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Abstract In this paper, we introduced hybrid Leonardo p-numbers and some algebraic prop-
erties of hybrid Leonardo p-numbers in terms of hybrid Fibonacci p-numbers.

1 Introduction
The Leonardo numbers, Len [3] are defined by the non-homogeneous recurrence relation

Len = Len−1 + Len−2 + 1 for n ≥ 2

with initial terms

Le0 = Le1 = 1.

Kuhapatanakul and Chobsorn [11] defined a generalization of Leonardo numbers, Lek(n) by the non-homogeneous recur-
rence relation

Lek(n) = Lek(n− 1) + Lek(n− 2) + k for n ≥ 2

with initial terms

Lek(0) = Lek(1) = 1.

The Leonardo p-numbers, Lep(n) [7] are defined by the non-homogeneous recurrence relation

Lep(n) = Lep(n− 1) + Lep(n− p− 1) + p (1.1)

with n > p, for a given integer p = 1, 2, 3, 4, · · · and initial terms

Lep(0) = Lep(1) = · · · = Lep(p) = 1.

The non-homogeneous recurrence relation of Leonardo p-numbers, Lep(n) can be converted to the following homogeneous
recurrence relation

Lep(n) = Le(n− 1) + Lep(n− p)− Lep(n− 2p− 1) for n > 2p

The Fibonacci p-numbers [6] are defined by the recurrence relation

Fp(n) = Fp(n− 1) + Fp(n− p− 1)

with n > p + 1, for a given integer p = 0, 1, 2, 3, · · · and initial terms

Fp(1) = Fp(2) = · · · = Fp(p) = Fp(p + 1) = 1.

The Fibonacci p-numbers, Fp(n) coincide with classical Fibonacci numbers, Fn [12, 13] for p = 1. e.g. F1(n) = Fn.
The Lucas p-numbers [6] are given by the recurrence relation

Lp(n) = Lp(n− 1) + Lp(n− p− 1)

with n > p + 1 and initial terms

Lp(1) = Lp(2) = · · · = Lp(p) = 1, Lp(p + 1) = p + 2

where p = 0, 1, 2, · · · .
For p = 1, L1(n) = Ln are known as classical Lucas numbers [14].
There is a relation among Leonardo p-numbers, Lep(n), Fibonacci p-numbers, Fp(n) and Lucas p-numbers, Lp(n) [7].

Lp(n) = Fp(n + 1) + pFp(n− p) (1.2)
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Lep(n) = (p + 1)Fp(n + 1)− p (1.3)

Lep(n) = Lp(n + p + 1)− Fp(n + p + 1)− p (1.4)

Fp(k + n) = Fp(k)Fp(n + 1) +
p∑

r=1

Fp(k − r)Fp(n− p + r) (1.5)

where k and n are positive integers.
Ozdemir [5] defined the set of hybrid numbers denoted by K which contains complex, dual and hyperbolic numbers. The set
of the hybrid numbers, K is defined as follows:
K = {a + bi + cε + dh : a, b, c, d ∈ R, i2 = −1, ε2 = 0, h2 = 1, ih = −hi = ε + i}.
We can give operations and properties with the hybrid numbers. If we take two hybrid numbers Z1 = a1 + b1i+ c1ε+ d1h
and Z2 = a2 + b2i + c2ε + d2h, we get
Z1 = Z2 ⇔ a1 = a2, b1 = b2, c1 = c2, d1 = d2 (Equality)
Z1 + Z2 = (a1 + a2) + (b1 + b2)i + (c1 + c2)ε + (d1 + d2)h (Addition)
Z1 − Z2 = (a1 − a2) + (b1 − b2)i + (c1 − c2)ε + (d1 − d2)h (Subtraction)
sZ1 = sa1 + sb1i + sc1ε + sd1h (Multiplication by scalar s ∈ R)
Addition operation in K is both commutative and associative.
0 = 0+0i+0ε+0h ∈ K is the additive identity element. The inverse of Z = a+bi+cε+dh is −Z = −a−bi−cε−dh.
Thus (K, +) is an Abellian group. The hybrid product is obtained by distributing the terms to the right, preserving the order
of multiplication of the units and then writing the values of the following substituting each product of units by the equalities
i2 = −1, ε2 = 0, h2 = 1, ih = −hi = ε+ i. From these equalities, we can obtain the product of any two hybrid units. The
multiplication table of the units of hybrid numbers are as follows:

Table 1: Multiplication scheme of hybrid numbers
x 1 i ε h
1 1 i ε h
i i -1 1-h ε + i

ε ε 1+h 0 -ε
h h -ε− i ε 1

Considering this table, it can be seen that the multiplication operation of the hybrid numbers has the property of associative
but not to property of commutative. 1 = 1 + 0i+ 0ε+ 0h ∈ K is the multiplicative identity element. Therefore, (K, +, .) is
a noncommutative ring with identity.
Recently, many researchers have studied related to hybrid numbers. In 2021, Y. Alp and E. G. Kocer [2] introduced the
hybrid Leonardo numbers and their algebraic properties. Szynal-Liana and Wloch [4] defined the Fibonacci hybrid numbers
and obtained the properties of these numbers. In 2022, E. G. Kocer and H. Alsan [1] introduced the generalized hybrid
Fibonacci and Lucas p-numbers.
Hybrid Fibonacci p-numbers, HFp(n) and hybrid Lucas p-numbers, HLp(n) [1] are given by the following recurrence
relations

HFp(n) = Fp(n) + iFp(n + 1) + εFp(n + 2) + hFp(n + 3) (1.6)

and
HLp(n) = Lp(n) + iLp(n + 1) + εLp(n + 2) + hLp(n + 3) (1.7)

where p(> 0) is integer, n > p and the basis {1, i, ε, h} satisfies the condition
i2 = −1, ε2 = 0, h2 = 1, ih = −hi = ε + i.
The hybrid Leonardo numbers, HLen [3] are defined by the non-homogeneous recurrence relation

HLen = HLen−1 +HLen−2 +A for n ≥ 2

where A = 1 + i + ε + h with initial terms

HLe0 = 1 + i + 3ε + 5h, Le1 = 1 + 3i + 5ε + 9h.

Motivated by [3], we introduce a new hybrid numbers with Leonardo p-numbers. Hybrid Leonardo p-numbers associated
with hybrid Fibonacci p-numbers and hybrid Lucas p-numbers. In this paper, we give the recurrence relation, Binet’s formula,
generating function, summation formula, Cassini identity, Catalan’s identity, d’ocagne type identity, Honsberger identity for
Hybrid Leonardo p-numbers.

2 Hybrid Leonardo p-numbers
Definition 2.1 Hybrid Leonardo p-numbers are given by the following recurrence relations

HLep(n) = Lep(n) + iLep(n + 1) + εLep(n + 2) + hLep(n + 3) (2.1)

where p(> 0) is integer, n > p and the basis {1, i, ε, h} satisfies the condition
i2 = −1, ε2 = 0, h2 = 1, ih = −hi = ε + i.
From the recurrence relations (1) and (8) , we get
HLep(n) = Lep(n) + iLep(n + 1) + εLep(n + 2) + hLep(n + 3)
= (Lep(n − 1) + Lep(n − p − 1) + p) + i(Lep(n) + Lep(n − p) + p) + ε(Lep(n + 1) + Lep(n − p + 1) + p) +
h(Lep(n + 2) + Lep(n− p + 2) + p)
= HLep(n−1)+HLep(n−p−1)+p(1+i+ε+h) = HLep(n−1)+HLep(n−p−1)+pA where A = 1+i+ε+h.
Now, we calculate the values of HLep(0), HLep(1), HLep(2), · · · ,HLep(p− 2), HLep(p− 1), HLep(p) with the help
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of Leonardo p-numbers
HLep(0) = Lep(0) + iLep(1) + εLep(2) + hLep(3) = 1 + i + ε + h
HLep(1) = Lep(1) + iLep(2) + εLep(3) + hLep(4) = 1 + i + ε + h
HLep(2) = Lep(2) + iLep(3) + εLep(4) + hLep(5) = 1 + i + ε + h
HLep(p− 3) = Lep(p− 3) + iLep(p− 2) + εLep(p− 1) + hLep(p) = 1 + i + ε + h
HLep(p− 2) = Lep(p− 2) + iLep(p− 1) + εLep(p) + hLep(p + 1) = 1 + i + ε + h(p + 2)
HLep(p− 1) = Lep(p− 1) + iLep(p) + εLep(p + 1) + hLep(p + 2) = 1 + i + ε(p + 2) + h(2p + 3)
HLep(p) = Lep(p) + iLep(p + 1) + εLep(p + 2) + hLep(p + 3) = 1 + i(p + 2) + ε(2p + 3) + h(3p + 4)
HLep(0), HLep(1), HLep(2), · · · ,HLep(p− 2), HLep(p− 1), HLep(p) are initial conditions.
HLep(n + 1) = Lep(n + 1) + iLep(n + 2) + εLep(n + 3) + hLep(n + 4)
= (Lep(n) + Lep(n + 1 − p)− Lep(n− 2p)) + i(Lep(n + 1) + Lep(n + 2 − p)− Lep(n− 2p + 1)) + ε(Lep(n +
2) + Lep(n + 3 − p)− Lep(n− 2p + 2)) + h(Lep(n + 3) + Lep(n + 4 − p)− Lep(n− 2p + 3))
= (Lep(n) + iLep(n+ 1) + εLep(n+ 2) + hLep(n+ 3)) + (Lep(n+ 1− p) + iLep(n+ 2− p) + εLep(n+ 3− p) +
hLep(n + 4 − p))− (Lep(n− 2p) + iLep(n− 2p + 1) + εLep(n− 2p + 2) + hLep(n− 2p + 3))
= HLep(n) +HLep(n + 1 − p)−HLep(n− 2p).

Theorem 2.2 For n ≥ 0, HLep(n) = (p + 1)HFp(n + 1)− p(1 + i + ε + h).
Proof:
HLep(n) = Lep(n) + iLep(n + 1) + εLep(n + 2) + hLep(n + 3)
= ((p + 1)Fp(n + 1)− p) + i((p + 1)Fp(n + 2)− p) + ε((p + 1)Fp(n + 3)− p) + h((p + 1)Fp(n + 4)− p)
= (p + 1)HFp(n + 1)− p(1 + i + ε + h).
Theorem 2.3 For n ≥ 0, HLep(n) = HLp(n + p + 1)−HFp(n + p + 1)− p(1 + i + ε + h).
Proof:
HLep(n) = Lep(n) + iLep(n + 1) + εLep(n + 2) + hLep(n + 3)
= (Lp(n+ p+ 1)− Fp(n+ p+ 1)− p) + i(Lp(n+ p+ 2)− Fp(n+ p+ 2)− p) + ε(Lp(n+ p+ 3)− Fp(n+ p+
3)− p) + h(Lp(n + p + 4)− Fp(n + p + 4)− p)
= HLp(n + p + 1)−HFp(n + p + 1)− p(1 + i + ε + h).
Theorem 2.4 Let Fp(n) and HFp(n) be nth Fibonacci p-numbers and hybrid Fibonacci p-numbers respectively and
HLep(n) be nth hybrid Leonardo p-numbers. Then HLep(k + n) = (p + 1)(Fp(k)HFp(n + 2) +

∑p
r=1 Fp(k −

r)HFp(n + r + 1 − p))− p(1 + i + ε + h) where k and n are positive integers.
Proof:
HLep(k + n) = (p + 1)HFp(k + n + 1)− p(1 + i + ε + h)
= (p + 1)(Fp(k)HFp(n + 2) +

∑p
r=1 Fp(k − r)HFp(n + r + 1 − p))− p(1 + i + ε + h).

Theorem 2.5 For n ≥ 0,
∑n

k=0 HLep(k) = (p + 1)
∑n+1

k=1 HFp(k)− (n + 1)p(1 + i + ε + h). Proof:∑n
k=0 HLep(k) =

∑n
k=0[(p + 1)HFp(k + 1)− p(1 + i + ε + h)]

= (p + 1)
∑n

k=0 HFp(k + 1)−
∑n

k=0 p(1 + i + ε + h)

= (p + 1)
∑n+1

k=1 HFp(k)− (n + 1)p(1 + i + ε + h).
Theorem 2.6 For n ≥ 0,

∑n
k=0 HLep(k) =

∑n+1
k=1 HLp(k + p)−

∑n+1
k=1 HFp(k + p)− (n + 1)p(1 + i + ε + h).

Proof:∑n
k=0 HLep(k) =

∑n
k=0[HLp(k + p + 1)−HFp(k + p + 1)− p(1 + i + ε + h)]

=
∑n

k=0 HLp(k + p + 1)−
∑n

k=0 HFp(k + p + 1)− (n + 1)p(1 + i + ε + h)

=
∑n+1

k=1 HLp(k + p)−
∑n+1

k=1 HFp(k + p)− (n + 1)p(1 + i + ε + h).

Theorem 2.7 The generating function for the hybrid Leonardo p-numbers is g(t) = (p + 1)
∑∞

n=0 HFp(n + 1)tn −
p(1 + i + ε + h)

∑∞
n=0 t

n.
Proof:
g(t) =

∑∞
n=0 HLep(n)tn

=
∑∞

n=0[(p + 1)HFp(n + 1)− p(1 + i + ε + h)]tn

= (p + 1)
∑∞

n=0 HFp(n + 1)tn − p(1 + i + ε + h)
∑∞

n=0 t
n.

Theorem 2.8 The Binet formula for the hybrid Leonardo p-numbers is HLep(n) = (p+1)[
∑p+1

k=1
αn+1
k

(p+1)αk−p
+i

∑p+1
k=1

αn+2
k

(p+1)αk−p
+

ε
∑p+1

k=1
αn+3
k

(p+1)αk−p
+ h

∑p+1
k=1

αn+4
k

(p+1)αk−p
− p(1 + i + ε + h)

where αk are the distinct roots of the polynomial xp+1 − xp − 1.
Proof:
HLep(n) = (p + 1)HFp(n + 1)− p(1 + i + ε + h)
= (p + 1)(Fp(n + 1) + iFp(n + 2) + εFp(n + 3) + hFp(n + 4))− p(1 + i + ε + h)

= (p + 1)[
∑p+1

k=1
αn+1
k

(p+1)αk−p
+ i

∑p+1
k=1

αn+2
k

(p+1)αk−p
+ ε

∑p+1
k=1

αn+3
k

(p+1)αk−p
+ h

∑p+1
k=1

αn+4
k

(p+1)αk−p
− p(1 + i + ε + h)

where αk are the distinct roots of the polynomial xp+1 − xp − 1.
Theorem 2.9 Let n,m ≥ 0 the Honsberger identity for the hybrid Leonardo p-numbers is given by HLep(n)HLep(m) +
HLep(n+ 1)HLep(m+ 1) = (p+ 1)2(HFp(n+ 1)HFp(m+ 1)+HFp(n+ 2)HFp(m+ 2))− p(p+ 1)A(HFp(n+
1) +HFp(m + 1) +HFp(n + 2) +HFp(m + 2)) + 2p2A2 where A = 1 + i + ε + h.
Proof:
HLep(n)HLep(m) +HLep(n+ 1)HLep(m+ 1) = [(p+ 1)HFp(n+ 1)− p(1 + i+ ε+ h)][(p+ 1)HFp(m+ 1)−
p(1 + i + ε + h)] + [(p + 1)HFp(n + 2)− p(1 + i + ε + h)][(p + 1)HFp(m + 2)− p(1 + i + ε + h)]
= [(p + 1)HFp(n + 1)− pA][(p + 1)HFp(m + 1)− pA] + [(p + 1)HFp(n + 2)− pA][(p + 1)HFp(m + 2)− pA]
= (p+1)2(HFp(n+1)HFp(m+1)+HFp(n+2)HFp(m+2))−p(p+1)A(HFp(n+1)+HFp(m+1)+HFp(n+
2) +HFp(m + 2)) + 2p2A2

where A = 1 + i + ε + h.
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Theorem 2.10 Let m,n ≥ 0 the D’Ocagne’s identity for the hybrid Leonardo p-numbers is given by HLep(m)HLep(n+
1)−HLep(m+1)HLep(n) = (p+1)2(HFp(m+1)HFp(n+2)−HFp(m+2)HFp(n+1))+p(p+1)A(HFp(m+
2) +HFp(n + 1)−HFp(m + 1)−HFp(n + 2)) where A = 1 + i + ε + h.
Proof:
HLep(m)HLep(n+ 1)−HLep(m+ 1)HLep(n) = [(p+ 1)HFp(m+ 1)− p(1 + i+ ε+ h)][(p+ 1)HFp(n+ 2)−
p(1 + i + ε + h)] + [(p + 1)HFp(m + 2)− p(1 + i + ε + h)][(p + 1)HFp(n + 1)− p(1 + i + ε + h)]
= [(p + 1)HFp(m + 1)− pA][(p + 1)HFp(n + 2)− pA] + [(p + 1)HFp(m + 2)− pA][(p + 1)HFp(n + 1)− pA]
= (p+1)2(HFp(m+1)HFp(n+2)−HFp(m+2)HFp(n+1))+p(p+1)A(HFp(m+2)+HFp(n+1)−HFp(m+
1)−HFp(n + 2))
where A = 1 + i + ε + h.
Theorem 2.11 For n ≥ 1, Cassini’s identity for the hybrid Leonardo p-numbers is given by HLe2

p(n) − HLep(n −
1)HLep(n+1) = (p+1)2(HF 2

p(n+1)−HFp(n)HFp(n+2))+p(p+1)A(HFp(n)+HFp(n+2)−2HFp(n+1))
where A = 1 + i + ε + h.
Proof:
HLe2

p(n)−HLep(n− 1)HLep(n+ 1) = [(p+ 1)HFp(n+ 1)− p(1 + i+ ε+ h)]2 − [(p+ 1)HFp(n)− p(1 + i+

ε + h)][(p + 1)HFp(n + 2)− p(1 + i + ε + h)]
= [(p + 1)HFp(n + 1)− pA]2 − [(p + 1)HFp(n)− pA][(p + 1)HFp(n + 2)− pA]
= (p + 1)2(HF 2

p(n + 1)−HFp(n)HFp(n + 2)) + p(p + 1)A(HFp(n) +HFp(n + 2)− 2HFp(n + 1))
where A = 1 + i + ε + h.
Theorem 2.12 For n ≥ 1, Catalan’s identity for the hybrid Leonardo p-numbers is given by HLe2

p(n) − HLep(n −
r)HLep(n+ r) = (p+ 1)2(HF 2

p(n+ 1)−HFp(n− r+ 1)HFp(n+ r+ 1))+p(p+ 1)A(HFp(n− r+ 1)+HFp(n+

r + 1)− 2HFp(n + 1)) where A = 1 + i + ε + h.
Proof:
HLe2

p(n) − HLep(n − r)HLep(n + r) = [(p + 1)HFp(n + 1) − p(1 + i + ε + h)]2 − [(p + 1)HFp(n − r + 1) −
p(1 + i + ε + h)][(p + 1)HFp(n + r + 1)− p(1 + i + ε + h)]
= [(p + 1)HFp(n + 1)− pA]2 − [(p + 1)HFp(n− r + 1)− pA][(p + 1)HFp(n + r + 1)− pA]
= (p+1)2(HF 2

p(n+1)−HFp(n−r+1)HFp(n+r+1))+p(p+1)A(HFp(n−r+1)+HFp(n+r+1)−2HFp(n+1))
where A = 1 + i + ε + h.

3 Conclusion
In this paper, we introduced hybrid Leonardo p-numbers. We established the properties of hybrid Leonardo p-numbers
in terms of hybrid Fibonacci p-numbers. We also established the generating function, Binet’s formula, Cassini identity,
Catalan’s identity, d’ocagne type identity, Honsberger identity for the hybrid Leonardo p-numbers. I hope that these results
will be useful in number theory, Kinematics and differential equations like dual complex k-Fibonacci numbers [9], dual
complex Fibonacci p-numbers [10], dual-complex numbers and their holomorphic functions [8].
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