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Abstract The subdivision graph S(G) of a graph G is the graph obtained by inserting a new
vertex into each edge of G or replacing each edge by a path of length 2. Let I(G) denote the
set of new vertices in S(G). The partial complement of S(G), denoted by S(G) is the graph
obtained by deleting edges from S(G) between the distinct vertices of V(G) and those between
the distinct vertices of 1(G). For vertex disjoint graphs G,H and A C V(G),B C V(H), the
restricted join of two graphs G and H, denoted by G[AVB]H is the graph obtained from disjoint

copies of G'and H by connecting every vertex of A to every vertex of B. The PCSerter-join
of G and H is defined as GVH ~ S(G) V  H.The PCScqqe-join of G and H is defined
v

V(G),V(H)]
as GVH ~ S(G) H. In this paper, the adjacency spectrum of GVH and GV H is

\Y%
[1(G),V (H)]
determined. This concept is used to construct an infinite family of integral graphs.

1 Introduction

The graphs discussed in this paper are finite, simple, and undirected. Let G be a graph on
s vertices {v1,va,- -+ ,vs} and t edges. Here, A(G) denotes the adjacency matrix of G and
Al > M > -+ > ) its eigenvalues. The eigenvalues of A(G) are known as the eigenvalues
of G. The spectrum of a graph G, Specg is the sequence of eigenvalues of G that is expressed
as Specg = (A", Ay, -+, \["*) in the sense that \j occurs mj times for j = 1,2,--- k [2].
The energy of G is given by E¢ = >0 || = Z?=1 mj|\;| [1]. An integral graph is defined
as a graph whose spectrum consists only of integers. The structural properties of graphs have
been studied in relation to the graph spectrum [2, 3, 9]. The energy and spectrum of graphs are
widely researched.

For a spanning subgraph T of G, its G-complement, denoted as T¢; is the graph whose vertex
set V(Ig) = V(I') and edge set E(Tg) = E(G)\ ET). If G = K, then T = T. The
subdivision graph S(G) of a graph G is the graph formed by inserting a new vertex into each
edge of G [2]. The set of new vertices in S(G) is denoted by 1(G). Clearly S(G) is isomorphic
to a bipartite graph whose vertex set bipartitioned into the nonempty sets V(G) and I(G). The
partial complement of S(G) of a graph G, denoted by S(G) is the graph obtained by taking the
complement of S(G) and deleting adjacency between the distinct vertices of V(G) and those
between the distinct vertices of I(G) [4]. Let G be the complete bipartite graph on V(G) U I(G)
with bipartition V(G) and I(G), S(G) is nothing but G-complement of S(G).

Let G and H be the two vertex-disjoint graphs with vertex sets V(G) and V (H), respectively.
The join of G and H, denoted by GV H is the graph obtained by joining each vertex of G with
every vertex of H. Let A C V(G) and B C V(H) be the subsets. The restricted join of G and H
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denoted by G’[AV ]H is the graph with the vertex set V(G) UV (H) and the edge set consisting
.B

all the edges of G and H together with edges connecting each vertex in A with every vertex of B.
Recently, several restricted join variations, including the subdivision-vertex join, subdivision-
edge join, R-vertex join, R-edge join, central-vertex join, and central-edge join, were presented,
and their spectra were examined.

Indulal introduced and studied subdivision-vertex join and subdivision-edge join of two reg-
ular graphs and determined their graph spectra [5]. In addition to constructing many families
of new integral graphs, Liu and Zhang also found the Laplacian and signless Laplacian spec-
tra of the subdivision-vertex join and subdivision-edge join of two graphs [12]. X. Liu and
P. Lu introduced and determined the spectrum of subdivision-vertex neighourhood corona and
subdivision-edge neighourhood corona of two graphs [11]. R-vertex join and R-edge join of
two graphs have been introduced by Arpita Das and Pratima Panigrahi and also determined
its spectrum [7]. Jie Lan and Bo Zhou studied spectrum of R-vertex corona, R-edge corona, R-
vertex neighbourhood corona and R-edge neighbourhood corona of two graphs[10]. Jahfar and
Chithra defined central-vertex join (CV-join) and central-edge join (CE-join) of two graphs and
studied their spectra [8]. Motivated by these ideas we have defined two types of graph products
GYH and GYH and determined their adjacency spectrum.

Definition 1.1. The PCS,¢te.- join of G and H, denoted by GV H is the graph formed from a
restricted join of S(G) and H with A = V(G) and B = V(H). Thatis, GVH = ?(G)[ (G>V ( )]H.
v V(Q),V(H
Definition 1.2. The PC'S,44.- join of G and H, denoted by GV H is the graph formed from a re-
stricted join of S(G) and H with A = I(G) and B = V(H). Thatis, GVH = S(G)[ (G)V( )]H.
e 1(G),V(H

In addition, an infinite family of integral graphs can be generated by applying these two joins.

2 Adjacency spectrum of the PC'S,¢,¢c.-join of two graphs G and H

Theorem 2.1. Let G be a k- regular graph having s vertices, t| edges, and ki, X2, A3, -+, Ag,

be the eigenvalues of A(G). Let H be a ky-regular graph having s, vertices, t, edges, and

ko, pa, p3, -+, s, be the eigenvalues of A(H). Then, the adjacency spectrum of GV H consists
v

of £3/X; + ki, =2,3,---,s1; 0of multiplicity t| — s, 5, 7 = 2,3, - - - 50, along with the three

roots of the polynomial x3 — kyx? — (2ky — s1ky — 2t + 151 + s182)x + ka(s1 — 2)(t1 — ky).

Proof. The complement of the incidence matrix R(G) of G is denoted by R(G). After a proper
ordering of the vertices, A(GV H) has the following form
v

OS[XS] R(G) JS]XSZ
——T

R(G) Ot]Xt] Ot[XSQ
Jszxsl OSth] A(H)

Let X; = Jp,x1, X2, , X, be the orthogonal set of eigenvectors of A(G) corresponding to
the eigenvalues k; = Aj, Ay, -+, A;, respectively.
YR D¢
Forl =2,3,--- ,s1,n = wTXl is an eigenvector of A(GYH) that corresponds to
(0]

the eigenvalue /\; 4 k1, because

Osxs,  R(G)  Js s, NOYESD.¢

— T —T
AGVH)n = |R(G)  Ouxt, Onxs|-| R(G) X,

Js2><sl OSthl A(H) 0
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A+ k1 X
= | VN FREG) X
)
VA + kX,
= VNt k.| R@) X
0
—VN+ kX,

Similarly ' = wTXl is an eigenvector of A(GV H) with an eigenvalue —/\; + k;.

5 v
By the Lemma 2.2, we have WZ,L = 0 where Z,, are t; — s; linearly independent vectors of
L(QG) corresponding to an eigenvalue —2,n = 1,2,--- ,t; — s1. As

OS]XS[ R(G) ‘JS]XSZ O
AGYH)D = |R(Q) Ouxty Onxs| - |Zn
Jszxsl 052><t1 A(H) 0

0]
=|0| =09
0]
0]
at this point, ¥ = | Z,, | is an eigenvector of A(GV H ) with an eigenvalue 0. Now v, # k; is an
o v
(@]
eigenvalue of A(H) with eigenvector Y;,,. Form =2,3,--- ;55,7 = | O | is an eigenvector of
Yo

A(GVH) that corresponds to an eigenvalue v,,, because

OS]XS] R(G> JS[XSZ O
—T

A,(/) = R(G) Ot|><t1 Ot1><32 '
J52><51 OSthl A(H) Ym

S

Thus we have obtained ¢; + s; + s, — 3 eigenvalues. The three remaining eigenvalues need
to be found using the equitable partition of a matrix. The adjacency matrix A(GV H) satisfies

equitable partition with the quotient matrix is given by

0 tl — kl 52
QA(GYH> = [s1—2 0 0
S1 0 kg
The characteristic equation of @ is given by @ — kyx? — (2k; — s1ky — 2t; + 151 + s182)7 +
ka(s1 —2)(t1 — ki) = 0. The three remaining eigenvalues of A(GVH) are that of Q oGy )
v e
[3,6]. O
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Corollary 2.2. Let G a graph on s| vertices and t| edges with regularity k; and H = Ky,. Then
the adjacency spectrum of GV H consists of
v

M i\/Aj+k1’j:2737"' , S1

o 0 of multiplicity t| + sy — s
b :t\/(Sl — 2)(t1 — ]{71) + S182.

3 Adjacency spectrum of the PC'S,4.-join of two graphs G and H

Theorem 3.1. Let G be a k- regular graph of order s\ and size t with the eigenvalues of A(G)

are \j = ki, 2, A3, -+, As,. Let H be a ky- regular graph of order s, and size t, with eigenvalues

of A(H) are py = ko, po, iz, -+ , s, Then, the adjacency spectrum of GV H consists of the
e

following numbers: £\/X\j + ki, j =2,3,--- ,s1; 0 of multiplicity t| — s1; pj, j = 2,3, 52,
combined with the three roots of the polynomial
23— kpa? — ((s1 = 2)(t1 — k1) + sot1)w + ka(s1 — 2) (¢ — ky).

Proof. By the order of vertices of GV H, its adjacency matrix of form is given by
OS] X 81 E OS] X 8
E Otl Xt Jt1 X 8y ’
OSZXS] JSth] A(H)

where R is the incidence matrix of G.

Let X1 = Jp,x1, X2, -, X5, be the orthogonal set of eigenvectors of A(G) corresponding
to the eigenvalues k1 = A1, Ag, - - - , Ag, respectively.
VA EiLX
Now, n = ETXj ,J =2,3,--+,s1, is an eigenvector of A(GV H) with the eigen-
O
value /A; + k;. This is due to
Oslxsl E Oslxsz- v )\j +k1Xj )‘j +k1Xj
—T —T T
A(GYH)T]: R Ot1><t] JthSz . R Xj = \//\j‘i‘k]R Xj
OSzXS] JSth] 'A(H) A O O

[/ + kX
=V )\J+kl RTX]'

)
-/ ki X;
Similarly ' = R'X j is an eigenvector of A(GV H) corresponding to the eigenvalue

(0]
-/ )\] + kl .
Now, —2 is an eigenvalue of A(L(G)) with multiplicity ¢; —s; times. LetY;, [ = 1,2, -+ {1 —
s1 be a set of eigenvectors of A(L(G)) with the eigenvalue —2. Then by the Lemma 1.2.34, we
have RY; = 0.

0]
Fori=1,2,---,t; —s1,9 = |Y;| is an eigenvector with the eigenvalue 0. This is due to

0

OS] N R OS] X 82 O
A(GYH)Q = RT Otl Xt Jtl XSy | " Y,

Oszxsl JSthl A(H) o
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(0]
= (0| =09
(0]
Now p,, # k is an eigenvalue of A(H) with an eigenvector Z,,.
0]
Forp=2,3,--- 52,9 = | O | is an eigenvector of A(GYH ) that corresponds to the eigenvalue
ZP

11, because

Os, xs, R Osxs, O
AGVH) = | R' Ouxty x| | O
Osyxs;  Jaxt, A(H)] [ Zp

o O
= O | =pp- |0
| pZp Zp

Thus, the ¢; + s; + s, — 3 eigenvalues are obtained. The adjacency matrix A(GV H) satisfies
(&

equitable partition with the quotient matrix is given by

0 tir—k O
Qaeym) = |51 -2 0 52
0 t1 ko

The characteristic equation of @ 4Gy ) is given by @* — kya? — (s — 2)(t; — ki) + sat1)x +

ka(s1 —2)(t; — k1) = 0. Then according to the Lemma 1.2.30, the remaining three eigenvalues

of A(GVH) are those of Q s(cvm)- ]
e e

Corollary 3.2. Let G be a graph of order s; and size t| with regularity k; and H = K,. Then
the following make up the adjacency spectrum of GV H

o + /\j+]€1,j22,3,~-~ , 81
o 0 of multiplicity t, + sp — s1
. ﬂ:\/(sl —2)(t1 — k?]) + sot

4 A class of integral graphs

Theorem 4.1. Let G be a k; - regular graph with s, vertices and t| edges and be the eigen values
of the adjacency matrix of G, \| = ki, 2, A3, -+, As,. Let H be a ky - regular graph with s
vertices and ty and be the eigenvalues of the adjacency matrix of H, 11 = ko, o, i3, -+ ; lhs,-
Then, the GYH is integral if and only if £\/\; + ki, 7 = 2,3,---, 51, the three roots of the

cubic equation z° — kyz® — ((s1 — 2)(t1 — k1) + s152)@ + ka(s1 — 2)(t1 — k1) = O are integers
and H is integral.

Theorem 4.2. Let G be a k| - regular graph with s\ vertices and t| edges and be the eigenvalues
of the adjacency matrix of G, \i = k1, A2, A3, -+ , As,. Let H be a k - regular graph with s, ver-
tices and t, edges and be the eigenvalues of the adjacency matrix of H, j11 = ko, po, 13, - - , s,
Then, the GYH is integral if and only if £\/\; + ki, j = 2,3,--- , 51, the three roots of the

cubic equation x> — kyx? — ((s1 — 2)(t1 — k1) + sat1)x + ka(s1 — 2)(t1 — k1) = O are integers
and H is integral.
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Specifically, if H = K, then ky = 0; thereby using the Corollaries 2.2 and 3.2, we get these
theorems.

Theorem 4.3. GV K, is integral if and only if =/X\; + ki, j = 2,3, , sy and :i:\/(sl —2)(t1 — k1) + s152

are integers.

Theorem 4.4. GV K, is integral ifand only if £/\; + k1,7 = 2,3,--- , sy and £+/(s1 — 2)(t; — k1) + s2t
are integers.

The following Propositions provide infinite families of integral graphs of these two joins.

Proposition 4.5. Let P denote the Petersen graph, r =4 or 6 (mod 10) and s; = "‘21_096. Then
PV K, is integral.

Proposition 4.6. Let P denote the Petersen graph and r be an integer such that s, = TZ%S%. Then

PV Ky, is integral.
e

Remark 4.7.
(i) PVK,, is integral if n = 10, 16,48, 58, 106, - - -.

(i) PVK,, is integral if n = 23,32, 80,95,167, 188, - - -.

Proposition 4.8. K, VK, is integral if and only if there are two integers t and r such that

202 — (0 4-t*)

s1=t*+2and s, = )

Proposition 4.9. K, VK, is integral if and only if there are two integers t and r such that
e

2r2—(t°4¢%)

81=t2+2and82=W.

Remark 4.10.

(i) The possible values of s, in K3V K, are sp = 372 +2r or 3r* 4+ 2r + 1 where r is a
M

positive integer.

(i) The possible values of s; in K4V K, are s = 157> + 10r — 1 or 1572 + 207 + 4 where r
e

is a positive integer.

Proposition 4.11. K, ; VK, is integral if and only if there are two integers t and r such that

r2 =212 (t*—1)?

s =t*and sy = S

Proposition 4.12. K, , VK, is integral if and only if there are two integers t and r such that
e

r2 =22 (t*—1)*

S| = t2 and Sy = e

5 Conclusion

The new joins of graphs called the PC'S,¢rteq- join and the PCScqqc-join are defined and their
spectra are obtained. The spectrum of these joins is necessary in order to construct new infinite
families of integral graphs. The following research will concentrate on identifying the Laplacian
and the signless Laplacian spectrum of these two joins.
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