈ ηw3/4 implies that (u, r) /∈ ηw3/4 and
(v, s) /∈ ηw3/4, for all (u, r), (v, s) ∈ D × L.

Theorem 4.7. Assume ηw is an L−fuzzy ideal in R. If ηw is an L−fuzzy 2−absorbing ideal in
R, then ηw is an L−fuzzy weakly 2−absorbing ideal in R.

The converse of the above result is not true; consider the following example.

Example 4.8. Let D = {0, u, v} be a discrete ADL with 0 as its zero element defined in 2.2 and
L = {0, a, b, c, d, e, f, 1} be a lattice whose Hasse diagram is given below. Define L−fuzzy ideal
ηw : R→ [0, 1] by

ηw(x, y) =


1 if (x, y) = (0, 0)
1/2 if x = 0 and y ̸= 0
0 otherwise

for all (x, y) ∈ D × L. Clearly ηw is an L−fuzzy weakly 2−absorbing ideal of D × L but
not L−fuzzy 2−absorbing ideal, since ηw1 = {(0, 0)} is a weakly 2−absorbing ideal but not
2−absorbing ideal. This is demonstrated by considering, (0, d) ∧ (u, e) ∧ (v, f) = (0, 0) ∈ ηw1
implies (0, d)∧(u, e) = (0, a) /∈ ηw1 , (0, d)∧(v, f) = (0, b) /∈ ηw1 and (u, e)∧(v, f) = (v, c) /∈ ηw1 .
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Theorem 4.9. Let ηw and ψw be L−fuzzy weakly prime ideals inR. Then ηw∩ψw is an L−fuzzy
weakly 2−absorbing ideal in R.

The intersection of any two L−fuzzy weakly 2−absorbing ideals may not be L−fuzzy weakly
2−absorbing ideal; consider the following example.

Example 4.10. Let R = {0, a, b, c, d, e, f, g, h, i, 1} be the lattice represented by the Hasse dia-
gram given below:

Define an L−fuzzy ideals ηw and ϕw fromR to [0, 1] as follows: ηw(0) = 1, ηw(a) = 3/4, ηw(b) =
3/4, ηw(c) = 1, ηw(d) = 0, ηw(e) = 3/4 and ηw(f) = ηw(g) = ηw(h) = ηw(i) = ηw(1) = 0;
ϕw(0) = 1, ϕw(a) = ϕw(b) = ϕw(c) = ϕw(d) = 7/8 and ϕw(e) = ϕw(f) = ϕw(g) = ϕw(h) =
ϕw(i) = ϕw(1) = 0. Clearly ηw and ϕw are L−fuzzy weakly 2−absorbing ideals in R but
ηw ∩ ϕw is not an L−fuzzy weakly 2−absorbing ideal in R, since (ηw ∩ ϕw)(g ∧ h ∧ i) =
(ηw ∩ ϕw)(a) = 3/4 ≰ 0 = (ηw ∩ ϕw)(g ∧ h) = (ηw ∩ ϕw)(g ∧ i) = (ηw ∩ ϕw)(h ∧ i).

Let us recall that L−fuzzy subsets ηw and ϕw of ADLsR andG respectively. Then the product
of ηw and ϕw is denoted by ηw × ϕw and defined by, (ηw × ϕw)(a, b) = ηw(a) ∧ ϕw(b), for all
(a, b) ∈ R×G.

Theorem 4.11. Let ηw and ϕw be L−fuzzy ideals in R and G respectively. If ηw × ϕw is an
L−fuzzy weakly 2−absorbing ideal in R×G, then ηw and ϕw are L−fuzzy weakly 2−absorbing
ideals in R and G, respectively.

Proof. Suppose that ηw × ϕw is an L−fuzzy weakly 2−absorbing ideal in R×G. Consider,
ηw(r ∧ s ∧ t) ∧ ϕw(x ∧ y ∧ z) = (ηw × ϕw)(r ∧ s ∧ t, x ∧ y ∧ z)
= (ηw × ϕw)

(
(r, x) ∧ (s, y) ∧ (t, z)

)
≤ (ηw × ϕw)

(
(r, x) ∧ (s, y)

)
∨ (ηw × ϕw)

(
(r, x) ∧ (t, z)

)
∨ (ηw × ϕw)

(
(s, y) ∧ (t, z)

)
=

(
ηw(r ∧ s) ∧ ϕw(x ∧ y)

)
∨
(
ηw(r ∧ t) ∧ ϕw(x ∧ z)

)
∨
(
ηw(s ∧ t) ∧ ϕw(y ∧ z)

)
=

(
ηw(r∧ s)∧ϕw(x∧ y)

)
∨
((
ηw(r∧ t)∨ ηw(s∧ t)

)
∧
(
ηw(s∧ t)∨ϕw(y ∧ z)

)
∧
(
ϕw(x∧ z)∨

ηw(s ∧ t)
)
∧
(
ηw(x ∧ z) ∨ ϕw(y ∧ z)

))
=

(
ηw(r∧s)∨ηw(r∧t)∨ηw(s∧t)

)
∧
(
ηw(r∧s)∨ηw(r∧t)∨ϕw(y∧z)

)
∧
(
ηw(r∧s)∨ϕw(x∧z)∨

ηw(s∧t)
)
∧
(
ηw(r∧s)∨ϕw(x∧z)∨ϕw(y∧z)

)
∧
(
ϕw(x∧y)∨ηw(r∧t)∨ηw(s∧t)

)
∧
(
ϕw(x∧y)∨
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ηw(r∧t)∨ϕw(y∧z)
)
∧
(
ϕw(x∧y)∨ϕw(x∧z)∨ηw(s∧t)

)
∧
(
ϕw(x∧y)∨ϕw(x∧z)∨ϕw(y∧z)

)
≤

(
ηw(r ∧ s) ∨ ηw(r ∧ t) ∨ ηw(s ∧ t)

)
∧
(
ϕw(x ∧ y) ∨ ϕw(x ∧ z) ∨ ϕw(y ∧ z)

)
.

Hence the result.

If there are L−fuzzy weakly 2−absorbing ideals, then their direct product may not L−fuzzy
weakly 2−absorbing ideal; consider the following example.

Example 4.12. Let R = {0, a, b, c, d, e, f, g, h, i, 1} be the lattice and ηw an L−fuzzy ideal in
R define in Example 4.10. Also let G = {0, a, b, c, d, e, f, g, h, i, j, 1} be a lattice whose Hasse
diagram is given below:

Define ϕw : G → [0, 1] by ϕw(0) = 1, ϕw(b) = 1, ϕw(a) = ϕw(c) = ϕw(e) = 7/8 and
ϕw(d) = ϕw(f) = ϕw(g) = ϕw(h) = ϕw(i) = ϕw(j) = ϕw(1) = 0. It is evidence that both
ηw and ϕw emerges as L−fuzzy weakly 2−absorbing ideals in R and G respectively. However,
ηw × ϕw is not an L−fuzzy weakly 2−absorbing ideal in R×G, since
(ηw × ϕw)(g ∧ h ∧ i, h ∧ i ∧ j) = (ηw × ϕw)(a, c) = ηw(a) ∧ ϕw(c) = 3/4
≰ 0 = (ηw × ϕw)(g ∧ h, h ∧ i) ∨ (ηw × ϕw)(g ∧ i, h ∧ j) ∨ (ηw × ϕw)(h ∧ i, i ∧ j).

The following is a consequences of the above results 4.3,4.5,4.7 and 4.11. First let us recall
from [18] that if χ{0} is the characteristics map of {0} in an ADL R (i.e., χ{0}(x) = 1 or 0
depending the values of x), then χ{0} is the smallest L−fuzzy ideal in R.

Theorem 4.13. Let ηw (̸= χ{0}) and ϕw (̸= χ{0}) be proper L−fuzzy ideals in R and G respec-
tively. Then the following are equivalent to each other.
(1). ηw × ϕw is an L−fuzzy weakly 2−absorbing ideal in R×G

(2). ϕwβ = G, for all β ∈ L and ηw is an L−fuzzy 2−absorbing ideal, or ηw is an L−fuzzy prime
ideal in R and ϕw is an L−fuzzy prime ideal in G
(3). ηw × ϕw is an L−fuzzy 2−absorbing ideal in R×G.

Corollary 4.14. Let ηw and ϕw be L−fuzzy ideals in R and G with 0 respectively. Then the
following are equivalent.
(1). ηw × χ

G
is an L−fuzzy 2−absorbing ideal in R×G

(2). ηw × χ
G

is an L−fuzzy weakly 2−absorbing ideal in R×G

(3). ηw × ϕw is an L−fuzzy 2−absorbing ideal in R×G

(4). ηw × ϕw is an L−fuzzy weakly 2−absorbing ideal in R×G.

Finally, we discuss the homomorphism of L−fuzzy weakly 2−absorbing ideals in ADLs.

Theorem 4.15. Let R and G be ADLs, and g : R → G a lattice homomorphism. Then the
following holds:
(1). If ψw is an L−fuzzy weakly 2−absorbing ideal in G, then g−1(ψw) is an L−fuzzy weakly
2−absorbing ideal in R
(2). If g is an epimorphism and ηw is an L−fuzzy weakly 2−absorbing ideal in R, then g(ηw) is
an L−fuzzy weakly 2−absorbing ideal of G.
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Proof. (1). Let g : R → G be a lattice homomorphism. Assume that ψw is an L−fuzzy weakly
2−absorbing ideal in G. For all elements r, s, t ∈ G such that r ∧ s ∧ t ̸= 0. Then
g−1(ψw)(r ∧ s ∧ t) = ϕw

(
g(r ∧ s ∧ t)

)
= ϕw

(
g(r) ∧ g(s) ∧ g(t)

)
≤ ϕw

(
g(r) ∧ g(s)

)
∨ ϕw

(
g(r) ∧ g(t)

)
∨ ϕw

(
g(s) ∧ g(t)

)
= ϕw

(
g(r ∧ s)

)
∨ ϕw

(
g(r ∧ t)

)
∨ ϕw

(
g(s ∧ t)

)
= g−1(ψw)(r ∧ s) ∨ g−1(ψw)(r ∧ t) ∨ g−1(ψw)(s ∧ t).
Thus g−1(ψw) is an L−fuzzy weakly 2−absorbing ideal in R.
(2). Let g be an isomorphism. Assume that ηw is an L−fuzzy weakly 2−absorbing ideal in R.
For all a, b, c ∈ R such that a ∧ b ∧ c ̸= 0. Now, consider,
g(ηw)(a ∧ b) ∨ g(ηw)(a ∧ c) ∨ g(ηw)(b ∧ c) =

(
Sup

{
ηw(r ∧ s) : r ∧ s ∈ g−1(a ∧ b)

})
∨(

Sup
{
ηw(r ∧ t) : r ∧ t ∈ g−1(a ∧ c)

})
∨
(
Sup

{
ηw(s ∧ t) : s ∧ t ∈ g−1(b ∧ c)

})
≥

{
ηw(r ∧ s ∧ t) : r ∧ s ∧ t ∈ g−1(a ∧ b ∧ c)

}
= g(ηw)(a ∧ b ∧ c).
Thus, g(ηw) emerges as an L−fuzzy weakly 2−absorbing ideal in G.

5 Conclusion

In this paper, we study an L−fuzzy weakly 2−absorbing ideals in an almost distributive lattice
(ADL) which is weaker than that of an L−fuzzy weakly prime ideals and discussed properties of
these. Furthermore, the relationship between L−fuzzy weakly prime ideal and L−fuzzy weakly
2−absorbing ideals in ADLs are introduced and there are examples that shown that the converse
of these is not true.
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