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Abstract In the present paper, we derive certain sufficient conditions for parabolic star-
likeness/ starlikeness, uniform convexity/ convexity of multivalent as well as univalent analytic
Sfunctions using multiplier transformation. We also obtain some sandwich-type results regarding
these functions. For illustration of the results, we have plotted the images of open unit disk under
certain functions using Mathematica 7.0.

1 Introduction

Let A, denote the class of functions of the form

f(z) =2+ Z arz®, (peN; 2z € E),
k=p+1

which are analytic and p-valent in the open unit disk E = {z : |z] < 1}.
We write, A = A, the class of analytic functions f, normalized by the conditions f(0) =
f(0)y—1=0.
Let the functions f and g be analytic in E. We say that f is subordinate to g written as f < g
in E, if there exists a Schwarz function ¢ in E (i.e. ¢ is regular in |z| < 1, ¢(0) = 0 and
|6(2)| < |z| < 1) such that

f(z) = g(6(2)), |2 < 1.
Let @ : C* x E — C be an analytic function, u an analytic function in E with (u(z), zu'(2); 2) €
C? x E for all z € E and h be univalent in E. Then the function v is said to satisfy first order
differential subordination if

D(u(z),2u/(2);2) < h(z), ®(u(0),0;0) = h(0). (1.1)

A univalent function q is called dominant of the differential subordination (1.1) if u(0) = ¢(0)
and u < q for all u satisfying (1.1). A dominant § that satisfies G < q for all dominants q of (1.1),
is said to be the best dominant of (1.1). The best dominant is unique up to a rotation of E.

Let ¥ : C?* x E — C be an analytic and univalent function in domain C*> x E, h be analytic
function in E, u be analytic and univalent in E with (u(z), 2u/(2);2) € C* x E for all z € E.
Then u is called the solution of the first order differential superordination if

h(z) < ¥(u(z), zu'(2); 2), h(0) = ¥(u(0),0;0). (1.2)

An analytic function q is called a subordinant of the differential superordination (1.2) if ¢ < u
for all u satisfying (1.2). A univalent subordinant q that satisfies q < { for all subordinants q of
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(1.2), is said to be the best subordinant of (1.2). The best subordinant is unique up to a rotation
of E.
A function f € A, is said to be p-valent starlike of order o (0 < o < p) in E if

Re (:{;i’?) > a, z € E.

We denote by S;(c), the class of all such functions. Write S;;(0) = S, the class of p-valent
starlike functions.
A function f € A, is said to be p-valent convex of order o (0 < o < p) in E if

2f"(2)
Re(l—l— 702) > >a, z € E.

Let the class of such functions be denoted by IKC,,(c). Obviously, K,(0) = K,, the class of p-
valent convex functions.
A function f € A, is said to be parabolic p-valent starlike in E if

Zf’(Z)) 2f'(2)
Re > —-p
( f(2) f(z2)
The class of such functions is denoted by S%. Write S71, = Sp, the class of parabolic starlike

functions.
A function f € A, is said to be uniformly p-valent convex in E, if

Zf//(z) Zf//(z)
fie (” 76 ) >\ e

and let UC'V,, denote the class of all such functions. Write UCV, = UCYV, the class of uniformly
convex functions.
Rgnning [25] and Ma and Minda [22] studied the domain Q and the function q(z) defined below:

,2€E. (1.3)

, 2 €E, (1.4)

Q—{u+iv:u> (u—l)z—l-vz}.

Clearly the function

q(z)-l#—;(log(it\\/fi))z (1.5)

maps the unit disk E onto the domain Q. Hence the conditions (1.3) and (1.4) are respectively,

equivalent to | /
() <o)

(-5 <r

For f € A, we define the multiplier transformation I,(n, \) as

and

— [(k+A\"
IL,(n, X\ z) =2+ =2 apzF, where A >0, neZ.
. NI k%(pﬂ) :

The operator Ii(n, 0) is the well-known Sdldgean [26] derivative operator D™ f(z) = z +
oo

Zk"akzk, n € No =NU{0} and f € A. In 1992, Uralegaddi and Somanatha [32] investi-
k=2
gated the operator I1(n, 1). In 1993, Jung et al. [16] studied the transformation

L(=1, N +Z(k+k> 2k where A> —1, f € A



PROPERTIES OF p-VALENT ANALYTIC FUNCTIONS 321

In 2003, Cho and Srivastava [14], Cho and Kim [11] investigated the operator I,(n, ). In
2005, Aghalary et al. [1] studied the operator I,(n, X). In 2008, Singh et al. ([27], [28]) and in
2012, Billing ([2], [3], [4], [5], [6], ) investigated the operator I,(n, \) and obtained certain
sufficient conditions for starlike and convex functions. Let S,,(«) denote the class of functions

f € A forwhich
n+1
RB(W) >a,2€E, 0<a<l.

In 1989, Owa, Shen and Obradovié¢ [24] investigated this class and proved the following result.
Theorem 1.1. For n € Ny, if f € A satisfies

1-p B B
D"*2[f](2) 1-26 3
—1 L ] 1— 1-= 2 E
e I (o ST RELE
<1/2)and B (0 < B < 1) then

DH[f](2)
&(zwm@>

Later on, Li and Owa [21] extended this result by proving the result given below.

’D"“[ 1()

"f1(2)

fI(
Sor some a (0 < «

) > aie. f€Sy(a).

Theorem 1.2. For n € Ny, if f € A satisfies

L (3 g 1

’wama_l”DM%ma_1F< (-0 (3-o) » 0asy,

Dl | D) S L
« N E_a

forsome a (0 <a<1),5>0andy > 0with f+~ >0, then f € S,,(a), n € No.

Let S,,(p, A\, «) denote the class of functions f € A, for which
Ip(n+1, A)[f](Z)> o
Re(p >—,zeE 0<a<p.
Ip(n, N)[f1(z) P

In 2008, Singh et al. [27] studied the above class and proved the following sufficient condition
for a multivalent function to be a member of this class.

Theorem 1.3. Let f € A, satisfies

Ln+1, Mf](z) L(n+2, M[f](z)
Lp(n, NIf](2) L(n+1, VIf](z)

for some real numbers o, 3 and ~y such that 0 < o < p, >0, v >0, (8+7) > 0, then
f€S8nlp, A\, a), wheren € Ny and

¥
-1

<M(p7 )\7 a, Bu 7)7 Z€E7

'B

a A’< a 1 >B P
1—= l-——+——] , 0<a<z,
< p) p o 20p+A) 2
M(p, \, o, B, 7) = » 5
@_ay (1%1) o<
p (p+N)/) 2~

In 2013, Billing ([3], [5]) also proved the following results and obtained sufficient conditions
for starlikeness and convexity of univalent functions.

Theorem 1.4. Let o, 8 be real numbers such that
2
—_— <
o> 1_6,07/3<1andlet

(a+p+A)e( =) -2
a[l +(1=8)(p+ )]

O0<M=M(a, 8,7, p) =
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If f € A, satisfies the differential inequality
Ip(n, Vf(z) | Ip(nt 1 NF(2)

2P 2P

(1-a)

1‘ <M(0[, 67 ’77 p)

then

I,(n+1, X\)f(2)
Re( 1,0 N/ (2)

Theorem 1.5. Let « be a non-zero complex number such that R(«) > 0 and h(z) be analytic
and convex in E with h(0) = 1. If f € A,, satisfies

Ln+1, V[f](z) Ln+2 Mf(z) _ 1 (n+1 MIf1(z)
Ip(n, N)[f](2) {1+a (Ip(n+ LNGE L NIFG) >}

~< p+A/ 55 h(2t) dt,
0

(07

>>,3,26]E.

then

Ln+ 1, Vf](z)
Ip(n, M[f1(2)

For more contributions in this direction, we refer to Cho et al. ([12], [13]), Dattoli [15], Srivas-
tava et al. ([29], [30]), Tang et al. [31] etc.
For f € A, we define a class S,,(p, \) consisting of functions which satisfy

L+ 1L, NG Lo+ 1 VE)
Re( 1,(m VIf](2) )> 1,(n. VI/1(2)

where A > 0, n € No. Note that Sy(p, 0) = S} and Si(p, 0) = UCV,. Condition (1.6) is

equivalent to
L(n+1, M[f](2)
Ip(n, MIf1(z)

< h(z).

—p|, z€€E, (1.6)

< q(2)

where q is given by equation (1.5).

In 2018, Brar and Billing ([7], [8], [9]) proved the following results and obtained sufficient
conditions for starlikeness, convexity and uniform close-to-convexity of functions f € Ay, in a
parabolic region.

Theorem 1.6. Let 8 and ~ be complex numbers such that 3 # 0. Let q(z) # 0, be a univalent
Sfunction in E such that

(i))Re [1 L2 (7 - 1) Zq/(z)} >0

q'(z) B q(z)
e |1+ 55+ (5-1) e+ (145) o 90 >0

If f € A, satisfies

Lint L VA [ Lo+ 2 VA , () |
{ 1,0m VA(2) } {1p<n+17 A)[f1<z>} = (=) {q(z”(wx)q(z)} ’

then

L (n+1 M[f(z)
Ip(n, M[f1(2)

q('z)v A > Oa n e N07

and q(z) is the best dominant.

Theorem 1.7. Let « be a non-zero complex number and q(z) # 0, be a univalent function in E
such that . )
(i)Re |1+ 20'(2) _ 24 (2)

7(z)  q(2)
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(ii) Re {1 + Z;(S) - Z;J(S) + 2 Z /\q(z)} > 0.
If f € A, satisfies

—a L(n+1, N)[f](2) N L(n+2, M[f](2) . o ()
! )( Ip(n, MIf](z) >+ <Ip(n+17 A)[f](z)) < q( )+p

then
Ln+1, MIf](z)
L NG A A=0 el

and q is the best dominant.

Theorem 1.8. Let « be a non-zero complex number and A > 0, n € Ny. Let q(z) # 0, be a
univalent function in & such that

(i)Re [1+ q/;())} >0
q"(2) , P+

(ii)Re {1+ qlz) +—

If f € A, satisfies
B LA, (Bt M) bl s L))

|0

1,(n, M) Ln+ LNE) L VAE)
<a(z) + 2 = (2),
then
L1 VG o

and q is the best dominant.

Theorem 1.9. Let « be a non-zero complex number and A > 0, n € Ny. Let q(z) # 0, be a
univalent function in & such that

(i)Re [1+ /;(ﬂ >0
2q" (2

(ii)Re {l—i— )+p+>\} > 0.
'(2) a
IffeA, sansﬁes
(1 - o) P U (LA o) 4 2o

then

and q is the best dominant.

This work is inspired by various authors. For some related study see ([17], [18], [19], [20]).

In the present paper, we study the class S,,(p, \) using differential subordination and differential
superordination involving multiplier transformation I,,(n, X). As particular cases to our main
results, we obtain sufficient conditions for starlikeness and convexity of multivalent as well as
univalent analytic functions in a parabolic region. We also deduce some sandwich-type results
regarding these functions.

2 Preliminaries

To prove our main results we shall use the following definition and lemmas of Miller-Mocanu
and Bulboacd.
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Definition 2.1. ([23], Definition 2, p.817 )Denote by @, the set of all functions f (z) that are
analytic and injective on E \ E(f), where

() = {c € 08 + tim f(2) = oo}

and are such that f'(¢) # 0 for ¢ € IE \ E(f).

Lemma 2.2. ([23], Theorem 3.4h, p.132). Let q be univalent in IE and let 6 and ¢ be analytic in a
domain D containing q(E), with o(w) # 0, when w € q(E). Set Q1(z) = 2¢'(2)¢[q(2)], h(z) =
0[q(2)] + Q1 (2) and suppose that either

(i) h is convex, or

(ii) Q) is starlike.
In addition, assume that

(iii) Re (Z;/((j)) ) > 0forall » € E.
1

If p is analytic in E, with p(0) = ¢(0), p(E) C D and
0lp(2)] + 2p'(2)¢lp(2)] < 0la(2)] + 24'(2)la(2)];
then p(z) < q(z) and q is the best dominant.

Lemma 2.3. ([10]). Let q be univalent in & and let 8 and p be analytic in a domain D containing
q(E). Set Q1(z) = 2¢'(2)lq(2)], h(z) = 0[q(2)] + Q1(2) and suppose that either
(i) Q is starlike and

g 0'(q())
(ii) Re (@(q(z))) > 0 forall z € E.

Ifp € H[q(0), 1]NQ with p(E) C D and 0[p(z)] + zp'(2)¢[p(2)] is univalent in E and
0la(2)] + 24’ (2)ela(2)] < O[p(2)] + 2p' (2)[p(2)];

then q(z) < p(z) and q is the best subordinant.

3 A Subordination Theorem Involving Multiplier Transformation
In what follows, all the powers taken are principal ones.

Theorem 3.1. Let 8 and ~ be complex numbers such that 8 # 0. Let q(z) # 0, be a univalent
function in E such that

(i)Re [1+ /;(3) + (—1) éiﬂ > 0 and

i () 852 (1o o3
If f € A, satisfies
F[I p(n+1, VfI(2) Z<I p(n+1, Mf](z)

I(n, M[f1(2) I(n, M[f1(2)

where a, b, ¢ (# 0) are real numbers and

> ; z] <T(q(2), 2¢'(2); 2), (3.1

AN
[Nw, 2w’ 2) = w?Y (aw + bw? + czw) , w e D= C\{0},
w
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then
I(n+1, V[f](2)
Ip(n, M[f](z)

and q(z) is the best dominant.

< q(z), x>0, n e Ny,

Proof. Let the functions 6 and ¢ be defined as:

O(w) = aw? ! + bwF 2 and p(w) = cw? !

Clearly, the functions 6 and ¢ are analytic in domain D = C\{0} and ¢(w) # 0 in D.

Therefore,
-1

@R

Q1(2) = ¢(4(2))2q'(2) = c(q(2))

2¢'(2)

and
—1

w2

h(z) = 0(4(2)) + Qi(2) = a(a(2)) 7' +b(q(2)) 77 + c(a(2))

On differentiating, we get

2¢'(2)

and

s g G () () v

. . I
In view of the given conditions (¢) and (i), we see that Q) is starlike and Re (; ((ZZ)) ) >0
1

Thus conditions of Lemma [2.2], are satisfied. In view of (3.1), we have

Ln+ 1, Vf](z) L(n+1, Mf(z)]" [Ln+1, VfE)
L NI }Hj[ Ip(n, M[f(2) } [ Ip(n, N[f](2) ]

< 0[q(2)] + 24'(2)la(2)]

Therefore, the proof, now follows from the Lemma [2.2].

O

By setting A = 0, p = 1 in Theorem 3.1, we obtain the following result involving Salagean
operator.

Theorem 3.2. Let 3 and ~ be complex numbers such that 8 # 0 and q(z) # 0, be a univalent
function in E, which satisfy conditions (i) and (ii) of Theorem 3.1. If f € A, z € E, satisfies

(SsY oo (i) -+ (o) (3ot }

where a, b and c (# 0) are real numbers, then

D"“ D1 f(2)
D[fI(z)

< q(z), n € Ny,

and q(z) is the best dominant.
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4 Applications to Parabolic Starlikeness and Uniform Convexity

2 1+v2\\
Remark 4.1. Selecting ¢(z) = 1 + — <log ( )) , 8 =~ = 1in Theorem 3.1, then
T 1—4/2

after having some calculations, we get

2q"(2) _ 14z vz
b ¢(z)  2(1-2) " (1 —2)log ({fﬁ)
and " 2 3b 1
B g

[0S

T 2(1-%) (1 —z)log(ll
1+2<log(ité)>2]

()]

b . -
Thus for a, b, ¢ (# 0) € R such that £ > 0 and ~ > 0, we notice that q(z) satisfy conditions (7)

and (i7) of Theorem 3.1. Thus, we derlve the followmg result:

2a

3b
c

b
Theorem 4.2. Let a, b and ¢ # 0 are real numbers such that % > 0 and - >0 IffeA,

satisfies

fp<n+1 NIAGE) L(n+ 1, VAR
> *b( 1,0 VIf1(2) )

A)[f](:/r)) G Ezif i Ez))

A () o2 ()]

dev/z 1+ =z
>
—I—ﬂ_z(l_z)log(l_\/g),where)\_o, n € Ny,

<a

then

8 (:(rt, 1A>?}1[£§ D (e (7 Q)

I
ie. f€Su(p, ).

Taking A = n = 0 in above Theorem, we get the following result.

Corollary 4.3. Let a, b and ¢ # 0 are real numbers such that 4 > 0 and b >0 IffeA,
c c

satisfies
@) (557) + (Zif((f))f e (50) (5
ol (e () 3 (1)
_|_7T;E?\ii) 10g(1+\f)
then f € S%.

Setting p = 1 in above corollary, we have
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Corollary 4.4. Let a, b and ¢ # 0 are real numbers such that % > 0 and % >0 IffeA

satisfies
e () (7)< (75 (75
Y 1+7r22(1°g(1+:§>> +b 1+§2(log<1+:§>)]
e ()
then f € Sp.

Setting A = 0, n = 1 in Theorem 4.2, we obtain the result given below.

Corollary 4.5. Let a, b and ¢ # 0 are real numbers such that % > 0 and g >0 IffeA,

satisfies
G s () 5 (S

zzf//(z)+22f///(z)
1+ E 5w ) <

5 (e (1)

Taking p = 1 in above corollary, we get

-
=

1+£ Io
w2\ %8 11—z

dev/z

)
+b +ﬂ2(1_z)10g<ifé>,

then f € UCV),.

b
Corollary 4.6. Let a, b and ¢ # 0 are real numbers such that % > 0 and - >0 IffeA

satisfies
| (a— )(1+ZJ{U;(Z))> +b<1+z}f/’;i§)>3+c< Zf” )
() 2 (126 ]
i 2 o (12))] e (12),

then f e UCV.

5 Applications to Starlikeness and Convexity

Remark 5.1. When we select ¢(z) = e*, § =~ = 1 in Theorem 3.1, a little calculation yields
that

Zq//(z)
1+ =14z
q(2)
and " 2 3b 2 3b
¢(z) el

b
For a, b, ¢ (# 0) € R such that % > 0.4 and - = 1, we see that ¢(z) satisfy conditions (¢) and

C
(44) of Theorem 3.1. Hence, we obtain the following result:
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b
Theorem 5.2. Let a, b and ¢ # 0 are real numbers such that % >04and -=1.If f € A,
(&

satisfies

e en (T2 L V) L(n+1, M[f(2)\’
(@~ ”( 10 V) ) ROV )
»(n +1 /\ »(n+2, N)[f](2)
“(p“)( 1,0, ) ST, Amm)
=< aezz + be** + cze?,
Ln+ 1L, VAR | .
then L VU1G) <e*, A>0, neN

By taking A\ = n = 0 in above Theorem, we obtain the result given below.

b
Corollary 5.3. Let a, b and ¢ # 0 are real numbers such that 4 >04and - =1.Iff € A,
¢ c

satisfies
- (575) + (;J;((f>)>3 +o(353) (1 75)

< ae¥ 4 be** + cze?,

then f € S}.

Selecting p = 1 in above corollary, we have

b
Corollary 5.4. Let a, b and ¢ # 0 are real numbers such that 4 >04and -=11Iffe A
c c

satisfies
o= (F5) +(7F) +(F75) (+ 7
ae* +be** + cze?,
then f € S*.

Setting A = 0, n = 1 in Theorem 5.2, we derive the result given below.

b
Corollary 5.5. Let a, b and ¢ # 0 are real numbers such that 4 >04and - =1.Iff e A,
c c

satisfies
a—cp Zf”(2)> ( f”()) C( zf”(Z))
A2+ 5 ) 5 (5 +5 0+ 755
ZZfN<Z) + szm(z>> anz 632 cze?
(” )+ =) ) e T e
then f € IC,.

Setting p = 1 in above corollary, we have

Corollary 5.6. Let a, b and ¢ # 0 are real numbers such that % > 0.4 and % =1L IffeAd

satisfies
w9 (1 F5) (15 +<(+ )
(1 L 2e() + 2" (2)
F'(2) + 2f"(2)

) < ae*® + be** + cze?,

then f € K.
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Remark 5.7. By taking ¢(z) = 1 + ¢z, 0 <t <1, 8 =~ = 1 in Theorem 3.1, then after having
some calculations we have

zq"(z)
1+ =1
7(2)
and ") 2 3 2 3
zq" (z a 5 a 2
1 =« = =1+2201 (1 .
o) Tt T @) =1+ 2+t + (14 2)

b
Thus for a, b, ¢ (# 0) € R such that 2> 0and - > 0, we observe that q(z) satisfy conditions
c c

(¢) and (4¢) of Theorem 3.1. Therefore, we immediately, arrive at the following result:

Theorem 5.8. Let a, b and ¢ # 0 are real numbers such that 4 > 0 and b >0. IffeA
C C

satisfies
== (i) e s
Iy(n+1, N[f](2)\ (Lp(n+2, N[f](2)
w0+ () (o o 1<z>)
a(1+1t2)? +b(1 +t2)* + ctz
f( + 1, N)[f](2)
then ( NG <14+tz, 0<t<1, A >0, n €N

Setting A = n = 0 in above Theorem, we get the following result.

b
Corollary 5.9. Let a, b and ¢ # 0 are real numbers such that a4 >0and - > 0. If f € A,
c c

satisfies
=) <;J}<(f))>2 o (53) +Gra) (0 55)

<a(l+t2)* +b(1+t2)* +ctz; 0 <t <1,

then [ € S,,.

Selecting p = 1 in above corollary, we have

Corollary 5.10. Let a, b and ¢ # 0 are real numbers such that a4 > 0 and b >0. Iffe A
c c

satisfies
(@=c) (J{(())) o () () ()
<a(l+t2)? +b(1+t2)* +ctz, 0 <t <1,
then f € S*.

Setting A = 0, n = 1 in Theorem 5.8, we derive the result given below.

Corollary 5.11. Let a, b and ¢ # 0 are real numbers such that 4 > 0 and b >0 Iffe A,
C C

satisfies
() B () 5 ()
(1 L 2@+ 20
f'(2) + zf"(2)

) <a(l+t2)> +b(1 +t2)* +ctz,
then f € Kp, 0 <t < 1.

Taking p = 1 in above corollary, we have
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Corollary 5.12. Let a, b and ¢ # 0 are real numbers such that 4 > 0 and Z >0. Iffe A
(&

satisfies
i 1 3 17
a1 G )> b<1 2f (z)) (1 of (Z))
(0= ( e ) U e ) Ut T
2zf”(z) +22f///(z) ) \
(1+ [OETIEe) ) <a(l+tz)"+b(l +t2)° + ctz,
then )
1+Z;,(S) <1+tz0<t<1.
ie. felk.
Remark 5.13. By selecting ¢(z) = 1 + %227 f =~ = 1in Theorem 3.1, we have
1 Zq//(Z) _ 2
e
and 2
2q"(z)  2a 3, 2a 2, 3h 2,
b+ q(z) +?q( )_’_* (z )—2+<1+3z>+c(1+3z> .

b . .\
For a, b, ¢ (# 0) € R such that > —0.6 and - > 0, we notice that ¢(z) satisfy conditions (%)
and (#7) of Theorem 3.1. Hence, we obtain the followmg result:

b
Theorem 5.14. Let a, b and ¢ # 0 are real numbers such that > —0.6 and >0.IffeA,

satisfies

Ln+ 1, NG L ( Lo+ 1L VAN
1, V1) ) +b< 1,(m VI71(2) )

Lin+ 1L V)Y (Lo +2, V)
WH)( 1,0m VI712) )( <n+1 Y ]<z>)

)f
2, 4
Ln+1, MfI(z) .
then L VU1 G) <e*, A>0, neN

By taking A\ = n = 0 in above Theorem, we obtain the result given below.

(-

Corollary 5.15. Let a, b and ¢ # 0 are real numbers such that % > —0.6 and g >0.IffeA,
satisfies
Zf’(2)>2 (zf'<z>>3 (zf’(Z)) ( Zf”(2)>
- +0b + 1+
o= (35 pi) T 72
2.\’ 2.\ 4,

%a(1+3z> +b<1+3z> +§cz,

then f € S}.

Selecting p = 1 in above corollary, we have

Corollary 5.16. Let a, b and ¢ # 0 are real numbers such that % > —0.6 and % >0.Iffe A
satisfies
o zf’<z>)2 ) <Zf’(2) )3 <Zf’(Z)> (1 zf“(z))
@-a(57) + () + () (5

2 ,\* 2.\’ 4
1 <2 1 “.2 T2
<a<+3z>+b<+3z>+3cz,

then f € S*.
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Setting A = 0, n = 1 in Theorem 5.14, we derive the result given below.

Corollary 5.17. Let a, b and ¢ # 0 are real numbers such that % > —0.6 and g >0.IffeA,

satisfies
a*Cp Zf”(z)) < Zf//( )) ( Zf//( ))
S (G ) s () s (5
22f"(2) + 22" (2) 2.\’ 2,\ 4
(+ 5 5rm) <e1+52) +o(1+32) +3
then f € KC,.

Setting p = 1 in above corollary, we have

Corollary 5.18. Let a, b and ¢ # 0 are real numbers such that > —0.6 and b ->0.IffeA

satisfies
Y R ()
(R a3 (o3
then f € K.

6 A Superordination Theorem Involving Multiplier Transformation

Theorem 6.1. Let 8 and ~ be complex numbers such that 8 # 0. Let q(z) # 0, be a univalent
function in E such that

ome |1+ 5t (51 G 2o

(ii)Re [c 1+ g) q(z) + g <2 + ;) qz(z)} > 0.
A

%) ¢ 4[g(0), 1] N Q, and

I,(n+1, X\)
Iy(n, A)[f](2)

the differential superordination

Ip(n, A)[f1(2)

Z), z (Ip(n +1, /\)[f](z)) ; z] is univalent in E. If f € A, satisfies

' (q(2), 2¢'(2); z) =T

("+1 NIAGE) (L1 VAN,
Ip(n, N[f1(=) Z( I,(n, V[f](2) > 1 6.1)

where a, b, ¢ (# 0) are real numbers and
' B
[Nw, 2w’y z) =w? (aw + bw? + cw) , we D=C\{0},
then

Lin + L)
1) =< = e

and q(z) is the best subordinant.

)\ZO,’I‘LGN(),

Proof. Let the functions 6 and ¢ be defined as:



332 Hardeep Kaur, Richa Brar and Sukhwinder Singh Billing

Clearly, the functions 6 and ¢ are analytic in domain D = C\{0} and ¢(w) # 0 in D.

Therefore, 5
Q1(2) = ¢(9(2))2¢ (2) = cq(2))7 ~'2¢'(2)
and
h(z) = 0(q(2)) + Q1(2) = a(q(2)) P +b(q(2))* > + e(q(2))* "2/ (2)

On differentiating, we get

U 2 (1) )

and

002 _ M) ) a7 b (1)
a2 - ) @) C<1+B>q()+0<2+6>q()'
9’(q(z>))>0

¢(q(2))

In view of the given conditions (i) and (i), we see that @, is starlike and Re (

Thus by (6.1), we have

0la(2)] + 2¢'(2)la(2)] <

g [Lo(n+1, A)[f](?«“)} +Z{Ip(n+1, A)[f](Z)}’ [Ip(n+1’ A)[f](Z)]
Ip(n, N)[f1(2) Ip(n, N)[f1(2) Ip(n, M[f1(2)

Therefore, the proof, now follows from the Lemma [2.3].

7 Some Sandwich-type Results
On combining Theorem 3.1 and Theorem 6.1, we get the following sandwich-type theorem.

Theorem 7.1. Let 3 and v be complex numbers such that 8 # 0. Let q1(z) # 0 and q2(z) # 0
be univalent functions in E such that

e CNCRE

(i) Re {‘Z (1 + 1) qi2) + % <2+ ;) 3(2)] >0,i=1,02.

L+ 1, V)
I,(n, N)[f](2) € Hq(0), 1]]NQ, and

I I(n+1, A)[{l(@j ; (Ip(n +1, A)[{i(z))/, z] is univalent in E. If f € A, satisfies

] > 0 and

hin t LAG)  (hin+ ! ?)][f](Z))/. ]
RANACSVTE Ry

< T (qa(2), 25(2); 2),

where a, b, ¢ (# 0) are real numbers and

/. — oY 2 2w’ ’ —
INw, zw'; z2) =w” | aw 4+ bw” + ¢ , w e D=C\{0},
w

then
I(n+1, V[f](2)

Ly(n, N[f1(2)

and q1(z) and ¢ (2) are the best subordinant and the best dominant respectively.

q(z) <

< q(2), A >0, n e Ny,



PROPERTIES OF p-VALENT ANALYTIC FUNCTIONS 333

When we select f = v =a =b=c=1, qi(z) = 1+1tz, 0 <t < 04 and q2(z) =
2
1+ % (10g (1 + f)) in Theorem 7.1, we get the following result:
v 11—z

Theorem 7.2. If f € A, satisfies

Ln+1, Vf](z ))2
Ip(n, M[f1(2)

n (Ip(n+ L, A)[f](2)>3+(p+A) (Ip( MIf ](Z)> (§p(n+2, A)[f](Z)>

L0 VG ) G+ L 0G)
A (e (2]

2 (e (1)

4/ 14z
>
—I—Wz(l_z)log(l_ﬁ),where)\07nEN0,

(1—|—tz)2—|-(1+tz)3+tz<(1—p—)\)(

+

then

Lnt L VIAG 2 (0, (LEVEVY
141tz < o NIAG) <1+W2<1g(1_\/§)>,0<t<0.4.

Taking A = n = 0 in above Theorem, we get the following result.

Corollary 7.3. If f € A, satisfies

(1+t2)% + (1 +t2)3 +t2 < (1 —p) <;§/((j))>2 + (’;‘;/(f))f

/Z z " z z 2 ?
GH) (=58 <[ 3 (e (7))
2 (e ()

2 m(12)
/ 2
1+tz<zf(z)<1+:2<log(l+\/g)> 0 <1<04.

3

+ +

then

w2 (1 — 1—+/2
pf(2) -z
Setting p = 1 in above corollary, we have

Corollary 7.4. If f € A satisfies

(14 t2)2 4+ (14 82) + 2 < (zf'<2>>3+ (zf’(z)) <1+ Zf“(z)>

[ ()
(4

/ 2
4o < G -<1+2<10g(1+\/2)> L0 <t<04
f(2) L

Setting A = 0, n = 1 in Theorem 7.2, we obtain the result given below.

then
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Corollary 7.5. If f € A, satisfies

2 L=p (2N 1, 2 e
(L4t + (1 +82)° +12 < — <‘+ f’(z)> +p3<1+ f’(Z))

n (1 L zf”(Z)) (1 L 2=) + sz”’(2)>

TR HOEDRS
= 1+7T22(10g<ii—£>)2 2+ 1+7T22(10g<1i_£>>2r
i ()
e (D) 1 2 (i () 00

Taking p = 1 in above corollary, we get

Corollary 7.6. If f € A satisfies

" 3
(1 +tz)2 + (1 +t2)3 4tz < <1 n Z;/(iz;))

(5 (235

5 (e (7))

2f"(2) 2 1+v2 .
14+tz<1+ 70 <1—|—772(10g<1_\/5>> ;0<t <04,

In particular, taking t = 0.3 in Corollary 7.4 and Corollary 7.6, we get the following two exam-
ples respectively.

3
+

e (i+§)

then

Example 7.7. If f € A satisfies

(140.32)2 + (1+0.32)° +03z < (Zf'(z))3+ (Zf’(2)> - Zf”(Z))
+

1)
(7))

2
<

+7r2?1\/—gz)lg<ii—:/fj ’
then 2f (2 2 1+v2\\
14+03z< J{(i))-<1+7r2(log<l_ﬁ>>.

Example 7.8. If f € A satisfies

" 3
(14+0.32)* + (1+0.32)° + 032 < (1 + 2/ (Z))

() (550 <
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2 1+v2\)"
v (e (7))

2f"(2) 2 1+v2))
1+03z<1+ 702) <1+7T2(10g<1\/2>) .

3

+ +

e (1)

then

For illustration, using Mathematica 7.0, we plot the images of unit disk & under the functions

wi(2) = (14 0.32)* + (1 +0.32)° + 0.3z and
3 (o (1)) ] [ A (e ()]
oo (1)

in Figure 7.1. The images of unit disk E under the functions q1(z) = 1+ 0.3z and ¢(z) =

2 1+ 2
1+7T2(10g =z

when the differential operator

(F5) - (75) (+ )
2f'(2)
f(z)

portion in Figure 7.2. Thus f(z) is parabolic starlike in E. Similarly, from Example 7.8, we can
say that when the differential operator

(1 N zf”(z)>3 N (1 N zf”(z)) (1 L2 + Zfo"(z)>

2
+

3

wz(z) =

+

2
)) are given in Figure 7.2. In view of Example 7.7, we conclude that

takes values in the light shaded region in Figure 7.1, then

takes values in the light shaded

f'(2) f'(2) f'(2) +21"(2)
. . S 2f"(2) . .
takes values in the light shaded portion in Figure 7.1, then 1 + e takes values in the light
z

shaded region in Figure 7.2. Hence f(z) is uniformly convex in E.

|

—40

L L L L L
-20 -10 0 10 20 30 40

Figure 7.1
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Figure 7.2

Bytakinga=2, =~v=b=c=1, q1(z) =1+1tz; 0 <t <0.6 and ¢z(z) = €* in Theorem
7.1, we have

Theorem 7.9. If f € A, satisfies

20t (14 020 1% (2= p— ) (T LU ))

1,0m VI))
Ln+ 1, M) Lin+ 1, VA (L +2 NAG)
+< L(m NG) ) 0’“’( L(m NG) )( [RCESIIT 1<z>>

< 2% + €% 4 ze®, where A > 0, n € N,
then

L(n+1, M[f](z)
Iy(n, NIf1(2)

By taking A\ = n = 0 in above Theorem, we obtain the result given below.
Corollary 7.10. If f € A, satisfies

21+ t2)2 + (14 2)° + 12 < (2 — p) (Zf'(z)>2+ (Zf’(2)>3

14+tz< <e*; 0<t<0.6.

pf(z) pf(2)
Zf/(2)> < Zf”(Z)) 622 632 P
(550) (157 ) <2
then ,
1+tz< f'(2) <€ 0<t<0.6.

pf(2)

Selecting p = 1 in above corollary, we have
Corollary 7.11. If f € A satisfies

2(1+1t2)* + (1 +t2)° + 12 < (Zf;iZ)Y ( f(()))

)
(O (14 LD) iy

then

!
1t <G Lo i <06
f(2)

Setting A = 0, n = 1 in Theorem 7.9, we derive the result given below.
Corollary 7.12. If f € A, satisfies

21+ + (1 +£2)° + 12 < 2p—2p (1+Zf”(2)) +(1+ 2f"(z )>

78 e
1/ () 21 F AN e e e
3 (” f’(2>>(1+ F() +2F"C) )*2 e e

then

| zf”()) . .
+tz _<p<1+f(z) <e*; 0<t<0.6
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Setting p = 1 in above corollary, we have

Corollary 7.13. If f € A satisfies

) )
SN (L 2SN e e
+(1+ 505 (1 B <2+

then

1
1 +tz<1+ 2I7(z) <e®; 0<t<0.6.
f'(2)

Particularly, selecting t = 0.2 in Corollary 7.11 and Corollary 7.13, we obtain the following two
examples respectively.

Example 7.14. If f € A satisfies

2(1+0.22)? + (1 +0.22)3 +02H( (= )) (zf’(z)>3

(=) f(2)
) 05
fo-e

< 2e% + 3% 4 ze*

then
1+02z<

Example 7.15. If f € A satisfies

2(140.22)* + (1 +0.22)* + 0.2z < (1+ 2f" (= )) N <1+ zf”(z)>3

f(2) f'(2)
o ) o
then .
14022 <1+ ZJ{,(S) < e

Again, using Mathematica 7.0, we plot the images of unit disk E under the functions
w3(2) = 2(1 +0.22)% + (1 4 0.22)% + 0.2z and wy(z) = 2€** + % + z¢*, which are given by
Figure 7.3.

L L L
-5 0 5 10 15 20

Figure 7.3
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_—

o
—

2 L L L L L
0.0 05 10 15 20 25 30

Figure 7.4

The images of unit disk E under the functions q3(z) = 1 + 0.2z and q4(z) = €* are given by

2f'(z)

Figure 7.4. Therefore, from Example 7.14, we notice that the differential operator ) takes
z

values in the light shaded region of Figure 7.4, when the differential operator

Zf’(z)>2 (Zf’(2)>3 (Zf’(2)> (1 Zf”(2)>
55+ () + (58 (75
takes values in the light shaded region of Figure 7.3. Thus the function f(z) is starlike in E.

2f"(2)
f'(z)

takes values in

Similarly, in Example 7.15, we observe that the differential operator 1 +

the light shaded region of Figure 7.4, when the operator

(1+508) + (1 D) + (14508 (1 D)

takes values in the light shaded region of Figure 7.3 and hence the function f(z) is convex in E.

8 Conclusion

In this paper, we successfully established sufficient conditions for starlikeness and convexity
of both multivalent and univalent analytic functions by employing multiplier transformations.
Through the use of differential subordination and superordination, we examined the class S,,(p, \)
and derived significant results, including specific criteria for starlikeness and convexity within a
parabolic region. Additionally, we presented sandwich-type results that further broaden the un-
derstanding of these function classes. The graphical illustrations generated using Mathematica
7.0 substantiate the theoretical findings, offering visual confirmation of the behavior of the ana-
Iytic functions within the open unit disk. This research contributes to the field by enhancing the
analytical tools available for studying the geometric properties of analytic functions in complex
analysis.
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