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Abstract: This paper investigates the approximate controllability of mixed integrodiffer-
ential inclusions of Hilfer-Katugampola fractional derivatives(HKFD), focusing on orders ¢ €
(0,1) and type s € [0, 1). By leveraging Bohenblust- Karlin fixed point theorem and fractional
calculus techniques is used to establish the sufficient conditions for existence of the solution and
the approximate controllability. Numerical examples is given to illustrate the applicability and
significance of our results.

1 Introduction

The study of fractional differential inclusions is valuable in many areas of mathematics. Recent
advancements in control theory, rheology, image manipulation, optics, communication process-
ing, and other fields have reinforced the concept of fractional calculus. It serves as an effective
tool for modeling various phenomena in fractional differential equations. Several papers provide
additional information [17, 24,27, 15, 32, 33]. Katugampola [13] has developed a new fractional
differential operator, which has been extensively researched by several scholars [11, 12, 25, 26].
Furthermore, this type of operator has been combined with the Hilfer fractional differential op-
erator [9] to create the Hilfer-Katugampola fractional differential operator [19].

Controllability refers to the ability to manipulate or control the behavior of a system in a
desired manner using external inputs or controls. In the context of control theory, controllability
is a fundamental property that assesses whether a system can be steered from one state to another
within a specified time frame using appropriate control inputs.

A system is said to be completely controllable if it can reach any state in its state space from
any initial state in a finite amount of time, given appropriate control inputs. On the other hand,
if a system is not completely controllable, it is termed partially controllable, meaning there are
certain states that cannot be reached from some initial states.

Approximate controllability is a related concept that addresses the feasibility of steering a
system approximately close to a desired state within a specified time, even if reaching the exact
state is not possible. This means that while it might not be feasible to reach a specific target state
precisely, it is still possible to bring the system arbitrarily close to the desired state by choosing
appropriate control inputs. Both controllability and approximate controllability are vital aspects
of control theory, influencing the design and analysis of control systems in various engineering
and scientific disciplines. They play a significant role in fields such as aerospace engineering,
robotics, power systems, and more.

The Hilfer-Katugampola fractional differential equation is a type of fractional differential
equation (FDE) that generalizes the concept of derivatives to non-integer orders. Fractional cal-
culus, including the Hilfer-Katugampola fractional derivative, finds applications in various fields
such as physics, engineering, biology, and finance, where phenomena with memory, heredi-
tary properties, or long-range interactions are observed and modeled more accurately using
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fractional-order derivatives. A few concepts were gathered from these references, which fa-
cilitate our mathematical endeavors [23, 22, 5, 8, 31]. Jingyun Lv and Xiaoyuan Yang [10]
are studied the Approximate controllability of Hilfer fractional differential equations. Many re-
searchers have carried out works on the controllability of stochastic evolution with non-local
conditions, orders, and Non-instantaneous Impulsive Differential System with Rosenblatt Pro-
cess and Poisson Jumps [1, 7, 21, 30] in the past year

Vijaykumar et al. [28] established the approximate controllability of Volterra-Fredholm
integro-differential fractional inclusions of Sobolev type with order I <r < 2. Mohamed I.
Abbas [16] studied the controllability of Hilfer-Katugampola fractional differential equations.
Motivated by the preceding research, this work focuses on the approximate controllability of
Hilfer-Katugampola mixed integrodifferential inclusions of the form

D [g(u)] € Bw(u)+ Q <u,q, /Op A(u,a,q)da,/oT A(u,a7q)da> yu € K =1[0,u]

(1.1)
P 7q(c) = qo,v = +s— . (1.2)

where ¢D¥-s Hilfer Katugampola derivative of fractional order (0 < ¢ < 1) and type
s0<¢s< 1), p]I(l]I 7 is the left-sided Katugampola fractional integral of order 1 — « and the
function ¢(-) in a Banach space X, B is a Bounded linear operator from a Banach Space U into
X. Furthermore Q : K x Q x Q x Q — 2%/ {0} is satisfied some conditions and w(-) is control
function define £2(K, W), a control functions of Banach spaces. The Banach space of functions
w : K — W and the norm [|w]| g2 wy ={ [’ ||w(u)||%v du}? < oo with the norm of Bochner
integrable endowed and the function Q : K x X — X is a Caratheodary[25, 29]

The design of the paper is as follows: Section 2 presents some basic notations and prelimi-
nary results, while Section 3 investigates approximate controllability using Bohnenblust-Karlin’s
fixed point theorem. Finally in the Section 4, provides an example to demonstrate the applica-
bility of the proposed system.

2 PRELIMINARIES

In this chapter, discusses the fundamental definitions, lemmas, and specific outcomes essential
for determining our key findings. Let C'(K,X) be the Banach space of a continuous function
w : K x X, then the supremum norm ||w||, = supuck ||w(u)||. Define the Banach space
C1—+,p(K,X), the Banach space of a continuous function w is a finite interval K defined by,

uP — P '
Cioy p(K,X) = ¢ h:(0,0] x X { 5 } w(u) € C(K,X) 3,
and the norm of
p_ )17 p_ )T
)l C1_sp = |{“ E3 )| = manen | {“2E)
P c P

Definition 2.1. [6, 19] The Hilfer- Katugampola fractional integrals are defined where ¢ € R
with ¢ > 0 is given by

1—¢ b p—1
T = £ ) >0

where p > 0 and a Gamma function I'(-) defined as

['(p) = / e “u?~du, Re(p) > 0.
0
Definition 2.2. [19, 6] The fractional derivatives of Hilfer-Katugampola are defined, where ¢,p
€ R with ¢, p > 0 and n = [¢]+1 is given by

ppntl d " /b e —la(u)
P DY — p &
D?q(u) ['(n—) (u du) o (uP —up)p—ntl du.



Approximate controllability of Hilfer - Katugampola 263

Lemma 2.3. [19] Let 0 < ¢ < 1,0>¢ < L. Ifg € C,[0,b] and * 7'~y € C}[0,b], then

()

(P I2p2%q)(u) = q(u) —

forall u € (0,b].
Lemma24.[19]Let0< p<1,0<c<Tandvy=p+c(l —¢) Ifq€ Oiy—y then
(" A2y, )a = ("I pZ5" )a.

Lemma 2.5. [2] A function Q : Y — Y be a continuous mapping such that Q(Y) C X is
relatively compact, where Y is closed subset of Banach space X. Then, Q has at least one fixed
pointin'Y.

Lemma 2.6. [3] A function M : £ — 2%\ {0} is u.s.c where M () is compact and M (E) C &.
since X, is bounded and convex where M is nonempty subset of X. Therefore, M has a fixed
point.

By using lemma(2.3) and (2.4), the solution of system of the equation (1.1)-(1.2) the integral
differential equation [20] we get

_ Qo fuP =P et 1,01
q(u)—w{ 5 } +F(90)./o (uf —vP)¥ 1P 2.1

[%w(u) 40 (u,q, /0 " Au, 0, g)da, /0 TA(ma,q)da)] du.

Some useful results of the essential operator is

b
Iy = /0 v g(u)BB g (u)du 1 Q = Q, (2.2)
RATYH) =\ +T§) Q- Q.

continuing (A + I'{) is bounded and B*, g* () stands for adjoint operator B, g(u)
Let’s start with the following assumption is

(Aop) AR(ATy) — 0as A — O strong operator topology.
Ay is holds iff the linear fractional system,in view [18]

D¥[q(u)] € Bw(u)+g(u),uec K (2.3)
P 7q(c) = o,y = +s— .

is approximately controllable on K.

3 SOME RESULTS OF APPROXIMATE CONTROLLABILITY

With the ideas of Bohnenblust-Karlin’s fixed point theorem [3, 4] in a fractional-order time-
delay model, to a control system with approximate controllability [14]. Calculate and establish
the conclusion on approximate controllability for Hilfer-Katugampola combined integrodiffer-
ential inclusions of the form the equation (1.1)-(1.2). Assume the following hypothesis

(A1) Themap Q: K x Q x Q x Q — BCC(Y'), then the function Q is measurable to u, V g € Q
upper semi continuous to g forall w € K and ¢ € C'

T

Hoy = {g € £1(K, Q) : g(u) € © <u,q(u),/0pA(u,a,q(a))da,/O

is nonempty.

A(u,a,q(a))da> u€ K}
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(A2) A functions A(u,p,-),A(u,p,*) : @ — Q are continuous, V ¢ € Q,A(-,-,q),A(,,q) : L —
Q, are strongly measurable, V (u,q) € L.

(As) g*v(-) € L+ (K,R*)and 3 g € (0,b) Vv > 0,q € C |g| < -
P T
g =g" = sug {||g|| tg(u) € Q (u,q(u),/o A(u,a,q(a))da,/o A(u,a,q(a))da)} < Ly~ (u)
ue
foraeu € K.
(A4) The mapping a — (u— )’ 'L, ., € L2(K, Q) such that there exist # > 0 such that
Ly Jo P Ly Ly du
lim inf—2

y—0oQ "y

= f < +o0,

To discuss the controllability of the equations (1.1) — (1.2), if V¢ > 0 there exist ¢(-) € C, using
equation (2.1) and (2.2) is given below

e = g {5 ey [ e e
[%w(u)—i—Q(u,q, /0 " Alw, 0, q)da, /0 TA(u,a,q)da)] du

w(u) = B*RATE)(q()), (3.2)

a() = {“‘} (33)

where, ¢’ = uf — v’ ||B|| = Z,, ||B*|| = Z)

Theorem 3.1. Under the assumption (Ay — As) holds subsequently, the system (1.1)-(1.2) has a
solution on K provided

1 |: Z1Z2 (uZ“"
[(2¢) LT(20)A \ 20

Proof. To prove the fixed point technique, let define M : C — 2¢ and A > 0 by using the
equation (3.1) we get

M(Q)—[qu:Mi(u)_lfé(;){W}7—1+F(1@/0u{1ﬁ;},)}¢_1vp_1

[Buw(u) + gi(u)] du,i = 1,2, € %ﬂ]

)+1]5<1 (3.4)

has a fixed point. To establish the results and we need to prove the following steps.
Step 1: For all 1 > 0, A > 0 let M, M, € C exists g1, g € Za. Z(u) is convex for all ¢ € C
since, u € V, we get,

PP vl uf —vf ol — ;
Miw) = s {25 {25} e ) + () dui = 1.2
For all w € K and 0 < i < 1, by the equation(3.1)we get
Qo [ur—ovr)"! 1 /“{u"vﬂ }Sﬂl -1
M+ (1 —p)dMy)(u) = {} + VPTIBB*R(N T
(M 1 ( ,LL) 2)( ) F('y) P F(QO) 0 P ( 0)

bosts {5 L

(191 (w) + (1 = p)ga(w)) ) du.
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Since Zq 4 is convex, uM; + (1 — p) M, € Zq 4 is also convex.
Step 2: We assume that the condition,

Ny, ={2€C:|z||gp<2,0<2<C},xz>0.

clearly NV, some conditions is bounded, closed, convex set of C', where C' is space. For p >
0, our property exist > 0, such that Z(N,) C N, . If not then for all z > 0 ,3 Q* € N, but

Z(Q7) & Na ie.
12(Q") g = sup{[|M" || : M" € Z(Q")} > =

for some g% € Zq 4. by using hypothesis A, and the equation (3.2) and (3.3)we have,

lw (@)l = [|B"RO\T6)l(a())]]

. " q w — e 7! 1 v fur =) P! -
L o Gl i T T A e AT |

Z) @ [u—v )" 1 R o .
Bl U5} ok U5} e

For A > 0 we prove that

v < ||R<q$><u>||<”‘””{“p‘”p} o [ (Y el @i
= %{up;w}w | /0 - l{up_vp}zwzz lw® ()| + " (u) | du
PP “fl wf —pr) 2!
R k(5

* U q0 uf —o? ! 1 /u p—1 u? —v” 2ot T
ZrB*R(\Ty) qu—l-ir(v) {,0 } +71—‘(2<p) 5 v 5 g% (u)du| du

1 /u l{upvp}@l
T T v° “(u)| du
T(o) Jo p lg* (w)]
vl u 2¢0—1
( - B _
9ol {“p UP} _i_;/ e 1{up vp}
I'(y) p T(29) Jo P
212 q0 {up —vP }71 1 <u2‘/’) /u —1 {up — P }2@1
“* T T \ 25 v° —_— Ly ~(uw)du| du
XTI e e \25 ) J, . 9y (1)
1 “ TR
+ 7/ v"l{ } Lo~ (w)du
L'(2¢) Jo P g (1)
M uP — vP y—1 N # /u - uP — P 2p—1 (3 5)
I'(y) P I'(2¢) Jo v o .
212, (w¥ o [u—ovr)"" v (ur = !
T(2¢)A (2<p> [Q”W 7 /O L e ﬁg,y(u)du}du

1 u p_pp) 2!

IA

IA
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Both sides dividing the equation(3.5) by z and taking the limit as  — oo, which is contradicts
of the equation (3.4) and by hypothesis A4 we get

contradicts to our assumption. Hence A > 0, there exists > 0 such that the mapping #Z : N, —
N,.

Step 3: (Mq)(u) is bounded and equicontinuous of R. From the above step it is clear that
M (u) is bounded. To show that M (u) is equicontinuous. By using the equation (3.1) and the
interval 0 < u; < up < u we get

M) = F((ISO){W;UP}M FL/ {up_vp}w o 1 Bu) + gw)d
|(Ma)(u2) — (Mg)(w)]| < Fg;){“”;“”}“ / { }_ {;}

0P Bw(ux — wr) + g(uz — ui)du

1 u uf—vp}(pl |
- = P Bw(uy) + g(uy)du
F(SD)/O { P ( 1) 9( 1)

S e
+ — VP Bw(uy) + g(up)du
F((p) 0 o (2) g( 2)

= Lh+h+13

LetG = % € (—1,0) and by using the hypothesis A, we have
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{5 {5
w/ ({5

©—

S}

20—

n 1 /“‘({ug—vp}‘—‘s_{u?—v”
(2¢) Ju, P P

IN

p—1
} " g(uy — up)du

201
T=5 \1-6
} ) o ) du

s
} ) v? 1L, (u)du

r
2 /“‘({ug—vp}“;_{u’f—vp
I'(2¢) Ju, p P

1 /ul {Ufl’ ,Up}éal .
L = —— VP Bw(uy )du +
? F(‘P) 0 P ( l)

2p—1

( _
<

2¢—1

(
( 9,

— P

1 /u'{
I'(e) Jo
ufll_vp =5 \1-6 p—1
U ) e el a

P _ P 1=6 1-6
e I I O
UL (@) + o]

1 /uz {ug_,up }<F—l . 1 /uz{ 5

L = — VP Bw(up)du + =—— -
T Tk U () )y

P _p) T=5 \1-6

uy —v oo
{5 ) e e

P _ P -5 \ 1-4
e R R oM

g @+ |

e—1
} v ' Bw(uy — up)du

e—1
} VP~ 1g(ul)d

It is easily verify to Z;, Z, — 0 and (up — 1) — 0, Additionally, by refer the compactness of

qo, |lwl| , ||£4,~(w)]|| tends to zero. Therefore

|(Mq)(uz) — (Mq)(uy)|| — 0, Hence,(Mq)(u) is equicontinuous. Z(N,

tinuous.

») C Cis also equicon-

Step 4 : Consider the openball {M = gy € R™ : |qo| < 1} € R™,p > 0and Z;, Z, > 0, (Mq)(u)
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is relatively compact then (M¢q)(u) =0

(Mo)u) = -2 (q”)w+rl> /Ob{“”‘“p}w_]vf'-l[%w(uwg”(u)du}

L(p) \ p (¢ p
_ 9% (q° 7=l 1 /b{up—vp}“o_l 1 e _
M = ) 4 o= [Bu(u) + 7 (u)d
ot = f5(%) g [T B+
_ Wi [\,
[0t - 0T < o [7(D) o ful 1 () du
7.7 u 14 zlw—;(sl B _ -
ooy [(%) T e+ s
Z\Zy — 0, and also ||w|| — ||@|| — 0 compact,

therefore, || (Mgq)(u) — (Mgq)(u)|| is relatively compact.
Step S5: Closed graph of Z. Let ¢" — ¢* when n — oo, and M"™ — M™* when n — oo to prove
that M* € Z(u*) since p™ € Z(u™) there exist g* € Zq . such that

Q0 up—v”}vl 1 /"{up—v”}wl ~1 *
Mr(w) = L JwZv v~ 1BB* R(A, T
(u) F(v){ p L(e) Jo p (A T5)

g L g

then there exist g* € #Z(z*) such thatu € K

* _ q0 uf —vf v 1 Y =P o p—1 * w
M*(u) = g { ; } +F((p)/0 p v IBBR(A,TY)

(o {0 g [ {5 e

L e M T & B B
sty {5 w5 e
Cro-g5 {57} —wa ) {5T) oeeae

wh — P ) ! 1 u(yp — PP
O o <= A el S CEO D BT
Assume that N : £2(K, W) — R,

1 “ uf — v’ ol p—1 * w *
Vo = 5 ) { - } vP~ BB RONTY) x (g (u)du € N (%)

by refer N, we have
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Because g" — g* we have

(o {5} et {5 rema evien

.. Closed graph of Z.

From the Step 1-5 by using theorem of Arzela-Ascoli, #Z has a multi-valued function with com-
pletely continuous and compact thus % is upper semi continuous, then % satisfied a fixed point
theorem. Therefore ¢(-) also a system of equations (1.1) — (1.2). i

Definition 3.2. The equation of y.(qo : u) be the initial value of equations (1.1)-(1.2) the initial
value ¢, terminal time of () and the control function w, consider the equation is

R(c,q) = Q,R(c,q0) = {ge(qo,w) : w(-) € L2(K,W)} the system of the equations (1.1)-
(1.2). where, its closure of « and terminal time of ¢ is R(c, o)
therefore, If controllability equation is (1.1)-(1.2) then, R(c, y9) = Q on the interval K.

Theorem 3.3. Under the assumption of hypothesis Ay — Aa are satisfied then there exists R €
L2(K, [0, 4+00)) such that, sup ||Q(u, q)||< K(u)

Proof. Consider ¢*(-) a fixed point of Z in N, the equation (2.4), a fixed point solution of the
system (1.1)-(1.2) with
w(u) =B R\ T)q()),

il -l U p— u’—v o=l T
where, 1(q(+)) = qu — r((lf/) {u - } — ﬁ fo vP! {%} g% (u)du.

following inequality

q"(b) = g + pR(N,T5)1(q(-)) (3.6)

We conclude that the theorem Dun ford-Pettis theorem, g*(u) is weakly compact in £2(K, Q),
and their sub-sequence g(u) is weakly compact in £>(K, Q). Determine

K=a- iy {52} i b {52) 7 v irma. 69

(")~ KJ| = | i {“”;“’}‘p‘lvﬂ-l[gau,qu(u)) ~ g(u))du

{2} o g ) — (wld

< sup

peEK

we can prove by using Arzela theorem,
L() - / (- — w)A( — wL(wdu : £2(K,Q) — B(K,Q),
0

is compact therefore, ||r(¢* — K)|| — 0 when p — O+ the equation (3.6) we have,

llg" (v) = qull < lpR(p, TG) ) + R, TH) [ [Im(¢") — K|
< NpR(p, TE) K + [Ir(¢") — K]

by using Ay and the equation(3.7) such that
llg*(vw) — gu]| — O as u — O+, Hence the system is approximately controllable on K. O
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4 EXAMPLES

Example :1 A generalized Katugampola fractional integro-differential equation of the form

‘D#*[q(u)]

m

p T
Bw(u) + Q <u,q,/ A(u,a,q)da,/ A(u,a,q)da) ,u€ K =10,u]
0 0
"I q(c) = g,y =9+ — s @.1)
Consider the equation,
p T
Y(it) = Bw(u)+Q (u,q,/ A(u,a,q)da,/ A(u,a,q)da) Jteu,ue K =1[0,u]
0 0

1
181e5t—!

1 -1 t
Y(t) = +e loge ]

1 + tant 1+ loge™?

LetA=05¢=3,u=1,2Z,2,=1,t=1,3=0.04

1 1 4 ezt-! loget
Y(t) = T;_ —t
181e2t=1 | 1 +tant 1+ loge
11 1
Y(t) = 1I 1+e2 loge
181ez~! |1 +tan(1) 1+ loge~!
1
< .
— 109.686 [0.628]
< 0.00573376.

and we found that,

| [ 42y [P B
o Fon (37) 1 J7-0 <!

by theorem 3.1 the given system is approximate controllable.
Example :2
LetA\=03,p=3,u=1,7,2=1,3=005t=1
Consider the equation is

Y1) = 1 1+ sin(3t —1) loge™2t
"~ 1090ge’t 1+ tant 1+ loge—t
Y(t) _ 1 l 1+ szn(% — 1) logefz 1
109l0ge? 1 + tant 1+ loge~
1 [0.5206 -2
YO = 53 [ 2557 2]
0.24396.

by theorem 3.1 is satisfy hypotheses, therefore,

1 Z1Z2 ’U,ZLP .
) [F(Z@A (2@> + 1}5 —0.1325 < 1.

Finally, determined whether that the system is close to the neighboring point within the interval.
Therefore, the equation is approximate controllable on K.
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5 Conclusion

This paper has investigated the approximate controllability of a Hilfer-Katugampola fractional
differential system with inclusion. By employing the fixed-point technique, we have established
key results on the fractional operator and demonstrated the approximate controllability of the
Hilfer-Katugampola fractional derivative. Our main result provides verifiable conditions for
approximate controllability, which are validated through a numerical application. The findings
of this study contribute to the understanding of controllability in fractional differential systems
and have potential implications for various fields, including control theory and engineering.

References

(1]

(2]

(3]

(4]

(3]

(6]

(71

(8]

(9]
[10]
(11]
(12]

(13]

[14]

(15]

[16]

(17]

(18]

Anurag Shukla, Sumati Kumari Panda, Velusamy Vijayakumar, Kamalendra Kumar, and Kothanda-
bani Thilagavathi, Approximate Controllability of Hilfer Fractional Stochastic Evolution Inclusions
of Order 1 < q < 2, Fractal Fract., 8(9), 499, https://doi.org/10.3390/fractalfract8090499, (2024).

Amel Berhail, Nora Tabouche , Jehad Alzabut, and Mohammad Esmael Samei Using the Hil-
fer—Katugampola fractional derivative in initial-value Mathieu fractional differential equations with
application to a particle in the plane, Advance in continuous and discrete model., 44, 1-32, (2022).

F.H. Bohenblust, and S. Karlin, On a Theorem of Ville, in Contributions to the Theory of Games,
Princeton University Press, Princeton,NJ, 155-160, (1950).

N. Carmichael and M.D. Quinn, Fixed-point methods in nonlinear control, IMA Journal of Mathe-
matical Control Information., 5(1) , 41-67, (1988).

C. Dineshkumar, R. Udhayakumar, V. Vijayakumar, Kottakaran Sooppy Nisar Anurag Shukla. A
note on the approximate controllability of sobolev type fractional stochastic integro-differential de-
lay inclusion with order 1 < r < 2, journal mathematics and computer simulation., 1003-1026,
DOI:10.1016, (2021).

E.M. Elsayed, S. Harikrishnan, K. Kanagarajan, On the existence and stability of boundary value
problem for differential equation with Hilfer -Katugampola fractional derivative, Acta Mathematica
Scientia., 39B (6),1568-1578, (2019).

G. Gokul, R. Udhayakumar, Approximate Controllability for Hilfer Fractional Stochastic Non-
instantaneous Impulsive Differential System with Rosenblatt Process and Poisson Jumps, Qual. The-
ory Dyn. Syst., 23, 56, https://doi.org/10.1007/s12346-023-00912-x, (2024).

M. Hamdy Ahmed, M. Mahmoud El-Borai, Hassan M. El-Owaidy, and S. Ahmed Ghanem, Im-
pulsive Hilfer fractional differential equations, Adavance in continuous and disceret model., 1-20,
doi:10.1186/s13662-018-1679-7, (2018).

R. Hilfer, Applications of Fractional Calculus in Physics, 472, https://doi.org/10.1142/3779, (2000).

Jingyun Lv, and Xiaoyuan Yang, Approximate controllability of Hilfer fractional differential equa-
tions, https://doi.org/10.1002/mma.5862, (2019).

U.N. Katugampola,Existence and uniqueness results for a class of generalized fractional differential
equations, arXiv: Classical Analysis and ODEs., 6(4),1-15, (2014).

U.N. Katugampola,New fractional integral unifying six existing fractional integrals, epint arxiv: 1-6,
DOI : 119636090,(2016).

U.N. Katugampola, New approach to a genaralized fractional integral, Application of Mathematical
Computational., 218,(3), 860-865, (2011).

Krishnan Kavitha, Velusamy Vijayakuma, Kottakkaran Sooppy Nisar, Anurag Shukla, Wedad Albal-
awi and Abdel-Haleem Abdel-Aty, Existence and controllability of Hilfer fractional neutral differen-
tial equations with time delay via sequence method, AIMS Mathematics, 7(7), 12760-12780, DOI:
10.3934/math.2022706, (2022).

Krishnan Kavitha, and Velusamy Vijayakumar,Optimal control for Hilfer fractional neutral inte-
grodifferential evolution equations with infinite delay, Optim Control Appl Meth, 44, 130-147, DOI:
10.1002/oca, (2022).

I. Mohamed Abbas, On controllability of Hilfer fractional differential equations,Acta etcommenta-
tiones universitatis tartuensis de mathematica., 24(4),194-204, (2020).

N.I. Mahmudov, R. Murugesu, C. Ravichandran, and V. Vijayakumar, Approximate controllability
results for fractional semilinear intergro-differential inciusions in Hilbert spaces, Springer Interna-
tional Publishing, 71 (1)45-61, (2017).

N. I. Mahmudov, and A. Denker, On controllability of linear stochastic systems, International Journal
of Control., 73, 144-151, (2000).



272

A. Prabha and R. Nirmalkumar

(19]

[20]

(21]

(22]

(23]

(24]

(25]

[26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

D.S. Oliveira, and E. Capelas, de oliveira, Hilfer-Katugampola fractional derivative
arXiv:1705.07733v1, (2017).

K.M. panel Furati, M.D. Kassim, N.E.Tatar, Existence and uniqueness for a problem involving Hilfer
fractional derivative, Computer and mathematics with applications., 64(6),1616-1626, (2012).

J. Pradeesh, and V. Vijayakumar, Approximate controllability for Hilfer fractional stochastic differ-
ential systems of order 1 < p < 2 https://doi.org/10.1080/23307706.2024, (2024).

Ritika Pandeya, Chandan Shuklaa, Anurag Shuklab, Ashwini Kumar Upadhyaya, Arun Kumar
Singh, New approach on approximate controllability of Sobolev-type Hilfer fractional differential
equations, international of optimization and control., 13(1), 130-138, (2023).

N. Sukavanam, and Surendra Kumar, Approximate controllability of fractional order semilinear sys-
tems with bounded delay,journal of differential equations, 252(11) ,6163-6174, (2012).

R. Sakthivel, Y. Ren, and N.I. Mahmudov, On the approximate controllability of fractional differen-
tial systems, Computer and Mathematics with Applications., 62 (3),1451-1459, (2011).

C. Thaiprayoon, S.K. Ntouyas, and J.Tariboon, On the nonlocal Katugampola fractional inte-
gral conditions for fractional Langevin equation, Advanced Difference Equation., 345, 1-16, DOI:
10.1186/513662-015-0712-3, (2015).

D. vivek, K. Kanagarajan, and S. Harikrishnan, Existence and uniqueness results for panto graph
equations with generalized fractional derivative, Journal Nonlinear Analysis and Application., 2,
105-112, (2017).

D. Vivek, K. Kanagarajan, and S. Harikrishnan, Existence results for implicit differential equations
with generalized fractional derivative, J. Nonlinear Anal. Appl., 14(3), 124-138, (2017).

V. Vijayakumar, Chokkalingam Ravichandran, Kottakkaran Sooppy Nisar, and D. Kucche
Kishor,New discussion on approximate controllability results for fractional Sobolev type Volterra-
Fredholm integro-differential systems of order 1 < r < 2, WILEY, DOI:10.1002/num.22772,
(2021).

J. Wang, X. Li and W. Wei, On controllability for fractional differential inclusion in Banach spaces,
Opuscula Math., 32(2), 341-356, (2012).

Xuemei Li, and Xinge Liu, Approximate controllability for Hilfer fractional stochastic evolu-
tion inclusion with nonlocal conditions, Stochastic Analysis and Applications., 41(4), 647-671,
https://doi.org/10.1080/07362994.2022.2071738, (2022).

Y. Zhou and J.W. He, New results on controllability of fractional evolution systems with order o €
(1,2), American institute of mathematical and science., 1-19, doi:10.3934/eect.2020077, (2019).

Priscila. S. Ramos, J. Vanterler da C. Sousa and E. Capelas de Oliveira ,Controllability of fractional
impulsive integro-differential control system, Palestine Journal of Mathematics., 13(4), 102-115,
(2024).

Rezzoug Imad,and Ayadi Abdelhamid, Controllability for the parabolic equations, Palestine Journal
of Mathematics., 6(2), 638—648, (2017).

Author information

A. Prabha, Department of Mathematics, Sri Ramakrishna Mission Vidyalaya College of Arts and Science,
Coimbatore, Tamilnadu, India.
E-mail: prabhafraction91@gmail.com

R. Nirmalkumar,,.
E-mail: nirmalkumarsrmvcas@gmail. com

Received: 2024-06-29
Accepted: 2025-06-18



	1 Introduction
	2 PRELIMINARIES
	3 SOME RESULTS OF APPROXIMATE CONTROLLABILITY
	4 EXAMPLES
	5 Conclusion 

