Palestine Journal of Mathematics

Vol 14(3)(2025) , 374-378 © Palestine Polytechnic University-PPU 2025

On the Hybrid Leonardo p-numbers
Bandhu Prasad

Communicated by Ayman Badawi

MSC 2010 Classifications: Primary 11B37, 11B39, 11R52; Secondary 05A15.
Keywords and phrases: Hybrid Leonardo p-numbers, Leonardo p-numbers, Leonardo numbers, Fibonacci p-numbers.

The authors would like to thank the reviewers and editor for their constructive comments and valuable suggestions that
improved the quality of our paper.

Corresponding Author: Bandhu Prasad

Abstract In this paper, we introduced hybrid Leonardo p-numbers and some algebraic prop-
erties of hybrid Leonardo p-numbers in terms of hybrid Fibonacci p-numbers.

1 Introduction

The Leonardo numbers, Le,, [3] are defined by the non-homogeneous recurrence relation

Lep =Lep_1+ Lep_o+1 for n>2

with initial terms

LEO = Lel =1.

Kuhapatanakul and Chobsorn [11] defined a generalization of Leonardo numbers, Ley (n) by the non-homogeneous recur-
rence relation

Leg(n) = Leg(n — 1) + Leg(n —2) + k for n > 2
with initial terms
Leg(0) = Leg (1) = 1.

The Leonardo p-numbers, Lep,(n) [7] are defined by the non-homogeneous recurrence relation

Lep(n) = Lep(n — 1)+ Lep(n —p—1)+p (L.D)
with n > p, for a given integer p = 1, 2, 3, 4, - - - and initial terms
Lep(0) = Lep(1) = -+ = Lep(p) = 1.

The non-homogeneous recurrence relation of Leonardo p-numbers, Le,(n) can be converted to the following homogeneous
recurrence relation

Lep(n) = Leqn — 1) + Lep(n — p) — Lep(n — 2p — 1) for n > 2p
The Fibonacci p-numbers [6] are defined by the recurrence relation
Fp(n) =Fp(n—1)+ Fp(n—p—1)
withn > p + 1, for a given integer p = 0, 1, 2, 3, - - - and initial terms
Fp(1) = Fp(2) = -+ = Fyl(p) = Fplp+ 1) = 1.

The Fibonacci p-numbers, Fj,(n) coincide with classical Fibonacci numbers, F, [12, 13] forp = 1. e.g. F1(n) = F.
The Lucas p-numbers [6] are given by the recurrence relation

Ly(n)=Lpn—1)+Ly(n—p—1)
with n > p + 1 and initial terms
Ly(1)=Lp(2) =+ =Lp(p) =L Lp(p+1)=p+2

where p = 0,1,2,---.
Forp = 1, L1(n) = Ly are known as classical Lucas numbers [14].
There is a relation among Leonardo p-numbers, Lep(n), Fibonacci p-numbers, F,(n) and Lucas p-numbers, L (n) [7].

Lp(n) = Fp(n+1) +pFp(n —p) (1.2)
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Lep(n) = (p+ 1)Fp(n+1) —p (1.3)

Ley(n) =Lp(n+p+1)—Fp(n+p+1)—p (1.4)
p

Fp(k+n) = Fp(k)Fp(n+ 1)+ > Fp(k —r)Fp(n —p+7) (1.5)
r=1

where k and n are positive integers.

Ozdemir [5] defined the set of hybrid numbers denoted by K which contains complex, dual and hyperbolic numbers. The set
of the hybrid numbers, K is defined as follows:

K={a+bi+ce+dh:a,bc,dER,i*=—1,62=0,h?=1,ih = —hi = +i}.

We can give operations and properties with the hybrid numbers. If we take two hybrid numbers Z; = a; + bj¢ + cje + dih
and Z, = ay + byi + e + dyh, we get

Zy =2y, & a; = ay, by =by,c; = cp,d; = d (Equality)

Z\+ Zr = (a1 + az) + (b| + bz)i + (C] + Cz)s + (d] + dz)h (Addition)

Zy— Zp = (a1 — az) + (b — bz)i + (C] — 02)8 + (dy — dg)h (Subtraction)

sZ) = saj + sbjt + scje + sd;h (Multiplication by scalar s € R)

Addition operation in K is both commutative and associative.

0 = 0+0¢+0e+0h € K is the additive identity element. The inverse of Z = a+bi+ce+dhis —Z = —a—bi—ce —dh.
Thus (K, +) is an Abellian group. The hybrid product is obtained by distributing the terms to the right, preserving the order
of multiplication of the units and then writing the values of the following substituting each product of units by the equalities
i2 = —1,e> = 0, h? = 1, ih = —hi = £ + i. From these equalities, we can obtain the product of any two hybrid units. The
multiplication table of the units of hybrid numbers are as follows:

Table 1: Multiplication scheme of hybrid numbers

X 1 i € h
1 1 i 5 h
i i -1 1-h | e+1
e | e 1+h 0 -€
h|h]|-e—1 € 1

Considering this table, it can be seen that the multiplication operation of the hybrid numbers has the property of associative
but not to property of commutative. 1 = 1 + 07 + O + Oh € K is the multiplicative identity element. Therefore, (K, +, .) is
a noncommutative ring with identity.
Recently, many researchers have studied related to hybrid numbers. In 2021, Y. Alp and E. G. Kocer [2] introduced the
hybrid Leonardo numbers and their algebraic properties. Szynal-Liana and Wloch [4] defined the Fibonacci hybrid numbers
and obtained the properties of these numbers. In 2022, E. G. Kocer and H. Alsan [1] introduced the generalized hybrid
Fibonacci and Lucas p-numbers.
Hybrid Fibonacci p-numbers, H F},(n) and hybrid Lucas p-numbers, H Ly (n) [1] are given by the following recurrence
relations

HFp(n) = Fp(n) +iFp(n+ 1) + eFp(n+2) + hFp(n +3) (1.6)
and

HLy(n) = Lp(n) +ilp(n+1)+eLlp(n+2) + hLp(n+3) (L.7)
where p(> 0) is integer, n > p and the basis {1, %, &, h} satisfies the condition
?=-1,2=0,h*=1,ih=—hi=c+i.
The hybrid Leonardo numbers, H Ley, [3] are defined by the non-homogeneous recurrence relation

HLe, =HLe, 1+ HLe,_»+ A for n>?2

where A = 1 + ¢ + & + h with initial terms

HLey =1 +i+ 3¢ + 5h, Le; = 1 + 3i + S¢ + 9h.

Motivated by [3], we introduce a new hybrid numbers with Leonardo p-numbers. Hybrid Leonardo p-numbers associated
with hybrid Fibonacci p-numbers and hybrid Lucas p-numbers. In this paper, we give the recurrence relation, Binet’s formula,
generating function, summation formula, Cassini identity, Catalan’s identity, d’ocagne type identity, Honsberger identity for
Hybrid Leonardo p-numbers.

2 Hybrid Leonardo p-numbers
Definition 2.1 Hybrid Leonardo p-numbers are given by the following recurrence relations
HLey(n) = Lep(n) +iLep(n+ 1) + eLep(n + 2) + hLep(n + 3) 2.1

where p(> 0) is integer, n > p and the basis {1, 4, &, h} satisfies the condition

i?=—1,e2=0,h> =1, ih=—hi=c +1i.

From the recurrence relations (1) and (8) , we get

HLey(n) = Lep(n) + iLep(n+ 1) + eLep(n + 2) + hLep(n + 3)

= (Lep(n — 1) + Lep(n — p — 1) + p) + i(Lep(n) + Lep(n — p) + p) + e(Lep(n+ 1) + Lep(n —p + 1) + p) +
h(Lep(n +2) + Lep(n —p+2) +p)

= HLey(n—1)+HLep(n—p—1)+p(1+i+e+h) = HLep(n—1)+HLep(n—p—1)+pAwhere A = 1+i+e+h.
Now, we calculate the values of H Le,(0), HLey(1), HLep(2), - -+ HLep(p — 2), HLep(p — 1), HLey(p) with the help
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of Leonardo p-numbers
HLey(0) = Lep(0) +iLep (1) + eLep(2) + hLep(
HLey(1) = Lep(1) + iLep(
HLep(2) = Lep(2) +iLep(
HLep(p—3) = Lep(p—3)
HLey(p —2) = Lep(p —2)

( 1)

(p

(0

H=l+ite+h
2)+eLey(3) + hLlep(d) =1+4+i+e+h
3)+eLlep(4) + hlep(5)=1+4+i+e+h
+iLlep(p —2)+eLlep(p— 1)+ hLep(p) =1+i+e+h
+iLlep(p — 1) +¢eLep(p) + hLep(p+1)=1+i+ec+h(p+2)
HLep(p—1)=Lep(p—1) +
HLey(p) = Lep(p) + iLep(p +
HLep(0), HLey(1), HLep(2), - - ,HLep(p — 2), HLep(p — 1), H Lep(p) are initial conditions.
HLey(n+1) = Lep(n+1 )+7,Lep(n+2)+5Lep(n+3)+hLep(n+4)

iLep(p) + eLep(p+ 1) + hLep(p+2) = 1+i+e(p+2) + h(2p+3)
) +eLep(p+2)+hLep(p+3)=1+i(p+2)+e2p+3)+h(3p+4)

= (Lep(n) + Lep(n+ 1 —p) — Lep(n — 2p)) +i(Lep(n+ 1) + Lep(n+2 — p) — Lep(n — 2p + 1)) + e(Lep(n +

2)+ Lep(n+3 —p) — Lep(n —2p+2)) + h(Lep(n+3) + Lep(n + 4 — p) — Lep(n — 2p + 3))

= (Lep(n) +iLlep(n+1)+eLlep(n+2)+ hLlep(n+3))+ (Lep(n+1—p)+iley(n+2—p)+eLlep(n+3—p) +
hLep(n+4 —p)) — (Lep(n — 2p) + iLep(n —2p+ 1) + eLep(n — 2p + 2) + hLep(n — 2p + 3))

= HLep(n)+ HLep(n+ 1 —p) — HLep(n — 2p).

Theorem 2.2 Forn > 0, HLey(n) = (p+ 1)HFp(n+1) —p(1 +i+¢e+h).
Proof:
HLey(n) = Lep(n) + iLep(n + 1) + eLep(n + 2) + hLep(n + 3)

=(p+DFp(n+1)—p) +illp+ DFp(n+2) —p) +e((p+ DFp(n+3) —p) + h((p+ DFp(n +4) — p)

=+ 1)HFp(n+1)—p(l +i+e+h).

Theorem 2.3 Forn > 0, HLey(n) = HLp(n+p+1) — HFp(n+p+1) —p(l +i+¢e+ h).
Proof:

HLey(n) = Lep(n) + iLep(n+ 1) + eLep(n + 2) + hLep(n + 3)

=(Lpn+p+1)=Fp(n+p+1)—p)+i(Lp(n+p+2) — Fp(n+p+2)—p)+e(Lp(n+p+3)— Fp(n+p

3)—p)+h(Lp(n+p+4)— Fp(n+p+4)—p)
=HLpy(n+p+1)—HFy(n+p+1)—p(l+i+e+h).

+

Theorem 2.4 Let F,(n) and HFy(n) be n'" Fibonacci p-numbers and hybrid Fibonacci p-numbers respectively and
HLepy(n) be nt™ hybrid Leonardo p-numbers. Then HLep(k +n) = (p + 1)(Fp(k)HEp(n +2) + 3F_| Fp(k

r)HFy(n+7+1—p)) —p(1 + 4+ e + h) where k and n are positive integers.

Proof:

HLey(k+n)=((p+ )HFp(k+n+1)—p(1+i+e+h)

=+ D(Fp(k)HFp(n+2)+ 3P| Fp(k—r)HFp(n+r+1—p)) —p(l+i+e+h).

Theorem 2.5 Forn > 0, S"7_ HLey (k) = (p+ 1) 08 HE, (k) — (n+ 1)p(1 + i + & + h). Proof:

ko HLep(k) = 320 o[(p+ ) HFp(k +1) — p(1 +2+6+h)]
=@+ 1) i HFp(k+1) =30 _op(1+i+e+h)
= (p+ )X HFy(k) — (n+ Dp(1 +i + ¢+ h).

Theorem 2.6 For n. > 0, S7_ HLep (k) = 3001 HLy(k +p) — S0 HEp(k +p) — (n+ 1)p(1 +4 + ¢ + h).

Proof:

ZkOHL%() EL;&HLAk+p+1) HF(k+p+1%—(1+i+a+hH
=2 hoHLp(k+p+1) =30 (HEp(k+p+1)—(n+1p(l+i+e+h)
=S HL,(k+p) — S0 HEy(k+p) — (n+ Dp(1 +4 + €+ h).

Theorem 2.7 The generating function for the hybrid Leonardo p-numbers is g(t) = (p + 1) > 72 HFp(n + 1)t™ —

p(l+i+e+h) >0 tm

Proof:

g(t) = 3°°° ) HLep(n)t"

=30 llp+ DHFp(n+ 1) — p(1 +i+e + h)Jt"

=(p+ 1) X0y HEp(n+ D" —p(1+i+e+h) 302, t™

Theorem 2.8 The Binet formula for the hybrid Leonardo p-numbers is H Lep (n) = (p+1) [Zp“ = o

+)ag—p
1 a +3 1 an+4 .

eX N Gt I e — Pl +ite+h)
where «y, are the distinct roots of the polynomial zP+! — zP — 1.
Proof:
HLey(n) = (p+ )HFp(n+ 1) — p(1 +i+ & + h)

=+ 1)(Fp(n+1)+iFp(n+2)+ st(n + 3)+ hFp(n+4)) — (1 +i+e+h)

a an+4

Ct CV

n+l
p+l p+1 p+l p+l k _
=@+ [Z (p+1) ak » +Zz (p+Dak—p ak— +EZ p+l)ak P + hz (p+Dag—p

where oy, are the distinct roots of the polynomlal Pt — P — 1.

p(1+i+e+h)

Theorem 2.9 Let n, m > 0 the Honsberger identity for the hybrid Leonardo p-numbers is given by H Ley, (n)H Ley, (m)

HLep(n+1)HLep(m+1) = (p+ 1)2(HFp(n+1)HFy(m + 1) + HFp(n+2)HFp(m +2))
1)+ HFp(m + 1) + HFp(n +2) + HFp(m +2)) + 2p? A> where A = 1 +i +¢ + h.

Proof:

HLep(n)HLep(m)+ HLep(n+ 1)HLep(m+1) = [(p+ 1)H (n-‘r 1) — p(] +i+e+h)|(p+
p(l+i+e+h)]+ [+ 1)HFy(n+2)—p(l+i+e+h)(p+ 1)HF,(m
= [(p+ 1) HFp(n+ 1) = pAJ[(p + D HEp(m + 1) — pA] + [(

= (p+1)2(HFp(n+1)HF,(m+1)+ HFp(n+2)HEFy(m+2)) —p(p+1
2) + HFp(m +2)) + 2p> A2

where A=1+1i+¢e+ h.

1)
(p+ (m+2) —p(1+i+e+h)
p+ 1)HFp(n+2) — pAl((p+ 1)HFp(m +2)
) YA(HFy(n+1)+ HEy(m+ 1)+ HFp(n +

238
+1

+

—plp+1)AHFEy(n+

HFy(m+1)—

— pA]

n+2

FRE DB AR e T

P



Hybrid Leonardo p-numbers 377

Theorem 2.10 Let m, n > 0 the D’Ocagne’s identity for the hybrid Leonardo p-numbers is given by H Le,(m)H Lep(n +
1)~ HLep(m+1)HLep(n) = (p+ 1)2(HFpy(m+1)HFy(n+2) — HFpy(m+2)HFp(n+1)) +p(p+ 1) A(HFp(m +
2)+ HFp(n+1)— HF,(m+1) — HF,(n+2)) where A=1+1i+¢+ h.

Proof:

HLey(m)HLep(n+1) — HLep(m + 1)HLep(n) = [(p+ 1)HFEp,(m+1) —p(l+i+e+h)[(p+ 1) HFp(n+2) —
p(l+itet+h)]+[(p+1)HFy(m+2)—p(l+i+e+h)[(p+1)HFpy(n+1)—p(l+i+e+h)

= [(p+ )HFy(m+1) — pAll(p+ 1) HFy(n +2) — pA] + [(p+ 1) HFy(m +2) — pAl[(p + 1) HFy(n + 1) — pA]
= (p+1)>(HFp(m+1)HFp(n+2)— HE,(m+2)HEp(n+1)) +p(p+ 1) A(HEFp(m+2) + HFp(n+1)— HEp(m+
1) — HEp(n +2))

where A=1+i+¢e+h.

Theorem 2.11 For n > 1, Cassini’s identity for the hybrid Leonardo p-numbers is given by H Leé(n) — HLep(n —
DHLep(n+1) = (p+ 12 (HF2(n+1) — HEp(n) H Fy(n+2)) +p(p+ 1) A(H Fy (n) + HEy (n+2) = 2H Fp(n + 1))
where A=1+1i+¢e+ h.

Proof:

HLel(n) — HLep(n — 1)HLep(n+ 1) =[(p+ 1)HFp(n+1) —p(1 +i+e+h)]* — [(p+ 1)HFp(n) — p(1 +i+
e+h)(p+ )HFp(n+2) —p(l +i+e+h)

=[(p+ )HFp(n+1) = pA — [(p + 1) HFp(n) — pAl[(p + 1) HFy(n +2) — pA]

= (p+ D(HE,(n+1) = HFp(n)HFy(n +2)) + p(p + DA(HFy(n) + HFp(n +2) — 2HFp(n + 1))

where A=1+i+¢e+h.

Theorem 2.12 For n > 1, Catalan’s identity for the hybrid Leonardo p-numbers is given by H Lefj(n) — HLep(n —
r)HLep(n+7) = (p+ 1)>(HF3(n+1)— HFp(n—r+ 1)HFp(n+r+1))+p(p+ ) A(HFp(n—r+ 1)+ HFp(n+
r+1)—2HFy,(n+1)) where A=1+i+¢e+ h.

Proof:

HLe2(n) — HLep(n — r)HLep(n+1) = [(p+ NHFp(n+ 1) —p(l +i+e+h)> = [(p+ )HFp(n —r + 1) —
p(l+i+e+h)(p+ 1 )HFp(n+7r+1)—p(l +i+e+h))

=[(p+ DHFy(n+ 1) — pAP — [(p+ )HFp(n — 7+ 1) — pA[(p + 1)) HFp(n + r + 1) — pA]

= (p+1)*(HFy(n+1)=HFp(n—7r+1)HFp(n+r+1))+p(p+ 1) A(H Fp(n—r+1)+ HEp(n+r+1)=2HFp(n+1))
where A=1+4+i+¢e+h.

3 Conclusion

In this paper, we introduced hybrid Leonardo p-numbers. We established the properties of hybrid Leonardo p-numbers
in terms of hybrid Fibonacci p-numbers. We also established the generating function, Binet’s formula, Cassini identity,
Catalan’s identity, d’ocagne type identity, Honsberger identity for the hybrid Leonardo p-numbers. I hope that these results

will be useful in number theory, Kinematics and differential equations like dual complex k-Fibonacci numbers [9], dual
complex Fibonacci p-numbers [10], dual-complex numbers and their holomorphic functions [8].
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