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Abstract. Suppose P(z) is a polynomial of degree n having a multiple zero at some point
within the unit disc. In this paper, we prove some Zygmund-type inequalities for this type of
polynomial while having all other zeros either in |z] > k > 1 or |z < k < 1. The results obtained
generalize as well as extend some already known Bernstein-type inequalities.

1 Introduction

Let &2, be the class of polynomials P(z) := Za jzj of degree at most n with real or complex
=0
coefficients. For P € &, and 1 < g < oo, we define the following

1 o i0 ‘
||P||q={% f |P(e >|"d9}
0

IPlleo = IﬁgflP(z)l.

and

If P e &,, then we have for 1 < g < oo,
IP’lly < nllPll, (1.1)

Inequality (1.1) is a famous result due to Zygmund [10]. Arestov [1] proved that (1.1) remains
true for 0 < g < 1 as well. If we let ¢ — oo in (1.1), then we have the following elegant result
due to Bernstein [4].

1P |loo < 7l|P||co- (1.2)
If we confine our study to the class of polynomials which do not vanish in |z| < 1, then for each
q > 0, inequality (1.1) can be replaced [5, 6, 9] by

1Pl < “1 |I llg- (1.3)

Govil and Rahman [6] extended inequality (1.3) to the class of polynomials P € &, having no
zeros in the disk |z|] < k, k > 1 and proved

I 1Pllg, (1.4)

lg < ————
Ik + ”Ilq

for 0 < g < oo.
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Aziz and Shah [2] considered the class of polynomials &, having a zero of order s at the origin
and all other zeros outside or on the circle |z| = k, k > 1 and obtained for every ¢, 1 < g < oo the

following result
n-—
171l S{ }II [ (1.5)
! lIk + zllg -

In the same paper for the polynomial P € &2, with s—fold zero at origin and rest of the zeros
within or on the circle |z] = k, k > 1, they proved;

171y > 1 ”PHq (1.6)

In this paper, instead of assuming a zero of order s at the origin, we assume that there is a zero
at a point zg of order s with |zo9| < 1 and prove the following generalizations of (1.5) and (1.6).
The essence of our result lies in the fact that the applications of the field are enhanced by taking
the restriction on the zeros in this particular way. These applications range from providing in-
sights into chemical reactions, trajectories and motion planning for robotics, to analyzing orbital
mechanics and predicting celestial events.

2 Lemma

Lemma 2.1 ([6]). If P(z) is a polynomial of degree at most n and P*(z) = 7" P(1/7), then

Ilnax I(P*(2)) | + r‘r}ax P (2)| < nrlnlax |P(2)|. 2.1

The result is best possible and equality holds for P(z) = a7", a is a complex number.

3 Main Results

Theorem 3.1. If P € &, and P(z) #+ 0 in |z| < k, k > 1, except a zero of order s at a point zy € C,
with |zo| < 1, then for every q > 1,

N n—s
171l SA{ + }IIPII , 3.1
! L=zl llz+klly J& ™

where A = (M) .
k — |zol

Proof. Consider a polynomial P € &7, which has s—fold zero at zy with |zp| < 1 and rest of the
n — s zeros in |z| > k, k > 1, so that we can write

P(2) = (z - 20)"h(2),

where /(z) is a polynomial of degree n — s having all its zeros in |z| > k, k > 1. Applying
inequality (1.4) to the polynomial 4(z), we have for g > 0,

WA |l, € ————IlAl|
1 ||k || !
< || (3.2)
||1'€Jr ”q -
Now
P(z) = (z — 20)°h(2),
implies

P'(2) = s(z—20) ' W(@) + (2 — 20)*H (2)

=(z- zo)s{s @) + h’(z)}.
(z—z0)
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For k > 1 and |z| = 1, we have

|h(z)|
= lzol) TG )l}

- @ |a){ (@“ m%»}

<k + |a){'(wn m<n}

IP@I < (1 ko) {55

Therefore for the points z = ¢, 0 < # < 27 and ¢ > 1, we have

2 27 60
j\WMWWSI(quqwﬁvlmﬂ&w
0 0

27 q
=(k+ |Zo|)sqf { i |h(e)] + Ih'(eig)l} de
o UI—lzl

Using Minkowski inequality, for every g > 1, we get

1

2 ;o é 2n Ky 4 . é 2 . q
{ f |P (e’e)l"dé} s(k+|zO|)“[{ f ( )|h(e'9)|‘1d9} +{ f |h'(e’9)|‘1d0} }
0 o \1—lzol 0

271 ; 21 ) %
:(k+|ZODS[(1—SIZOI){f0 Ih(ew)lth?} +{f0 Ih'(em)lqdﬁ} }

This gives
PNl < (k + |zol)* [ e |||h||q + ”h,”q] (3.3)
Using (3.2) in (3.3), we get
n-—
IP’ll; < (k + |zoD)* [ [|72]] }
I R N |m+uq ‘
s n—
= (k + |z |)s[ ]H | (3.4)
DT Teol ™ w1
Also
P(2)
h(z) = )
(z—z20)°
That is for |z| = k, k > 1,
[P(2)|
|h(z)| < T
(k = |zol)*
Now for points z = ¢, 0 < § < 2rand ¢ > 1,
lly < ——— 1P| (3.5)
T (k= lzohs " " '

Using (3.5) in (3.4), we obtain

, k+lzol\'[ s n—
nans(k_ 0) + I1Pl,.

lzol ] [ 1 = |zol ||k+Z||q

This completes proof of Theorem 3.1. O
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If we let ¢ — oo, then we get from Theorem 3.1 the following generalization of Erdos- Lax
Theorem.

Corollary 3.2. If P € &, and P(z) # 0 in |z| < k, k > 1, except s—fold zero at a point 7y € C,

with |zo| < 1, then
s n
Plo<A Pllcos 3.6
1Pl {1 -~ 1+k}u || (3.6)

k N
where A = ( A |ZO|)
k = |zol

Remark 3.3. If we take zp = 0 in Theorem 3.1, we get a result due to Aziz and Shah [2].
Remark 3.4. If s = 0 in Theorem 3.1, we get a result due to Govil and Rahman [6].

Theorem 3.5. If P € &, and P(2) # 0 in |z| > k, k < 1, except s—fold zero at a point zy € C, with
lzol < 1, then for every g > 0,

N
Pl,=2q—— 3.7
[ ”q_{1+|z| 1+k}” llg- (3.7

Proof. Since P(z) # 0in |z| > k, k < 1 and all zeros of P(z) lie in |z| < k, k < 1 with s—fold zero
at 7o, with |zg| < 1, therefore we have

P(z) = (z = 20)°h(2),
where h(z) is a polynomial of degree n — s having all zeros in |z| < k, k < 1. This gives

P'(z) oz N ' (2)
Pz) z-z0 @’

If z1, 22, 23, ..., Zn—s are the zeros of h(z), then |z;| < k, k < 1 and from (3.8), we have

eiHP/(eib’) B seiG eiGh/(eiQ)
Re(—P(ei") ) = Re(eie — Zo) + Re(—h(eié’) )

(3.8)

:R(I_Zoe ) ZRe(l_Z] ) (3.9)

for the points ¢ which are not the zeros of h(z). Now, if [w| < k, k < 1,and 1 < u < n, then it
can be easily verified that

1 1 1
Rel —— | =R > — 3.10
e(l—zje"") e(l—w)_1+k (3-10)
and for |zp| < 1,
s s
Re —| > . 3.11
(1 —Zoe_’e) 1 + |z G-1D

Using (3.10) and (3.11) in (3.9), we get

IP'(e")] = {

s 6
e 1+k}u ) (3.12)

for the points which are not the zeros of P(z). Since inequality (3.12) is trivially true for points
e’ which are the zeros of P(z), we conclude for |z] = 1,

, s
|P (Z)|Z{1+|z| 1+k}| (@) (3.13)
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Therefore, for every g > 0,

1P, > {—— + 2= 4P|,
1+ |zo] 1+k

This completes proof of Theorem 3.5. O
If s = 0, Theorem 3.5 reduces to the following result

Corollary 3.6. I[f P € &2, and P(2) # 0in |z| > k, k < 1, then for every g > 0,

, n
1P7llg = T I1Pllg- (3.14)

. . . . k "
The result is best possible and equality holds for the polynomial P(z) = (%) .

Remark 3.7. If we let ¢ — oo in inequality (3.7), we get a result due to Ahanger and Shah [3].
Remark 3.8. If we take zp = 0 in Theorem 3.5, then we get a result due to Aziz and Shah [2].

Theorem 3.9. If P € &2, and P(z) # 0in |zl < k, k > 1, except s—fold zero at a point 7, € C, with
s(1+k)

lzol < 1 = ==, nk + s >0, then for every g > 1,

, 1 s (s + nk)
P, < nQ2n)« P(z - Pll,. 3.15
1P ll; < n(2m) rﬁg{(l (@I + {1 Tl Tk }II lly (3.15)

Proof. Since all the zeros of P(z) lie in |z > k, except s—fold zero at a point zg with |zg| < 1,
0 < s < n, therefore

P(z) = (z = 20)"'u(z),

where u(z) is a polynomial of degree n — s having all its zeros in |z| > k. If 21,22, 23, ..., 24—5 are
the zeros of u(z), then |z;| > k, k> 1, j=1,2,3,...,n — s. Therefore, we have
P/ n—s
ZP(Z)= 57 +Z z
@  z-z Hrog
This gives

P () 52 « 2
Re( PR ) = Re(—z—Zo) +Re(jz=(; Z_Zj)'

For the points z = ¢, 0 < # < 27 which are not the zeros of P(z), we have

R eiF)P/(eié)) _R Seig R n-s e,-g
N\ pEo )~ Mo ) T Zei"—zi

=0

R _seie +R N —1
= Ke| — e - .
819—10 1 - e—lHZj

Jj=0

Using the fact that |w| > k > 1,

NER
NT-w| = 1+k

i0
se'
Re| — <
ezb"—zo

and

set&

e?—zo| 71—zl
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we obtain, for 0 < 0 < 2,

P (e s n—s
R ; < + .
Pe® )= Tl 1+k

Now, for P*(z) = 7" P(1/7), it can be easily verified for |z| = 1 that
I(P*(2))] = InP(2) = 2P (2)|.
This implies for |z] = 1,

(P*(2))
P(2)

P(2)

7P (2)
P(z)

ZP(2) )
P(2)

. ( s +n—s)
>n—|—— .
I—lzol 1+k

‘ ZP (2)
= |n—

Zn—R%

That is
, s n—-s
P >{n—- — | }P(2)I. 3.16
I(P(2)) | = {n (1 o + 1+k)}| (6] (3.16)
Since
[zl <1 - s(1++ k) and nk+ s >0,

it can be easily verified that

( s +n—s))o
n-— >
I—lzol 1+k

Therefore for |z| = 1, using Lemma 2.1, we get

{n_( s E)}w(z»ﬂp’(zns|(P*(z))’|+|P’(z)|

+
1—|Zo| 1+k

< nmax |P(2)|.
|z|=1

Thus for |z| = 1, we have

IP ()] < nmax |P@)| - {n - (1 =+ %ﬁ)}u’(z»

lzI=1

This gives for z = ¢?,0 < < 27 and ¢ > 0,

Z A i 2 s n—s Y
f I[P (eD)9de}y < f nmax |[P(z)| + + —— —n||PQ)|| df
{ 0 0 =1 I—lzol 1+
~ » 27r1d0 s n—s 271'P o 440 é
=nmayipo [ o) (= gl ) e

27 :
_ 1 o K n—s N a
(2n) ”'ﬂ;,i‘f‘lp(Z)l {n (1 - + 1+k)}{f0 |P(e™) d9}

=
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That is
1P1l, < )} max P - (3225 - 5 Yypy
< n(27)7 max S P
a ey e L+k  1—|zl) ™
1 (n—s)k—(s+ nk)|20|)
= n(2n)« max |P(z)| — P
(2m)? tax |P2) ( A+ 00 o) )l
This completes proof of Theorem 3.9 O

For s = 0, Theorem 3.9 gives the following interesting corollary

Corollary 3.10. If P € &, and P(z) # 0 in|z| < k, k > 1, then for every g > 1,
IP'll, < n(27)7 max|P(z)| e P (3.17)
a7 et L+k) 7 '

Remark 3.11. If ¢ — oo in (3.17), then Corollary 3.1 gives the result due to Malik [8].
For zp = 0, Theorem 3.9 gives

Corollary 3.12. If P € &2, and P(z) # 0in|z] < k, k > 1, except s—fold zero at a point zy with
|20l < 1, then for every q > 1,

, 1
IPlly < n2m)7 max |P()| ~

— ok
(%)npuq. (3.18)

Remark 3.13. If ¢ — oo in (3.18), then Corollary 3.2 gives the result due to Aziz and Shah [2].

4 Conclusion remarks

This paper aims is to obtain new integral mean estimates for polynomials having s—fold zeros at
some generalized point zo within a given disk.
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