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Abstract This article investigates the convergence properties of s-numbers of certain trunca-
tions of bounded linear operators between Banach spaces. We derive a generalized version of
a known convergence result for the approximation numbers of truncations of operators, remov-
ing the restrictive assumption of separability from the underlying spaces. This generalization
extends several existing results in the literature and establishes a close connection between two
significant problems concerning approximation numbers. By exploring the interrelations be-
tween approximation numbers and other prominent s-numbers, we also derive results on the
convergence of s-numbers of truncations to those of the original operator, as applications of the
generalized convergence result.

1 Introduction

Singular values and their extensions, commonly known as s-numbers, play a crucial role in both
linear algebra and functional analysis. They are vital components of the theory of the geometry of
Banach spaces, as many operator ideals are constructed based on the summability properties of
such numbers [5, 10, 12, 20]. Extensive research has been conducted to explore the relationships
between various s-numbers and eigenvalues, leading to well-established results [3, 4]. Beyond
their theoretical significance, s-numbers have also found practical applications in fields such as
image processing [11], numerical methods [2], and mathematical physics [17].

Among s-numbers, the concepts of approximation numbers, Hilbert numbers, Chang num-
bers, Weyl numbers, Kolmogorov numbers and Gelfand numbers are well known in the literature
[3, 5, 20]. Their properties, estimates, extensions and importance in various fields form active
areas of research [8, 9, 13, 14, 19, 22, 23]. Of these s-numbers, the concept of approximation
numbers stands out as the most extensive and well-studied one. For a bounded linear operator
T from a normed linear space X to a normed linear space Y, the it
denoted by ay(T'), and is defined for every natural number & as

approximation number is

ap(T) =inf{||T - F| : F € Fr(X,Y)},

where Fj,(X,Y) represents the collection of all bounded linear, finite rank operators of rank
less than & from X to Y. The pioneering works of Albrecht Pietsch on the axiomatic study of
s-numbers have played a historic role in advancing this field [20, 21].

For a quantity defined for bounded linear operators between infinite dimensional spaces, it
is a standard mathematical quest to investigate the possibility of approximating this quantity
using the corresponding values of some truncations (a sequence of operators that converges to
the original operator in some suitable sense of convergence) of the operator. In this article, we
refer to this problem as “the convergence problem" and we assume that the sense of convergence
of truncations is weaker than the norm convergence.
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This convergence problem was addressed in [1] for approximation numbers of bounded linear
operators between separable Hilbert spaces. In that work, the authors used standard truncations
by means of orthogonal projections, which converge to the identity operator in the pointwise
sense, to establish positive results. Subsequently, in [7], the authors established a convergence
result for approximation numbers of bounded linear operators between normed linear spaces by
employing appropriate truncations. However, it is important to note that certain restrictions were
imposed in this work on the spaces involved, particularly the separability assumptions on the
domain space and the predual of the codomain space. These constraints, although necessary for
obtaining the results in [7], somewhat limited the applicability of the results obtained therein.

In this article, by using the concept of nets and their role in characterizing the weak* com-
pactness of sets, we eliminate the separability assumptions previously imposed on both spaces
mentioned above and achieve convergence results similar to those in [7] under more general as-
sumptions. The convergence result established for approximation numbers in this article leads to
generalized versions of many results from [7]. Notably, it establishes a correspondence between
the convergence problem and the complete symmetry problem, which concerns the equality of
approximation numbers of an operator and those of its adjoint operator (see [15]), in a broader
context.

As another application of the main convergence result, we consider other well-known s-
numbers and prove certain convergence results for them. The convergence result obtained for
Gelfand numbers highlights the significance of the generalized version of the convergence result
obtained in this article when compared to the corresponding result proved in [7].

In the next section, we introduce the fundamental notations, definitions, and known results
that play a pivotal role in this article. In Section 3, we derive a generalized convergence result
for approximation numbers and provide several consequent results, including the interrelation
between the convergence problem and the complete symmetry problem concerning the approxi-
mation numbers of operators. Also, we apply the generalized convergence result to obtain certain
convergence results for other prominent s-numbers. In this section, we provide a simple example
to illustrate the convergence result proved for Kolmogorov numbers, along with some potential
directions for future work.

2 Notations and Preliminaries

We use the notations X, Y and Z to represent infinite dimensional normed linear spaces over
C, the set of all complex numbers. The notation N stands for the set of all natural numbers and
the closed unit ball of X is referred to as Ux. The collection of all bounded linear operators
from X to Y is denoted as B(X,Y’), and the abbreviations B(X) and X' are used for B(X, X)
and B(X,C), respectively. By a dual space, we mean a Banach space that is isometrically
isomorphic to Z’ for some normed linear space Z. For every k € N, F;(X,Y") denotes the set of
all finite-rank operators in B(X,Y") whose ranks are less than k. For an operator T' € B(X,Y),
the adjoint operator 7" is defined as the operator in B(Y”, X”) given by

(T'f)(z) = f(Tx), z€ X, feY"

In addition to approximation numbers, various s-numbers are defined for operators in B(X,Y)
as generalizations of singular values. For a given operator T' € B(X,Y") and for each k € N, the

kth s-number (see [21]) is denoted as s;(T'). We define some of the well-known s-numbers in
the following (for more details, refer to [5, 21]).

« The kth Chang number of T is
yr(T) = sup{ax(ST) : S € B(Y, o), ||S] < 1}.

« The kth Weyl number of 7' is
l’k<T) = sup{ak(TR) ‘Re B(KZ,X), HRH < 1}

« The kth Kolmogorov number of T is

de(T) = inf {||QX T : N closed subspace of Y, dim(N) < k},
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where Q¥ denotes the canonical surjection from the Banach space Y on to the quotient
space Y/N.

« The kth Gelfand number of T is
ex(T) = inf {||TJ3% || : M subspace of X, codim(M) < k},

where .J;. denotes the canonical injection from M into the Banach space X.

We use a few concepts and results from topology. A net in a set S is any function defined
from a directed set (D, <) to S. A net’s convergence is defined analogously to the convergence
of a sequence. The following definition of a subnet is used in this article.

Definition 2.1. [16] Let f : (D, <) — S be anetin S and g be a function from a directed set
(Dy, =) to (D, =) satisfying the conditions

i. forevery a =<1 bin Dy, g(a) < g(b) in D.
ii. given a € D, there is ay € D; such that for b € D; satisfying v < bin Dy, a < g(b).
Then f o g: (D, =<1) — S is called a subnet of f.

Note that the subnet of a convergent net is also convergent. The compactness of sets can be
characterized by the convergence of subnets of nets.

Theorem 2.2. [16] A subset S of a topological space is compact if and only if every net in S has
a subnet which converges in S.

The Banach-Alaoglu theorem is a well-known result in functional analysis.

Theorem 2.3. (Banach-Alaoglu Theorem, [18]) The closed unit ball of a dual space Z' is com-
pact in the weak™ topology.

It is known that the weak* topology on a dual space Z’ is not metrizable. However, the
Banach-Alaoglu theorem, together with Theorem 2.2, ensures the existence of weak™ convergent
subnets for every net in a closed ball of finite radius within a dual space.

Remark 2.4. Suppose f : N — S is a sequence defined by f(n) = a, for n € N. Then the
notation (a,,) represents the sequence f. Similarly, a net f : (D, <) — S such that f(a) = z,
for « € D is denoted by (z,) in this article. Consequently, as a result of Theorem 2.3, for
each net f = (a,,) in Uy, there exists a subnet f o g : Dy — Uy (where D is a directed set
and g : D; — D is as defined in Definition 2.1), denoted by (a4(4)), Which converges to some
element a € Uz in the sense that for each ¢ > 0, there exists a 8 € D such that for all « € D
with 8 < @, |ag(a)(2) —a(z)| < eforeach z € Z.

A net of operators (7,) C B(X,Y) is said to converge to 7 € B(X,Y) in the
i. Norm topology if | T, — T'|| — 0.
ii. Strong (or pointwise) topology if for each z € X, || T,z — Tz| — 0.
iii. Weak topology if foreach f € Y/ and z € X, | f(Tox) — f(Tz)| — 0.
iv. Weak* topology if Y = Z’ and foreach z € X and z € Z, |T,z(z) — Tz(z)| — 0.

Note that here the convergence of a net of operators is as mentioned in Remark 2.4.

3 Main results

One of the interesting convergence problems concerning s-numbers focuses on the convergence
of s-numbers of truncations of an operator between infinite-dimensional spaces. Specifically,
given an operator 7' € B(X,Y') and a natural number k¥ € N, we consider a sequence of trunca-
tions (7,,) of T (where T,, — T as n — oo in some suitable sense of operator convergence) and
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investigate whether s;(7;,) converges to s, (T") as n — oc. This problem has a direct positive
answer when 7;, converges to 7" in the norm due to the inequality

|3k(Tn) - sk(T)| <||Tn =TI,

which holds for all s-numbers (11.1.1, [20]). Therefore, the problem is worth investigating when
T,, converges to 7" in a weaker form of convergence.

As mentioned in the introduction, this problem was initially addressed in [1] for the approx-
imation numbers of an operator 7" between infinite-dimensional separable Hilbert spaces. In
their work, the authors examined truncations of the form @, T P,, where P, and Q,, were as-
sumed to be standard orthogonal projections that converge pointwise to the identity operator.
Subsequently, in [7], this problem was considered for approximation numbers of bounded linear
operators between infinite-dimensional normed linear spaces and their specific truncations. The
authors obtained convergence results under certain assumptions on the spaces involved, the trun-
cations used, and the sense of operator convergence. In Theorem 3.1 below, we state the most
general version of the convergence result proved in [7], in this regard.

Theorem 3.1. (Theorem 3.3, [7]) Let X be a separable space, Y be isometrically isomorphic
to the dual space of a separable space Z, and T € B(X,Y). Let (P,) and (Q,) be sequences
of operators in B(X) and B(Y) respectively, such that for all n € N, ||Qu|||P.]] < 1 and
T, = Q,TP, — T as n — oo in the weak* operator topology. Then for each k € N,

nlglgo Qj (Tn) = a (T)

A problem posed in [7] was on the necessity of the assumptions made in its Theorem 3.3. In
this article, we show that the separability assumptions made in Theorem 3.1 are quite redundant.
We achieve this result by using certain basic topological concepts. It is worth noting that the
main ingredient used in the proof of Theorem 3.3 of [7] was its Lemma 3.1. To generalize the
result mentioned in Theorem 3.1, we first establish a generalized version of Lemma 3.1 of [7].

Lemma 3.2. Let k € N be fixed. Suppose (T),) is a uniformly bounded sequence in Fj11(X,Y),
where Y = Z' for some normed linear space Z. Then there exists a T € Fyp1(X,Y) and a
subnet (Ty(a))aecp (Where D is some directed set) of (T,) such that (Tj, ) converges to T in the
weak* topology on B(X,Y). That is, for every e > 0, there exists a v € D satisfying

(Thaz)(2) = (Tz)(2)| <€ VaeD withy X a.

Proof. Since for each n € N, rank(T},) := k,, < k, we can express

K2

kﬂ,
T,x =Y ¢Mz)w} forze X, ¢" € X', w" €Y.
i=1

In the expression of 7,,, without loss of generality, one may assume that the summation runs
from 1 to k. Due to Auerbach’s lemma (B.4.8, [20], Proposition 2.3, [7]), one can also assume
that for each n € N, w;™ are in the unit ball Uy and ;™ are in Wy, a closed bounded ball of
radius, say P, in X'. Since X’ and Y are dual spaces of normed linear spaces, due to Banach-
Alaoglu theorem, both these sets are weak® compact and hence so is their finite product. So the

k
net f : N — HUZ' defined by f(n) = (w™, wy™,...,w,™) has a subnet, say fo¢ : D; —

i=1

k
H Uy denoted by

i=1

(wf)(a), wf(a), . ,w,‘f(a)),
k
which converges to some element (w1, ws, . . ., wy) in H Uy in the weak* sense of convergence.

i=1
Here D represents a directed set and ¢ is a function from D; to N such that the conditions of
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a subnet (Definition 2.1) are satisfied. This convergence means that for any ¢ > 0, there exists
some 7, € D; such that foreach z € Z, 1 < i < k and for all & € D with v < «,

€

2kP’

|wz’¢(a)(z) —wi(2)] <

Now consider the subnet g o ¢ of the sequence g(n) = (], ¥, ..., ¥}) given by go ¢(a) =
k

(1/)1¢(a),w2¢(0‘), .. ,wk¢<a)). Due to the weak* compactness of HWX/, this net also has a
i=1
k
subnet gopon : Dy — H W which converges in the weak™® sense to some element, say,
i=1
k
(1,2, ..., ) in H Wx. Here D, represents a directed set and the convergence means that
i=1
there exists a 7y, in D, such that for each z € X, 1 < ¢ < k and for all « € D, with v, < «,

€

pon(er) () _
957 (@) = io)] < =

Being a subnet of f o ¢, the net f o ¢ o i also converges to (wy,ws, . .., wy) in the weak* sense.
That is, there exists some v € D, such that v, < v, y1 < n(vy) andforeach z € Z,1 <i <k,
and for all « € D, with v < «a,

€

don(a) (L) _ s
|w; (2) wZ(Z)|<2kP'

Using these w;, v;, 1 <i <k, we define an operator T as

k
Tx = Zwi(x)wi, reX.
—1

Clearly, T': X — Y is a bounded finite rank operator of rank at most k. We claim that there is a
subnet of (7,), which converges to 7" in the weak* operator topology on B(X,Y). To see this,
letting h = ¢ onand D = D,, for each x € X and z € Z, we have

k
|[(Tha)©)(2) = Z @ (2) = pi(@ywi(2)].

Now for eachi € {1,2,...,k}, [|z|| <1, |z]| < 1, we get

=
s
£
—
8
~—
g
s
£
S
~—
|
&
—~
8
~—
g
S
=
IN

[ (@)™ (2) — 6" (@)wi(2)]
Hl Y (@)w; (2) — di(@)w; ()]

[ (@) [} (2) — wi(2)]
i (2) [0 (&) — i (=)

< Pl (2) — wi(2)] + [0 (@) — vi(x)],

IN

which can be made less than % for each x € Uy, z € Uz, whenever a € D with v < «a. This
implies that for all such & € D and foreachz € X, z € Z,

[(Th(a)2)(2) = (T2)(2) <€,

which proves our claim. O
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Since this lemma generalizes the result in Lemma 3.1 of [7] under relaxed assumptions,
the corollaries of Lemma 3.1 given in [7] also follow without much alteration. Here, we state
a straightforward consequence of Lemma 3.2, whose proof is not provided here, as it closely
resembles the proof of Corollary 3.2 in [7].

Corollary 3.3. Let Y be a dual space and T € B(X,Y). Then for each k € N, there exists an
F € Fi(X,Y) such that a,(T) = ||T — F||.

Now, with the help of Lemma 3.2, we derive a generalized version of Theorem 3.1 below.
The proof of Theorem 3.4 blends ideas from [6] and [7]. We include a proof of this crucial result
here, for the sake of completeness.

Theorem 3.4. Let Y be a dual space of Z and T € B(X,Y). Let (P,) and (Q,,) be sequences
of operators in B(X) and B(Y') respectively, such that ||P,|||Qn|| < 1 foralln € N. If
T, := Q,TP, — T in the weak* topology on B(X,Y), as n — oo, then for each k € N,

lim ak(Tn) = ak(T).

n— oo

Proof. Fix k € Nand letd := ay(T). Forn € N, let d,, := ax(T,) and consider F € F(X,Y).
Then
ar(Tn) < || T — QuF Pl < |IT - F|.

Then we get ax(T,,) < ax(T) for all n € N. Hence

supd,, = supax(T,) < ax(T) = d.

Since for d = 0, the conclusion is trivial, assume that d,, /A d with d > 0. Then there exists an
€ > 0 and infinitely many n such that d,, < d — €. Hence there exist operators F;,; € Fr(X,Y)
such that for all j € N,

HQ’IIJTPTLJ - Fn]H < d — €.
Thus for all j € N,
| F, || < 1Fny = Quy TP, || + |Qn, TPy, || < d+ [T

Hence, by Lemma 3.2, there exists an F' € F(X,Y) and a subnet (F},(,)) of (F,,), where a is
from a directed set D, such that F},(,) converges to F in the weak* sense of convergence. Now,
letx € X, z € Z be such that ||z|| <1, ||z|| < 1. Then for each a € D, we have

(Tz)(z) — (Fz)(2)] < [(Tz)(2) = (QneyT Py ) (2)]
+ (@) T Pra)®)(2) = (Fh(a)r)(2)]
+  |(Fr)(2) — (Fz)(2)].

Note that for each o € D,

[(@n(a)T Pr(o)®)(2) = (Fi(e) ) (2)] < [[Qn() T Pr(ar) = iy | < d — €,
whereas both the terms |(T'z)(2) = (Qp(a)T Ph(a))(2)| and [ (Fj,(a)z)(2) — (Fx)(2)| can be made
less than % by choosing suitable a from D. Hence

€
|(T2)(z) = (Fa)(2)] <d — 3.
Since this holds for each € X and z € Z with ||z|| < 1, ||z|| < 1, we have

€
T—-F||<d-—=.
IT-Fl<d- 3

€ L .
Thusd < d — 3 which is a contradiction. Hence d,, — d as n — oo. m|
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It can be easily observed that the result in Theorem 3.4 holds if Y is isometrically isomorphic
to a dual space Z’'. Theorem 3.4 allows us to establish the convergence of approximation numbers
for truncations of the adjoint of an operator without requiring any additional assumptions on the
spaces involved.

Corollary 3.5. Let X, Y be any normed linear spaces, T € B(X,Y) and for each n € N, let
P,, Q, be as in Theorem 3.4. Suppose that T,, := Q,TP,, — T as n — oo in the weak operator
topology on B(X,Y). Then

. AR /
nlglgo ak(Tn) = ak(T )

Proof. Here X’ is the codomain of the adjoint operator. Since T,, — T in the weak sense, we

have 7! — T’ in the weak* sense. Further, for each n € N, ||P.||[|QLI = 1Pl 1@l < 1.

Hence, the result follows from Theorem 3.4. O

The concepts of symmetry and complete symmetry of s-numbers are well studied in the
literature, and they play vital roles in the classification of operator spaces [15].

Definition 3.6. ([20]) An s-number function (s (7)) is said to be
i. symmetric if s (T") < s4(T)
ii. completely symmetric if sy (7") = sx(T),

forall 7' € B(X,Y) and for each k € N.

Mathematicians have investigated the occurrence of equality in the definition of complete
symmetry for particular classes of operators. Regarding approximation numbers, it was demon-
strated in [15] that for any compact operator T', ax(T") = ax(T) for all k € N.

In [7], using Theorem 3.1, the authors demonstrated a close relationship between the conver-
gence problem and the complete symmetry problem (for approximation numbers) under certain
assumptions. Our main result in Theorem 3.4 allows us to establish a strong connection between
these two problems without imposing any separability assumptions on the spaces.

Theorem 3.7. Suppose that there exist operators P, and Q,, in B(X) and B(Y) respectively,
such that for all n € N, T,, := Q,,TP,, are compact operators in B(X,Y), || P,||||@Qn|l < 1, and
(T},) converges to T in the weak sense of operator convergence. Then for each k € N,

lim ak(Tn) = ak(T) <~ ak(T) = ak(T’).

n— oo

Proof. By Corollary 3.5, lim ay(T)) = ax(T"). If T,, is compact for each n € N, we have
n— oo

ar(Ty,") = ax(Ty,), by [15]. The result follows from the uniqueness of limits. O

Remark 3.8. The example given in Proposition 4.4 of [7] shows the necessity of the assumptions
made on the codomain space in Theorem 3.4 of this article.

The convergence problem discussed for approximation numbers is also valid for other s-
numbers. As mentioned at the begining of this section, due to the inequality |sj(77,) — sx(T)| <
T — T, the convergence problem has a positive answer for all s-numbers, provided (73,)
converges to 7" in the norm sense. As another direct application of Theorem 3.4 (Theorem 3 also
suffices), we observe a convergence result for the s-number of operators between Hilbert spaces.

Theorem 3.9. Let H,, H, be Hilbert spaces and T € B(H,, H,). Suppose (P,) and (Q,,) are
sequences of operators in B(H) and B(H,) respectively, such that for alln € N, || P, ||||Qx|| <
1 and T,, := Q,TP, converge to T in the weak™* sense of operator convergence. Then for each
keN, lim,_, o sk(Ty) = sp(T).

Proof. From Theorem 11.3.4 of [20], all s-numbers coincide with the approximation numbers
for operators between Hilbert spaces. Hence, under the given assumptions, Theorem 3.4 can be
used to conclude the result. O
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The inequality mentioned above and Theorem 3.9 strongly suggest that the convergence prob-
lem may have a positive answer when considered for other s-numbers of operators between Ba-
nach spaces as well. In the remaining part of this article, we assume that X and Y are Banach
spaces, and that P,, and Q,, are operators in B(X ) and B(Y') respectively, satisfying ||@Q, | < 1
and ||P,|| < 1 for each n € N. Here, we consider only one-sided truncations of an operator
T € B(X,Y) (that s, either T,, := Q,,T or T,, := T P,) that converge to 7' in the weak* sense of
operator convergence, in order to obtain convergence results for other s-numbers as applications
of Theorem 3.4. We start with a convergence result for the Chang numbers.

Theorem 3.10. Let T € B(X,Y) and T,, = T'P,, converge to T in the weak* sense as n — oo.
Then for each k € N,

lim yk(Z%) :Zyk(jv.

n—oo

Proof. For eachn € N, since a,(STP,,) < a;(ST), we have
yr(Tn) = sup {ar(ST,) : S € B(Y, &), [|S] < 1} < yi(T).
Here the codomain of ST, is reflexive and || P,,|| < 1 for n € N. Hence for each such S,
ax(ST,) — ax(ST)

as n — oo, by Theorem 3.4. Now for every ¢ > 0, there exists an S € B(Y,?) such that

ye(T) < ar(ST) + % For this S also, 3 (T},,) > ak(S’Tn) for all n € N. So we have

lyi(T) — ye(T)| < ax(ST) + % — ax(ST,,),

which can be made less than ¢ for sufficiently large n, proving our claim. O

Remark 3.11. Note that in the above result, the codomain of ST is a reflexive space, and so we
do not have to impose separability assumptions on the spaces involved.

However, to obtain a similar result for Weyl numbers, we need to assume the separability of
the codomain space of the operator in order to apply Theorem 3.4. The proof technique is similar
to that of the previous theorem.

Theorem 3.12. Let Y be a dual space, T € B(X,Y) and T, := Q,, T converge to T as n — oo,
in the weak* sense of convergence. Then for each k € N,

n&g;am(lg)::xkﬂf)
Proof. For each n € N, we have
2 (T,) = sup {ar(T,R) : R € B(*, X), |R| < 1}.

Since Y is assumed to be a dual space, we can apply Theorem 3.4 to ax (T, R), and arguments
similar to the proof of Theorem 3.10 lead to the conclusion. O

To prove similar convergence results for Kolmogorov and Gelfand numbers, we use certain
general Banach spaces known in the literature [5].

For an arbitrary index set A, the space ¢!(A) denotes the Banach space of all absolutely
summable complex number families (z,)qeca. That is,

'(A) = {(%) DY lwal < 00} with [[(za)lli = ) |zal,

acA acA

assuming z,, = 0 for all but countably many « € A in the summation. The Banach space ¢>°(A)
denotes the collection of all bounded complex number families defined over the index set A.
That is,

(> (A) = {(.Z‘a) Dosup |za] < oo} with || (z4)]|cc = SUP |Tal-
a€cA acA
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The space coo(A) with || - || is defined analogously to the usual sequence space cgo.
co0(A) = {(za) : o =0 forall o ¢ A, where A is any finite subset of A} .

Apart from being generalizations of the usual sequence spaces, these spaces play important roles
in the geometry of Banach spaces. It is known ([5]) that every Banach space X is isometrically
isomorphic to the quotient space ¢! (Ux)/M, with the quotient norm, where My is the closed
subspace of ¢! (Ux) given by

My := {(wa)anX : Z AT = O} c M(Ux).

aceUx

For an operator whose codomain is a Banach space with the metric lifting property, the approxi-
mation numbers coincide with the corresponding Kolmogorov numbers (see Proposition 2.2.3 in
[5] for details). For operators between arbitrary Banach spaces, the following result establishes
the relationship between these two types of numbers.

Theorem 3.13. (Theorem 2.2.1, [5]) Let Qx be the quotient map from (' (Ux) onto X and
T € B(X,Y). Then for each k € N,

dk(T) = ak(TQx).

Using this relation, we obtain the following convergence result for Kolmogorov numbers, as
a consequence of Theorem 3.4.

Theorem 3.14. Let Y be a dual space, T € B(X,Y), and let T,, := QT converge to T in the
weak* sense of convergence. Then for each k € N,

n— o0
Proof. Here di.(T) = ax(TQx), where Qx is the quotient map from ¢!(Ux) onto the space

o (Ux)/My = X (page 52, [5]). Since T;,Qx converges to TQx in the weak* sense and Y is
assumed to be a dual space, by applying Theorem 3.4 to a;(Q,7'Qx ), we obtain the proof. O

Regarding Gelfand numbers, it is known that if Y is a Banach space with the metric extension
property and X is any Banach space, then the Gelfand numbers of operators in B(X,Y") coincide
with the corresponding approximation numbers (see Proposition 2.3.3 in [5] for details).

For an operator between two general Banach spaces, an expression for Gelfand numbers in
terms of the approximation numbers is given in the following theorem. This result utilizes the
fact that every Banach space X can be viewed as a subspace of £>°(Ux- ), where Uy denotes the
closed unit ball of the dual space X’.

Theorem 3.15. (Theorem 2.3.1, [5]) Let Jy be the embedding of Y into £>°(Uy/) and T €
B(X,Y). Then for each k € N,

Ck (T) = ak(JyT)‘

Now we show that the codomain of the operator Jy is indeed a dual space, allowing us to
apply Theorem 3.4 to ay(JyT},). The proof is essentially a repetition of the standard functional
analysis techniques used to establish the dual spaces of sequence spaces, specifically applied to
coo(A). We include a proof here, as we were unable to find it in this form in the literature.

Lemma 3.16. For an arbitrary index set A, the dual space of (coo(A), || - ||1) is isometrically
isomorphic to (£°(A), || - ||so)-

Proof. For each a € A, consider the element x,, € coo(A) defined by

_Jlifg=a
on(ﬂ)_ {0 if 5 # a,
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for all B € A. Then ||x.|/i = 1, and for each f € cy'(A), the family (f(xa)) € £>°(A), since
If(xa)| < |If]| for « € A. We define a linear map 7" : coo’(A) — £>°(A) defined by

T(f) = (f(xa)): [ € con'(A),

and observe that this is an isometrical isomorphism. To see that 7" is onto, for (y,) € (*°(A),
consider the map f given by

f((ica)) = Z T Yo for (Ioz) € COO(A)'

acA

Then f € cpo’(A) and T f = (y, ). Now to see that T is an isometry, observe that

1F1 = sup{lf((za))l = (za) € coo(A), [(za)lls = 1} = [f(xs)]

foreach # € 4, showing that || f]| = sup [f ()| = [1(f (X))l = 1T floc- O
ae

By applying Theorem 3.4 to the approximation numbers of Jy1T" mentioned in Theorem 3.15,
we obtain a convergence result for Gelfand numbers of operators between Banach spaces. It is
important to note that, in this case also, there is no need to impose separability restrictions on
the codomain space of the operator.

Theorem 3.17. Let T € B(X,Y), T, = TQ,, forn € N and T,, — T in the weak* sense of
convergence. Then for each k € N,
Proof. For each n € N, we have ¢, (T},) = ap(JyT,) by Theorem 3.15. Now the codomain of

Jy T is £>°(Uy), which is a dual space by Lemma 3.16. Hence, by applying Theorem 3.4 to
ax(JyT), we get the conclusion. O

Remark 3.18. Note that, in general, the space ¢°°(Uy~) is not the dual space of any separable
space. This highlights the advantage of the result given in Theorem 3.4 of this article over
Theorem 3.3 of [7].

We now provide an example to illustrate Theorem 3.14.

Example 3.19. Consider the identity operator I : ¢! — ¢'. From Lemma 11.6.7 of [20], we have
dy(I) = 1 for all k € N. Now consider the standard projections Q,, : £ — ¢! given by

Qu(z1,12,...) = (21, 22,...,2,,0,0,...), (x1,22,...) € L',
Then @,, — I in the pointwise sense. Now from Theorem 11.11.3 of [20], we get
di(Qn) = 1 foralln > k.

Thus d(T,,) — dp(T) asn — oo, where T =T and T;, = Q,, T forn € N.

4 Concluding remarks and potential research problems

Although the convergence problem has been addressed for approximation numbers, it remains
an open question whether the result in Theorem 3.4 holds when the norm restrictions on P,
and @, are removed. This case is significant, as in Banach spaces, it is not always possible
to construct operators with norm 1 or less that converge to the identity operator. Furthermore,
for other s-numbers, only partial results have been obtained by applying Theorem 3.4, as the
truncations considered in the current results are one-sided. It would be of considerable interest
to establish convergence results for two-sided truncations in the context of other s-numbers,
either by modifying Theorem 3.4 or through alternative methods.
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