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Abstract. In this paper, we focus on using the ¢-difference equation approach to derive
generating function, another generating function, an extension of the generating function, the
Rogers formula and its extension, Mehler’s formula, and a Srivastava-Agarwal type generating
function for the polynomials h.,(x,y, a,b|q). In addition, we establish connections between g-
difference equations and a transformation formula. By assigning specific values to parameters
in the polynomials identities for h,, (z, y, a, b|q), another generating function, an extension of the
generating function, the Rogers formula and its extension, Mehler’s formula, and a Srivastava-
Agarwal type generating function for the Al-Salam-Carlitz polynomials U, (z, y, a; ¢) are deter-
mined. Additionally, connections between g-difference equations and a transformational identity
for the polynomials U, (z, y, a; ) are established.

1 Introduction

In this paper, we employ the same concepts and terminology as in [12], and we assume that
lg| < 1. The ¢-shifted factorial is defined as [10, 12]

o 1, if k=0,
a,q)k = .
DE=) 1)1 —aq)--- (1 —agk ), ifk=1,23,-

‘We also define

oo

(@:0)oe = [T(1 = ad®).

k=0

The following notation will be used for the multiple g-shifted factorials:

(a1,02,. .5 @m3 @)n = (a150)n(a2:@)n - - - (A3 Q-

(alaa27 sy Gy q)oo = (al;q)oo(GQ;(Doo v (amaq)oo

The generalized basic hypergeometric series ,.¢5 is defined by [1, 5, 22]

aly...,a
r¢s(al;"'aar;blv"'abs;(Lx): bes " 54, X
bi,... b

— i (a];Q)k-.-(a7~;Q)k [(—l)k (’;>]1+87Txk

o (@) (b3 @)k -+ (bs3q)k
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where ¢ # 0 when r > s+ 1 . Note that

o0
ALy ooy Apt] (ala"'7a’l‘+l;q)n n
1¢ 54, T | = T, z| < 1.
s T( b17...,b7~ > nZ:O(qabl7"'abT‘;q)n | |

The g-binomial coefficients are given by [18]
m __ (@9
kI (@ a)r(aa)n—r
The Cauchy identity is given by [12, 26]

i (@;0)k 5 (a23q)s

Tt = ,  lxl < 1.
() (%5¢) o0 2

The Cauchy polynomials P, (z,y) are defined by [20, 25, 27]

Pn(x,y):{ giv—y)(x—qy)(x—qzy)-~-(x—qnfly), ifZig

)

which has the generating function [2, 3, 16, 19]:

n

S P o = (0= fat] <1 (11)
n=0 >

On (79

In 1983, Goulden and Jackson gave the following identity [4, 13]:
Po(z,y) = m (—1)FqCykan—t, (1.2)

k
k=0

In 1965, Al-Salam and Carlitz [6] defined the following polynomials:

—1
, L
iq,qx/a ] .
0 QQ/>

—n

ul® (z;q) = (—@)nq(;) 201 < 1

The polynomials u%‘” (z; ) can be rewritten as

ul® (z3q) = i m (~1)*¢3)a* P,y (2,1).

k=0

In 2003, Chen et al. [8] proposed the homogeneous g-difference operator D,,, which is
appropriate for studying Cauchy polynomials as follows:

f(l'vqily) _ f(qmvy)
z—q 'y

Doy{f(z,y)} = :
The homogeneous ¢-shift operator was constructed by Chen ez al. [8] based on the homogeneous
g-difference operator Dy, as follows:

[e%s} Dn
E(Dafy) = Z =

= (@ @)n

In 2010, the definition of Al-Salam-Carlitz polynomials was expanded by Chen et al. [11] as
follows:

NE

Un(@,y,a:q) =

m (-1)*¢3)a* P,y (2, ). (1.3)

b
Il

0



A ¢-DIFFERENCE EQUATION APPROACH 381

Based on the operator D,,, Chen et al. [11] construct the following homogeneous ¢-shift oper-
ator:

)

=, (~1)7¢(}) (aDy, )
F(aDuy) :Z;)( : ((]q;qgn :

and they gave the following identities for U, (x,y, a; q):

Theorem 1.1. [11]. Let U, (z,y, a; q) be defined as in (1.3), then
o The generating function for U, (z,y,a;q) is

> tn (at, yt; @)oo
U’I’L ) s - P} t 1 14
> Un(x,y,a:q) @an (0t ) |2t| < (1.4)

e The Rogers-type formula for U, (z,y, a; q) is

;);)U"*m T (-’)< P
 (as,y5:0)00 = (= 1)¥q0) (253 g1 (at)* y/w,0
 @s0e = (Gok(as,ysia) ( ysq® t)’ (1>

provided that max{|zs|, |zt|} < 1.
e The Mehler’s formula for U, (x,y, a;q) is

oo n

Z(_l)nq—(?)Un(x, Y, a;q)Up(u, v, b; q)m

abt, ybt, avt; q) oo y/x,v/u,q/abt
= ) 3¢2(/ fu.a/ 10,9

n=0

1.6
(zbt, aut; q) oo q/aut,q/xbt s

wherey/x = q~" orv/u = q~" for a non-negative integer r and max{|xtbg~"|, |autqg™"|} <
L.

The ¢-differential operator is defined as [9, 21]:

D {f(a)} = f(a) *af(a(I)'

In 2013, Saad and Sukhi [28] defined the g-exponential operator R(bD,) as follows:

They also proposed an operator technique to deriving Mehler’s formula for Cauchy polynomials
P.(z,y).

Y Pul,y)Pu(z,w) (q.tq) = (gjfj))m 161 ( ;”‘ g, yzt> lz2t| < 1. (1.7)
n=0 >/ > 1/

In 2020, Arjika [7] introduced the homogeneous ¢-shift operator E(a, b; Dy ) as follows:

Dk

Arjika [7] discovered the solution to the g-difference equation and expressed it in g-operator
form.

E(a,b;Dy) iw(wq)k.
=0
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Theorem 1.2. [7]. Let f(a,x,y) be a three-variable analytic function in a neighbourhood of
(a,z,y) = (0,0,0) € C. If f(a,x,y) satisfies the g-difference equation

z[f(a,z,y) — f(a,z,qy)] = y[f(a,qz,qy) — f(a,z,qy)]
—aylf(a,qz,¢*y) — f(a, z,¢*y)].
Then

f(aa x7y> = E(avy;Dq>{f(a>va)}'

In 2024, Saad and Arif [23] constructed the homogeneous ¢-shift operator IF“(a, b; Dy, ) as
follows:

- = (—1)*¢() (a5 ), .
F(a,b; Dyy) = Y 2" 28 (0D, )F. (1.8)
; (@ 9)w

Also, they defined a generalized Al-Salam-Carlitz polynomials h,,(z,y, a, b|q) by

ol b) =Y | O @ ot p o). (19)
k=0

The operator ﬁ‘(a, b; D,,) demonstrates suitability for responding with the polynomials
hn(2,y,a,blq):

F(a,b; Dyy) {Pn(z,y)} = hy(z,y,a,b|q). (1.10)

+ Setting a = 0 and then b = a, the polynomials h,(x,y, a,blq) reduce to the Al-Salam-
Carlitz polynomials U, (x, y, a; q), which were investigated earlier by Chen et al. [11].

The paper is organized as follows: Two theorems regarding ¢-difference equations, which
will be utilized in subsequent sections, are presented and proved in Section 2. In section 3, we
employ the ¢-difference equations technique to prove generating function, another generating
function, an extended generating function, the Rogers formula and its extension, and Mehler’s
formula for the polynomials h,(z,y, a,blg). In Section 4, the g-difference equation approach
is utilized to derive the Srivastava-Agarwal type generating function. Finally, in Section 5, us-
ing the g¢-difference equation technique, we establish a transformational identity involving the
generating function for the polynomials.

2 g-Difference equations for the g-shift operator ﬁ‘(a, b; D,,)

In this section, we propose and prove two theorems concerning g-difference equations for the
homogeneous g-shift operator F(a, b; D,,) and for the generalized Al-Salam-Carlitz polynomi-
als hy,(z,y,a,blq). These two theorems are used to prove some identities for the polynomials
I (2,9, a, blq).

Lemma 2.1. [14]. If a complex-valued function is holomorphic (analytic) in each variable
separately in an open domain D C C", then it is holomorphic (analytic) in D.

Lemma 2.2. [17]. If f(z1,%2, ..., x%) is analytic at the origin (0,0, ...,0) € C¥, then, f can be
expanded in an absolutely convergent power series

oo
J— ny ,,n2 Nk
flz1, 20, .. ) = g O PRI T 1 A

n1,n,...,nip=0

Theorem 2.3. Let f(x,y, a, b) be a four-variable analytic function in a neighbourhood of (z,y, a,b) =
(0,0,0,0) € C* If f(z,vy, a,b) satisfies the q-difference equation

(z —q 'Yf (@, y,0,b) — f(z,y,a,qb)] = b[f(qz,y,a,qb) — f(x,q "y, a,qb)]
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+ ab[f(z, q71y7 a, qzb) - f(qu, Yy, a, q2b)] (21)

Then

f(x,y,a,b) = E‘(a’ b; Dfﬁy){f(xayvavo)} (22)

Proof. From Lemmas 2.1 and 2.2, we assume that
(z,y,a,b) ZAk T, y,a)b”. 2.3)

Substituting (2.3) into (2.1) yields

io: Ak(xa Y, a’)bk - i Ak(x7 Y, a)(qb)k‘|
k=0

k=0

=b Y Arlaz,y,a)(ah)* =Y Ar(e,q "y, a)(qb)k]
k=0 k=0

(z—q"'y)

+ ab i Ap(x, ¢y, a)(¢*b)F — i Ar(qz,y, a)(qzb)k] .
=0 ]
o) 30 e
=b §[Ak(qx,y, a) — Ax(z, quva)](qb)"”“]
— ab ki) [Ar(qz,y,a Ak(m»q“y&)](qzb)k]

=b [i(qk - aq®*) [Ax(qz,y,a) — Ap(z, ¢ 1y, a)] bk]

k=0

b [ . _(qk - ank) [Ak($>q_]y’a) - Ak(qxay7a)] bk‘|
k=0

> —¢" (1 —ag")[Ak(z,q7 "y, a) — Ar(gz,y,a)]p""".
k=0

Equating the coefficients of b* for both sides, we get

(z—q 'y)(1 — ¢*)Ap(z,y,a)
=—¢" 11— ¢" ) [Ap_1(2, ¢ 'y, a) — Ap_1(qz, y, a)].
Hence
(1 —q¢"a) [A_i(z,q7 'y, a) — Ax_1(qz,y, a)]
(1—4¢~) (x—q7'y)
(1 -¢"'a)

== (1—¢) Day{Ak-1(z,y,a)}-

Ak(xayva) = —~

By iteration, we gain

Ax(e,y,a) = (@ 9)k

Dl;y{AO(xﬂ y7a)}.
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Note that f(x,y,a,0) = A¢(z,y,a). Hence

Ap(z,y,a) = Dk {f(z,y,a,0)}. 2.4)

Substituting (2.4) into (2.3), we get

(:9)x

M

f(z:,y,a,b) Dl;y{f(l‘,y,a,())}bk

B
Il

0
= F(a,b; Dyy){f(x,y,0,0)}. (by using (1.8))

« Setting a = 0 in Theorem 2.3, we get the following result:

Corollary 2.4. Let f(x,y,b) be a three-variable analytic function in a neighbourhood of
(z,y,b) = (0,0,0) € C>. If f(z,vy,b) satisfies the q-difference equation

(z —q "Y[f (@, 9,b) — f(x,y,qb)] = bf(qz,y,qb) — f(x,q" "y, gb)].

Then

f(@,y,b) =F(bDyy){f(z,y,0)}.

Theorem 2.5. In the neighbourhood of (0,0,0,0) € C*, if f(x,y, a,b) is a four-variable analytic
Sunction verifying (2.1) and if f(x,vy, a,0) possess the following expression:

(z,9,a,0) Zun (2.5)
where ., is independent of x and y. Then
(z,y,a,b) Zun z,y,a,blq). (2.6)

Proof. Using equation (2.2) and substituting the expansion from (2.5), we obtain
f(@,y,a,b) = F(a,b: Duy) {f(2,9,0,0)}

F(a,b; Dsy) {Z“n " }

= Z ,uniﬁv‘(a, b; Dzy){P’ﬂ(‘r7 y)}

n=0

= Zun x,y,a,blg). (by using (1.10))

3 The g-difference equations and their applications for h,,(z, y, a, b|q)

This section focuses on using the ¢-difference equations technique to verify some identities for
the polynomials h,(z,y, a, b|q).
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3.1 Generating functions for h,(x, y, a, b|q)

In this subsection, we will illustrate that the generating function, another generating function and
the extended generating function for h,,(z, y, a, bq) are a direct application of Theorem 2.3.

Theorem 3.1 (Generating function for h,,(z,y, a, b|q)). For |xs| < 1, we have

= 5" (y55 @)oo a
hn(x,y,a,blg = 1q,bs | . 3.1
nZ:O ( Y | )(q;q)n (xs;q)oo l(bl ( 0 )
Proof. Assume that
f(z,y,a,b) = the right-hand side of (3.1)
5,q) o0 a
= 833 191 < 0 ;q,bs).

Now, we explain that f(z,y, a,b) satisfies equation (2.1).

(1‘ - q_ly)[f(x,y,a,b) - f($7y7a7qb)]

o [ Wsid)s a. ) U510 a. o
=(@x—q'y) [(xs;q)oo 191 ( 0 3,0 ) (500w 191 < 0 34, gb )]

e [ DM @i, e = DR @,
(=g y)( ,q)ooLX_; (6 q)k (bs) kz:; (O (qbs)}
S > (=1)k (g) a k
(@ = gty i 7 E D gy - g
(53 0)oo o= (—1)*q(3) (a3 )i (bs)* )

(=bs)(z — ¢~ 'y) (5 ) g @O (¢ — ag®®)
[0 (@710 ] [ (CDFO @ @)ilabs)t S (=1)4q() (as )i (Pbs)*
b{(qms;q)oo (55 q)o0 H,; (43 0)x R (@:9)
T s9)e )eq:) (a3 )i (055 0)oo = (—=1)¥q(2) (a3 )
B {qxs q)o0 & (q,q (abs)* (25; @)oo 2 (@:Q)k (qbs)k}

paard (q;Q)k
= b[f(qz,y,a,qb) — f(fc,q”y,a,qb)} + ab[f(z,q 'y, a,¢*b) — fqz,y,a,q*b)].

Hence equation (2.1) is satisfied. Using equation (2.2), we have

f(ZE, Y, a, b) = ?((’L b; ny) {f(xvy’ CL,O)}
= F(a,b; D,y) { (50 }

(25, q) 0

= " F(a,b; Dyy) {Pu(.y)}

b i 1.1
> g (byusing (1L1)

[e’e) Sn ]
= hnlx,y,a,blq) @y by using (110)

Hence the proof of the Theorem 3.1 is completed. O
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Theorem 3.2 (Another generating function for h,,(z, y, a, blq)). For |zs| < 1, we have

ho (2,9, a,b )

7;) (@30, la)(r/s:q) (©:0)n
%) ) kPk(x y) (')Hm'(xs,a;q)i(b?”)i aqi .
X;, (4,953 )k —~ (¢, 4" ys: 9); 10|, absg ). (B2)

Proof. Assume that

f(z,y,a,b) = the right-hand side of (3.2)

_ ys q 00 kPk‘(‘T y)
(75:0)00 Zk ‘ (¢,y5:)n
[e%} +k,‘1 7
q (xs,a;q):(br)t aq i
X E 191 3q,bsq" | .
pard (¢, 4"ys:q)i 0

By the same technique used in Theorem 3.1, we can check that f(z,y,a,b) satisfies equation
(2.1). Using equation (2.2), w get

f(xvya a’? b) = F(aa b; Dzy) {f(xa y,a,O)}

_ : (5 @) o0 = (=D)*qE)rk Py (a, y)
= FOB D)\ G 25 v }
_ : = (=15 )k P(z, ) (*s: @)oo
= F(a,b: Ds,) ; o God) }

(
i(—l)kqu? r*Pe(z,y) ZP v, ") } (by using (1.1))
=0

n=0 k=0 (Q’q)n
S 1k (5) )k on—k
— Z {n} (=D)kg\2)rks hy(z,y,a,blq) (by using (1.10))
n=0 k=0 k (¢ 0)n
o0 hn(az,y,a,b|q)2": {n} AT
= —_— (_1) q 2)p Sn
e S C ) R S L
Pn s,T

(G@)n

Hence the proof of the Theorem 3.2 is completed. O

= Z ho (2,9, @, blg) (/53 )
n=0

« Setting r = 0 in equation (3.2), we get the generating function for h,(z, y, a, b|q) (equation

(3.1)).
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« Setting ¢ = 0 and then b = a in equation (3.2), we get the following result:

Corollary 3.3. For |xs| < 1, we have:

- . ' (55,351 0)o0 o= (—1)¥ gk Py(a,y)
nZﬂUn(x’y’a’q)(r/s’q)"(q;q)n @s10) = (WS @@

2, 20 (g5 ), (ar)’
(¢*ys, as, ¢;q):

(3.3)
i=0

« When 7 = 0 in equation (3.3), we get the generating function for U, (x,y, a|q) (equation

(1.4)).

Theorem 3.4 (Extended generating function for h,,(x,y, a, b|q)). For |xt| < 1, we have

nzohn+k z,y,a, blq)(q ;) = y;(i qq = g { } ) (at: q)i(a: )ib* Pes (2, y)
X 161 ( “gi ;q,bt(f‘). (34)
Proof. Denoting the right-hand side of equation (3.4) by f(z,y,a,b), we have:
f(@,y,0a,0)
= mg [ﬂ (—l)iq(é) (zt;q)i(a; q)ib" Pr—i(x,y) 161 ( agi ;q,btff) :

By the same way used in Theorem 3.1, we can check that f(z,y, a,b) satisfies equation (2.1).
Using equation (2.2), w find

F(x,y,a,b) = F(a,b; Duy){ f (2,9, a,0)}

= ﬁ(a,b; Dyy) {mpk(xvy)}

(a,b; Dyy) {ZP z,q"y) @ q) Pk(z,y)} (by using (1.1))

t"L
abDwy {an+k$y ) }

~ tn .
= ZF(a,b;Dm{PM(z,y)}( oy, (v using (110)
rd % q)n
= hpir(z,y,a,b
nZO +k(2,y \q)( .
which is the left-hand side (3.4). O

« Setting a« = 0 and then b = « in equation (3.4), we get the following extension of the
generating function for the Al-Salam-Carlitz polynomials U, (z, y, a; q).

Corollary 3.5.

%) k
ZU k(SC y a‘q> n _ ytq ,CLt q jo%s) Z (.Tt,q)lalpk (17 y)
R ) R T I i (at;q)i O

n=0 i=
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3.2 The Rogers formula for h,,(x,y, a, b|q)

The Rogers formula and its extension for the generalized Al-Salam-Carlitz polynomials
hp(z,y,a,blq) are obtained in this section, and their proofs are given using homogeneous ¢-
difference equations.

Theorem 3.6 (Rogers formula for h,,(z,y, a, b|q)). For max{|zs|, |zt|} < 1, we have

Zzthrm*Ty?a b‘q)< ) (

n=0m=0

m

5q)m

i

Joo o= (—1)ig t)! ’ ; :
Z (a, 253 )i (b1) 161 < “ ;q,bsql> 291 ( y/xQ ;q,$t> - (3.5)
) 0 ysq"'

— (¢,y5:0)i

Proof. Let R(x,y, s,a,b) = the right-hand side of equation (3.5).

R(z,y,s,a,b) Joc Z ;Sm;) 0):(ot)'

aq’ .
X 1¢1< 1 ;q,bsql> 2 1<y/ ,q,fﬂt>~
0 ysq

We can see that R(z, y, s, a, b) satisfies (2.1), we have

R(z,y,s,a,b) = IF‘(a, b; Dyy) {R(z,y,s,a,0)}

= F(a,b; D,,) {Eiig;: 201 < y/ny,O ;q,mt> }

(a,b; D,,) {ZP z,9) n) (ysq?;@“}

2 (zs:q)

- gm D) { P L

- iﬁ*(a, b; Dyy) {Pn(x, 0) :0 Pon(2,4"y) (q?Z)m } (qf:)n
:g a,b; D) {ZPn+m =) <q Om } (qf;n

- HZM;)F 4,83 Dey) {Prem (2,9} 1 qén(: D
_Zmzh ) G

= left-hand side of (3.5).

O

« Setting a = 0 and then b = «a in equation (3.5), we get Rogers formula for the polynomials
Un(z,y,a;q) (equation (1.5)).
Theorem 3.7 (Extended Rogers formula for h,, (z,y, a, b|q)). For |zw| < 1, we have:

(o ol S BNe o

n.m,,k
ZzzthrerkxyaabM)( )ts -

n=0 m=0 k=0 (q;Q)m(Q§Q)k
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_ )oo Z (a, zw; q);(bt) Z aq qu q);(bsq")’
=0 g, yw; q §=0 ywq ’ Q)J

© (Z1)k (%) (qaiti- bwai ik & m

% Z ( ) q (aq ,Q)k( wq ) an<l’,y)—+
k=0 (43 9)k " (¢, ywgti; q)y
S (sq")™

x ) Pl q"y — : (3.6)
7; ( ) (¢, ywg™Tm; q)

Proof. Let
E(z,y,a,b) = the right-hand side of equation (3.6)

_ )oo Z (a, zw; q);(bt)! i aq :cwq q);(bsq")?
(¢, yw; q)i p (¢, ywa'; q);
X (_1\k (I;) i+j. H»] n
XZ( 1)"¢\*) (ag""7; q) 1 (bwg an 2.y t. 4
— (@ o)k (¢ ywg™7;q)n

& N sq m
%Y Paoq) 20
m=0

(¢, ywg™I+m;q)m
We can check that F(z,y, a,b) satisfies equation (2.1), we have
E(z,y,a,b) = ﬁ‘(a, b; Dyy){E(z,y,a,0)}

:Iﬁ'(a, b; Dyy) { i : ;OO Z Z Prim(z,y) 7— ‘tnsm - }

oo =4 i) (¢ Dn (@2 Do (Y03 @t

]F

ol
Mg

yqu+m; q)oo } ths™m
n+m xz y
(¢34

(xw;Q)oo 5 )n(q;Q)m

3
T
3
s

a b D:cy {
a xJ n+m €,y Z k (q,q)k (q,q)n(q’Q)m

M
Mg

0 0

3
I
3
I

o
Mg

U)k tnsm
]F((l, b, Dzy {Z Pn+m+k (1’, y) N } .

0 prd (@ D)k [ (D)6 D)m

n=0m

oo o oo

~ nsmwk
= Z Z ZF(CL, b; ngy) {Pn+m+k (.CE, y)} ( . !

v S % D (4 O (0 Dk

o0 o0 o0 m k

= Z Z Zhn+m+k z,y,a, b|q)( )tns =

n=0 m=0 k=0 (@ @)m (@ )k
= left-hand side of (3.6).

 Setting s = 0 and then w = s in equation (3.6), we get equation (3.5).
« Setting @ = 0 and then b = a in equation (3.6), we get the following result:

Corollary 3.8. For |xzw| < 1, we have:

oo oo oo

>SS Gnimiale i)

(6 @Q)m (@ Q)k

n=0 m=0 k=0
_ (aw, yw; q) oo i (—1 )1q(> (zw; q)i(at)® i J qu q) (asq')?
(twig)ee = (gyw,awiq)i = q ywq', awg'; q);

i Po(z,q"y) (Sql)m

= (¢, ywg™ 45 q)m

XZP" T y

(g ywq’ﬂ n
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3.3 Mehler’s formula for h,(z, y, a, b|q)

The goal of this section is to illustrate how Theorem 2.3 and Theorem 2.5 work together to yield
Mebhler’s formula for ., (z,y, a, b|q).

Theorem 3.9 (Mehler’s formula for h,(z,y, a,b|q)). Let the polynomials h,,(x,y,a,blq) be de-
fined as in (1.9), then

_(n tn
Z(_l)nq (Z)h’n('ray7aab|q)hn(u7v7cad‘q) .
n=0 (q’ Q)’ﬂ
(ydt; @)oo Z y/x v/u;q)n uq/d ZP (a;q);(tbg—™)?
(zdt; ) oo (¢, q/xdt; q)n (¢ 9)i
xi wdtq" aq @i (bedig ™) q" F S (~1¢3) (yg fa1 ) (cardiq Y
urt (4, ydt: @)x —~ (a,ydtq*; q);
j
X , (3.7)
miz:o (¢ @)m
where y/x = q~" orv/u = ¢~ " for a non-negative integer r and |xdtq~"| < 1.
Proof. Let
f(z,y,a,b) = the right-hand side of equation (3.7)
(ydt; @) oo (y/z,v/u;q)n uq/d (a;q):(tbg—™)
Pi(u,vg")——————"
(wdt; q)o Z;) (¢, q/xdt; q)n Z (¢:9)i
N (dtg " aq Q)i (bedig ™) qF F S (~1¢8) (yg fa1 q) s (cardiq—mhY
e (4, ydt; @)x —~ (4, ydtq*; q);

<

(= 1mq(3) (aq?*%; q)  (beltq— )™
‘o (¢: @)m

M 1

3
I

We can check that f(z, y, a, b) satisfies equation (2.1), by the same method used in Theorem 3.1.
Using equation (2.2), w get

(ydt; @)oo o~ (y/z,0/u;0)n UQ/d )" 314G (yg Jx; q)j (cadtq™)
z,y,a,0)
fley (zdt; q)oo Z (¢, q/zdt; q)n jzj (¢, ydt; q),
_ (ydt; ) Z (y/2, v/ q)n (wut)™ (—q/xdt)"q (%)
(xdt; g)oo (¢, q/xdt; q)n

y = (—l)jq@(yq"/x;q)j(cxdtq*”)j
]ZO (q,ydt;q);

_ (ydt @) f: (—1)"q~ )/, v/u ) (wut)" (wdts g)

"0 (q; Q)n

o~ (1) gz q)  (ewdtg )
; (¢, ydt: q);

& (D Py () P o)t (ydtg)s
- ,; (& 0)n (g xdt; @)oo
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X 161 ( vl cxdtq”> : (3.8)
ydt

If the condition v/u = ¢~ " or y/x = ¢~ " holds, it means that the sum in (3.8) is finite. Using
equation (1.7), equation (3.8) is equal

- (_l)nqi(?)Pn(zTﬁU)P (U ’U t” >0 (dtq—n)k
: Pi(1,¢) P, q"y) ~———— (3.9)
"Z:O (¢:0)n % (4:9)n

We point out that when n goes to infinity, the second sum in (3.9) does not converge. We can
focus on the situation where v/u = ¢~" or y/x = ¢~ ", where r is a non-negative integer, to
avoid this problem. Hence

n+k

(z,y,a, S n+kq7( : )Pn+k(x,y)t”+k _1)kg(5) c kp (u,v
(

= = —1”/_;)an, "
:ZZ( ).q (z,y)t

e e (G Q)r(G Dn—k

-1 )kq(é) (¢ q)kdk’Pn,k(u, v)

[e%e} _1\n ( n n

:Z(l)q( xytZH () (e: )u* P (u,)
n=0 & q k=0

-3 (~1)"q O hy (u, 0, ¢, dlq) - Py(z,y). (by using (1.9))

o (¢:D)n

From (2.5), we get

n tn
n — _1 nq_(z)hn U,’U,C,dq .
M ( ) ( | ) (q; Q)n
From (2.6), we get
f($7y7a,b)::j{:(—JJ"q‘(g)hn(w7y7a,Hq)hn(u7v7atﬂq)(q.q)
TL:() £ n

= the left-hand side of equation (3.7).

O

« Setting a = ¢ = 0 and then b = a and d = b in equation (3.7), we get Mehler’s formula for
Al-Salam-Carlitz polynomials Uy, (z, y, a; ¢) (equation (1.6)).

4 Srivastava-Agarwal type generating functions

In this section, we give Srivastava-Agarwal type generating function for the generalized Al-
Salam-Carlitz polynomials h.,(x, y, a, b|q) by the homogeneous ¢-difference equation technique.
By giving specific values to parameters in the Srivastava-Agarwal type generating function for
the polynomials h,,(z,y, a, b|q), we get the Srivastava-Agarwal type generating function for Al-
Salam-Carlitz polynomials U, (z, y, a; ¢) and the Cauchy polynomials P, (z,y).

The Hahn polynomials [15] are given by

6l =3 [1] @

k=0

which have the following generating function [6, 24]

t" (axt; q) oo
¢ (z)q = ,  max{|t], |zt|} < 1.
§: 07t = (o= maxr.[ot])
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The following is the Srivastava-Agarwal type generating function for qsﬁ{” (z]q) [29]:

"(Gon (B0 M

Theorem 4.1. For |axt| < 1, we have

t" At q) oo A
Z(Z) (x]q)(\; @)n _ (M) 201 ( ;6179075) ;- max{[t],[zt[} < 1.

n

ZP” a, Nhy(z,y, a, b|q)( t

~ % Q)n
- R E e e
X 161 ( agi ;q,batqi>. (4.1)
Proof. Denoting the right-hand side of Equation (4.1) by S(z,y, a, ), then we have
0o P YO)E & 2(5)+ki “0)i ,
R T I R
X 161 ( agi ;q,batqi>. 4.2)
We can check that equation (4.2) satisfies (2.1), we have
S(z,y,a,b) = Iﬁ(a, b; Dyy) {S(z,y,a,0)}
_ Fa,b: D) { Ziﬁ Z g WJZ =)0 }

= (=1)%q) Py, ) A)F (¢Fayt; g) oo
Q»Q)k (oxt; q) oo

el ( l)kq( ))\k ntn-‘rk}

k=0 n=0 (@ Dr( D)
()

= F(a,b; Dy,) {i ZP,, z,q"y) ( q)) } (by using (1.1))
k=

ZZPn“/ )kq ) }
)’“q
F(a,b; Dyy) {ZZP z,y) @ Q)4 On—rk }

—~
L"_’: o
>
ol
Q
3
K‘
~
3

7m0 k=0
:ni;oINF(a,b;Dw { kz: m 2 Akan= ’“(qf;n}
= i)Pn(aJ\)fﬁv‘(a, b; Dyy) {Pu(z,)} (qu)n (by using (1.2))
=3 P A (3.0, (qu)n, (by using (1.10))

which is the left-hand side of (4.1). The proof is complete. O
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« Setting @ = 1 in equation (4.1), we get the following result:

Corollary 4.2 (The Srivastava-Agarwal type generating function for h,(x,y, a,blq)). For
|zt| < 1, we have

n

Zhn (xv Yy, a, b|Q) ()" q)n

re (q;q)n
)oo i Pk z,y)(At)* i ( )*’“(mt,a;q)i (oA
Jos = (4, yt; @) < 0, q"yt; )i
aqt )
X 161 ( g ;q,buf) . 4.3)

« Setting a = 0 and then b = a in equation (4.3), we get the following result:

Corollary 4.3 (The Srivastava-Agarwal type generating function for U, (z,y,alq)). For
|zt| < 1, we have

e n
> Un(z,y,al9) (X q)n @0
n=0 ) n
= (at, yt; @)oo i Pk z,y)(At)* i 2( )H“(l”t' Q)i (art)’
(rt: @) 4= qytq P q,atqytq)

 For b = 0 in equation (4.3), we get the following result:

Corollary 4.4 (The Srivastava-Agarwal type generating function for P, (x,y)). For |zt| <
1, we have

Pk:(x )
o L= yt Dk O

ﬁﬁ
Q»Q
M8

o0 . tn
RZ:OPn(x»y)()‘sQ)n (q;q>

n

5 A Transformational identity involving generating function for
hn(z,y, a,blq)

This section will focus on determining a transformational identity using the homogeneous g-
difference equation technique, which includes the generating functions for h,,(z, y, a, b|q).

Theorem 5.1. If
o0 o )
> A(k)Pi(z,y) =Y B(k) (5.1)
k=0 k=0 ’Q)OO
is convergent, then
ZA Vhi(x,y,a,blq) = ZB (y ¢ )0 101 ;q,btqk , 5.2)
k=0 k=0 l’tq ’ Q)oo O

assuming (5.2) is convergent.
Proof. Let

f(z,y,a,b) = the right-hand side of (5.2)



394 Mahmood A. Arif and Husam L. Saad

One can easily check that f(z,y, a, b) satisfies (2.1) and by (2.2) we get

f(z,y,a,b) = F(a,b; Dzy){f(%y, a,0>}

F(a,b; Dyy) {ZA )Py (,y } (by using (5.1))

= ZA Vhe(z,y,a,blq).  (by using (1.10))

= left-hand side of (5.2).

|
« Setting @ = 0 and then b = a in Theorem 5.1, we get the following result:
Corollary 5.2. If
ZA( VP(z,y) = ZB 300
k=0 k=0 “10)e
is convergent, then
> Ak Ur(z,y,a:q) = B(k)w, (5.3)
k=0 k=0 S

assuming (5.3) is convergent.

6 Conclusion remarks

One useful way to prove g-identities is to use the g-difference equation technique. The identities
of the Al-Salam-Carlitz polynomials U, (z,y,a;q) are extended to the generalized Al-Salam-
Carlitz polynomials h.,(x,y, a,blq).
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